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Abstract

We introduce a generic template for developing regret minimization algorithms in
the Stochastic Shortest Path (SSP) model, which achieves minimax optimal regret
as long as certain properties are ensured. The key of our analysis is a new technique
called implicit finite-horizon approximation, which approximates the SSP model
by a finite-horizon counterpart only in the analysis without explicit implementation.
Using this template, we develop two new algorithms: the first one is model-free
(the first in the literature to our knowledge) and minimax optimal under strictly
positive costs; the second one is model-based and minimax optimal even with
Zero-cost state-action pairs, matching the best existing result from [Tarbouriech
et al., 2021b]. Importantly, both algorithms admit highly sparse updates, making
them computationally more efficient than all existing algorithms. Moreover, both
can be made completely parameter-free.

1 Introduction

We study the Stochastic Shortest Path (SSP) model, where an agent aims to reach a goal state
with minimum cost in a stochastic environment. SSP is well-suited for modeling many real-world
applications, such as robotic manipulation, car navigation, and others. Although it is widely studied
empirically (e.g., [Andrychowicz et al., 2017, Nasiriany et al., 2019]) and in optimal control theory
(e.g., [Bertsekas and Tsitsiklis, 1991, Bertsekas and Yu, 2013]), it has received less attention under
the regret minimization setting where a learner needs to learn the environment and improve her policy
on-the-fly through repeated interaction. Specifically, the problem proceeds in K episodes. In each
episode, the learner starts at a fixed initial state, sequentially takes action, suffers some cost, and
transits to the next state, until reaching a predefined goal state. The performance of the learner is
measured by her regret, which is the difference between her total costs and that of the best policy.

Tarbouriech et al. [2020a] develop the first regret minimization algorithm for SSP with a regret bound
of O(D3/28\/AK [¢min), where D is the diameter, S is the number of states, A is the number of
actions, and ¢y, is the minimum cost among all state-action pairs. Cohen et al. [2020] improve
over their results and give a near optimal regret bound of @(B*S\/ AK), where B, < D is the
largest expected cost of the optimal policy starting from any state. Even more recently, Cohen et al.
[2021] achieve minimax regret of @(B* V SAK) through a finite-horizon reduction technique, and
concurrently Tarbouriech et al. [2021b] also propose minimax optimal and parameter-free algorithms.
Notably, all existing algorithms are model-based with space complexity (5% A). Moreover, they all
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update the learner’s policy through full-planning (a term taken from [Efroni et al., 2019]), incurring a
relatively high time complexity.

In this work, we further advance the state-of-the-art by proposing a generic template for regret
minimization algorithms in SSP (Algorithm 1), which achieves minimax optimal regret as long as
some properties are ensured. By instantiating our template differently, we make the following two
key algorithmic contributions:

e In Section 4, we develop the first model-free SSP algorithm called LCB-ADVANTAGE-SSP
(Algorithm 2). Similar to most model-free reinforcement learning algorithms, LCB-ADVANTAGE-
SSP does not estimate the transition directly, enjoys a space complexity of @(S A), and also takes
only O (1) time to update certain statistics in each step, making it a highly efficient algorithm.

It achieves a regret bound of O(B,VSAK + B5S2A/ct. ), which is minimax optimal when

min

cmin > 0. Moreover, it can be made parameter-free without worsening the regret bound.

e In Section 5, we develop another simple model-based algorithm called SVI-SSP (Algorithm 3),
which achieves minimax regret @(B* vVSAK + B, S2A) even when cp,;, = 0, matching the best
existing result by Tarbouriech et al. [2021b].! Notably, compared to their algorithm (as well as
other model-based algorithms), SVI-SSP is computationally much more efficient since it updates
each state-action pair only logarithmically many times, and each update only performs one-step
planning (again, a term taken from [Efroni et al., 2019]) as opposed to full-planning (such as value
iteration or extended value iteration); see more concrete time complexity comparisons in Section 5.
SVI-SSP can also be made parameter-free following the idea of [Tarbouriech et al., 2021b].

We include a summary of regret bounds of all existing SSP algorithms as well as more complexity
comparisons in Appendix A.

Techniques Our main technical contribution is a new analysis framework called implicit finite-
horizon approximation (Section 3), which is the key to analyze algorithms developed from our
template. The high level idea is to approximate an SSP instance by a finite-horizon counterpart.
However, the approximation only happens in the analysis, a key difference compared to [Chen et al.,
2021, Chen and Luo, 2021, Cohen et al., 2021] that explicitly implement such an approximation in
their algorithms. As a result, our method not only avoids blowing up the space complexity by a factor
of the horizon, but also allows one to derive a horizon-free regret bound (more explanation to follow).

In order to achieve the minimax optimal regret, our model-free algorithm LCB-ADVANTAGE-SSP
uses a key variance reduction idea via a reference-advantage decomposition by [Zhang et al., 2020b].
However, crucial distinctions exist. For example, we update the reference value function more
frequently instead of only one time, which helps reduce the sample complexity and improve the
lower-order term in the regret bound. We also maintain an empirical upper bound on the value
function in a doubling manner, which is the key to eventually make the algorithm parameter-free. On
the other hand, for our model-based algorithm SVI-SSP, we adopt a special Bernstein-style bonus
term and bound the learner’s total variance via recursion, taking inspiration from [Tarbouriech et al.,
2021b, Zhang et al., 2020a].

Empirical Evaluation We support our theoretical findings with experiments in Appendix H. Our
model-free algorithm demonstrates a better convergence rate compared to vanilla Q learning with
naive e-greedy exploration. Our model-based algorithm has competitive performance compared to
other model-based algorithms, while spending the least amount of time in updates.

Related Work For a detailed comparison of existing results for the same problem, we refer the
readers to [Tarbouriech et al., 2021b, Table 1] as well as our Table 1. There are also several
works [Rosenberg and Mansour, 2020, Chen et al., 2021, Chen and Luo, 2021] that consider the even
more challenging SSP setting where the cost function is decided by an adversary and can change over
time. Apart from regret minimization, Tarbouriech et al. [2021a] study the sample complexity of SSP
with a generative model; Lim and Auer [2012] and Tarbouriech et al. [2020b] investigate exploration
problems involving multiple goal states (multi-goal SSP).

"Depending on the available prior knowledge, the final bounds achieved by SVI-SSP are slightly different,
but they all match that of EB-SSP. See [Tarbouriech et al., 2021b, Table 1] for more details.



The special case of SSP with a fixed horizon has been studied extensively, for both stochastic costs
(e.g., [Azar et al., 2017, Jin et al., 2018, Efroni et al., 2019, Zanette and Brunskill, 2019, Zhang
et al., 2020a]) and adversarial costs (e.g., [Neu et al., 2012, Zimin and Neu, 2013, Rosenberg and
Mansour, 2019, Jin et al., 2020]). Importantly, recent works [Wang et al., 2020, Zhang et al., 2020a]
find that when the cost for each episode is at most a constant, it is in fact possible to obtain a regret
bound with only logarithmic dependency on the horizon. Tarbouriech et al. [2021b] generalize
this concept to SSP and define horizon-free regret as a bound with only logarithmic dependence
on the expected hitting time of the optimal policy starting from any state (which is bounded by
B, /¢min)- They also propose the first algorithm with horizon-free regret for SSP, which is important
for arguing minimax optimality even when cp,i, = 0. Notably, our model-based algorithm SVI-SSP
also achieves horizon-free regret (but the model-free one does not).

2 Preliminaries

An SSP instance is defined by a Markov Decision Process (MDP) M = (S, A, Sinit, g, ¢, P), where
S is the state space, A is the action space, sii € S is the initial state, and g ¢ S is the goal state.
When taking action « in state s, the learner suffers a cost drawn in an i.i.d manner from an unknown
distribution with mean c(s, a) € [0, 1] and support [¢min, 1] (¢min > 0), and then transits to the next
state s’ € ST = S U {g} with probability Ps ,(s"). We assume that the transition P and the cost
mean c are unknown to the learner, while all other parameters are known.

The learning process goes as follows: the learner interacts with the environment for K episodes. In
the k-th episode, the learner starts in initial state s;,;, sequentially takes an action, suffers a cost, and
transits to the next state until reaching the goal state g. More formally, at the ¢-th step of the k-th
episode, the learner observes the current state sf (with 5’f = Sinit), takes action af, suffers a cost cf,
and transits to the next state s¥ ‘t1 ~ Pgk 4. An episode ends when the current state is g, and we

define the length of episode k as Iy, such that s}, = g.

Learning Objective At a high level, the learner’s goal is to reach the goal with a small total cost.
To this end, we focus on proper policies — a (stationary and deterministic) policy 7 : S — A is a
mapping that assigns an action 7(s) to each state s € S, and it is proper if the goal is reached with
probability 1 when following 7 (that is, taking action 7(s) whenever in state s). Given a proper policy

, one can define the cost-to-go function V™ : § — [0,00) as V7 (s) = E {Zle ci‘ P, sy =s|,

where the expectation is with respect to the randomness of the cost ¢; incurred at state-action pair
(si,7(si)), next state s;;1 ~ Ps, ~(s,)» and the number of steps I before reaching g. The optimal

proper policy 7* is then defined as a policy such that V™" (s) = miny ey V7 (s) for all s € S, where
II is the set of all proper policies assumed to be nonempty. The formal objective of the learner is then
to minimize her regret against 7*, the difference between her total cost and that of the optimal proper
policy, defined as
K I
Ry = Z Zcf — K - V*(sinit),

k=1 i=1
where we use V* as a shorthand for V™" . The minimax optimal regret is known to be O(B, v/ SAK),
where B, = maxses V*(s), and S = |ST| and A = | A| are the numbers of states (including the
goal state) and actions respectively [Cohen et al., 2020].

Bellman Optimality Equation For a proper policy 7, the corresponding action-value function
Q" : S x A — [0,00) is defined as Q7 (s,a) = c(s,a) + Eg~p, ,[V™(s)]. Similarly, we use Q*
as a shorthand for Q™. it is known that 7* satisfies the Bellman optimality equation: V*(s) =
minge 4 Q*(s, a) for all s € S [Bertsekas and Tsitsiklis, 1991].

Assumption on cp,;,, Similar to many previous works, our analysis requires c,;, being known and
strictly positive. When c¢,yip, 1s unknown or known to be 0, a simple workaround is to solve a modified
SSP instance with all observed costs clipped to € if they are below some € > 0, so that cpiy, = € > 0.
Then the regret in this modified SSP is similar to that in the original SSP up to an additive term of
order O (eK) [Tarbouriech et al., 2020a]. Therefore, throughout the paper we assume that ¢y, is
known and strictly positive unless explicitly stated otherwise.
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Algorithm 1 A General Algorithmic Template for SSP

Initialize: ¢ < 0, s1 ¢ Sinit, Q(s,a) < 0 forall (s,a) € S x A.
fork=1,...,Kdo
repeat

Increment time step ¢ &

Take action a; = argmin, Q(s¢, a), suffer cost ¢, transit to and observe sj.
Update @ (so that it satisfies Property 1 and Property 2).

if s} # g then s;11 < s}; else S¢11 < Sinit, break.

Record T' <— t (that is, the total number of steps).

Other Notations For simplicity, we use C'x = Zszl Zfi 1 ¢ in the analysis to denote the total
costs suffered by the learner over K episodes. For a function X : ST — R and a distribution P
over ST, denote by PX = Eg.p[X(9)], PX? = Eg.p[X(5)?],and V(P, X) = VARg~p[X (9)]
the expectation, second moment, and variance of X (S) respectively where S is drawn from P. For
a scalar x, define (z); = max{z,0}, and denote by [z], = 2/'°827] and x|, = 2l1°e22] the

closest power of two upper and lower bounding « respectively. For an integer m, [m] denotes the set
{1,...,m}. In pseudocode, = & y is a shorthand for the increment operation x <— = + y.

3 Implicit Finite-Horizon Approximation

In this section, we introduce our main analytical technique, that is, implicitly approximating the
SSP problem with a finite-horizon counterpart. We start with a general template of our algorithms
shown in Algorithm 1. For notational convenience, we concatenate state-action-cost trajectories of all
episodes as one single sequence (s, a;, c;) fort = 1,2,...,T, where s; € S is one of the non-goal
state, a; € A is the action taken at s;, and ¢; is the resulting cost incurred by the learner. Note that
the goal state g is never included in this sequence (since no action is taken there), and we also use the
notation s; € ST to denote the next-state following (s, a;), so that s, is simply s} unless s} = g
(in which case s, is reset to the initial state sj;;); see Line 4.

The template follows a rather standard idea for many reinforcement learning algorithms: maintain an
(optimistic) estimate () of the optimal action-value function @Q*, and act greedily by taking the action
with the smallest estimate: a; = argmin, Q(s, a); see Line 2. The key of the analysis is often to
bound the estimation error Q* (s, a;) — Q(s¢, at), which is relatively straightforward in a discounted
setting (where the discount factor controls the growth of the error) or a finite-horizon setting (where
the error vanishes after a fixed number of steps), but becomes highly non-trivial for SSP due to the
lack of similar structures.

A natural idea is to explicitly solve a discounted problem or a finite-horizon problem that approximates
the original SSP well enough. Unfortunately, both approaches are problematic: approximating an
undiscounted MDP by a discounted one often leads to suboptimal regret [Wei et al., 2020]; on the
other hand, while explicitly approximating SSP with a finite-horizon problem can lead to optimal
regret [Chen et al., 2021, Cohen et al., 2021], it greatly increases the space complexity of the
algorithm, and also produces non-stationary policies, which is unnatural and introduces unnecessary
complexity since the optimal policy in SSP is stationary.

Therefore, we propose to approximate the original SSP instance M with a finite-horizon counterpart

M implicitly (that is, only in the analysis). We defer the formal definition of M to Appendix C,
which is similar to those in [Chen et al., 2021, Cohen et al., 2021] and corresponds to interacting with
the original SSP for H steps (for some integer H) and then teleporting to the goal. All we need in the

analysis are the optimal value function V;* and optimal action-value function @)}, of M for each step
h € [H], which can be defined recursively without resorting to the definition of M:

Qp(s,a) = c(s,a) + PoaVyy,  Vi'(s) = minQj (s, a), QY



with Qf (s, a) = 0 forall (s, a).? Intuitively, Q% approximates * well when H is large enough. This
is formally summarized in the lemma below, whose proof is similar to prior works (see Appendix C).

Lemma 1. For any value of H, Q% (s,a) < Q*(s,a) holds for all (s,a). Forany 5 € (0,1), if
H> % In(2/8) + 1, then Q*(s,a) < Q% (s,a) + By holds for all (s, a).

In the remaining discussion, we fix a particular value of H. To carry out the regret analysis, we now

specify two general requirements of the estimate ). Let @); be the value of () at the beginning of
time step ¢ (that is, the value used in finding a;). Then @Q); needs to satisfy:

Property 1 (Optimism). With high probability, Q:(s,a) < Q*(s,a) holds for all (s,a) and t > 1.
Property 2 (Recursion). There exists a “bonus overhead” &g > 0 and an absolute constant d > 0
such that the following holds with high probability:

T

D (Qsear) = Qulsyan))+ < €u + (1 + ;lf) D (V(st) = Qilse,ar)) 4

t=1 t=1
for@:Q;‘Landf/: Vii(h= 1,...7H)aswellas602:Q*and‘O/:V*.3
Property 1 is standard and can usually be ensured by using a certain “bonus” term derived from

concentration equalities in the update. These bonus terms on (s;, a;) accumulate into some bonus
overhead in the final regret bound, which is exactly the role of £ in Property 2. In both of our

algorithms, £ has a leading-order term @(\/ B,SACK) and a lower-order term that increases in H.

Property 2 is a key property that provides a recursive form of the estimation error and allows us to
connect it to the finite-horizon approximation. This is illustrated through the following two lemmas.

Lemma 2. Property 2 implies Z?Zl(Q;I(st, a) — Qi(st,ar))+ < O (Hép).

Proof. With Q= Q7 and V= V1, Property 2 implies

T d T
D (Qir(sesa) = Qulse,ar)) 4 < &u + (1 + H) D (Viioa(se) = Qulse,ar))+

t=1 t=1

T
<t (14 57) Y@ aCsna0) - Qulovan)-

t=1
where in the last step we use the optimality of Vz_; from Eq. (1). Repeatedly applying
this argument, we eventually arrive at 3, (Q% (s, ar) — Qi(st,ar))+ < H (1+ %)H&{ +
(1+ %)Hthzl(Qa(st,at) — Qi(st,ar))y = O(HEp), where the last step uses the facts
Q%(s¢,ar) = 0and (1 + %)H < ¢® (an absolute constant). O

Lemma 3. Forany 8 € (0,1), if H > % In(2/8) + 1, then Property 1 and Property 2 together
imply Zt 1 Q" (st,a) —V*(se) = O (BCk +&mp).

Proof. Applying Property 2 with Q = Q* and V = V*, we have Zthl (Q*(s¢,at) —Qi(se,ae))+ <
&n+ (14 %) Z;‘FZI(V*(St) — Q¢(s¢, at))+. Now note that by Property 1, the Bellman optimality
equation V*(s;) = min, Q*(s¢, a), and the fact Q:(s¢, a;) = min, Q+(st, a) (by the definition of
ay), the arguments within the clipping operation () are all non-negative and thus the clipping can
be removed. Rearranging terms then gives

T
D Q (st,a) = V*(st) <€m + Z (V*(st) — Qulse, ar))

T
Z (56, a¢) — Qi(s¢, a4)). (optimality of V'*)

Note that our notation is perhaps unconventional compared to most works on finite-horizon MDPs, where
Q7, usually refers to our Q7F;_j. We make this switch since we want to highlight the dependence on H for Q7.
*Note that £ might be a random variable. In fact, it often depends on Clx.



It remains to bound the last term using the finite-horizon approximation ()}; as a proxy:

T T
D (Q (styar) = Quelserar)) = > (Q*(s1,a5) — Qi (51, ar) + Qi (51, a1) — Qu(s1,ar))
t=1 t=1
=0 (TB.S+Hém),
where the last step uses Lemma 1 and Lemma 2. Importantly, this term is finally scaled by d/H,
which, together with the fact % < cminT < Ck, proves the claimed bound. O

Readers familiar with the literature might already recognize the term Zthl Q*(s¢,ar) — V*(sy)
considered in Lemma 3, which is closely related to the regret. Indeed, with this lemma, we can
conclude a regret bound for our generic algorithm.

Theorem 1. Forany § € (0,1), if H > % In(2/8) + 1, then Algorithm 1 ensures (with high
probability) R = O (VB,Cxk + B, + 8Cxk + &np).

Proof. We first decompose the regret as follows, which holds generally for any algorithm:

RK_Z<ZC -V sl>

k=1
K I T
<N (e - D HVE(sEL) =) (e = V(se) + V*(sh))
k=1 i=1 t=1
T T T
— (et — c(st,ae)) + Z (V*(s}) — Ps,.a, V") + Z (st,at) — V*(st)). 2)
t=1 t=1 t=1

The first and the second term are the sum of a martingale difference sequence (since s} is drawn from
Ps, ) and can be bounded by O (v/C ) and O (v/B.Ck + B.) respectively using concentration
inequalities; see Lemma 4, Lemma 35, and Lemma 5. The third term can be bounded using Lemma 3
directly, which finishes the proof. O

To get a sense of the regret bound in Theorem 1, first note that since 1/ only appears in a logarithmic
term of the required lower bound of H, one can pick [ to be small enough so that the term SC is
dominated by others. Moreover, if £y is (5(\/ B,SACk) plus some lower-order term py (which as
mentioned is the case for our algorithms), then by solving a quadratic of /CY, the regret bound of
Theorem 1 implies Rx = @(B* VSAK + pg), which is minimax optimal (ignoring pg)!

Based on this analytical technique, it remains to design algorithms satisfying the two required
properties. In the following sections, we provide two such examples, leading to the first model-free
SSP algorithm and an improved model-based SSP algorithm.

4 The First Model-free Algorithm: LCB-ADVANTAGE-SSP

In this section, we present a model-free algorithm (the first in the literature) called LCB- ADVANTAGE-
SSP that falls into our generic template and satisfies the required properties. It is largely inspired
by the state-of-the-art model-free algorithm UCB-ADVANTAGE [Zhang et al., 2020b] for the finite-
horizon problem. The pseudocode is shown in Algorithm 2, with only the lines instantiating the
update rule of the ) estimates numbered. Importantly, the space complexity of this algorithm is only
O (SA) since we do not estimate the transition directly or conduct explicit finite-horizon reduction,
and the time complexity is only O (1) in each step.

Specifically, for each state-action pair (s, a), we divide the samples received when visiting (s, a)
into consecutive stages of exponentially increasing length, and only update (s, a) at the end of a
stage. The number of samples e; in stage j is defined through e; = H and e; 41 = | (1 4+ 1/H)e; |
for some parameter H. Further define £* = {F} ;cn+ with E; = Y"7_, e;, which contains all the
indices indicating the end of some stage. As mentioned, the algorithm only updates Q(s, a) when the
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Algorithm 2 LCB-ADVANTAGE-SSP

Parameters: horizon H, threshold 6*, and failure probability ¢ € (0, 1).

Define: £* = {E;}jcn+ Where E; = > 7 e;,e1 = Handejyq = (14 1/H)e; .
Initialize: ¢ < 0, s1 < Sy, B < 1, forall (s,a), N(s,a) + 0, M(s,a) + 0.

Initialize: for all (s,a), Q(s,a) < 0,V (s) < 0, V™ (s) «+ V(s),C(s,a) < 0.

Initialize: for all (s, a), (s, a) < 0,0 (s,a) + 0, u(s,a) + 0,0(s,a) < 0, v(s,a) + 0.
fork=1,...,Kdo

repeat

Increment time step ¢ &
Take action a; = argmin, Q(s¢, a), suffer cost ¢;, transit to and observe s.

Increment visitation counters: n = N (s, a;) ¢~ 1,m = M(s;, az) & 1.

Update global accumulators: ™ (s;,a;) <& V™(s]), o™ (s;,a;) < V™i(s})2,
Clse,ar) <= c.

Update local accumulators: v(s, az) <= V(s}), p(se, ar) <= V(s}) — V™(s}), o(ss,ar) &
(V(sp) — V¥(s})).

if n € £* then

Compute ¢ < 2561n°(4SABn>/§), cost estimator ¢ =
2,/%+ %+iandbe

™ (s6,a1) n — (1™ (s0,00) /)2 0 (56,at) fn — (#(5:01)/m)2 o
\/ at)/ (+ srat/)Hr\/ se.at)/ (» fat/)L+<4B SB>L+ clL

—_ 4 —
n m n m n

LS;L"“), bonuses b <+

Q(st,at) + max {54— v(sza') - b/,Q(Suat)}'

Q(s¢,at) < max {84— “m(ff’at) + u(s:r{at) - b’Q(Snat)}-

V(s¢) <= ming Q(s, a).

if V(s;) > B then B < 2V (s;).

| Reset local accumulators: v(s¢, as) < 0, pu(st, at) < 0,0(s¢,ar) < 0, M(s4,at) < 0.
if Y-, N(st,a) is a power of two not larger than 0* then V™ (s,) < V (s).

| if s; # g then s, « s}; else 5,11 ¢ siit, break.

total number of visits to (s, a) falls into the set £* (Line 4). The algorithm also maintains an estimate
V for V*, which always satisfies V' (s) = min, Q(s, a) (Line 8), and importantly another reference
value function V™ whose role and update rule are to be discussed later.

In addition, some local and global accumulators are maintained in the algorithm. Local accumulators
only store information related to the current stage. These include: M (s, a), the number of visits to
(s, a) within the current stage; v(s, a), the cumulative value of V' (s’) within the current stage, where
s’ represents the next state after each visit to (s, a); and finally x(s, a) and o (s, a), the cumulative
values of V(s") — V™ (") and its square respectively within the current stage (Line 3). These local
accumulators are reset to zero at the end of each stage (Line 10).

On the other hand, global accumulators store information related to all stages and are never reset.
These include: N (s, a), the number of visits to (s, a) from the beginning; C'(s, a), total cost incurs
at (s, a) from the beginning; and ;"'(s, a) and 0™(s, a), the cumulative value of V™(s’) and its
square respectively from the beginning, where again s’ represents the next state after each visit to
(s,a) (Line 2).

We are now ready to describe the update rule of @). The first update, Line 6, is intuitively based on the
equality Q*(s,a) = ¢(s,a) + Ps ,V* and uses v(s, a) /M (s, a) as an estimate for Ps ,V* together
with a (negative) bonus b’ derived from Azuma’s inequality (Line 5). As mentioned, the bonus is
necessary to ensure Property 1 (optimism) so that () is always a lower confidence bound of Q* (hence
the name “LCB”). Note that this update only uses data from the current stage (roughly 1/H fraction

of the entire data collected so far), which leads to an extra v/ H factor in the regret.



To address this issue, Zhang et al. [2020b] introduce a variance reduction technique via a reference-
advantage decomposition, which we borrow here leading to the second update rule in Line 7. This
is intuitively based on the decomposition P ,V* = P V™ + P ,(V* — V™), where P , V™ is
approximated by pf(s,a)/N(s,a) and P; ,(V* — V™) is approximated by y(s,a)/M(s,a). In
addition, a “variance-aware” bonus term b is applied, which is derived from a tighter Freedman’s
inequality (Line 5). The reference function V'™ is some snapshot of the past value of V, and is
guaranteed to be O(cmin) close to V* on a particular state as long as the number of visits to this state
exceeds some threshold 6* = O (B2H*SA/c2,,) (Line 11). Overall, this second update rule not

o~nly removesNthe extra v/ H factor as in [Zhang et al., 2020b], but also turns some terms of order
O(VT) into O(y/Cx) in our context, which is important for obtaining the optimal regret.

Despite the similarity, we emphasize several key differences between our algorithm and that of
[Zhang et al., 2020b]. First, [Zhang et al., 2020b] maintains a different () estimate for each step of
an episode (which is natural for a finite-horizon problem), while we only maintain one @) estimate
(which is natural for SSP). Second, we update the reference function V™(s) whenever the number of
visits to s doubles (while still below the threshold 6*; see Line 11), instead of only updating it once
as in [Zhang et al., 2020b]. We show in Lemma 8 that this helps reduce the sample complexity and
leads to a smaller lower-order term in the regret. Third, since there is no apriori known upper bound
on V (unlike the finite-horizon setting), we maintain an empirical upper bound B (in a doubling
manner) such that V' (s) < B < 2B, (Line 9), which is further used in computing the bonus terms b
and b’. This is important for eventually developing a parameter-free algorithm.

In Appendix D, we show that Algorithm 2 indeed satisfies the two required properties.

~ 27173
Theorem 2. Let H = [#5-1n(2) 4 1), for B = sping and 0" = O (Z52) be de-

fined in Lemma 8, then Algorithm 2 satisfies Property 1 and Property 2 with d = 3 and

€ =0 (\/B*SACT( ¥ w)

Cmin

Proof Sketch. The proof of Property 1 largely follows the analysis of [Zhang et al., 2020b, Proposition
4] for the designed bonuses. To prove Property 2, similarly to [Zhang et al., 2020b] we can show:

T

T me
° 1 o
Z(Q(Sta at) - Qt(st7 at))+ 5 gH + t_zl E Zl Rg[t,i7a[t,i (V - ‘/lvty,i)-i-a

t=1
where m is the value of m used in computing Q¢ (s, a;), and lvm is the i-th time step the agent visits
(s¢,at) among those m; steps. Now it suffices to show that Zle m% S PS[M ar, (V- Vi, )+ S
(1+2) Zle(?(st) — Vi(st))+, which is proven in Lemma 13. O

As a direct corollary of Theorem 1, we arrive at the following regret guarantee.

Theorem 3. With the same parameters as in Theorem 2, with probability at least 1 — 600, Algorithm 2
A B2S*A
ensures R = O (B*\/ SAK + =% )

Cmin

We make several remarks on our results. First, while Algorithm 2 requires setting the two parameters
H and 6* in terms of B, to obtain the claimed regret bound, one can in fact achieve the exact same
bound without knowing B, by slightly changing the algorithm. The high level idea is to first apply
the doubling trick from Tarbouriech et al. [2021b] to determine an upper bound on B,, then try
logarithmically many different values of H and 6* simultaneously, each leading to a different update
rule for @ and V™. This only increases the time and space complexity by a logarithmic factor,
without hurting the regret (up to log factors). Details are deferred to Section D.5.

Second, as mentioned in Section 2, when ¢y, is unknown or ¢, = 0, one can clip all observed
costs to ¢ if they are below € > 0, which introduces an additive regret term of order O (¢K). By
picking € to be of order K ~'/°, our bound becomes @} (K 4/ 5) ignoring other parameters. Although
most existing works suffer the same issue, this is certainly undesirable, and our second algorithm to
be introduced in the next section completely avoids this issue by having only logarithmic dependence
on 1/¢min.



Algorithm 3 SVI-SSP

Parameters: horizon H, value function upper bound B, and failure probability § € (0, 1).
Define: £ = {Ej}jEN+’ where Ej = Z{:l €i, €5 = ngj, and 51 = 1,Ej+1 = gj + %ej.
Initialize: ¢t < 0, 51 < Sjnit.

Initialize: for all (s,a,s'),n(s,a,s') < 0,n(s,a) < 0, Q(s,a) < 0, V(s) « 0, C(s,a) « 0.
fork=1,..., K do

repeat

Increment time step ¢ &

Take action a; = argmin, Q(s¢, a), suffer cost ¢;, transit to and observe s.
Update accumulators: n = n(s, at) & 1,n(s¢, at, sp) &, C(s¢,at) & e
if n € L then

Update empirical transition: Ps, 4,(s") < w forall s'.
Compute ¢ < 20In %, cost estimator ¢ < @, and bonus b <
max{7 V(Pst,at,v)L’493L}+ a

n n

Q(st7 at) — max{@—k PSt,lltV - ba Q(Stv at)}'
V(st) < argmin, Q(st, a).

if s, # g then s;; < s); else sy 1 < Sinit, break.

Finally, we point out that, just as in the finite-horizon case, the variance reduction technique is crucial
for obtaining the minimax optimal regret. For example, if one instead uses an update rule similar
to the (suboptimal) Q-learning algorithm of [Jin et al., 2018], then this is essentially equivalent to
removing the second update (Line 7) of our algorithm. While this still satisfies Property 2, the bonus

overhead & would be v/H times larger, resulting in a suboptimal leading term in the regret.

S An Optimal and Efficient Model-based Algorithm: SVI-SSP

In this section, we propose a simple model-based algorithm called SVI-SSP (Sparse Value Iteration
for SSP) following our template, which not only achieves the minimax optimal regret even when
cmin = 0, matching the state-of-the-art by a recent work [Tarbouriech et al., 2021b], but also admits
highly sparse updates, making it more efficient than all existing model-based algorithms. The
pseudocode is in Algorithm 3, again with only the lines instantiating the update rule for ) numbered.

Similar to Algorithm 2, SVI-SSP divides samples of each (s, a) into consecutive stages of (roughly)
exponentially increasing length, and only update Q(s, a) at the end of a stage (Line 2). However,
the number of samples e; in stage j is defined slightly differently through e; = |€;|,e1 = 1, and
€j41 = €; + 7-¢; for some parameter H. In the long run, this is almost the same as the scheme used
in Algorithm 2, but importantly, it forces more frequent updates at the beginning — for example, one
can verify that e; = --- = e = 1, meaning that Q(s, a) is updated every time (s, a) is visited for
the first H visits. This slight difference turns out to be important to ensure that the lower-order term
in the regret has no poly(H ) dependence, as shown in Lemma 16 and further discussed in Remark 3.
More intuition on the design of this update scheme is provided in Section E.1.

The update rule for @ is very simple (Line 5). It is again based on the equality Q*(s,a) = c(s,a) +
Ps o V*, but this time uses P; .V — b as an approximation for P, ,V*, where P , is the empirical
transition directly calculated from two counters n(s, a) and n(s, a, s’) (number of visits to (s, a) and
(s, a,s") respectively), V is such that V' (s) = min, Q(s, a), and b is a special bonus term (Line 4)
adopted from [Tarbouriech et al., 2021b, Zhang et al., 2020a] which ensures that () is an optimistic
estimate of Q* and also helps remove poly(H ) dependence in the regret.

SVI-SSP exhibits a unique structure compared to existing algorithms. In each update, it modifies
only one entry of () (similarly to model-free algorithms), while other model-based algorithms such
as [Tarbouriech et al., 2021b] perform value iteration for every entry of () repeatedly until convergence
(concrete time complexity comparisons to follow). We emphasize that our implicit finite-horizon



analysis is indeed the key to enable us to derive a regret guarantee for such a sparse value iteration
algorithm. Specifically, in Appendix E, we show that SVI-SSP satisfies the two required properties.

Theorem 4. If B > B, and H = [2E ln(%) + 11, for 8 = 55845, then Algorithm 3 satisfies

Property 1 and Property 2 with d = 1 and &g = O(\/B,SACk + BS?A + BCk), where the
dependence on H in &gy is hidden in logarithmic terms.

Proof Sketch. The proof of Property 1 largely follows the analysis of [Tarbouriech et al., 2021b,
Lemma 15]. To prove Property 2, we first show Zf (@ (s, a0)—Qi (s, a1)) 4 < §H+ZtT:1 P,(V—
V1, )+, where [, is the last time step Q(s¢, a;) is updated. Then, the remaining main steps are shown
below with all details deferred to the corresponding key lemmas:

ZPtV Vl)+N<1+ )ZPtV Vi) (Lemma 16)
t=1
NI T
< (14 37) TG0 = Vitsa + (15 7 ) SR~ L) = v
t=1 t=1
T
<1 + ) Vi(st) — Va(se)) 4+ + &, (Lemma 22 and Lemma 21)
t=1
which completes the proof. O

Again, as a direct corollary of Theorem 1, we arrive at the following regret guarantee.

Theorem 5. With the same parameters as in Theorem 4, with probability at least 1 — 126, Algorithm 3
ensures Ry = O(B,V/SAK + BS?A).

Setting B = B,, our bound becomes @(B* vVSAK + B, S 2A), which is minimax optimal even
when ¢y is unknown or ¢y, = 0 (this is because the dependence on 1/¢yiy is only logarithmic,
and one can clip all observed costs to ¢ if they are below ¢ = 1/K in this case without introducing
poly(K) overhead to the regret). When B, is unknown, we can use the same doubling trick from Tar-
bouriech et al. [2021b] to obtain almost the same bound (with only the lower-order term increased to

1) (B253A)); see Section E.5 for details.*

Comparison with EB-SSP [Tarbouriech et al., 2021b] Our regret bounds match exactly the state-
of-the-art by Tarbouriech et al. [2021b]. Thanks to the sparse update, however, SVI-SSP has a much

better time complexity. Specifically, for SVI-SSP, each (s, a) is updated at most O(H) = O(B+/epin )
times (Lemma 16), and each update takes O(S) time, leading to total complexity O(B«54/c,.,).
On the other hand, for EB-SSP, although each (s, a) only causes O(1) updates, each update runs
value iteration on all entries of () until convergence, which takes (7)(3252/ 2..) iterations (see their
Appendix C) and leads to total complexity O(B S°A/c2 ), much larger than ours.

Comparison with ULCVI [Cohen et al., 2021] Another recent work by Cohen et al. [2021] using
explicit finite-horizon approximation also achieves minimax regret but requires the knowledge of
some hitting time of the optimal policy. Without this knowledge, their bound has a large 1/c .
dependence in the lower-order term just as our model-free algorithm. Our results in this section
show that implicit finite-horizon approximation has advantage over explicit approximation apart from
reducing space complexity: the former does not necessarily introduce poly(H ) dependence even for
the lower-order term, while the latter does under the current analysis.
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“We note that this doubling trick is in fact also applicable to Algorithm 2. However, the specific approach we
propose for this algorithm in Section D.5 is better in the sense that it does not worsen the regret at all.
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Table 1: Summary of existing regret minimization algorithms for SSP with their best achievable
bounds (assuming necessary prior knowledge). Here, D, S, A are the diameter, number of states,
and number of actions of the MDP, T, is the maximum expected hitting time of the optimal policy
over all states, B, is the maximum expected costs of the optimal policy over all states, and K is the
number of episodes.

Algorithm Regret Bound
UC-SSP [Tarbouriech et al., 2020a] | @ (DS DAK Jemn + S2AD2)

Bernstein-SSP [Cohen et al., 2020] | O (B*S\/ AK + \/BESQA2/cmm>

ULCVI [Cohen et al., 2021] o (B*\/W + T*4S2A)

EB-SSP [Tarbouriech et al., 2021b] o (B*\/&TK + B*SQA)
LCB-ADVANTAGE-SSP (Ours) | O (B,VSAK + BfSQA/cﬁlin>

SVI-SSP (Ours) o (B*\/m + B*SQA)

A A Summary of Existing Bounds

A summary of existing regret minimization algorithms for SSP and their regret bounds is shown in

Table 1. Note that although LCB-ADVANTAGE-SSP has a larger lower order term depending on
O(1/cl ) among the minimax optimal algorithms, it actually nearly matches that of ULCVI when

T, is unknown, in which case their algorithm is run with 7 replaced by its upper bound B, /cmin-

Time Complexity When cpi, = 0, the cost perturbation trick is applied (see paragraph “Assump-
tion on ¢y~ in Section 2 for more details) and 1/c¢p,i, becomes a K -dependent quantity. This leads
to a worse K -dependent time complexity for all algorithms in Table 1 except ULCVI. In fact, this
seems to be a shared limitation of all algorithms that learns a stationary policy. On the other hand,
when T, is known, ULCVI (which learns a non-stationary policy) gives a better time complexity with
no polynomial dependency on K. How to learn a stationary policy while avoiding K -dependent time
complexity when cp,i, = 0 is an interesting future direction.

B Preliminaries for the Appendix

Extra Notations in Appendix Denote by A y the simplex over set X'. For conciseness, throughout
the appendix, we use the following notational shorthands:

I, (s") =1{s = ¢'};

Pt = -Pst,at;

for a function f; : S x A — R, we often abuse the notation and use f; to denote f;(s;, a;) when
there is no confusion from the context; in fact, in Lemma 9 and Lemma 18, we also use f; to
denote f;(s, a) for a particular (s, a) pair;

Vi = {(Q" V) U{(Q}, Vi_) Hiy-

Note that for any (Q, V) € Vi, we have Q(s,a) = ¢(s,a) + P..V, V(s) € [0,B,], V(g) = 0
and V(s) < min, Q(s, a). Throughout the paper, O (-) also hides dependence on In(1/8) and In T
where 6 € (0,e~!] is some failure probability, and 7" is a random variable but can be bounded by
L& ynder strictly positive costs. We include a summary of most notations in Table 2.

Cmin

Truncating the Interaction An important question in SSP is whether the algorithm halts in a finite
number of steps. To implicitly show this, we do the following trick throughout the analysis. Fix any
positive integer 7" and explicitly stop the algorithm after 7" steps. Our analysis will show that in

>In Table 2, “the current stage” means the current stage of (s, a) at time step ¢, and “the last stage” means
the last stage of (s, a) before time step ¢.

14



Table 2: Explanation of the notations

I} precision of the implicit finite horizon approximation;
Qt, Vi accumulators (), V' at the beginning of time step ¢;
Q*,V* optimal value functions of the SSP instance;

« optimal value functions of taking h steps in the SSP instance and then

h Th teleporting to the goal state; see Eq. (1)
Ck total costs the agent suffers in K episodes;
Vet reference value function at the beginning of time step ¢;
|/ REF reference value function at the end of learning; see Lemma 8
CREF costs in regret of using reference value function; see Lemma 8
CREE 2 another costs in the regret of using reference value function; see Lemma 8
By an upper bound of estimated value function V;;
ci(s,a) cost estimator used in the last update of Q;(s, a);
n(s, a) the number of visits to (s, a) before the current stage;’
my(s,a) the number of visits to (s, a) in the last stage;
b:(s,a),b;(s,a) | bonus terms used in the last update of Q:(s, a);

the -th time step the agent visits (s, a) among those n.(s, a) steps before

li(s,a) :

) the current stage;
< the ¢-th time step the agent visits (s, a) among those m (s, a) steps within
lt i(s ) CL) .

’ the last stage;
le(s,a) the last time step the agent visits (s, a) before the current stage;
(s, a) logarithmic terms used in the last update of Q;(s, a);
€t indicator of whether time step ¢ is in the first stage of (s, a;);
y empirical variance of the advantage (i.e., the difference between the estimate

¢ value function and the reference value function) at time step ¢; see Eq. (4)
e empirical variance of the reference value function at time step ¢; see Eq. (5)
Pisa empirical transition at (s, a) at the beginning of the current stage of (s, a);
e;, B the length of the j-th stage and the total length of the first j stages;

this case the regret Ry is bounded by something independent of 7", which then allows us to take 7’
to infinity and recover the original setting while maintaining the same bound. This also implicitly
shows that the algorithm must halt in a finite number of steps.

C Omitted Details for Section 3

In this section, we provide omitted details and proofs for Section 3. We first introduce the class of
finite horizon MDPs used in the approximation: given an SSP model M = (S, A, Sini, 9, ¢, P), we
consider the costs of interacting with M for at most H steps and then directly teleporting to the goal

state. Specifically, we define a finite-horizon SSP M = (g’ o A, Sinit, 9, C, 15) as follows:

¢« S=Sx [H], Sinit = (Sinit, 1) and the goal state g remains the same;

e transition from (s, h) to (s’, k') is only possible when A’ = h + 1, and the transition

follows the original MDP: P((s’,h + 1)|(s,h),a) = P(s'|s,a) for h € [H — 1] and
P(g|(S7H)aa) =1

e mean cost function also follows the original MDP: ¢ ((s, h), a) = cx(s, a).

7
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We also define Q¢ (s, a) = Vs (s) = 0, Q5. (s,a) = Q*((s, H=h+1),a), V;i (s) = V*(s, H—h+1)
for h € [H], where Q* and V* are optimal state-action and state value functions in M. Then, it is

straightforward to verify that @} and V}* satisfy Eq. (1). Since M is equivalent to M with H = 0,
intuitively we should have Q*(s,a) =~ Q7 (s, a) for a sufficiently large H. The formal statement,
shown in Lemma 1, is proven below:

Proof of Lemma 1. By definition Q) (s,a) < Q*(s,a) holds for all (s,a) € S x Aand h € [H],
since M is a truncated version of M. Therefore, V* (s) < B, holds, and the expected hitting time

(the number of steps needed to reach the goal) of the optimal policy in M starting from any (s, h)
is upper bounded by CB%. By [Rosenberg and Mansour, 2020, Lemma 6], when h > % In %

the probability of not reaching ¢ in h steps is at most 3. Denote by 7} the optimal policy of M ,
and 77 a non-stationary policy in M which follows 7} for the first H steps, and then follows 7*

afterwards. We have forany s € S, V*(s) = Vg_(s) < V7L(s)— VH 1(s) < B.j3, where we apply
H > % ln% +1,V*(s) < V7i(s)and V}_,(s) = V;Irz_l( ). Finally, Q*(s,a) — Q% (s,a) =
Poo(V* - Vi) < B.S. 0

Lemma 4. With probability at least 1 — 26, Zthl et — c(sg,a4) = 1) (\/@)

Proof. By Eq. (24) of Lemma 35, ||c[|, € [0,1], and Lemma 36 with a = 1, with probability at
least 1 — 24:

T ~
th —c(st,a1) = O
t—1

The next lemma is used in the proof of Theorem 1, which shows that the sum of the variances

of the optimal value function is of order @(B* Ck). It is also useful in bounding the overhead of
Bernstein-style confidence interval (see Lemma 11 and [Cohen et al., 2020, Lemma 4.7] for example).

Lemma 5. With probability at least 1 — 26, Zt \V(Pyy 0, V) =0 (B + B.Ck).

Proof. Note that:

T
ZV(PSt,at’ V*) = ZPSt;at (V*)Q - (PSt,atV*)Q
t=1

K I - K I
=N Pa b (VP =V 4 )Y VH(sE)? = (P o V)
k=1 i=1 k=1 i=1
K I K I
<ZZkPk k V* z+1 +szQ* s7,a;) (Pk kV)
k=1i=1 k=1i=1

(V*(Slfck-l—l) =0and V*( ) < Q*( Si z)

For the first term, by Eq. (24) of Lemma 35 with V*(s) < B, and Lemma 30 with X = V*(S5"), 5" ~
Ps, a,, we have with probability at least 1 — 6,

=
=
S

D V(Par, (V*)?) + B

k=11i=1 t=1

N
N
v
i‘g::
3
S
i
N
G

|
(G}

T
Al D V(P a0, V*) + B}

t=1



For the second term, note that:

K I K Ik

SN Q@ sk al)? = (P V2 = 3030 (QU(sF a) = P V) (@ (s ab) + P oy V)
7 =111=1

k= 1K1Ik k=1

< Z 233*0(55, al). (Q*(s,a) < 2B, and V*(s) < B, for any (s,a) € S x A)
k=1i=1

Therefore Zt 1 ( 5“@“ < \/Zt 1 5,5,@,7 )+B2—|—B Zk 12 (zvaf)).

By Lemma 25 with z = thl V(Ps, .q,, V*) and Lemma 36, we have with probability at least 1 — 6,

T K I
ZV(PSMZH ) <B2+B ZZ 17 a; ) :@(Bf-i-B*CK).

t=1 k=11i=1

D Omitted Details for Section 4

Before we present the proof of Theorem 3 (Section D.3), we first quantify the sample complexity of
the reference value function (Section D.1) and prove the two required properties (Section D.2).

Extra Notations Denote by Q;(s,a), V;(s), V/(s), B;, Ni(s,a) the value of Q(s,a), V(s),
V™i(s), B, N(s,a) at the beginning of time step ¢. Define Ny(s) = >, Ni(s,a). Denote by
ne(s,a), my(s,a),bi(s,a),b(s,a), (s, a),c (s, a) the value of n,m,b,b’, ¢, ¢ used in computing
Q+(s,a). Note that, these are nor necessarily their values at time step ¢. For example, n;(s, a) is the
number of visits to (s, a) before the current stage (not before time ¢); m. (s, a) the number of visits to
(s, a) in the last stage; b;(s, a) and b;(s, a) are the bonuses used in the last update of Q:(s, a); and
¢i(s,a) is the cost estimator used in the last update of Q:(s, a) (b:(s, a), b;(s,a) and ¢ (s, a) are 0
when n4(s, a) = 0). Denote by I, ;(s, a) the i-th time step the agent visits (s, a) among those n(s, a)
steps before the current stage, and by [; ; (s, a) the i-th time step the agent visits (s, a) among those
my(s, a) steps within the last stage. With these notations, we have by the update rule of the algorithm:

. 1
Qi(s,a) = max<{ Q;_1(s,a), ¢i(s,a)+ — Z Vi, (s;t ) = by,
mei=
n m (3)
- 1 - / ref ./
(s,a) + — Z Vil (si,.,) ey Z(Vﬁ,i(sa,i) = Vit (s, ) —be gy

i=1
where m; represents m.(s, a), l;,; represents l; ;(s, a), and similarly for n,, l; ;, b, and b;.

We also define two empirical variances at time step ¢ as:

2
1 S Te re:
n= > (Vi (51, ) = Vi (s, ) < Z )= V(s lw)) @)

=1

and
1 ’
= LS, (nz Ve ) o

Here, v; and v should be treated as a function of state-action pair (s, a), so that my, n., lvm-, and
l¢ ; in the formulas all represent my(s, a), n¢(s, a), Iy ;(s, a), and l; ;(s, a). Except for Lemma 9, this
input (s, a) is simply (s¢, az).

ref

Further define ¢, = I{n, > 0} = I{m; > 0}, and 0/0 to be 0 so that formula in the form
;f Z 1 X1, ; 1s treated as 0 if n, = 0 (similarly for m).
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D.1 Sample Complexity for Reference Value Function

In this section, we assume H = [ 42 ln(%) + 1], for some 8 > 0 (the form used in Theorem 2). We
show that to obtain a reference value with precision p > 2B, 3 at state s (that is, |[V™(s) — V*(s)| <

0), @) (M) number of visits to state s is sufficient (Corollary 6). Moreover, the total costs

B2H35%A
appeared in regret for a reference value function with maximum precision p is O T

(Lemma 8). Note that if we only update the reference value function once as in Zhang et al. [2020b],

3
instead of applying our “smoother” update, the total costs become O (%ZSA) .
Lemma 6. With probability at least 1 — 86, Algorithm 2 ensures for any non-negative weights

{wt}tT:p

Zwt (st.01) = Quls1,01)) < Ba [[w], /5+0<H25AB el + Buy/HES A ] |w||1).

Proof. Define wi ) = w, and wthﬂ) Zt, D T:n - H{t = Iy} We first argue the following
(h)

properties related to w,"" and vector w(*) = (wgh), e gL )
step t belongs. When t = Zt/ i» we have my = e;,. Therefore,

. Denote by 7, the stage to which time

T mys L 1
—]I{t—lt/ AR =
and thus, Hw(h)H §(1+— Hw(h’l)H <- (1+ )hHwH . Moreover,
ht1) s wy” (h) H{f—ltw} )
o, =233 Bt =y = 3 35 Mt < ]
t=1t'=114=1 =1 i=1 t=1

and thus ||w(h) H1 < |lw||, for any h. Also note that for any {X,}; such that X; > 0:

T (h) My T T (h) me T

Z o =2 Z ZXt/H{t' =l =Y wi Xy, (6)

t'=1t=1 i=1 t'=1

Next, for a fixed (s, a), by Lemma 34, with probability at least 1 — &, when n(s,a) > 0:

2¢; 25 A 19 Ip 28Ane(s,a) ~
|c(s,a) - /c\t(s7 a)| <2 Ct(S,(l) In S nt(s’ a) n 9 < Ct(S,CL)Lt Lt )
(s, a) 0 ny(s,a) ne (s, a) ny(s, a)
(N

Taking a union bound, we have Eq. (7) holds for all (s, a) when n:(s,a) > 0 with probability at least
1 — 4. Then by definition of b;, we have

c(s,ap) — (s, ar) <my =0} + 0} 8)
Now we are ready to prove the lemma. First, we condltlon on Lemma 9, which happens with
probability at least 1 — 74. Then for any h € {0, . — 1}, Q QH_n, V= QH_n_1 We have:

T
Z wgh)(é(stv ar) — Qu(se, ar))+

t=1
T 1 me
h h - (h
< ;wg N(e(seya0) = ls0,a0)) 4 +w") <PtV T ; Vl},qz(sg“,,,q:)> N + iy,

(by Eq. (3) and Q(s, a) = ¢(s,a) + Ps.aV)

T T my me
h B 1 - 1 h
<3 28,0, = 0} + 3 uf® <m SRV 3 V) ) o
t=1 =1

i=1

(Eq. (8), P, = P;, and P,V < B,I{m; = 0} + -1 Ly Pl“
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Since e; = H, we have Z;T lwgh)]l{mt =0} < SAH Hw(h)H . Moreover by Eq. (24) of
Lemma 35 with X; = V(s,), we have with probability at least 1 — 2 e Lo~ B, vV <

m% Z:”:tl V( ) +0 (B et ) Plugging these back to the previous inequality and using the defini-
tion of b} gives

Zwt (st,a¢) — Qi((se, ar))+

(h) ) e, / Bz | wie
oM+ Vs, )=V; (s, ) +0 +
| E S e 0h), o (B o

w® H ( \/HSAHw(h)” ||w||1)+z ,Eﬁl)( Vt(st))+

(Eq. (6) and Lemma 14)

§@< (h)HOO+B*\/HSAHw( |w||1>+Z S Qs a) = Qulseran))

where in the last inequality we apply:

ZT:wt(ﬁl) (V( 1) = Vtst) Z t(Tlrl) V(s) Vt+1(8t))++O(Hw(h)H SB)

t=1 =

!

(apply Lemma 28 on thl Vit1(sh) — Vi(s}))

M=

WD (V(s,) = Vi(se))s + O (Hw<h>Hoo SB*)

~
Il
-

((‘7(3;) = Vita(sy))+ < (V(si41) — Viga(se41))4 and w(Thjll) =0)

B

wt(hﬂ)(é(su ar) — Qi(s¢,ar))+ + ) (Hw(h) HOO SB*) .

o~
l
~

(V(st) < Q(st, ar) and Vi(s) = Qi (s¢, ar))

By a union bound, the inequality above holds for Q =QHy_n, V= Qp_p—1forallh € {0,...,H—

1} with probability at least 1 — 0. Applying the inequality above recursively starting from & = 0, and
by Q5(s,a) — Qu(s.a) <0, (1+ )" <3

T
S wn( @i (st a) — Qulst,a1))4 = O (HQSAB* ol + Buy/H3S A o], ||w||1) -
t=1

Therefore, by Lemma 1,

Zwt (s¢,at) — Qe(se, ar)) Zwt (st,ai) — Qi (s ar) + QR (¢, ar) — Qulse, ar))

< B, |lwl, 5+ 0O (H2SAB* el + Buy/HES A ] |w||1) .
O]

Now by Lemma 6 with w; = I{V*(s;) — Vi(st) > p} for some threshold p, we can bound the
sample complexity of obtaining a value function with precision p (Corollary 6), which is used to
determine the value of 8* (Lemma 8). However, one caveat here is that the bound in Lemma 6 has
logarithmic dependency on 7" from ¢;, which should not appear in the definition of 6* since 7" is a
random variable. To deal with this, we obtain a loose bound on 7 in the following lemma.

Lemma 7. With probability at least 1 — 135, T = O(B, K /¢in + B2H?>SA/ 2

mll’l)
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Proof. By Lemma 6 with w; = 1, we have with probability at least 1 — 84:
T
Z Q*(st,ar) — Qi(st,ar) = BLTB+ O (H2SAB* + B,V H3SAT) .

Now by Eq. (2), Lemma 4, Lemma 35, and Lemma 5, with probability at least 1 — 56,
T

Ri <Y (¢ — (s, ar)) + Z V*(s}) — Pay . V*) + Z (st,a) — V*(s1))
t=1 t=1 t=1
) T
< O(v/BiCk + By) + Z Q*(st,ar) — Qi(sy,ar)) (V; = Q¢(st,a;) and Lemma 9)
t=1
— B, T8+ O (H2SAB* ¥ B*\/HSSAT) . (Cx <T)
Further using ¢y T — KBy < Rk, By < 6"2‘“‘, and Lemma 25 proves the statement. O

Corollary 6. With probability at least 1 — 130, Algorithm 2 ensures for any p > 2B, [3:

T
. B2H3SA
D T{V*(s1) = Valse) = p} = O <2) 22U, -1,
t=1 P
and for any s € S, Ni(s) > U, implies 0 < V*(s) — Vi(s) < p
Proof. We can assume p < B, since Zthl I{V*(s:) — Vi(st) > p} = 0 when p > B,. By

Lemma 6 with w; = I{V*(s;) — Vi(s¢t) > p}, pwe < we(V*(st) — Vi(st)), p > 2B,f, and
V*(st) — Vi(st) < Q*(st,at) — Q+(st, ar), we have with probability at least 1 — 84:

plul, < Zwt ~Vi(o) < Gl + 0 (#2548, + By /54Tl ).

Therefore, by Lemma 25 and Lemma 7, ||w||; = O ( H?SAB. + BEH: SA) , which has no logarithmic

P P
dependency on 7. We prove the second statement by contradiction: suppose N¢(s) > U, and
V*(s) — Vi(s) > p. Then since V; is non-decreasing in ¢, N¢(s) < |lw]|;. Thus, U, < Ny(s) <
lw|; < Up, a contradiction.
Lemma 8. Define 3; = 21 ,NO =0, J\N/ —~U31. (defined in Corollary 6) for i > 1 and ¢* = inf{i :
Bi < Cmin}. Define VREF = Vil 0* = [Ny 1,, and B*' such that:

Bri(s Zﬁz 1]1{ i—1]y < Ni(s) < [Nib}-

Then with probability at least 1 — 136 VREF(5) — Vel(s) < BI*f(s), and

T T
B2H3S%A
ZVREF( 2 — ViEl(s,) < Z B(s,) = O <*S> £ Crer,
— P} Cmin
T 5 T
Z VREF — Vrel(s 1)) < ZBff(St) =0 (BQH?’S2 ) £ Crer.2.

t=1

o~
Il
=

Proof. We condition on Corollary 6, which happens with probability at least 1 — 134. By Corollary 6
with p = j3; for each i € [g*], we have VREF(s) — Vf(s) < Brf(s). Moreover, Bi*'(s)? =

23;1 612 it [Ni—ﬂg < Nt(S) < H\N/v‘| }. Thus,

27173 2773Q2
ZBrefst <ZZﬂz 1N~|2—O ZZBHSA :O<B*1;[SA>.
S S q*

t=1

T 7 a
D B <) B[Ny =0 D > BIH'SA| = O (BIH"S*4).
t=1

s 1=1 s =1
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D.2 Proofs of Required Properties

In this section, we prove Property 1 and Property 2 of Algorithm 2.

Lemma 9. With probability at least 1 — 75, Algorithm 2 ensures Q;(s,a) < Qi+1(s,a) < Q*(s,a)
forany (s,a) € S x Ajt > 1.

Proof. We fix a pair (s, a), and denote ny, my, Iy ;, [t,i, b, b}, v+ as shorthands of the corresponding
functions evaluated at (s,a). The first inequality is by the update rule of Q;. Next, we prove
Q:(s,a) < Q*(s,a) by induction on ¢. It is clearly true when ¢t = 1. For the induction step, the
statement is clearly true when n, = m; = 0. When n; > 0, it suffices to consider two update rules,
that is, the last two terms in the max operator of Eq. (3). For the second update rule, note that,

™my

1
(s,a +iZVlref st + o D (Vi) = Vs, ) —
=1
1
SECRRS) SUMUE S DM UM
=1
1 S ref 1 S ref
X1 X2

Define C] = [In(B*n;)]* < min{41n?(Bn,), B8n?2} (in general, we can set C} = [In(B*n,)]’
for some B > B,). For x1, by Eq. (24) of Lemma 35 with b = Bf and C' < (Y}, we have with
probability at least 1 — <1

1 & 4SABSnS 8 V(Pea, V) 5B,
= |37 (L, — Poa) V| < 4m® (25200 Ll g OBt )
hal ng ; ( Lt ’ s =20 1) n? + Ty

Note that (recall that v//°f represents v1'(s, a))

—ZV (Poas Vi) = " = X3 + X4 + X5, (10)

where

ng ng 2 ng 2
XS:%Z(PS,AV&E) = ViEl(s,)%) ( Zvl”f l“> ( ZPS,QVZ?,{),
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By Eq. (24) of Lemma 35 with b = Bf and C < C}, and Lemma 30 with HVZ"’f < By, with
probability at least 1 — g,
41n*(4SABSn3 /) o "
xsl < o 82 V(P (ViF)?) + 557
41n®(4SAB3n3 /) = . )
< 2By, |8 V(Paa, Vi) +5B7 | . an
nt ] t,1
¢ ¢ nt
< Vref - Ps aVref Vref = Ps avref
Ixa| < " Z le.i (s1,,) + Z aVi, Z L lt ) Z aVi,,
41n®(4SABSn? /6 -
<o, ALUSABIO) (1SS w(p, v + 58 | . (12)
e i=1

Moreover, x5 < 0 by Cauchy-Schwarz inequality. Therefore,

4B; In*(4SABSnS /5 i ;
tin ( S *nt/ ) 4 8ZV(Ps,ay‘/lie:)+15Bt

=1

L ZV P Vlref ref <

Ty
Applying Lemma 25 with z = > | V(P q, ‘/Z"'f), we obtain:

4216 B2 n® $5ABn;

J— ZV s ‘/Eref 2V{ef +
ng < U
Thus, n% Z (Hg;t — Ps,a) Vlref < Vt i + 3B“t . By similar arguments, ﬁLt +
%tft with probability at least 1 — 2% Fmally, by Eq. (7) and B; > 1, we have ¢ (s, a) —c(s,a) <
L(flfm + B" . Therefore,
[€e(s,a) — c(s,a)| + [xal + |xz| < b (13)

Plugging Eq. (13) back to Eq. (9), and by the non-decreasing property of V,f and Vi, (s) S V*(s)
forany s € ST

me

1
f f
(s,0) + — Z Viet(st, )+ o D (Vi s, ) = Vistls, ) = b
=1
Mg

o)t 3T ST (V) S ) R =)
=1

For the first update rule, by Eq. (24) of Lemma 35 with b = K and C' < C}, with probability at least
11— =5 Vi, (s, ) =B Vi, <2 ’ “t Therefore, by Eq. (7):

~ 1 S 1 S * *
i) SOV, ) U S elssa) £ SR Vi S elsi0) + PV = Q(s.a).
=1 i=1

Combining two cases, we have Q:(s,a) < Q*(s,a) for the fixed (s,a). By a union bound over
(s,a) € S x A, we have Q(s,a) < Q*(s,a) forany (s,a) € S x A,t > 1. O

Remark 1. Note that the statement of Lemma 9 still holds if we use “compute . <
256 ln6(4SABgn5/5) 7 in Line 5 of Algorithm 2 for some B > B,. This is useful in deriving
the parameter-free version of Algorithm 2 in Section D.5; see Line 1 of Algorithm 4.
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Proof of Theorem 2. Property 1 is satisfied by Lemma 9. For Property 2, we conditioned on Lemma 9

Lemma 8, Lemma 10, and Lemma 11, which holds with probability at least 1 — 500. Then, for any
(Q? V) S VH:

T

(@(sh at) - Qt(stv at))+

1

T me
1
ref ref
; (c(st,at) —C(sp,a0) + PV — — Zvl s,.) — o > (V}t,i(s;}‘i) - V}t,i(sgm)> + bt>

-
Il

IN

i=1

+
(by Eq. (3) and Q(s,a) = ¢(s,a) + Py V)

my

T
<3 amaim =0} + 3 (4 zpitv—zplt,wef—mz(lh—vfsz)) 2
t=1 +

=1

(PV < B,I{m; = 0} + ;= 3> Py, V and Eq. (13))

T ne
1
< 2B,HSA ~-N'p,. (VREF er‘) — NP V-V 2
S +;nt; Lei i) T Z I i)+ +2be.
O H{m, =0} <SAH,P, =P, , = = Py, ,,and Vr"'f( ) < VREF(s) for any s € S (Lemma 8))
By Lemma 12 and Lemma 10,

T n T
Z nit Z Bt,i (VREF - V?::) - (7) (Z Pt(VREF - V;ref)) = @ (CREF) .

Moreover, by Lemma 13, with probability at least 1 — H—H,

1 me 3 1 2 T . ~
YRV 1 e < (14 ) ) = Vil + OB+ 5)).

Plugging these back, and by (1 + %)2 <1+ % Lemma 11 and Lemma 8, we get:

T 2 T

Z(Q(St,at) — Qi(st,ar))+ < O(BLHSA + Crer) + (1 + Iif) Z(V(st) —Vi(se))+ + 22 bt
t=1

t=1 t=1

min

3 B2H352A
(1 + ) Z (5¢) = Vi(se))s + O <\/B SACK 4+ \/SAHcpminCx + ) .

Taking a union bound over (Q V) € Vy and using H = o ( ) proves the claim. O

D.3 Proof of Theorem 3

Proof. By Theorem 1 and Theorem 2, with probability at least 1 — 604 and 8 = 55755

N B2H3S2%A

Cg — KV*(Sinit) =R <O (56}( + /B, SACK + *> .
Then by V*(sinit) < By, 8 < % and Lemma 25, we have Cx = O (By K) Substituting this back
and by § < ET}H(,H = @(B*/cmin), we get R = (B VSAK + A S A) O

Cmi

D.4 Extra Lemmas for Section 4

In this section, we gives proofs of auxiliary lemmas used in Section 4. Lemma 10 quantifies the cost
of using reference value function. Lemma 11 quantifies the cost of using the variance-aware bonus

terms b;. Lemma 12, Lemma 13, and Lemma 14 deal with the bias induced by the sparse update
scheme.
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Lemma 10. With probability at least 1 — 96, Y1, P, (VREF — Vif) < 2T P, Bl = O (Crer),
where CRgr is defined in Lemma 8.

Proof. By Lemma 8, Lemma 36, Lemma 28 and By, (s}) < Bil, (s¢41) in each step:

T T T
ZPt (VREF _ ‘/tref) < ZPtBief < QZB;ef(S;) + O (B*)
t=1 t=1 t=1

T

t=1

Lemma 11. With probability at least 1 — 216,

T
> b =0 (VB.SACK + B.H*S} A+ \/SAHcunCx )
t=1

Proof. We condition on Lemma 8, which holds with probability at least 1 — 85. By Eq. (14) and
Eq. (15) of Lemma 14,

T T ref 4 3 ~
S 3 T P (4 2) [
t=1 t=1 t

d l/ll;ef€t Vi€t /C\tgt
S+ /" +BHSA+ | —
=1 n my Uz

Note that by Eq. (10), Eq. (11) and Eq. (12), when n; > 0, with probability at least 1 — 24,

I
Qe

ZV Py Vi) < sl + [xal -

A [ B | B} 1 & ’
SO =\ DV LV + =5 | + =D (B, Vi)? ZP“vzfef
o\ = ' " s
(;)@ & ZVPZ Vref +7+7ZPI Bref
ne t,i) t,i 117
1 ng
<= V(B,,, V) + 7+7 P, . Bret (AM-GM Inequality)
2 Sovin, v +o (2 23 o) o

where in (i) we apply:

2
EZ Plt7‘/lref ( ZPtZ ref) (PVREF < Zplfq‘/lref>
(fo( ) < VREE(s) forany s € S)
2B,

uz

REF f
P, (VR v < 2

=1

Z Ie.i ref,. (|[VREF|| . < B, and Lemma 8)
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Therefore, v;*f — 2 577" V(P ,, V) = o (m By Plt‘iBlrf‘f), and

v = 2V(P, V) = v - ZWBWW“ Zwme%vmWW»
1=1
(P =Fy, ;)
0 N 4B Mg
<Ol = = ref * » * _ yyref
< ( + ZPlt B ) o 2P (ve—vie)
= ( — Z P, B + B*Bq*> : (V*(s) = Vii(s) < B! (s) + B+, ¥s)

where in (i) we apply the bound for vt — 2 57" V(P, ,, V/*!), B; < B, and
V(B Vi) = V(B V) < (B, V)2 = (R, V)P < 2BGR, (V= V).

Plugging the inequality above back, we have with probability at least 1 — 114,

u;ef Pt, B, 1 "’ ; B, By
+ —~+—|B.Y_ P, B =
>0y B -
N r " B,
=O | \|SAD V(P V) + BuSA+, | D Z ZPzt B! + /BB SAT
t=1 = i=

(Lemma 14 and Cauchy-Schwarz inequality)

— O (VB.SACK + B.SA+ \/B.SACkex + /B.fy- SAT)
(Lemma 5, Lemma 14, Lemma 12 and Lemma 10)

Moreover,
Tf<i¢z hlw—w%mv<i¢z<wug VEr(sr, )
my my i my

(VST [T

= O Z + mt

(V* (s} ) erf( i, )< Bfef( i, )+ Bge, (a+b)? <2a% +2b% and \/z +y < VT + /Y)

B T my T BQ*

=0( | X Z DI HCRED I

t= 1 i= t=1

(Cauchy-Schwarz inequality)

Note that by Lemma 12, Lemma 28, By, (s}) < By, (s141) and Lemma 8:
INE
LS a0 < (14 )
=0 (Z B (s)) + 532) (Z Brf(s;) + SB ) = O (Crer2) -

Plugging this back to the last inequality, and by Lemma 14, we have:

1/ % ,/SAHCREF 2+ \/SAHB2 T)
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Finally, by Cauchy-Schwarz inequality, Eq. (15), Eq. (7) and Lemma 36:

Solving a quadratic equation gives Y°/_, /%5t = O (\/SACK + SA). Putting everything together,
and by Sgx = O (cmin) , BT = O (eminT ) =0 (Ck):

T
S =0 (\/B*SAOK +v/B.SACker + /SAHCrer.2 + \/SAH i Crc + B*HSA)

(H=0Q (C) and definition of Crgg, Crgg 2 (Lemma 8))
O]

Lemma 12 (bias of the update scheme). Assuming X; > 0, we have:
T 1 my T 1 N T
> LS < (1) Eox ;m;xh,i:o(mmzxt).

Proof. For the first inequality, denote by 7, the stage to which time step ¢ belongs When ¢’ = lvtﬂ;,
we have m; = e;,,. Therefore, Zt S LY =11 < “'H <1+ 4, and

=1 my
oo T L H{t/—l”} 1\ &
IR SR DL D 9 IR D IED 9 oL (P 9
t=1 " o syt t=1  t=1i=1 =1
For the second inequality:
T
zm2&7z D IEEIRED 9E% 9p pE=LT
= i=1 t/=1 =1 t=1i=1
T
<N xe Y = :0<1H(T)th,>.
=1 2t/ <E, 1<T Eam1 =1
O

Lemma 13. Assuming X, : ST — [0, B] is monotonic in t (i.e., X.(s) is non-increasing or
non-decreasing in t for any s € S*) and X;(g) = 0, with probability at least 1 — 4,

T 1 me 1
Zm ZPZ,, le §(1+ > ZXt St +O( (H+S))

t=1 i=1 t=1

Proof. By Lemma 12, Lemma 36 and Lemma 28, X;1(s}) < X;y1(s¢41) in each step,

Z th Xl”<1+ >ZPtXt( ;>2§T:Xt(sg)+(’~)(BH)

tl i=1

<1+ 1>22T:Xt (s:) + O (B(H + S)).

t=1

26



Lemma 14. For any non-negative weights {w. };, and o € (0, 1), we have:

T T
WE o WE o o wl| o
> = 0 (il S4)° ol ™). }jn;t—O(wanSA) ol 10 1 )

= — M [wlly

Moreover, when wy = v(st, ay) for some v,

T T
Z Lt _ 5 Z v(s,a)Npyi(s,a) = |, Z Yt _o | me Z v(s,a)Npy1(s,a)t ™

ng my'
t=1 (s,a) t=1 (s,a)
In case wy = 1 for all t, it holds that:
o ~ E ~
— =0((SAT'"*), > —— =0((SAH)*T'""), (14)
= t=1 "'t
when 0 < o < 1, and
K I
Y L =0(SAmT), Y - =0(SAHWT), (15)
t=1 't =1
when o = 1.
Proof. Define n(s,a,j) = Y, (s0,00)=(5,0)me=; W> n(s,a) = > ;5on(s,a,j). Then,

Doy Ms,a) = [[w]l}, n(s, a, ) < ||w||Oo ejr1 < (1 + %) [lw]| ., €;. Moreover, by definitions of

¢; and B,
;H{< >||7~U|| Ej_1 <n(s, a)}=O<Hln ”Z;]::o) (16)
o (14 ) Il By < 0600} = Otu(ssa)/ ) (7

Since 7 and — is decreasing, by “moving weights to earlier terms” (from n(s, a, j) to n(s, a, ) for
J J
i <J)

o I{(1+ 4 <
I EDDR zz(u ) i, L e By 00,0}
t=1 ¢ a)j=>1 J (s,a) j=>1 J
-«
=0 |w| H )> s ga = O (BS™) and Eq. (17))
(s,a)

= ( [wll SA)* [Jw H ) ) (Holder’s inequality)

T
1

NI R ol < T3 (1 g ) Bl t{ (14 ) Il Bror < niss)}
t=1 a)j=1 (s,a) j>1

-«

IN

(1+ )nwn > Sl By < s} | 3
(sa) W0

(s,a) j>1
(Holder’s inequality and Eq. (17))

=0 ((lull 750" ol 1512 ). (Eq. (16)

[l

Incase w; = 1 and o € (0,1), we have ||w| = 1,||w||; =T, and Eq. (14) is proved. When w; =
v(s¢, ar) for some v, n(s, a, j) < v(s,a)ej11{j < Jsq}, where J, o is such that E; = nr(s,a).
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T Js,a Js,a
Z wft < Z v(s, a) Z eg‘: =0 Z v(s,a) Z % =0 Z v(s,a)Npi1(s,a)' =
t=1 ™ s,a j=1 J s,a j=1"17 s,a

(s,a) (s,a) (s,a)
T c Js,a Js,a

WiE €i+1 _
Z —a < Z v(s,a) ;a =0 Z v(s,a) ejl @
t=1 ¢ (s,a) j=1 (s,a) j=1
Toa 11—«
=0 Z v(s,a)JS, e; =0 |H" Z v(s,a)Nry1(s,a)t =
(s,a) j=1 (s,a)

(Holder’s inequality and .J, , = O (H) by how €j grows)

D.5 Parameter free algorithm

In this section, we present a parameter-free model-free algorithm (Algorithm 5) that achieves the same
regret guarantee as Algorithm 2 (up to log factors). The high level idea is to first apply the doubling
trick from Tarbouriech et al. [2021b] to determine an upper bound on B,, then try logarithmically

many different values of H and #* simultaneously, each leading to a different update rule for ) and
Vref .

D.5.1 An upper bound on B, is available

We first introduce Algorithm 4, which is a sub-algorithm that achieves the desired regret bound when

we have an upper bound B > B,. In this case, we only need to determine the appropriate value of
H and 0*. Define Ng = [log,(1/8)] with § = spea. Hy =27 forp € Pwith P = [Ng], and
H = {Hp}pep. Define R = [8Ng]. Here, H and {2" },.cr constitute the search range of H and 6*.

For each p, r, we maintain accumulators u;fﬁ., a;fi, Hp,r Op.ry Up, My, sSimilar to Wt ot o v, m
in Algorithm 2 (Line 2 and Line 3). For each (s,a) € S X A and p € P, we divide the samples
received into consecutive stages, where the length of the j-th stage is e, ; with e, 1 = Hy,, €p 41 =
[(1+ Hip)ep,jj . Also define the indices indicating the end of a stage fora givenp as £, = {E}, ; }jen+

with B, ; = >7_, e,,;. We update (s, a) only when the number of visits to (s, a) falls into £, for
some p € P (Line 4), and there are two types of update rules similar to Algorithm 2 (Line 5 and
Line 6). We also maintain | R| reference value functions, each with different final precision (Line 7).
We show that the way we combine different update rules enable us to apply analysis of Algorithm 2

w.r.t any choice of (p, ) € P x R. Notably, we can proceed with (p*, r*) with H,« = H, 2 = 9,
which gives us the same regret bound as Algorithm 2 without knowing B,.

Now we introduce some notations only used in this section. When it is clear from the context,
we ignore dependency on p, and define n(s, a), mi(s, a), i :(s, a),li (s, a), (s, a) similarly as
before for a given p. Denote by V,fetf(s) the value of V™*(s) at the beginning of time step ¢, and by
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Algorithm 4 LCB-ADVANTAGE-SSP with an upper bound on B,

Parameter: initial value function upper bound B > B,, failure probability 6 € (0, 1).

Define: £, = {E);}jen+ where By, j =30 epiep1 = Hpand e i1 = [(1+1/Hp)ep ;).
Initialize: ¢ <— 0, s1 < Sinit, B <— 1, forall (s,a),p € P, N(s,a) < 0, M,(s,a) < 0.
Initialize: for all (s,a),” € R,Q(s,a) + 0,V (s) + 0, V™ (s) < V(s), C(s,a) + 0
Initialize: for all (s,a),p € P,r € R, ,ufﬁq(s7 a) + 0, o“"f '(s,a) < 0, ppr(s,a) < 0,
Opr(s,a) < 0,v,(s,a) < 0.

fork=1,..., K do

repeat

Increment time step ¢ &1

Take action a; = argmin, Q(s;, a), suffer cost ¢, transit to and observe s;.

Update global accumulators: n = N (sy, ay) & 1, a(st, a) & Ct.

Compute ¢ < 256 In®(4SAB®n® - 8N3/6), ¢« Clonee),

for p € P do
for r € R do
Update reference value accumulators: p% (sy,a;) ¢ Vi(s}), o™l (s,,a,) ¢
VIS s (s1000) & V() = V), 01, 01) & (V) — V(51
Update accumulators: vy, (s, a;) EV(s), my = M,(st, ar) &

if n € L, then
for r € R do

bp_rr - \/aiffr(st,at)/nffL#',ffT(stqat)/n)2L 4 \/GP)T(St,at)/.,”pf(u.p,r(st,a,t)/,,np)?L i

mp
4B 3B / ci

ref .
Q(st, ar) < max {/C\+ Mp,'r'(ﬁtﬂlt) + Bp,r(st,08) bp.rs Q(st,at)}.

mp

| Reset local accumulators: pip, T(st, at) < 0, 0p (¢, a:) < 0.
/ 32 cL 3
Compute bonus b}, < 2 S

Q(s¢,az) + max{c+ wzat) b;,Q(st,at)}.

| Reset local accumulators: vy, (s¢, a:) < 0, Mp(s¢, ar) < 0.

V(s¢) « min, Q(s¢, a).

if V(s;) > Bthen B « 2V (s;).

if Y, N(st,a) = 2" for some r € R then V5(s,) < Vi(sy), Vr' > r.
if s, # g then s;; < s}; else sy 1 < Sinit, break.

bp.rt(s,a),b;, (s, a) the value of by, ..(s, a), by,(s,a) in Q¢(s,a). Also define:

»Up
1 &
Qporals,a) =(s,a) + —Z Vi () 4 o D0 (Vi (51, ) = Vi (51,)) = B
1=1
1 myg
Qp(s.a) =C(s,a) + fZVl,l si ) = b
=1
Note that for any (s,a) € S x A, t > 1,
— —/
Q¢(s, a) = max {n;a;x Qprs(5.0), max Q) (5, ), Qe (s, a)} : (18)

Next, we prove the key lemma of Algorithm 4, which shows that @ is an optimistic estimator of Q™.

Lemma 15. With probability at least 1 — 75, Algorithm 4 with input B > B, ensures Qi(s,a) <
Qi11(s,a) < Q*(s,a) forany (s,a) € S x A.
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Proof. The first inequality is by the update rule of Q;. Next, we prove Q:(s,a) < Q*(s,a) by
induction on ¢. It is clearly true when when ¢ = 1. For the induction step, note that for any p, r, the
proof of Lemma 9 still proceeds to conclude that @, ,. ,(s,a) < @*(s, a) and @;yt(s, a) < Q*(s,a),
where we substitute by with by, ,.;, b} with b/, ;, and V;/* with V' (also note Remark 1). Thus, by
a union bound over 8 N g update rules, the computation of ¢ (Line 5), and Eq. (18), the claim is
proved. O

Theorem 7. With probability at least 1 — 600, Algorithm 4 with input B > B, ensures Rg =

o (B*\/W+ Bi’f”).

Cmin

Proof. Define V™' = Vit VREF — yrel by = by o 4, 0f = b o, H = Hpe, and ny, my, Ly,

lvm- are defined for p*. We have Lemma 12, Lemma 6, Corollary 6, Lemma 8, Lemma 10, Lemma 11
and Theorem 2 holds for Algorithm 4. Following the steps in the proof of Theorem 3 gives the desired
result. O

D.5.2 Without knowledge of B,

Now we introduce our parameter-free algorithm that achieves the desired regret bound without
knowledge of B,. The main idea is to determine an upper bound on B, using a doubling trick from
[Tarbouriech et al., 2021b], and then run Algorithm 4 as a sub-algorithm. We divide the learning

process into epochs indexed by ¢. We maintain value function upper bound B and cost accumulator
C recording the total costs suffered in current epoch. In epoch ¢, we execute Algorithm 4 with value

function upper bound B. Moreover, we start a new epoch whenever:

1. B> B,
2. 0rC>§K+x<§\/SAiK+%>_

min

Here, x is a large enough constant determined by Theorem 7, so that when B > B,, we have with
probability at least 1 — 604:

(b . ~ B552A
C—V*(siy) — (K = 1)V*(sinit) < 7 BVSAK + T ;

where sfm
changing over episodes). Moreover, we double the value of B whenever a new epoch starts. We

summarize ideas above in Algorithm 5.

Theorem 8. With probability at least 1 — 605, Algorithm 5 ensures R = O (B* VSAK + Bcfsz )

min

is the initial state of epoch ¢ (note that Theorem 3 still holds when the initial state is

Proof. Denote by By the value of B in epoch ¢, and by C the value of C at the end of epoch ¢.
Define ¢* = infy,{Bs > B,}. Clearly By < max{2B,, K} for ¢ < ¢*. By Theorem 7, with
probability at least 1 — 600, there is at most ¢* epochs since the condition of starting a new epoch
will never be triggered in epoch ¢*, and the regret in epoch ¢* is properly bounded:

. [~ B3,S2A\ . B3S2A
Cor —VH(s2) — (K = D)V*(si0) = O (34,* VSAK + ¢4> =0 <B*\/SAK + 45 ) .
C

min min

Conditioned on the event that there are at most ¢* epochs, we partition the regret into two parts: the
total costs suffered before epoch ¢*, and the regret starting from epoch ¢*. It suffices to bound the
total costs before epoch ¢* assuming K < B, (otherwise ¢* = 1). By the update scheme of B, we

have at most [log, B, ] + 1 epochs before epoch ¢*. Moreover, by the second condition of starting a
new epoch, the accumulated cost in epoch ¢ < ¢* is bounded by:

- s - B 5Q2
Cy < KBy+ 0 (ByVSAK + By5%4) = O <B;f A) .
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Algorithm 5 LCB-ADVANTAGE-SSP without knowledge of B,

Parameter: failure probability § € (0,1).

Define: 'Cpf {Epj}jen+ where Epj =370 epi,ep1 = Hpand ep i1 = [(141/Hp)ep ;).
Initialize: B < K, C + 0.

Initialize: ¢ <— 0, 51 < Sinit, B < 1, forall (s,a),p € P,N(s,a) < (s, a)

Initialize: for all (s,a),” € R,Q(s,a) + 0,V (s) + 0, V®(s) < V(s) s, a)

Initialize: for all (s,a),p € P,r € R, uref (s,a) « 0, oF(s,a) « O, p (s a) « 0,
opr(s,a) < 0, vp(s,a) < 0.

fork=1,...,Kdo

repeat

Increment time step ¢ &1
Take action a; = argmin, Q(s¢, a), suffer cost ¢;, transit to and observe s.

Update global accumulators: n = N (s¢, ay) & 1, a(st, a) & ¢, C & Ct.
Compute ¢ < 256 In®(4SABnS - 8N3/6), ¢ @

for p € P do
for r €¢ R do
Update reference value accumulators: ! (sy,az) & VEl(s)), ot (se, ar) &

L VI ()2, pipr (st ae) € V(st) = Vi (st), opr(stsae) & (V(st) = Vi (s))2.

Update accumulators: vy, (s¢, at) & V(sy), mp = Mp(se,ar) &£
if n € £, then
for r €¢ R do

ol (styat)/n— (Hp r(st,0¢)/n)? op,r(st,at) fmy,—(Bp,r(5t:0t)/mp)?
B |y T, |

(4B n 33) 4 \f
ref St,a $1.a
Q(st,a;) + max {c+ ““(,; L + “W?Sz;’ 8 _ bp.r Q(Staat)}-

| Reset local accumulators: ji,, (¢, ;) <= 0, 0p (54, a¢) < 0.

/ B2, <L L
Compute bonus bj, < 2 Er R Vil el

Q(s¢, ar) + max {5+ %t:t) - b;)7Q(St7a’t)}'

| Reset local accumulators: vy, (s¢,a;) < 0, Mp(s¢, a;) < 0.

V(st) < min, Q(s¢, a).
if V(s;) > B then B « 2V(s,).
if Y, N(s¢,a) =27 for some r € R then V5i(s) « V(sy), Vr' > 1.
it B> BorC>BK +x (BVSAK + Z°4) then
B+« 2B,C « 0.
B« 1,forall (s,a),p € P,N(s,a) < 0, M,(s,a) < 0.
forall (s,a),r € R,Q(s,a) < 0, V( ) < 0,V™(s) < V(s),C(s,a) <+ 0.
for all (s,a),p € P,r € R, ph(s,a) < 0, ot(s,a) < 0, ppr(s,a) < 0,
Opr(s,a) < 0,v,(s,a) < 0.

if s} # g then s;11 < s}; else S¢11 < Sinit, break.

Combining these two parts, we get:

6" -1
Ri =Y Cy+(Cor = V*(si) = (K = V(i) + (V*(00) = V*(5101))
=1
~ 502
=0 <B*\/SAK+ 3245 A) ;

31



= Siny if there are less than ¢* epochs. ]

where we assume Cy» = 0 and sf:]it

E Omitted Details for Section 5

Extra Notations Denote by Q:(s,a), Vi(s) the value of Q(s,a),V (s) at the beginning of time
step ¢, Vo(s) = 0, and b.(s,a),n(s,a), P s.o(s), te(s, a), ¢i(s, a) the value of b, n, Ps o(s'),¢,C
used in computing Q:(s,a) (note that b(s,a) = 0 and ¢(s,a) = 0 if n(s,a) = 0). Denote
by I:(s, a) the last time step the agent visits (s, ) among those n.(s, a) steps before the current
stage, and [;(s,a) = ¢ if the first visit to (s, a) is at time step ¢. Also define P, = P, ,, 4, and

ny (s,a) = max{1,n;(s,a)}. With these notations, we have by the update rule of the algorithm:
Qt(s7 a’) = maX{Qt_l(S, a)7 Et(sa Cl) + pt,s,a‘/lg - bt}7 (19)

where b; represents by (s, a), and I, represents [;(s, a) for notational convenience.

Before proving Theorem 5 (Section E.3), we first show some basic properties of our proposed update
scheme (Section E.1), and proves the two required properties for Algorithm 3 (Section E.2).

E.1 Properties of Proposed Update Scheme

In this section, we prove that our proposed update scheme has the desired properties, that is, it
suffers constant cost independent of H, while maintaining sparse update in the long run similar to the
update scheme of Algorithm 2 (Lemma 16). We also quantify the bias induced by the sparse update
compared to full-planning (that is, update every state-action pair at every time step) in Lemma 17.

Lemma 16. The proposed update scheme satisfies the following:

1. For {X,} 0 such that X, € [0, B] and t < ', (sp,ar) = (su av) implies X, > X, we
have: 3°1_, X;, < BSA+ (1 + ) IHED.

2. Denote i} = inf{i > Nt : ¢; > h} for h € N*. Then i}, = O(H In(h)).

Proof. For any given n € NT, define y,, as the index of the end of last stage, that is, the largest
element in £ that is smaller than n (also define y; = 1). For the first property, we first prove by
induction that for any j € N7, there exist non-negative weights {wn, i }n,i such that:

1. Foralln < Ej;, %" wy,; = I{n > 1}, and w,,; = 0 fori > y,.
2. Ef& Wy <14+ % forany i < Ej;.

3. gj+1 + ijzl ZTEL/jzl Wn,n' = (1 + 1/H)EJ

To give some intuition, we can imagine a continuous process where we process index n at time step n.
Indices are divided into consecutive stages, and there are e; indices in the j-th stage. Atindex n we
need to consume 1 unit of energy accumulated up to the last stage (that is, up to index ¥,,) and then
contributes (1 + %) energy to the future stages. We can think of ¢; as the available amount of energy
at the beginning of stage j (accumulated from indices up to F;_1), and e; as the amount of energy
consumed in stage j (one unit by each index in stage j). The assignment of energy consumption is
represented by {wy, ; }, where w,, ; is the amount of energy consumed by index n which is contributed
by index i. The result we are going to prove by induction states that the process described above can
proceed indefinitely.

The base case of j = 1 is clearly true by w; ; = 0 forany i € Nt andey =1+ % For the induction
step, by the third property, there are in total (1 + %)EJ energy contributed by indices up to £;, where
€1 is the amount of energy available to use for stages starting from j + 1, and ijzl Zf,’zl W, p/
is the amount of energy consumed by indices up to E; (we use one of the possible assignments of

{wn,i }n,i for n < E; from the previous induction step). We can easily distribute e;; weights (from
€;+1) to indices in stage j+ 1 so that Z?;l Wy,; = land wy,; = 0fori > y, forall B; <n < Fj
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(note that y,, = E; in this range), and ZEJ*I Wp <14 % for any i < Ej,. Moreover,

Ej1 Ejya Ej  Ej
€J+2 + § E Wp, n! = ejJrl + ejJrl + E § Wn, n' + €i+1
n=1 n'=1 n=1ln'=1

1 1 1

Thus, the induction step also holds. We are now ready to prove the first property. Denote by ¢;(s, a)
the time step of the i-th visit to (s,a), and by N(s,a) the total number of visits to (s,a) in K
episodes. We have

T (s,a) N(s,a) yn
> X =2, Z Xt (s0) < ZXMM 22 D niXiea
t=1 (s,a) n=1 (s,a) n=2 i=1
(Y1 =1, Xy, (s,a) i noON- 1ncreas1ng in ¢, and {wy, ; }n; is from the induction result)
N(s,a) N(s,a)
<BSA+Y " Y Xisa) Y wni<BSA+ <1+ > > Z Xy, (s.0)
(5@) =1 n=1 (5@) =1

(X (s < Band YN0 0, <14 1)

T
. 1
= BSA+ (1 - H) ;Xt.
For the second property, note that i} = inf{i € N* : ¢; > h} since & is an interger. Moreover,
~ 1. 1 - 1. 1 - 1\ .
€i+1 = <1+H>€Z+H(6161)2 (1+H)61H —— €i+1*12 <1+H> (6171)
N B 1\ 1\ L
:>6i2(62‘5—1) 1—|—E +1> 1+ﬁ +1, Vi>is.

Therefore, i% < inf;{i >4 : (14 1/H)*"% + 1> h} = i5 + O(H In(h)). Also, by inspecting ¢;
for small 7 we observe that ¢5 = O(H ), which implies that ¢} = O(H In(h)). O
Remark 2. Lemma 16 implies that there are at most O(min{ SAH InT, ST}) updates in T steps.

Remark 3. Note that the update scheme in [Zhang et al., 2020b] (also used in Algorithm 2) induces a
constant cost of order O(B,HS A), which ruins the horizon free regret. This is because their update

scheme collects H samples before the first update. On the contrary, our update scheme updates
frequently at the beginning, but has the same update frequency as that of [Zhang et al., 2020b] in

the long run. This reduces the constant cost to O(B,SA) while maintaining the O(SAH) time
complexity.

The following lemma quantifies the dominating bias introduced by the sparse update.

Lemma 17 (bias of the update scheme). Zthl P,(V;—Vi,) <B.SA+ % Zthl P,(V* = V) and
Sin V(P Vi = Vi) € O (BISA) + 5 S P(VF = Vi),

Proof. For the first statement, we apply Lemma 16 and P, = P}, to obtain

T T T T
1
P(V: =V,,) = pP,V*-W,) - P(V*-V,) < B,SA+ — P(V* = W).
;t(t i) ;l( i) ;t( ) H;t( )
Similarly, for the second statement
T
P(Vi = V,)? < B, Y _P(Vi—V,)

1 t=1

< BIS +—Zpt —~

[M]=

ZVB,Vt Vi) <

~
Il
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E.2 Proofs of Required Properties

In this section, we prove Property 1 (Lemma 18) and Property 2 of Algorithm 3, where Lemma 19
proves a preliminary form of Property 2.

Lemma 18. With probability at least 1 — 6, Q¢(s,a) < Qiy1(s,a) < Q*(s,a), for any (s,a) €
SxAt>1

Proof. The first inequality is clearly true by the update rule. Next, we prove Q:(s,a) < @*(s,a).
By Eq. (19), it is clearly true when n;(s,a) = 0. When n4(s,a) > 0, by Lemma 31: (here, I;, ¢, is a
shorthand of I;(s, a), t+(s, a)):

@ P e D ci(s,a)L
ci(s,a) + Py oVi, —bi(s,a) = ¢ (s,a) + f(Prs,a, Viy, ne(s,a), By ig) — ;((Sl)t
t\9,

P L

S 0(87 a) + f(Pt,s,aa V*a nt(s7 a)7 B’ Lt) + nt(; a) (Eq (20))
z I§ )i, 49B

=c(s,a)+ P, saV* —max< 7 V(Ps.a V )Lt, 9B lt

- ni(s, a) ni(s, a) ne(s, a)

) V(P sa, V)  24Bu By
< * P s,a PS a V* -3 ~ N
< Q*(s,a) + (Prs, a) ne(s, a) ni(s,a)  ne(s,a)

(B > B, > 1,Q*(s,a) = c(s,a) + P ,V* and max{a, b} > “t>)

V(P 5,0, V¥t Bu:

< Q*(s,a) + (2v2—3) + (20 — 24) < Q*(s,a).  (Lemma 34)

n(s, a) ne(s,a)

O
Lemma 19. Wlth probability at least 1 — 96, for all (Q,V) € Vi

S (Osrean) - Qu(srran)s < (1+ 1)§Tj Vis)s

t=1 t=1

N 24 L
+0 | VB.SACK + BS*A + Ii 4 D V(si) = Valse)
t=1

Proof. We first prove useful properties related to the cost estimator. For a fixed (s, @), by Lemma 34,
with probability at least 1 — &, when n(s,a) > 0:

. 2i(s,a) . 2SA 19In254 Gi(s,a)u
— <92 . 2
es,a) =l ol <2 T N T e S\ ) mea Y

Taking a union bound, we have Eq. (20) holds for all (s, a) when n(s,a) > 0 with probability at
least 1 — 6. Then by definition of b;, we have

c(se,ar) — Ci(se,ar) <I{ny =0} + b;. 21
Note that with probability at least 1 — 24, for all (Q, V) € Vg,
T T
Z(Q(Stﬂlt) Qi(st,at))+ < Z c(st,ar) St,at)‘f'PtV PV,)+ + b
t=1 t=1

(Qo(st, a) = c(sg,ar) + P,V and Eq. (19))

< Z]I{nt =0} + Z { (P,(V (P, — P)V* + (P, — B)(Vi, = V*))s + 2bt}
. -~ [V(P, v+ SV(P,V*—V,) SB,
§5A+Z Pt(V—Vzt)++O<\/ (t+ )+\/ 7 — W) >+2bt
t=1 Ny Ty nyt

((x +y)+ < (z)+ + (y)4, Lemma 34, and Lemma 23)
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Note that:

T T

o 1 o
g P(V-V,)+ < (1 + H) E P(V -V,)+ + B,SA (P, = P; and Lemma 16)
t=1 t=1

= B,SA+ (1 + é) XT: ((f/(s;) = Vilsi))4 + (P = Ty)(V — Vt)-i—)
t=1

<0@5a)+ (14 37) X (760 = Vil + (P~ L)V = Vi)

t=1
(Lemma 28 and (V' (s}) = Vit1(sy))+ < (V(st41) = Viga(se41))+)
Plugging this back to the previous inequality, and by Cauchy-Schwarz inequality and Lemma 24:

T T
> Qa0 = Qulsea)s < (14 37 ) 30 (V60 = Vils)e + (= L0 = Vidi 4 0)

t=1 t=1

T T
+0 (J SAY V(P V*) + J S2AN V(P V= V,) + B*SQA) :

t=1 t=1

Next, we bound the term Zthl (P — ]Islt)(f/ — Vi)+. We condition on Lemma 20, which holds with

probability at least 1 — 8. Then, for a given (Q7 V) € Vy, by Lemma 22 with X; = (V —Vi)+ /B,
we have with probability 1 — HLH (Fr,Yr, and (p are defined in Lemma 22):

(vB2Vr + B.)

T

B.Fr(0) = Z(Pt — L) (V = Vi)y < Bu(/3Y7(r + 4Cr) =

(5
T
B? <S +1+ Z(Xt(st —PXy)4

t=1

where in (i) we apply:

T o
\IB* > (Vs

t=1

o7

d B
<2 bt

t=1

t)*Vt(St)*Pt(‘o/*Vt))+ < $B* (

(]~
&
+

e

<

*

E
N——

HMH

T
V(P;, V*) J S2AN V(P V* - Vlt)) + B,SVA
t=1
(Lemma 20 and /z +y < & + /)

T T
P(V*—V)+0O (J SAY V(P V*) + \l S2AD V(P V* = V,) + B*S\/Z) :

t=1 t=1

(AM-GM inequality and \/z +y < /x + /)

M=

t

1
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Hence, by a union bound, the bound above for Zthl (P — ]IS;)(XO/ —V,), holds forall (Q,V) € Vy
with probability at least 1 — &, and with probability at least 1 — 46, for all (Q, V) € Vg,

D (Qstyar) = Qulstyar)) 4 < (1 + ;I) S (V(se) — Vilse))s +O (B*SQA +3 bt>

t=1 t=1

+@( SAZV(Pt,V*)—i—JS?AZVPt,V -, \lii )

t=1 t=1

t=1 t=1

+0

t=1

S2AN V(P V= V,) + J

t=1

A5y \WK) |

(Lemma 21)
Note that:

T
\l S2AN V(P V* V)
t=1

~ T 9 T
=0 | | B.S?A,|SAY V(P V*) + B2S4A2 + B*TSA > P(V*—Vy) + B.S2A\/SACk

t=1 t=1

(Lemma 21)

Il
G

d ) B, S2A
B.S2A,| SAY V(P V*) + BS*A + § :Pt — Vi) + /SACK
t=1

vz +y < y/x + /y and AM-GM inequality)

~ T 2
=0 ( SAZV(Pt,V*) +BSQA+$ B.5%A ZPt \/SACK)

t=1

(AM-GM inequality)
Plug this back to the previous inequality, and then by Lemma 5
T T

5 (Qsan) = Qulsran)s < (14 ) S50 = Vilon)s

t=1 t=1

- B.S2A
+0 (\/B*SACK+BS2A+$ 5 ZPt(V*Vt)) :

Finally, applying Lemma 36, Lemma 28 and (V* — V;41)(s}) < (V* — Viy1)(St+1), the claim is
proved by

T T T
Y RV -V)<O(B Z (V*(s}) = Vi(s})) < O (SB,) +2) (V*(s1) — Vilse)).

t=1 t=1

O

Proof of Theorem 4. Property 1 is proved in Lemma 18. For Property 2, by Lemma 19, it suffices to
bound 23:1 V*(s;) — Vi(se). By Lemma 19, V¥ (s;) < Qi (¢, ar), and Vi(sy) = Qe(se, ar), we
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have with probability at least 1 — 94, forall Q = Q%,V = V* |, h € [H]:

T

= * 1 *
;(Qh(shat) = Qu(s, @)+ < (1 + H) D (@i (st ar) = Qulse ar)) ¢

t=1

N B,S2A &
+ 0| /B.SACK + BS?A + ; > Vr(se) — Vilse) | . Vhe [H].
t=1

Applying the inequality above recursively starting from h = H and by Qj(s,a) =0, (1 + )% <3
we have:

T

(Qir(s1,a0) = Qulst, ) = O | H (VB.SACK + BS*A) + || BLHS?AS V*(s1) = Vils1)

1 t=1

[M]=

t

Then by Lemma 1 with H = {a ln(%) +1],:

M=
M=

VZ(st) = Vi(se) <

T
(Q*(st,at) — QFr(s¢, ay) +Z QF(s¢,at) — Qe(se,a4))
=1

-
Il

1

T
<BST+0|H (\/B*SACK + BS2A) + | BES?AS " Ve(si) — Vilsy)

t=1

Solving a quadratic equation w.r.t Zle V*(s¢) — Vi(s¢) (Lemma 25), we have:

ZV*st ~Vi(s1) < B.AT + O (H (\/B.SACKk + BS*A) ).

Plug this back to the bound of Lemma 19 and by AM-GM inequality, we have for all (Q, V) € Vu:

T

Z(Q(St, ar) = Qi(se, a))+

t=1

T
< ) Z —Vise)) s + B*;T +0 (x/B*SACK + BS2A) .

Moreover, by H > - % < BeminT < BCk. Hence, Property 2 is satisfied with
d=1,¢ = BCx + O(VB,SACK + BS?A) with probability at least 1 — 9. O
E.3 Proof of Theorem 5

Proof. By Theorem 1 and Theorem 4, with probability at least 1 — 124:
Cx — KV*(smi) = Ri < BCx + O (\/B*SACK + BSQA) .

Then by V*(sinit) < By, 8 < % and Lemma 25, we have Cx = O (B, K). Substituting this back
and by § < uin, H = O(B, [cuin), we get R = O (B*\/SAK + BS?A). O

E.4 Extra Lemmas for Section 5

In this section, we give full proofs of auxiliary lemmas used in Section 5. Notably, Lemma 20 and
Lemma 21 bound the additional terms appears in the recursion in Lemma 19. Lemma 22 gives
recursion-based analysis on bounding the sum of martingale difference sequence, which is the key in
obtaining horizon-free regret.
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Lemma 20. With probability at least 1 — §, we have for all (Q, V) €V,

T V)
> (M, = P)(V = V)) <22bt—|— :

t=1
_ T
+O | \|SAY V(P V) + SQAZV P, V* = V;,) + B,S?A

t=1

Proof. With probability at least 1 — 4, for all (Q, V) € Vg,
T

S (V(s) = Vilse) = PV = Vi) <

MH

Q(s¢,ar) Ptf/'i‘PtVt—Vt(St))+

t=1 t:l
T
Z (st ar) + PVi, — Vi(se))+ + B(Vi = Vi)
t=1
(Q(st,ar) = c(st,ar) + BV, (x + )1 < (x)4 + (y)4, and V; is increasing in t)
T
~ = 1
< B.SA+Y (c(se,ar) = Clse,ar)) g + (P — POVL) 4 + i + T
t=1
(Vi(st) = Q¢(se, ar), Eq. (19), and Lemma 17)

P (V" =Vp)

T
_ _ 1
<2BSA+Y (P, = P)V* + (P — P)(Vi, = V*)) 4 + 2b; + Ept(V* - V). (Eq.(21))

t=1
Now by Lemma 34 and Lemma 23, we have with probability at least 1 — §: (P, — P)V* =

o (, / (P“V L+ ) and (P, — P,)(Vi, =V*) = O (W+ n:)- Plugging these

back to the previous inequality, we have for all (Q, V) € Vy:

T

Z(V(St) —Vi(s) = PV = V3)) 4

t=1
T " —

<2B.5A+) 0 \/V(Pth - \/SV(R’V.; Vi) | 5B o, ¢ Pt(V* - Vi)
t=1 Ty ny nt

N 4 L a P(V*—V,)
SO | \|SAD V(PL,V*)+,|S2AY V(P,V* - V) + B.S?A +22bt+%.
t=1 t=1 t=1

(Cauchy-Schwarz inequality and Lemma 24)

This completes the proof. O

Lemma 21. With probability at least 1 — 39,

T T
Z (BS3/2A+$SAZV P V) + JB <54 - V) + SACK>,

t=1

T

T T
Y V(P VF-W,) =0 (B*\l SAY V(P V*) + B*S?A + % S R(VF-V)+ B*\/SACK) :
t=1

t=1 t=1

Proof. First note that:

T ~
[ Pt,Vl, i) Pf,Vl, B*\/g Ct
}:bt_o<BSA+§:,/ = >_O<BSA+§j + +\/¥>

t=1
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where in (i) we apply max{a,b} < a + b and Lemma 24, and in (ii) we have with probability at least
1-4,

V(pt?‘/lt,) = Pt(‘/lf - pf‘/lt)z < Pt(‘/lt 7Pt‘/lt)2 (E pl = argmlnzz pl( T 2)2)
_V(Pt7‘/lt) ( Pt)(‘/lt Pt‘/lt)2

N Py(s' 1
<V(P,V,)+ 0O (Z ( t(_f ) + +> Vi, (s") — tht)2> (Lemma 34)
s’ nt nt
~ SV(P,V,)  SB? ~ SB2
<V(P,V,)+ O B, ( > L | = :(9(%/(1%,1/“%L +*>.
ny ny ny

(Cauchy-Schwarz inequality and AM-GM inequality)
Thus, by Lemma 29, Cauchy-Schwarz inequality, and Lemma 24, we have:

th BSS/2A+Z Pt, PtaV _Wt ct
V t = 1\1 Vnt

=0 S3/QA+\ISAZVPt,V* \ISAZVB,V ~Vi,) + V/SACk

t=1
(22)
where in the last inequality we apply:

T B T T
SNCEENEXI) SUIRAED SERENRLY)
t t=1

t=1

(Cauchy-Schwarz inequality and Lemma 24)

T —~ T —~
S\ISA<20K+@(1)+Z j:er;ﬁr)_@(\/SACKJH SAZ,/;+SA),
t=1 t t t=1 t

(Lemma 36 and Eq. (20))

and by Lemma 25 we obtain: Zt 14 / O(VSACK + SA). Applying Lemma 22 with

Xi(s) = (V*(s) — Vi(s))/Bx, we have w1th probability at least 1 — ¢ (G, Yp, and (r are defined
in Lemma 22),

T T
ZV(Pt, V* = Vi) = B?Gr(0) < 3B2Yr + 9B%¢r < 3B, Z((Hst —P)(V* = V)1 + O (SB?).

t=1 —
By Lemma 20 and Eq. (22), with probability at least 1 — §,
T T

S (T, — POV* —Vi))s < 302+ - PV~ Vi)

t=1 t=1

T T
+0 J SAY V(P V*) + J S2AY V(P V* - V,) + B.S*A

t=1 t=1

T T T

=0 [ BS?A+ ,|SAY V(P V*)+,|S2A> V(P,V* -V, Z +/SACKk
t=1 t=1 t=1

) T T 1T

ZO | BS?A+ |SAY V(P,V*) + | S2AY V(P V*—V)+ =Y P(V*-V,) +/SACKk |,
; (P, V) ; (P 2) + HZ:: ( ) K
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where in (i) we apply

T T .
J AL VPV V) =0 (J SPAY V(P V- Vi) + J S2AN V(P V; — VzJ)

t=1 t=1 t=1

(VAR[X + Y] < 2VAR[X] + 2VAR[Y] and /2 +y < V2 + /)

T T
-0 ( S2AY V(P V* = V) + J S2A (BESA + % > P(Vr - vg)) (Lemma 17)

t=1 t=1

T T
N 1
=0 ( S2A§ V(P V* = V) + B.S?A+ i § P,(V*=V)

t=1 t=1
(Vr +y < o+ /y and AM-GM Inequality)
Plugging the bound on Zthl((Hst — P;)(V* — V1)) 4+ back, we have

T T pe
N VP,V -V)=0 (B2S2A+B*J SAN V(P V) +B*\l S?AY V(P V- Vt)>
t=1

t=1 t=1

T
_ ( B,
+0 (H S RV -V)+ B*\/SACK> .
t=1

Solving a quadratic inequality w.r.t ZtT:l V(P;, V* — V;) (Lemma 25), we obtain

T T
N B,
E V(P,V*=V,) =0 (BQSQA + B*J SA § V(P;, V*) + T §: — Vi) + B*x/SACK) ,

t=1 t=1

and by VAR[X + Y] < 2VAR[X] 4 2VAR[Y] and Lemma 17,

T
ZVPtaV* (vataV* ‘/;5 +V(Pt7‘/;§ ‘/lf)>
t=1

T
-0 ( \ISAZV (P, V*) + B2g2A 4 B zpf - V) +B*\/SACK) :

t=1

Moreover, by /= +y < y/z + ,/y and AM-GM inequality:

T
\l SAY V(P V* =W,
t=1

T T
N B,SA
=0 B*SA\J SAY V(P,V*) + BS*?A+ $ Ij > P(V*—V,)+1/B.SA/SACK
t=1 t=1
. d B.SA &
=0 | [|SAY V(P,V*) + BS*2A+ T Y P(V* = Vi) +V/SACK | .
t=1 t=1

Plug this back to Eq. (22):

T
B,.SA
th (353/2A+¢5AZV (P, V*) + $ ;

] =

t=1

P(V* = Vi) + SACK) :

t=1

O
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Lemma 22. Suppose X; : ST — [0,1] is monotonic in t (that is, X.(s) is non-decreasing or
non-increasing in t for all s € 8T), and X;(g) = 0. Define:

ZPtX2 (X4(s))2", Gn(d):iV(Pt,de)

Then with probability at least 1 — 6, for all n € NY simultaneously, G,,(0) < 3Y,, + 9¢,, Fr,(0) <
n n4
V3Y5Co + 4G, where Yy, = S+ 14+ 31 (Xi(s) — P Xe)4, G = 321In® 22—,

Proof. Note that:
d) = Z PtXth-H PtX2 < Z PX 2d+1 PtXt)QdH (zP is convex for p > 1)

= ZPtX2d+1 . Xt 2d+1 + ZXt 7y24+1 _ Xt(st)zawrl + ZXt(St)2d+1 _ (PtXt)?Hl
t=1 p

()

S Fy(d+1)+ S+ 1+ 27 (X, (s,) — PX))y < F(d+1) +241Y,,,

where in (i) we apply Lemma 26 and,

2d+1 2d+1 2d+1 2d+1 2d+1 2d+1
ZXt _Xt St ZXt _Xt+1(3t +ZXt+1 ) —Xt(St)
t=1

d d
<SS+ ZXt+1(St+1)2 - Xt(st)2 o

t=1

d+1 d+1

:S+Xn+1(8n+1)2 —X1(81)2 <S+1.

(Lemma 28 and X;11(s}) < Xiy1(S¢41))

For a fixed d, n, by Eq. (23) of Lemma 35, with probability 1 — m,

d) < V/Cu(dn + Go <\ (Fuld +1) + 2071Y,)C0 + o

Taking a union bound on d = 0, ..., [log, n], and by Lemma 27 with A\; = n, s = /(p, A3 =
Y, Ay = (,, we have:

F,(1) < max{(\/Cn + V260)%, V/8Y0Co + G} < max{6(n, /8YnCn + Cn )
Therefore, G,,(0) < Fo(1) + 2Y,, < max{6¢,,Y, + 9.} + 2V, < 3Y, + 9¢,, and F,,(0) <
VG (0)C + ¢ < V/3BY,(, + 4¢,. Taking a union bound over n € N proves the claim. OJ

Lemma 23. Given X; : ST — R with | X¢||, < B, with probability at least 1 — 6, it holds that for
all t > 1 simultaneously: (P; — P;) Xy = O ( w + S%) .

Ty 7lt

Proof. For a fixed (s,a) € S x A, by Lemma 34, with probability 1 — s . for any ¢ > 1 such that
(5t7at) - (Sv a):

(P, — P)Xy =Y (Pi(s) = Pu(s)(Xi(s') — PiXy) Oy Pi(s") = Pu(s") = 0)
~ Pt(S/) 1 ’ ~ SV(Pt7 Xt) SB
=0 — | | X -PX: | =0 —_—+—].
<Z< nF Hj)' (&) = PXil Py
Taking a union bound over (s, a) € S x A, the statement is proved. O

Lemma24. 3/, - = O(SAInT).

Proof. Define J; , such that £y = np(s,a). Itis easy to see that e /e; < 2. Then,
T
1 e e;
YSESERINS 35 3L RINE) 35 S SRCITITTY
=1 "t (s,a) j=1 (s,a) j=1 j
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Algorithm 6 SVI-SSP without knowledge of B,

Parameters: failure probability J € (0,1).

Define: £ = {E;}jcn+, where E; = Y7 e;,¢; = |¢;],and e; = 1,€;41 = €; + T7e;.
Initialize: B « 45 H [ AL 1n 4B SAK] e 0,1 ¢ 0,51 < s

Initialize: for all (s,a,s’),n(s,a,s ) +— 0,n(s,a) < 0,Q(s,a) < 0,V(s) < 0,C(s,a) < 0.
fork=1,...,Kdo

repeat

Increment time step ¢ &
Take action a; = argmin, Q(s¢, a), suffer cost ¢;, transit to and observe s.

Update visitation counters: n = n(sy, a;) - 1, n(s, a, s) < 1.
Update cost accumulator C <~ ¢;, C (s,a) < c.
if n € L then

Update empirical transition: Ps, 4,(s") < W forall s'.

2SAn C(«St at)

Compute ¢ < In ,C 4+

n ’on

, and bonus b <— max {7
Q(st, ar) + max{c + Ps, .0,V = b,Q(s1,a0)}.

| V(sy) < argmin, Q(s;,a)

if |V, >BorC>KB+ x(B\/SAiK + BS?A) then

B+« 2B H «+ [ = 4B 1nw] ,C + 0, and update x.

| n(s,a,s) + O,n(s, a) —0,Q(s,a) + 0,V(s) « 0,C(s,a) « 0 forall (s, a, s').
if s} # g then s;11 < s}; else S¢11 < Sinit, break.

V(Pst-,at ‘rV)L 49B. }

E.5 Parameter-free Algorithm

Following [Tarbouriech et al., 2021b], we divide the learning process into epochs indexed by ¢. We

maintain value function upper bound B initialized with S?’T\/El/? and cost accumulator C' recording
the total costs suffered in the current epoch. In epoch ¢, we execute an instance of Algorithm 3 with
value function upper bound B. Moreover, we start a new epoch whenever:

1. V|l > B
2. or C > KB+ z(BVSAK + BS?A).

Here, x is a large enough constant determined by Theorem 5, so that when B > B,, we have with
probability at least 1 — 124:

C - V*( m1t) - (K - 1)V*(3init) S JC(B*\/W+ BSQAA)7

where sf:m is the initial state of epoch ¢ (note that Theorem 5 still holds when the initial state is

changing over episodes). Moreover, we double the value of B whenever a new epoch starts. We
summarize ideas above in Algorithm 6.

Theorem 9. With probability at least 1 — 126, Algorithm 6 ensures Ry = @(B* VSAK + B3S3A).

Proof. Denote by By the value of B in epoch ¢, and by Cy the value of C' at the end of epoch
¢. Define ¢* = infs{B, > B.}. Clearly By < max{2B,,VK/S3/2?AY?} for ¢ < ¢*. By
Theorem 5, with probability at least 1 — 124, there is at most ¢* epochs since the condition of starting
a new epoch will never be triggered in epoch ¢*, and the regret in epoch ¢* is properly bounded:

Cpe — V*(s22) = (K = D)V* (i) = O (B*\/SAK + B¢*S2A> 0 (B*\/SAK + B*SzA) .
Conditioned on the event that there are at most ¢* epochs, we partition the regret into two parts: the

total costs suffered before epoch ¢*, and the regret starting from epoch ¢*. It suffices to bound the
total costs before epoch ¢* assuming K < B2S3A (otherwise ¢* = 1). By the update scheme of
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B, we have at most [log, B, ] + 1 epochs before epoch ¢*. Moreover, by the second condition of
starting a new epoch, the accumulated cost in epoch ¢ < ¢* is bounded by:

Cy < KBy + O (ByV/SAK + Bys?A) = O (Bis*A).

Combining these two parts, we get:

¢*—1
Ri =" Cy+ (Cor = V*(sh) — (K = 1)V*(simir)) + (V*(50) — V*(Sinit))
p=1
-0 (B*\/SAK n BESSA) ,

_(17*

where we assume Cy» = 0 and s;; = sini( if there are less than ¢* epochs. O

F Auxiliary Lemmas

Lemma 25. If z < (ay/x + b)In"(cz) for some a,b,c > 0 and absolute constant p > 0, then
x = O(a® +b). Specifically, v < ay/z + b implies x < (a + V/b)? < 2a® + 2b.
Lemma 26. Forany a,b € [0,1] and k € N*, we have: a* — b* < k(a —b) .

Proof. aF —b% = (a —b)(X_, a1 ) < (a—b)y - 1 =k(a—b),. O

Lemma 27. ([Zhang et al., 2020a, Lemma 11]) Let A, Ao, Ay > 0, A3 > 1 and i’ = logy(\1). Let
ai,as, . ..,a;y be non-negative reals such that a; < \y and a; < Mov/a;11 + 20T \3 + Ay for any
1<i<74. Then a; < max{(/\g + 4/ )\% + /\4)2, A2V 83 + )\4}

Lemma 28. Assume v, : ST — [0, B] is monotonic in t (i.e., v(s) is non-increasing or non-

decreasing in t for any s € S*1). Then, for any state sequence {s;}? ;,n € N, we have:
n

| 2ot ver1(se) —ve(se)| < SB.

Proof.

n

D (vera(s) = ve(9)I{s; = s}

t=1

3

seSt

Z ver1(5e) — vi(st)

>

seSt

Z ve1(8) — vi(s)

t=1

< Z [vnt1(s) —vi(s)] < SB. (v¢(s) is monotonic in )
seSTt

Lemma 29. ([Cohen et al., 2021, Lemma C.3]) For any two random variables X,Y with VAR[X] <
00, VAR[Y] < occ. We have: \/VAR[X] — \/VAR[Y] < \/VAR[X — Y.
Lemma 30. For any two random variables X,Y, we have:
VAR[XY] < 2VAR[X] ||[Y]%, + 2(E[X])2VAR]Y].
Consequently, || X|| ., < C implies VAR[X?] < 4C*VAR[X].

Proof. First note that for any two random variables U, V, we have VAR[U + V| < 2VAR[U] +
2VAR[V]. Now let U = (X — E[X])Y and V = E[X]Y, we have:

VAR[XY] < 2VAR[(X — E[X])Y] + 2VAR[E[X]Y] < 2E[(X — E[X])?Y?] + 2(E[X])?VAR[Y]
< 2VAR[X] ||V |2, + 2(E[X])?VAR[Y].

O

Lemma 31. ([Tarbouriech et al., 2021b, Lemma 14]) Define Y = {v € [0, B]S" : v(g) = 0}. Let

fiAst x TXRT xRT x RT — RY with f(p,v,n, B,t) = pv —max {(31 W,CQ%}, with

c1 = Tand co = 49. Then f satisfies forallp € Ag+,v € Y andn,i > 0,
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1. f(p,v,n,B,1) is non-decreasing in v(s), that is,

V’U,UI € T7U(S) < U/(S>,VS € S+ = f(p,v,n,B,L) < f(p,v’,n,B, L)7

2. f(p,v,n,B,1) < pv— \/V(pr;vﬁ—%?% Spv—&/@—%%.

Lemma 32. ([Jaksch et al., 2010, Lemma 19], [Cohen et al 2020, Lemma B.18]) For any sequence
of numbers z1,. ..,z with0 < z; < Z; 1 = max{1, Zl 1 zl}

n %
; 7 <37,

" Z Tt :
G Concentration Inequalities

Lemma 33. ([Cohen et al., 2020, Theorem D.1]) Let { X;}; be a martingale difference sequence
such that | X;| < B. Then with probability at least 1 — 6,

- 2
Y ox| < B\/nlng, Vn > 1.
t=1

Lemma 34. Let {X;}; be a sequence of i.i.d random variables with mean y, variance o?, and
0 < X; < B. Then with probability at least 1 — 6, the following holds for all n > 1 simultaneously:

2 2
< 2\/20271111—” + 2Bln—n.
) 1)
2 2
S (X - )| < 2 /26%n1n7n +19B 1n7”.
t=1

where 62 = L3 — (£ X%

n

Z(Xt — p)

t=1

n

Proof. For a fixed n, the first inequality holds with probability at least 1 — # by Freedman’s
inequality. Then by [Efroni et al., 2021, Lemma 19], with probability at least 1 — #, lo— 6| <

\/ BEEE) Therefore, \/nio = /16, + /(0 — 8,) < /nd, + 6By/In(2n/3). Plugging

this back to the first inequality gives the second inequality. O

Lemma 35. (Strengthened Freedman’s inequality) Let X1... be a martingale difference sequence
with respect to a filtration {F}+ such that E[X;|F;—1] = 0. Suppose By € [1, ] for a fixed constant
b, By € Fi—1 and Xy < By almost surely. Then for a given n, with probability at least 1 — 0:

> Xy < C(1/8VinIn(2C/8) + 5By, In (2C/0) ), (23)
t=1

and with probability at least 1 — § we have for all 1 < | < n simultaneously

I4+n—1

> x

t=l

where Vi , = ii?il E[X2|F 1], By, = maxj<i<itn B, and C = [In(b)] [In(nb?)].

< C(\/8Viu 10 (4003 /6) + 5By In (4C0/5) ) < 8CByuv/nIn(4Cn?/6),  (24)

Proof. Eq. (23) is simply from applying [Lee et al., 2020, Theorem 2.2] to { X;}; and {—X}};. Fix
some [,n > 1. Eq. (24) holds with probability at least 1 — % by Eq. (23). By a union bound (first
sum over [, then sum over n), the statement is proved. O

Lemma 36. Given o > 1 and a martingale sequence { Xy }+ such that X; € F1,0 < X, < B, with
probability at least 1 — §:

n n

1 2n
E X |Fiea]) < (14— X: +8Baln—, Vn>1
;[t|t1]_(+a)z  +8Baln 2 v >

t=1
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Proof. Define Y; = E[X|F;—1] — X;. For a given n, by Freedman’s inequality, with probability at

least 1 — %:
2In(2n/6 2In(2n/6
ZY; < nZE X — Xt|ft 1]) |}—t71] + (T]/) < B?]E[Xtu:tfﬂ + (7]/)’
for some 1 < %. Reorganizng terms, we get when n = % <5 (note that Bn < 2)
- 21n(2n/8 - 41n(2n/6
> EIXilFia] < th 1 n/) < (128 S x, + HnC0/0)
t=1 —1 n
n
S(l—l—a);Xt—kSBalna. (= <1+ 2z whenz € [0,1])
By a union bound over n, we obtain the desired bound. O

H Experiments

In this section, we benchmark known SSP algorithms empirically. We consider two environments,
RandomMDP and GridWorld. In RandomMDP, there are 5 states and 2 actions, and both transition
and cost function are chosen uniformly at random. In GridWorld, there are 12 states (including the
goal state) and 4 actions (LEFT, RIGHT, UP, DOWN) forming a 3 x 4 grid. The agent starts at the
upper left corner of the grid, and the goal state is at the lower right corner of the grid. Taking each
action initiates an attempt to moves one step towards the indicated direction with probability 0.85,
and moves randomly towards the other three directions with probability 0.15. The movement attempt
fails if the agent tries to move out of the grid, and in this case the agent stays at the same position. The
cost is 1 for each state-action pair. In our experiments, By ~ 1.5 and cp,i, ~ 0.04 in RandomMDP,
and B, ~ 6 and ¢,;, = 1 in GridWorld.

We implement two model-free algorithms: Q-learning with e-greedy exploration [Yu and Bertsekas,
2013] and LCB-ADVANTAGE-SSP, and five model-based algorithms: UC-SSP [Tarbouriech et al.,
2020a]®, Bernstein-SSP [Cohen et al., 2020], ULCVI [Cohen et al., 2021], EB-SSP [Tarbouriech
et al., 2021b], and SVI-SSP. For each algorithm, we optimize hyper-parameters for the best possible
results. Moreover, instead of incorporating the logarithmic terms from confidence intervals suggested
by the theory, we treat it as a hyper-parameter ¢ and search its best value. The hyper-parameters used
in the experiments are shown in Table 4. All experiments are performed in Google Cloud Platform
on a compute engine with machine type “e2-medium”.

The plot of accumulated regret is shown in Figure 1. Q-learning with e-greedy exploration suffers
linear regret, indicating that naive e-greedy exploration is inefficient. UC-SSP and SVI-SSP show
competitive results in both environments. SVI-SSP also consistently outperforms EB-SSP, both of
which are minimax-optimal and horizon-free.

In Table 3, we also show the time spent in updates (policy, accumulators, etc) in the whole learning
process for each algorithm. Our model-based algorithm SVI-SSP spends least time in updates
among all algorithms, confirming our theoretical arguments. ULCVI and UC-SSP spend most time
in updates, which is reasonable since these two algorithms computes a new policy in each episode,
instead of exponentially sparse updates.

Swe implement a variant of UC-SSP with a fixed pivot horizon for a much better empirical performance,
where 7 ; = 10~° always (see their Algorithm 2 for the definition of ;)
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Figure 1: Accumulated regret of each algorithm on RandomMDP (left) and GridWorld (right) in 3000

episodes. Each plot is an average of 500 repeated runs, and the shaded area is 95% confidence interval.

Dotted lines represent model-free algorithms and solid lines represent model-based algorithms.

Table 3: Average time (in seconds) spent in updates in 3000 episodes for each algorithm. Our model-based
algorithm SVI-SSP is the most efficient algorithm.

RandomMDP | GridWorld
Q-learning with e-greedy 0.3385 0.3773
LCB-ADVANTAGE-SSP 0.3517 0.3982
UC-SSP 14.4472 8.6886
Bernstein-SSP 0.2918 0.4656
ULCVI 15.7128 22.8062
EB-SSP 0.2319 0.4619
SVI-SSP 0.1207 0.1419

Table 4: Hyper-parameters used in the experiments. We search the best parameters for each algorithm.

Algorithm Parameters
Q-learning with e-greedy e =0.05
LCB-ADVANTAGE-SSP | H = 5,¢: = 0.05,6* = 4096
UC-SSP t=1.0
RandomMDP Bernstein-SSP t=2.0
ULCVI H =280,.=2.0
EB-SSP t=0.05
SVI-SSP H =15,.=0.05
Q-learning with e-greedy e = 0.05
LCB-ADVANTAGE-SSP | H =5,.=0.1,0* = 4096
UC-SSP t=0.5
GridWorld Bernstein-SSP t=0.5
ULCVI H =100,.=1.0
EB-SSP ¢t =0.01
SVI-SSP H =10,.=0.01
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