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Appendix A Additional Numerical Experiments

A.1 Experimental Setup

In the experiments, we simulated a federated learning scenario with n = 10 nodes where each node
observes m = 5000 training samples. We also divided the extra 10,000 samples in each dataset to
two validation and test sets containing 5000 samples each. For CIFAR-10 samples, we applied the
sandard normalization and scaled and linearly mapped the pixel intensity values to interval [−1,1].
We applied batch normalization [44] in order to stabilize training and used the ADAM optimizer [45]
with stepsize value 10−4 and default beta parameters �1 = 0.9 and �2 = 0.99 to optimize the neural
net’s parameters for T = 100 epochs (10000 iterations).

We did cross validation to choose � ∈ {0.1,0.5,1,5,10,50} and chose the �-value resulting in the
closest additive penalty 1

n ∑
n
i=1[�⇤i∗

− I�
2
2 + ��

i∗
�
2
2] to 10 percent of the average sample norm, i.e.

0.1
m ∑

m
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i �
2
2, over the m = 5000 validation samples. To perform GDA optimization, we applied

two ascent steps per descent step with stepsize 1
2� . In order to simulate an affine distribution shift, we

manipulated each x̃i
j in the original training dataset via an affine transformation chosen randomly at

each node:
xi
j = (Id + ⇤̃

i
)x̃i

j + �̃
i
. (9)

Here, each ⇤̃i is a random matrix with i.i.d. Gaussian entries according to N (0, �
2

d ), and �̃
i is a

random Gaussian vector according to N (0,�2
Id) where we set � = 0.01. In test time, we did not

apply any random affine transformation to test samples and instead considered the following three
scenarios: (1) no perturbation, (2) adversarial affine distribution shift obtained by optimizing the
inner maximization in (1) using projected gradient descent, 3) adversarial perturbations designed by
the projected gradient descent algorithm. We used 100 projected gradient steps with stepsize 0.1.

We considered three baselines in the experiments: (1) FedAvg where the server node averages the
updated parameters of the local nodes after every gradient step, (2) Distributed FGM training where
the nodes perform fast adversarial training [9] by optimizing an `2-norm bounded perturbation �

i
j

using one gradient step followed by projection onto the ball {�ij ∶ ��
i
j�2 ≤ ✏fgm}, and (3) Distributed

PGD training where each node preforms PGD adversarial training [8] similar to distributed FGM
but uses 10 projected gradient steps, each followed by projection onto {�ij ∶ ��

i
j�2 ≤ ✏pgd}. We

used the value ✏fgm = ✏pgd = 0.05E[�xi�2] in the experiments. We observed training instability after
achieving perfect training accuracy for the baseline FedAvg algorithm, and hence performed early
stopping to avoid the instability in the FedAvg experiments. We did not encounter the instability
issue in FedRobust experiments.

A.2 Numerical Results for MNIST data

We repeated the CIFAR experiments in Figures 1 and 2 for the MNIST dataset. Figure 5 shows the
numerical results under affine distribution shifts. The figure’s top row includes the plots for fixed
maximum delta norm ���2 ≤ 1 and different levels of maximum allowed �⇤ − I�F , while in the
bottom row we fix the maximum allowed linear shift �⇤ − I�F ≤ 0.6 and evaluate the test accuracy
under different levels of ���2. As shown in the plots, FedRobust results in the best performance
in most of the evaluations, which indicates the superior performance of FedRobust against affine
distribution shifts. Figure 6 shows the test accuracy of the trained networks under different levels of
adversarial PGD perturbations. The figure’s experiments again shows that FedRobust can effectively
shield against PGD adversarial attacks and achieve a comparable performance to PGD and FGM
adversarial training.
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Figure 5: Trained networks’ test accuracy under affine distribution shifts in the MNIST experiments. Top row:
constraining ���2 ≤ 1 and changing maximum allowed �⇤− I�F , bottom row: constraining �⇤− I�F ≤ 0.6 and
changing maximum allowed ���2.

Figure 6: Trained networks’ test accuracy under PGD perturbations in the MNIST experiments. X-axis shows
the maximum allowed `2-norm for PGD perturbations.
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Appendix B Preliminaries and Useful Lemmas

In this section, we provide preliminary and useful results in order to prove Theorems 1 and 2. For
notational convenience, we use the following short-hand notations:

Notation Description

 i
t = �⇤

i
t , �

i
t� maximization variables of node i iteration t

 t = � 
1
t ; � ;  n

t �
concatenation of all nodes’ maximization

models at iteration t

wt =
1

n
�

i∈[n]
wi

t average model at iteration t

at = E[�(wt)] −�
∗ optimality gap measure
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�������������
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norm squared of deviation in gradients w.r.t w
of max f(wt, ) and local functions f i

(wi
t, 

i
t)

Table 1: Table of notations.

Now, we present a set of useful lemmas and observations which we will invoke to prove the conver-
gence results for both PL-PL and nonconvex-PL loss cases. The following lemma establishes the
Lipschitz gradient parameter for the global function given those of the local objectives.
Lemma 1. If the local functions f is have Lipschits gradients with parameters stated in Assumption
3, then the global function f has also Lipschitz gradients as follows: for any w,w′, , ′ it holds
that

�∇wf(w, )−∇wf(w′, )� ≤ L1�w−w
′
� , �∇wf(w, )−∇wf(w, ′)� ≤ L12
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F
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′
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F
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F
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n
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F
.

(10)

Proof. We defer the proof to Section E.1.

Recall the definition of the function �(⋅), that is,

�(w) ∶=max
 

f(w, ) = max
 1,�, n

1
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i
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, �
i
). (11)

Next lemma shows that � has Lipschitz gradients and characterizes its parameter.
Lemma 2 ([32]). If Assumptions 3 and 4 (ii) hold, that is, the local objectives have Lipschitz gradients
and −f(w, ⋅) is µ2-PL, then we have

∇�(w) = ∇wf(w, ∗(w)), (12)

where  ∗(w) ∈ argmax f(w, ) for any w. Moreover, � has Lipschitz gradients with parameter
L� = L1 +

L12L21

2nµ2
.
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Proof. We defer the proof to Section E.2.

Next lemma shows the contraction of the sequence {E[�(wt)]}t≥0 when running the update rule of
FedRobust method in Algorithm 1. Please refer to Table 1 to recall the definition of ht and gt.
Lemma 3. If Assumptions 2 and 3 hold, then the iterates of FedRobust satisfy the following
contraction inequality for any iteration t ≥ 0

E[�(wt+1)] − E[�(wt)] ≤ −
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2
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2
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2
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2

�
2
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n
. (13)

Proof. We defer the proof to Section E.3.

Next lemma further bounds ht w.r.t. the two sequences bt and et.
Lemma 4. If Assumptions 3 and 4 (ii) hold, that is, the local objectives have Lipschitz gradients and
−f(w, ⋅) is µ2-PL, then we have

ht ≤
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12

µ2n
bt + 2L

2
1et. (14)

Proof. We defer the proof to Section E.4.

Next lemma establishes a contraction bound on the sequence bt.
Lemma 5. If Assumptions 2, 3 and 4 (ii) hold, then the sequence of {bt}t≥0 generated by the
FedRobust iterations with ⌘2 ≤ 1�L2 satisfies the following contraction bound:
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where L� is the Lipschitz gradient parameter of the function �(⋅) characterized in Lemma 2.

Proof. We defer the proof to Section E.5.

Next lemma bounds et, that is the average deviation of local parameter models from their average.
Lemma 6. If Assumptions 1, 2 and 3 hold and the step-size ⌘1 satisfies 32⌘21(⌧ − 1)

2
L
2
1 ≤ 1, then

the sequence et =
1
n ∑i∈[n] E�wi

t −wt�
2

is bounded as follows
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2
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2
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2
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where tc denotes the index of the most recent server-worker communication, i.e. tc = � t⌧ �⌧ and we
also denote ⇢

2
∶= 3⇢2f + 6L

2
12(✏

2
1 + ✏

2
2).

Proof. We defer the proof to Section E.6.

Next generic lemma is adopted form [16].
Lemma 7. Assume that two non-negative sequences {Pt}t≥0 and {gt}t≥0 satisfy the following
inequality for each iteration t ≥ 0 and some constants 0 < ⌥ < 1, L ≥ 0, B ≥ 0, and � ≥ 0:

Pt+1 ≤ ⌥Pt −
⌘1

2
(1 − ⌘1L) gt + ⌘

2
1B
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�
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where tc = �
t
⌧
�⌧ . Then, for each t ≥ 0 we have
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t
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�

1 −⌥
, (18)
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if ⌘1 satisfies the following condition

⌘1 �L +
2B

⌥⌧−1(1 −⌥)� ≤ 1. (19)

Proof. We defer the proof to Section E.7.

Next lemma bounds the overall optimality gap bt averaged over T iterations.

Lemma 8. If Assumptions 2, 3 and 4 (ii) hold and the step-sizes satisfy the conditions ⌘2 ≤ 1�L2

and ⌘2
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12
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2n
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where L� is the Lipschitz gradient parameter of the function �(⋅) characterized in Lemma 2 and
✏1, ✏2 represent the radius of the affine perturbation balls, i.e. �⇤i

− I� ≤ ✏1 and ��i� ≤ ✏2 for each
node i ∈ [n].

Proof. We defer the proof to Section E.8.

Next lemma bounds the averaged local model deviations et over T iterations.

Lemma 9. If Assumptions 1, 2 and 3 hold and the step-size ⌘1 satisfies 32⌘21(⌧ − 1)
2
L
2
1 ≤ 1, then

the average of the sequence et over t = 0,�, T − 1 is bounded as follows

1
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Proof. We defer the proof to Section E.9.

Appendix C Proof of Theorem 1

Having established the key lemmas, now we proceed to prove Theorem 1 for any � ≤ 1�2. To show
the convergence of the sequence Pt = at + �bt, we firstly need to establish a contraction inequality
on Pt+1 with respect to Pt. We begin by the following bound on the sequence at = E[�(wt)] −�

∗
which is directly implied from Lemma 3:
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2
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n
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Using Lemma 4 that shows ht ≤ 4L
2
12bt�(µ2n) + 2L

2
1et, the bound in (22) yields that
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Next, we employ the result of Lemma 5 which establishes a contraction bound on the bt sequence.
Putting together with (23) implies that

Pt+1 = at+1 + �bt+1
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(1 − �)E�∇�(wt)�

2

+ �
�

�
⌘1

2L2
12

�µ2n
+ (1 − µ2⌘2n)�1 + ⌘1

4L2
12

µ2n
�
�

�
bt

− �
⌘1

2
(1 − ⌘1L�) − ⌘

2
1
�

2
�L1 +L� + 2⌘2L

2
21�� gt

+ �⌘1L
2
1 + � �⌘1L

2
1 + ⌘2L

2
21�� et

+
⌘
2
1

2
�L� + � �L1 +L� + 2⌘2L

2
21��

�
2
w

n
+ ⌘

2
2L2

�

2
�
2
 . (24)

We begin simplifying the above bound by first considering the first two terms in RHS of (24). We can
show that the function �(⋅) is µ1-PL [31], which implies that

E�∇�(wt)�
2
≥ 2µ1E[�(wt)] −�

∗
= 2µ1at. (25)

Therefore, for any � ≤ 1�2 we have
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2
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which implies the coefficient of at in (24) is bounded by 1 − 1
2µ1⌘1. Next, the coefficient of �bt in

(24) can be bounded as follows:
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where (a) holds for our choice of � and assuming µ2
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the fact that
⌘1

L1L2

µ2n
1
2µ1⌘1

= 2�
L1

µ1
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Now that we have bounded the coefficients of at and �bt in (24), rearranging the terms and using the
assumption ⌘2 ≤ 1�L2 simplifies the contraction on Pt as follows

Pt+1 ≤ �1 − 1

2
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2
�1 − ⌘1L̂�� gt + L̃�et + ⌘

2
1

L̂�

2

�
2
w

n
+ ⌘

2
2
L2

2
��

2
 , (29)

where we picked the following notations for convenient of the exposition

L̃� = (1 + �)⌘1L
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Next, we use Lemma 6 which for 32⌘21(⌧ − 1)2L2
1 ≤ 1 provides an upper bound on et with respect to

gt. We can write
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We have shown in Lemma 7 that how a such contraction sequence converges. In particular, let us
pick the following notations and apply the result of Lemma 7 to contraction in (31)

L = L̂� ,

⌥ = 1 −
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2
µ1⌘1,

B = 20L̃�(⌧ − 1),
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2
⇢
2
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+ ⌘
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It implies that if the step-sizes satisfy the following condition
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then we have
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(34)

which concludes the proof of Theorem 1. Note to hold this result, in addition to condition (33), we
have assumed the following constraints on the step-sizes as well

⌘2L2 ≤ 1, 32⌘21(⌧ − 1)
2
L
2
1 ≤ 1,

µ
2
2⌘2n
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Appendix D Proof of Theorem 2

We begin the proof by combining the results of Lemmas 3 and 4 which yields that for every iteration
t = 0,�, T − 1 we have

E[�(wt+1)] − E[�(wt)] ≤ −
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Summing up all the T inequalities in (36) for t = 0,�, T − 1 and dividing by T yields the following
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Next we use Lemmas 8 and then Lemma 9 to replace the terms 1
T ∑

T−1
t=0 bt and 1

T ∑
T−1
t=0 et and rewrite

the above bound in terms of 1
T ∑

T−1
t=0 gt. It yields that
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where we adopt the following short-hand notations
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Finally, we use the assumption ⌘1(L̂ + 40L̃(⌧ − 1)
2
) ≤ 1 to remove the term 1
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Appendix E Proof of Useful Lemmas

E.1 Proof of Lemma 1

Proof of all four cases in the claim is simple. We derive the proof for the fourth one as an instance.
Recall definition of the global function f , that is

f(w, ) =
1

n
�

i∈[n]
f
i
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). (41)

Therefore, the gradient of f with respect to  is
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We can then write for any w, = ( 1;�; n
), ′ = ( ′1;�; ′n) and using Assumption 3 that
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E.2 Proof of Lemma 2

The detailed proof can be found in [32], Lemma A.5. Note that in our case, according to Lemma
1 the function f has Lipschitz gradients with constants L1, L12�

√
n,L21�

√
n,L2�n; implying the

Lipschitz gradient parameter of the function � to be

L� = L1 +
(L12�

√
n)(L21�

√
n)

2µ2
= L1 +

L12L21

2nµ2
. (44)
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E.3 Proof of Lemma 3

We invoke Lemma 2 which shows that the gradient of the function �(⋅) is L�-Lipschitz. We can
write

�(wt+1) −�(wt) ≤ �∇�(wt),wt+1 −wt� +
L�

2
�wt+1 −wt�

2

= −⌘1 �∇�(wt),
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i
(w

i
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i
t)

�������������

2

,

(45)

where we use the update rule of FedRobust and note that the difference of averaged models can be
written as wt+1 −wt = −⌘1

1
n ∑i∈[n] ∇̃wf

i
(w

i
t, 

i
t). Moreover, since the stochastic gradients ∇̃wf

i

are unbiased and variance-bounded by �
2
w, we can take expectation from both sides of (45) and

further simplify it as follows

E[�(wt+1) − E[�(wt)] ≤ −
⌘1

2
E�∇�(wt)�

2
+
⌘1

2
ht −

⌘1

2
(1 − ⌘1L�) gt + ⌘

2
1
L�

2

�
2
w

n
. (46)

In above, we used the inequality 2�a,b� = �a�2 + �b�2 − �a − b�2 as well as the notations for gt and
ht as defined in Table 1.

E.4 Proof of Lemma 4

We begin bounding ht by adding/subtracting the term∇wf(wt, t) and use the inequality �a+b�2 ≤
2�a�2 + 2�b�2 to write

ht = E

�������������

∇�(wt) −
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n
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i∈[n]
∇wf

i
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∇wf

i
(wi

t, 
i
t)

�������������

2

. (47)

The first term in RHS of (47) can be bounded as follows:

E�∇�(wt) −∇wf(wt, t)�
2
= E�∇wf(wt, 

∗
(wt)) −∇wf(wt, t)�

2
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L
2
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n
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F

(b)
≤

2L2
12

µ2n
E ��(wt) − f(wt, t)�

(c)
=

2L2
12

µ2n
bt. (48)

In above and to derive (a), we employ the result of Lemma 1 which shows that given Assumption 3,
the gradient function ∇wf(w, ⋅) is L12�

√
n Lipschitz. To derive (b), we use Assumption 4 (ii) and

lastly, (c) is implied from the definition of bt. The second term in RHS of (47) can be bounded by
noting that the local gradients ∇wf

i
(⋅, i

) are L1-Lipschitz, which we can write
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Finally, plugging (48) and (49) back in (47) implies the claim of the lemma, that is

ht ≤
4L2

12

µ2n
bt + 2L

2
1et. (50)

E.5 Proof of Lemma 5

We begin the proof by noting the definition of bt and use the fact that the gradients ∇ f(w, ⋅) are
L2

n -Lipschitz (Refer to Lemma 1). We can accordingly write

�(wt+1) − f(wt+1, t+1) ≤ �(wt+1) − f(wt+1, t) − �∇ f(wt+1, t), t+1 − t�

+
L2

2n
� t+1 − t�

2
F . (51)

In this work, we define the inner product for any two matrices A,B as follows

�A,B� ∶= Tr(A�B). (52)

Note that according to the ascent update rule of FedRobust in Algorithm 1, we can write

 t+1 − t = ⌘2@̃tf, (53)

where we adopt the following short-hand notation for the stochastic gradients at iteration t with
respect to the maximization variables  i

t = (⇤
i
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. (54)

We also denote the gradients by @tf = E[@̃tf] where the expectation is with respect to the randomness
in stochastic gradients ∇̃ f i. According to Assumption 2, each of the local stochastic gradients
∇̃ f

i
(wi

t, 
i
t) are variance-bounded by �

2
 . Therefore, we can bound the variance of @̃tf as

E�@̃tf − @tf�2F ≤ n�
2
 . Now, we can plug these back in (51) which implies
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where the expectation is with respect to the randomness of the stochastic gradients @̃tf while
conditioning on all the randomness history. Now recall from Assumption 4 (ii) that −f(wt+1, ⋅) is
µ2-PL implying that �∇ f(wt+1, t)�

2
F ≥ 2µ2(�(wt+1) − f(wt+1, t)). Moreover, assume that

⌘2 ≤ 1�L2 to remove the last term in (55). Putting altogether implies that
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Next, we continue to bound the last term in RHS of (56). We can write
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, (57)
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where the first inequality above uses Assumption 3 on Lipschitz continuity of local gradients and
the second inequality simply uses the inequality �a + b�2 ≤ 2�a�2 + 2�b�2. Next, let us bound the
term �wt+1 −wt�

2 in expectation as follows. Using the descent update rule in Algorithm 1 and
considering Assumption 2 on variance of the stochastic gradients ∇̃wf

i we can write
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2
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, (58)

where we use the short-hand notation of gt also listed in Table 1. Plugging (58) back in (57) and
noting the notation et =

1
n ∑i∈[n] E�wi

t −wt�
2

implies that
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1

n
@tf�

2

F

≤
2L2

21

n
et + ⌘

2
1
2L2

21

n
gt + ⌘

2
1
2L2

21

n

�
2
w

n
. (59)

Before proceeding to bound more terms, let us recall what we have shown till this point. We plug (59)
back in (56), take the expectation with respect to all the sources of randomness and use the notation
bt = E[�(wt) − f(wt, t)] to conclude

bt+1 ≤ (1 − µ2⌘2n)E ��(wt+1) − f(wt+1, t)�
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To bound the term E ��(wt+1) − f(wt+1, t)�, we can decompose it to the following three terms:
�(wt+1) − f(wt+1, t) = �(wt) − f(wt, t) + f(wt, t) − f(wt+1, t) +�(wt+1) −�(wt).

(61)

Given the Lipschitz gradient assumption for the local functions in Assumption 3 and using Lemma 1
on Lipschitz gradient for the global function, we can write

f(wt, t) − f(wt+1, t) ≤ −�∇wf(wt, t),wt+1 −wt� +
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2
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2
, (62)

where wt+1 −wt = −⌘1
1
n ∑i∈[n] ∇̃wf

i
(wi

t, 
i
t). Taking expectation from both sides of (62) implies

that
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(63)

where in inequality (a)we use the inequality 2�a,b� ≤�a�2+�b�2 and also the result in (58). To derive
(b), we use Assumptions 3 and 4 (ii), result of Lemma 1 and the notation bt = E[�(wt)−f(wt, t)]

to write
E�∇�(wt) −∇wf(wt, t)�
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We now have all the ingredients to conclude the claim of Lemma 5. To do so, we combine the
result of Lemma 3 which bounds the term E[�(wt+1)] − E[�(wt)], Lemma 4 that shows ht ≤

4L2
12bt�(µ2n)+2L

2
1et, and the bound (63); plug back in (61) and then in (60) and conclude the claim

of the lemma, that is

bt+1 ≤ (1 − µ2⌘2n)�1 + ⌘1
4L2

12

µ2n
� bt +

⌘1

2
E�∇�(wt)�

2
+
⌘
2
1

2
�L1 +L� + 2⌘2L

2
21� gt

+ �⌘1L
2
1 + ⌘2L

2
21� et +

⌘
2
1

2
�L1 +L� + 2⌘2L

2
21�

�
2
w

n
+
⌘
2
2

2
L2�

2
 , (65)

E.6 Proof of Lemma 6

To prove this lemma, we first need to establish an intermediate step, which is stated in the following.
Proposition 1. If Assumptions 1, 2 and 3 hold, then
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(66)

Proof of Proposition 1. Consider an iteration t ≥ 1 and let tc denote the index of the most recent
communication between the workers and the server, i.e. tc = � t⌧ �⌧ . Therefore, all the workers share
the same local minimization model at iteration tc + 1, i.e. w1

tc+1 = � =wn
tc+1 =wtc+1. According to

the update rule of FedRobust, we can write for each node i that
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Summing up all the equalities in (67) yields that
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This yields the following bound on each local deviation from the average E�wi
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where we used Assumption 2 to bound the variance of the stochastic gradients and derive (a). The
term T4 in (70) can simply be bounded as

T4 ≤ E
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Note that tc denotes the latest server-worker communication before iteration t, hence t− tc ≤ ⌧ where
⌧ is the duration of local updates in each round. Therefore, we have
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Now we proceed to bound the term T3 in (70) as follows:
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We can simply this bound by using Assumption 3 on Lipschitz gradients for the local objectives f is
and applying the notations for el and gl to derive
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We can plug (72) and (74) into (70) and take the average of the both sides over i = 1,�, n. This
implies that
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In above, we used the result of Proposition 2 that given Assumption 1, bounds the gradient diversity
1
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2
2). We defer the proof

this proposition to the end of this section. This concludes the proof of Proposition 1.

Having set the required intermediate steps, we resume the proof of Lemma 6. According to Proposition
1, we can write the term et as follows
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where we use the following short-hand coefficients

C1 ∶= 16⌘
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We can then write this bound for every iteration in [tc + 1 ∶ t], that is

etc+1 = 0
etc+2 ≤ C1etc+1 +C2gtc+1 +C3

⋮
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Summing all of the inequalities results in the following
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We can further rearrange the terms above and write
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Now, if we assume that C1(⌧ − 1) ≤ 1�2, then we get the following bound on ∑t−1
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Plugging back in (99) and using the assumption C1(⌧ − 1) ≤ 1�2 yields that
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which concludes the proof of Lemma 6. Lastly, we present the following proposition along with its
proof which we used this result to prove Proposition 1.
Proposition 2. An immediate implication of Assumptions 1 and 3 is that for any w, , the diversity
of the local gradients is bounded in the following sense
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Proof of Proposition 2. The proof is simply implied from Assumptions 1 and 3 by writing
1

n
�

i∈[n]
�∇wf

i
(w, i

) −∇wf(w, )�
2
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1

n
�
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�∇wf

i
(w,⇤i

, �
i
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i
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2
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1

n
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�∇wf

i
(w) −∇wf(w)�

2
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1

n
�

i∈[n]
�∇wf(w, I,0) −∇wf(w, )�

2

≤ 3⇢2f + 6L
2
12(✏

2
1 + ✏

2
2). (84)
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E.7 Proof of Lemma 7

[16] proves a similar claim for � = 0. For completeness, we provide the proof for general case when
� ≠ 0. Let tc denote the index of the most recent communication round, i.e. tc = � t⌧ �⌧ . We can write
t = tc + r where 1 ≤ r ≤ ⌧ . Starting from r = 1, we can write

Ptc+2 ≤ ⌥Ptc+1 − ⌘1

2
(1 − ⌘1L) gtc+1 + �

≤ ⌥Ptc+1 + �, (85)

where the last inequality holds if

⌘1L ≤ 1. (86)

We can continue for r = 2 as follows

Ptc+3 ≤ ⌥Ptc+2 − ⌘1

2
(1 − ⌘1L) gtc+2 + ⌘21Bgtc+1 + �

(a)
≤ ⌥2

Ptc+1 − ⌘1

2
⌥�1 − ⌘1L − ⌘1

2B

⌥
� gtc+1 + �(1 +⌥)

(b)
≤ ⌥2

Ptc+1 + �(1 +⌥) (87)

where (a) is due to the inequality Ptc+2 ≤ ⌥Ptc+1 − ⌘1
2 (1 − ⌘1L)gtc+1 + � and (b) holds if

1 − ⌘1L − ⌘1
2B

⌥
≥ 0, (88)

or equivalently

⌘1 �L +
2B

⌥
� ≤ 1. (89)

We can continue the same argument up to r + 1 and write

Ptc+r+1 ≤ ⌥r
Ptc+1 + �(1 +⌥ +� +⌥r−1

), (90)

if the step-size is as small as follows

⌘1 �L +
2B

⌥r−1 �1 +⌥ +� +⌥r−2
�� ≤ 1. (91)

Since 1 +⌥ +� +⌥r−2
≤

1
1−⌥ , then the following condition implies all the previous ones on ⌘

⌘1 �L +
2B

⌥r−1(1 −⌥)� . (92)

Moreover, since ⌥ < 1, then the strongest condition on ⌘ is (92) when we put the largest possible
value for r which is ⌧ , yielding

⌘1 �L +
2B

⌥⌧−1(1 −⌥)� . (93)

Lastly, we note that 1 +⌥ +� +⌥r−1
≤

1
1−⌥ in (90), and the claim is concluded.

E.8 Proof of Lemma 8

Recall the result of Lemma 5 in which we showed that if ⌘2 ≤ 1�L2, then the following contraction
bound on the sequence {bt}t≥0 holds:

bt+1 ≤ (1 − µ2⌘2n)�1 + ⌘1
4L2

12

µ2n
� bt +

⌘1

2
E�∇�(wt)�

2
+
⌘
2
1

2
�L1 +L� + 2⌘2L

2
21� gt

+ �⌘1L
2
1 + ⌘2L

2
21� et +

⌘
2
1

2
�L1 +L� + 2⌘2L

2
21�

�
2
w

n
+
⌘
2
2

2
L2�

2
 , (94)
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and consider the coefficient of bt in above. A simple calculation yields that if the step-sizes satisfy
the condition ⌘2

⌘1
≥

8L2
12

µ2
2n

2 , then we have

(1 − µ2⌘2n)�1 + ⌘1
4L2

12

µ2n
� ≤ 1 −

1

2
µ2⌘2n. (95)

Now, we denote � = 1 − 1
2µ2⌘2n and apply (94) to all iterations t = 0,�, T − 1, which yields that

b0 ≤
2L2

2

µ2n
�✏

2
1 + ✏

2
2� ,
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2
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2
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⌘
2
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2
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2
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2
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⋮
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2
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2
+
⌘
2
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2
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2
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2
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�
2
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n
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⌘
2
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Taking the average of the T inequalities above yields that

(1 − �)
1

T
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We can further divide both sides of (97) by 1 − � and conclude

1

T
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�
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E.9 Proof of Lemma 9

We begin by noting the result of Proposition 1 in which we showed the following bound on et

et ≤ C1

t−1
�

l=tc+1
el +C2

t−1
�

l=tc+1
gl +C3, (99)

where we defined the coefficients C1, C2, C3 in (77) and recall here for more convenient:

C1 ∶= 16⌘
2
1(⌧ − 1)L

2
1

C2 ∶= 10⌘
2
1(⌧ − 1)

C3 ∶= 8⌘
2
1(⌧ − 1)

2
⇢
2
+ 4⌘21(⌧ − 1)(n + 1)

�
2
w

n
. (100)
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Next, we apply this bound to each iteration t = 0,�, T − 1 as follows

e0 = 0
�
�����
�
�����
�

e1 = 0
e2 ≤ C1e1 +C2g1 +C3

⋮

e⌧ ≤ C1 (e1 +� + e⌧−1) +C2 (g1 +� + g⌧−1) +C3

�
�����
�
�����
�

e⌧+1 = 0
e⌧+2 ≤ C1e⌧+1 +C2g⌧+1 +C3

⋮

e2⌧ ≤ C1 (e⌧+1 +� + e2⌧−1) +C2 (g⌧+1 +� + g2⌧−1) +C3

⋮

�
������
�
������
�

eTc+1 = 0
eTc+2 ≤ C1eTc+1 +C2gTc+1 +C3

⋮

eT−1 ≤ C1 �eTc+1 +� + eT−2� +C2 �gTc+1 +� + gT−2� +C3,

(101)

where Tc = �
T
⌧
�⌧ denote the index of the most recent communication between the workers and the

server before iteration T . Summing the above inequalities yields that

T−1
�
t=0 et ≤ C1(⌧ − 1)

T−1
�
t=0 et +C2(⌧ − 1)

T−1
�
t=0 gt +C3T. (102)

Now if we assume that C1(⌧ − 1) = 16⌘
2
1(⌧ − 1)

2
L
2
1 ≤

1
2 , the the claim is concluded by rearranging

the terms in (102):

1

T

T−1
�
t=0 et ≤ 2C2(⌧ − 1)

1

T

T−1
�
t=0 gt + 2C3. (103)

Appendix F Proof of Theorem 3

Fix a distribution P̃ and consider

max
⇤,�

EP̃ [`(fw(⇤x + �))] − ����
2
2 − ��⇤ − I�

2
F (104)

Assuming a 1-Lipschitz loss ` with 1-Lipschitz gradient, based on [36]’s Lemma 7 the above
function’s gradient with respect to � has a Lipschitz constant bounded by

Lip(∇fw) ∶= �
L

�

i=1
�wi���

l

�

i=1
i

�

j=1
�wj��.

Similarly, the expected loss’s derivative with respect to ⇤ will also be Lipschitz in the spectral norm
with a Lipschitz constant upper-bounded by

B Lip(∇fw) = B�
L

�

i=1
�wi���

l

�

i=1
i

�

j=1
�wj��.

Given weights in w, we denote the optimal solution for � and ⇤ by �w and ⇤w, respectively. To apply
the Pac-Bayes generalization analysis, we need to bound the change in �w,⇤w caused by perturbing
w to w + u. Note that since � > (1 + B)Lip(∇fw), the maximization problem for optimizing
⇤w, �w is maximizing a strongly-concave objective whose solutions will satisfy:

�w =
1

�
E[∇` ○ fw(⇤wx + �w)],

⇤w − I =
1

�
E[(∇` ○ fw(⇤wx + �w))X

�
]

29



which are norm-bounded by Lip(`○fw)
� ≤

∏d
i=1 �wi��
� and B

Lip(`○fw)
� ≤ B

∏d
i=1 �wi��
� , respectively.

Therefore, for a norm-bounded perturbation u where �ui�� ≤
1
L�wi�� we can write
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where the last inequality follows from Lemma 3 in [36]. As a result,

��w+u − �w�2 + �⇤w+u −⇤w��

≤
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� − (B + 1) lip(` ○ fw)
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Then, we can bound the change in the loss function caused by perturbing w at any �x�2 ≤ B with
any norm-bounded �ui�� ≤

1
L�wi��:

�fw+u(⇤w+uX + �w+u) − fw(⇤wX + �w)�2
≤ �fw+u(⇤w+uX + �w+u) − fw(⇤w+uX + �w+u)�2
+ �fw(⇤w+uX + �w+u) − fw(⇤wX + �w+u)�2
+ �fw(⇤wX + �w+u) − fw(⇤wX + �w)�2

≤ eB�
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Now, for a fixed weight vector w̃ we consider a multivariate Gaussian distribution Q with zero-
mean and diagonal covaraince matrix for perturbation u where each entry ui has standard deviation
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i =
�w̃i��

L
�∏L

i=1 �w̃i��  with  chosen as
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. (105)

Also, for any w which satisfies ��wi�� − �w̃i�� � ≤
⌘
4L�w̃i�� , we have Lip(` ○ fw) ≤ e

⌘�2
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Now we plug the above result into [36]’s Lemma 1, implying that given a fixed underlying distribution
P and any ⇠ > 0 with probability at least 1 − ⇠ for any w satisfying ��wi�� − �w̃i�� � ≤

⌘
4L�w̃i�� we

have
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Now we use a cover of size O(
L
⌘ logM) points where for any feasible �wi�� we can find a point ai

in the cover such that ��wi�� − ai� ≤
⌘
4Lai. As a result, we can cover the space of feasible wi’s with

O�(
L
⌘ logM))LL� number of points. This proves that for a fixed underlying distribution for every

⇠ > 0, with probability at least ⇠ > 0 for any feasible norm-bounded w we have
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(107)
To apply the result to the network of n nodes, we apply a union bound to have the bound hold
simultaneously for the distribution of every node, which proves for every ⇠ > 0 with probability at
least 1 − ⇠ the average worst-case loss of the nodes satisfies the following margin-based bound:
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(108)
Therefore, the proof is complete.

Appendix G Proof of Theorem 4

Define random vector U = ⇤X+�. According to the definition of optimal transport cost Wc(PX, PU)

for quadratic c(x,u) = 1
2�x − u�

2
2,

Wc(PX, PU) ∶= min
PX,U∈⇧(PX,PU) E�

1

2
�X −U�22� (109)
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where ⇧(PX, PU) contains any joint distribution PX,U with marginals PX, PU. One distribution in
⇧(PX, PU) is the joint distribution of (X,⇤X + �) implying that

Wc(PX, PU) ≤
1

2
E��X −⇤X − ��22�

=
1

2
E��(I −⇤)X − ��22�

(a)
≤ E��(I −⇤)X�22� + ���

2
2

(b)
≤ Tr�(I −⇤)(I −⇤)�E[XX�]� + ���22
(c)
≤ �Tr�(I −⇤)(I −⇤)�� + ���22
(d)
≤ ��I −⇤�2F + ���

2
2

≤max{�,1}��I −⇤�2F + ���
2
2�.

In the above, (a) holds since for every two vectors u1,u2 we have �u1 + u2�
2
2 = �u1�

2
2 + �u2�

2
2 +

2u�1u2 ≤ 2(�u1�
2
2+�u2�

2
2). (b) follows from the fact that E[�(I −⇤)X�22] = E[Tr((I −⇤)XX�(I −

⇤)�) = Tr�(I −⇤)(I −⇤)�E[XX�]�. (c) holds because of the theorem’s assumption implying that
E[XX�] ≤ �I . Last, (d) holds because we have Tr(AA

�
) = �A�

2
F for every A. Therefore, the proof

is complete.
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