A Global landscape analysis under deterministic conditions

As mentioned, the proof of Theorem [2]and Proposition[I} will be based on deterministic conditions

on the weights of the network and the noise matrix. In particular we will consider the minimization
problem (@) with:

M = G(z,)G(zs)T + H,
for an unknown symmetric matrix H € R™*" and nonzero =, € R-.

Recall the definition [I] of the WDC. Below we will say that a d-layer generative network G of the
form (3), satisfies the WDC with constant € > 0 if every weight matrix WW; has the WDC with
constant € forall? =1,...d.

We can now describe the landscape of the minimization problem (@) in a deterministic settings.

Theorem 3. Consider a generative network G : R¥ — R™ as in (3) and the minimization problem
@I) with unknown nonzero x,. and symmetric H. Fix ¢ > 0 such that K le\/E < 1landletd > 2.
Suppose that G satisfies the WDC with constant € and assume that:

IATHA, |5 < % forall = € R¥, (11)

with 2¢d" 2w < Ky ||z, ||? and Ko < 1.
Then for all x € R*:

o ifx ¢ B(ry,ry) U B(—pazs,r—) U {0} and

vy € Of (x):
D_, f(x)<0
where
ry = Ka(d'e'? + 20|25 %)d " |22,
and

ro = Ky(d®e/* + 272012 2, |5 1)d | |

o ifx € B(0,|z|l2/167)\{0} and v, € Of(x) then

(T, v,y <0
while if v = 0 and v € S*~! then
D_,f(0)=0
Here pq is a positive number that converges to 1 as d — oo and K1, . . ., K4 are universal constants.

Similarly, below we give the deterministic version of Proposition

Proposition 2. Under the assumptions of Theorem for any ¢4 € [pa, 1), it holds that:
flx) < f(y) 12)

for all x € B(paxs, 0|z ||d™12) and y € B(—¢axs, ol|z«||d~1?) where o < 1 is a universal
constant.

The rest of the paper is organized as follows. After summarizing the notation used throughout the
paper in Section[A.T|and deriving concentration results for the subgradients from the WDC in Section
we give the proof of Theorem 3]in Section[A.3] In Section we prove Proposition[2] while
Section [A.5] contains the proofs of supplementary lemmas needed in the main results. Finally in
Section|B] we derive the main Theorem 2] and Proposition 2] from the corresponding deterministic
ones by controlling the noise terms and recalling a result of [30]] which shows that the WDC holds
with high probability.
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A.1 Notation

We now collect the notation that is used throughout the paper. For any real number a, let relu(a) =
max(a,0) and for any vector v € R", denote the entrywise application of relu as relu(v) . Let
diag(Wx > 0) be the diagonal matrix with i-th diagonal element equal to 1 if (Wz); > 0 and 0
otherwise. For any vector x we denote with ||| its Euclidean norm and for any matrix A we denote
with || AJ| its spectral norm and with || A|| r its Frobenius norm. The euclidean inner product between
two vectors a and b is (a, b), while for two matrices A and B their Frobenius inner product will be
denoted by (A, B) g For any nonzero vector x € R", let & = x/||z||. For a set S we will write | S|
for its cardinality and S¢ for its complement. Let B(x, r) be the Euclidean ball of radius r centered at
x, and S*~1 be the unit sphere in R¥. With D,, f (') we denote the (normalized) one-sided directional

derivative of f in direction v: D, f(x) = lim;_q %

there exists a positive constant C' such that v > C¢ and similarly v = O(9) if v < Cé. Additionally
we will use a = b+ O1(d) when ||a — b|| < J, where the norm is understood to be the absolute value
for scalars, the Euclidean norm for vectors and the spectral norm for matrices.

. We will write v = Q(0) to mean that

A.2 Preliminaries

At a differentiable point, the gradient of f is given by (T0) and will be denoted by v, and . By the
WDC, v, concentrates up to the noise level around the direction h, € RF:

hy = [%x;ﬂ — hy . BIJ*]JJ, (13)

where iLm,z* is defined below and is a continuous function of x and x,. The vector field iLLm* depends
on a function that controls how the angles are contracted by the deep network, and defined as:

1 ((7r79)cost9+sin9)

g(0) := cos™ (14)
T
With this definition we let ﬁm’x* be:
d—1 = d—1 . = d—1 =
~ 1 T —0; sin 6; T —0; )
|

where 6; := g(6;_1) for g given by and 6y = Z(x,y). For brevity of notation below we will use
hg = hg o, . For later convenience we also define the following vectors:

Dy = ATA,x;

qz ‘= A;Ax*x*§

Uy i= [PaD] — €2q3] @5

Ny = ATHA, x.
and note that when f is differentiable at x, then v, := V f(z) = ¥, — n,, in particular for zero noise
Vg = Ug.
We now observe the following facts.

Lemma 1 (Lemma 8 in [29]). Suppose that d > 2 and the WDC holds with ¢ < 1/(167d?)?, then
for all nonzero ., xz, € R,

11
(Ao, Ao, ) 2 o ogllzfl2flzl, (15)
- d3
IATAw 2~ e | < 248 ) ana (16)
1 1+4ded 13 1
1Az < ﬁ(l +2¢)? < —od < 1594 (17)

Proof. The first two bounds can be found in [29, Lemma 8]. The third bound follows noticing that
the WDC implies:

1 14+4ed 131
<l el < = d< < ==
1802 < T W sy all? < o (14200 < 00 < 20
where we used log(1 + 2z) < zand e* < (1+2z) forall0 < z < 1. O
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The next lemma shows that the noiseless gradient v,,, concentrates around h,.
Lemma 2. Suppose d > 2 and the WDC holds with ¢ < 1/(167d?)?, then for all nonzero x,x, €
RE:

|0 — hell < 86d

2d maX(Hx*HQ, ||.I‘H2)||.I‘H

We now use the characterization of the Clarke subdifferential given in (EI), to derive a bound on the
concentration of v, € f(x) around h, up to the noise level.

Lemma 3. Under the assumption of Lemmaz 2| and with H satisfying (1)), for any v, € 8f(x):
d'ye

[lve — he|| < 86—+ 52d

max([|z.|1%, [|z]*) ] + 55 =3

A.3  Proof of Theorem

We define the set Sg outside which we can lower bound the gradient as:

8
Sp 1= {z € R |lha]| < 533 max(lo], . |*) =]}
with:
B =5 (86d" Ve + 2%wx.|?) (18)

Outside the set Sg the gradient is bounded below and the landscape has favorable optimization
geometry.

Due to the continuity and piecewise smoothness of the generator G and in turn of the loss function f,
for any z,y # 0 there exists a sequence of {x,,} — x such that f is differentiable at each x,, and
D, f(z) =lim, o Vf(z,) - y. It follows that:

D_, f(x)=— lim ¥,, - Uz

n=o0 [[oz |
as Vf(zy,) = 0, . Regarding the right hand side of the above, observe that:

Uy, * Ve = hay by + (Ve — ha,) - he + hey - (Ve — he) + (O, — ha,,) - (Ve — ha)
> he,  ha = |0z, = ha, | [[hell = A, v = hell = [0z, = ha,, [[[lv2 — e,

86d*\/€ + 24w||x, || 2
> Ny, - he — 92d (max(Han2, £l 17| + max(]|z(1?, ||$*H2)||=’E\|Hhmn||)
86d1\/€ + 2%wl|x, || 72\ 2
— (B T 2, o ) e P e Pl

where the second inequality follows from Lemma |3} Moreover as h, is continuous in z for all
nonzero :

86d* /€ + 2%w||z, |2

Tim 6, -0, 3 g — 22 TGN, ) el )
— (B N . o 212
2 W0l [ - 4 BT TN o, e
f[llthQ—2(8661%235”“5”*”72)2max(HxH%Hx*n?)?nxu?]

By our choice of 3 in (I8) it follows that for any = € S5\{0} :

86d*y/e + 2%w]|z, || 2 max(||z]|?, [l.[*)

([l —4 52d max([[]|?, [l [*) ]| > 52 ] (6—4(86d4ﬁ+2dWle*ll’2)),

so that:

i o o, > el max(le]?, z.]*)
Tn xT

Jim 2 55 86d*\/e||z|| > 0.
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The latter equation allows to conclude D, f(z) < 0 for any nonzero » € S§ and any v, € df ().
Finally observe that the radii of the neighborhoods around x, and —p4x, can be found applying
Lemma ] below with 3 as given in (T8).

Next for any nonzero v € R* and 7 € R we have:

T 7'2

4
F(rv) = £(0) = FIG@GE)TIF - 5

which implies that D, f(0) = 0 for any v € S¥~1.

(G)G()T, G(2,)G(2)T + H)F,

Finally notice that at a differentiable point z € R¥:
(U, ) = (AL[ApwaTAL — Ay, 2,2, TAL Ay, 2) — (AL HA,, x)
= |G@)I* = (G(x), G(2.))? — (AuHAz, )

l|lz||? [<13)2 9 ( 1 24w ) 2]
< - S (e
< pea [\1z) Il 1672 |z, ]
HxHQ 1 Hx ||2:|
- 2 32m2

having used (I3, and the assumption on the noise (T1) in the first inequality and 2¢d*?w <
Ks||z4||? with d > 2 in the last one. We conclude that if f is differentiable at z € B(0, ||z, /16m)
then (z,7,) < 0.

If f is not differentiable at a nonzero x € B(0, ||z||/167), then by () for any v, € df(x):

211z -

(Vg, ) = (101 + cova + - - - + cpur, T)

[l

1
< (et oot on) o [2lall? - 55 llaal?] <0

A.3.1 Control of the zeros of h,

In this section we show that h,, is nonzero outside two neighborhoods of x, and —pgx,.
Lemma 4. Suppose 8td®+/B < 1. Define:

ling,, S o —0.
Pd = Z p Z( H T J)
i=0 j=i+1

where 6y = m and 0; = g(éi,l). If x € S, then we have either:

0] < 32d*nB and |||z||* — ||lz]|?| < 2587Bd° ||z, ||
or -

00 — 7| < 8rd*\/B and |||z|]* — p3lla.l| < 2817°/Bd™||. |-

In particular, we have:

Sg C Blwe, R Bd"||24]|) U B(—pa., Ran/Bd"||z.]))
where Ry, Ry are numerical constants and pg — 1 as d — oc.
Proof. Without loss of generality, let x, = e; and x = r cos 50 -e1+rsin 50 - e, for some (‘70 € [0, ],

and r > 0. Recall that we call & = x/||z| and &, = z./||x«||. We then introduce the following
notation:

70 sinb 4 om0
= N — ? Y _ R— 2 1 19
‘ g o f ; T jzlll o = lal max(r®,1),  (19)

where 0; = g(f;_) with g as in (T4), and observe that 2¢h, = (£, + C2). Let o := 2%(h,, &),
then we can write:

B — [<2;dﬂc>m — (hay0)he| = 27 1% — a6 +CB)].
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Using the definition of £ and Z, we obtain:

22dh B B
== = [(r* —al)coshy — al] - er + [r* — a]sinby - e,
r
and conclude that since x € Sg, then:
|(r* —a()cosy — at| < BR (20)
[r? — a¢]sinfy| < BR. 21
We now list some bounds that will be useful in the subsequent analysis. We have:
0; < 0;_q for i>1 (22)
; < cos™(1/m) for i >2 (23)
€l <1 (24)
d -
¢ < = sinfy (25)
7T —
™ — 9() -3
£ d (26)
™
éigz_i’f?) for i >0 (27)
. s
; > —— for i > 2
61_i+1 or i >0 (28)
- )
90:77+01(5):>|§|§; (29)
= 3o . d20
1/r<a<l. 31

The identities (22)) through (30) can be found in Lemma 16 of [31]], while the identity (1)) follows by
noticing that o« = £ cos 0y + ¢ = cos 6, and using 23) together with d > 2.

Bound on R. We now show that if x € Sg, then r? < 4d and therefore R < 4d.

If 72 < 1, then the claim is trivial. Take 72 > 1, then note that either | sin fy| > 1/4/2 or | cos | >
1/+/2 must hold. If | sinfy| > 1//2 then from (1)) it follows that > — a{ < V28R = /231>
which implies:
r? < ¢ < ! d < d
T 1=V (V2T T 2
using (25) and (@) in the second inequality and 3 < 1/4 in the third. Next take | cos fp| > 1/v/2,
then (20) implies |2 — a¢| < V2(8r? + af) which in turn results in:

1-v28
using (24), (23), (31) and B < 1/4. In conclusion if z € Sp then r? < 4d = R < 4d.

Bounds onﬂ_o. We now show we only have to analyze the small angle case 6, ~ 0 and the large
angle case 6y ~ .

At least one of the following three cases must hold:

1. sinfy < 1637d*: Then we have § = O(327Bnd*) or § = 7 + O;(32nBmd*) as
327hnd* < 1.

2. |r? — a(| < v/BR: Then 20), (B1I) and 3 < 1 yield |¢| < 24/BrR. Using (26)), we then

get
0 = 7 + O1(2y/Br%d*R).
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3. sinfp > 1687d* and |r? — a¢| > /BR: Then @I) gives |[r? — a| < BM/ sin 6y which
used with (20) leads to:

PR _ o PR
sin 6, sin 0

g < BR+ |r® — a¢] < BR +

Then using (3I), the assumption on sinfy and R < 4d we obtain £ < d—3/2. The
latter together with (26)) leads to 6y > 7/2. Finally as |r?> — a(| > +/BR then 1) leads to
|sinfy| < /B. Therefore as fy > /2 and B < 1, we can conclude that y = 7+ 01 (2v/B).

Inspecting the three cases, and recalling that R < 4d, we can see that it suffices to analyze the small
angle case ) = 01(32d47r,8) and the large angle case § = 7 + Oy (8v/Br2d*).
Small angle case. We assume 0y = O () with § = 32d*73 and show that ||z||? = ||z.[|?.

We begin collecting some bounds. Since 0; <0y <6,thenl>¢>(1—68/m)%>140(2d5 /)
assuming dd/m < 1/2, which holds true since 64d56 < 1. Moreover from @) we have ( =
O1(dd /7). Finally observe that cosfy = 1+ O;1(0%/2) = 1 + O1(§/2) for § < 1. We then have
a =1+ 01(2dd) so that a¢ = O1(d?6) and o€ = 1 + O;(4d?5). We can therefore rewrite (20) as:

(r2 + Ol(d26))(1 +01(6/2)) — (1 + Ol(4d26)) = O1(BR).
Using the bound 72 < R < 4d and the definition of §, we obtain:
or? 9 d%5? 9
r —1_01(7+d 6+~ +4d 6+4d5>
= 0,(8d*5 + 4dpB)
= 04(2587d°B)

(32)

Large angle case. Here we assume 0 = 7 + O1(6) with § = 8/372d* and show that it must be
2] & PGl

From (29) we know that ¢ = O1(6/), while from (B0) we know that ¢ = pgq + O1(3d35) as long
as 8y/Bmd® < 1. Moreover for large angles and § < 1, it holds cos fy = —1 + O1((0y — 7)%/2) =
—1+4 01(62/2). These bounds lead to:
a=¢Ecosby+ ¢
5 &

= pd+01( + 5 + 3d°0)

= pd+ 0O, (4d35),
and using pg < d:

al = p3+ 01 (4d35pg + 3d®5pg + 12d°6) = p? + 01(20d°9),

d3s?

af = 01(5pd +4=—) = 01 (2d%).

Then recall that (20) is equivalent to (r —a() cos By — a& = O1(4/3d), that is:
(r?* = p3 + 01(20d%6)) (1 + O1(6%/2)) + 01(2d*5) = O1(48d)

and in particular:

252
2 — 3 =0y (20d65 +10d983 + pd; + % +2d%6 + 45d)
— 0,(35d% + 48d) (33)
= 04(2817%\/Bd"°)

where we used py < d, the definition of § and § < 1.
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Controlling the distance. We have shown that it is either fy ~ 0 and ||z||? & ||24]|? or fy ~ 7 and
|lz||? & p2||z||*. We can therefore conclude that it must be either z &~ z, or x &~ —pgx,.

Observe that if a two dimensional point is known to have magnitude within Ar of some r and is
known to be within an angle Af from 0, then its Euclidean distance to the point of coordinates (r, 0)
is no more that Ar + (r + Ar)A#. Similarly we can write:

lz = @ell < Ml = il + (el + Izl = ) o. (34)

In the small angle case, by (32), (34), and ||z, || |[|z|| — |z«]|| < |[|z]|* — ||z+]|?|, we have:

|z — 24| < 2587dB + (1 + 2587d®B) 32d* 7 < 550 wd° 3.

Next we notice that p; = 1/7 and pg > pg—1 as follows from the definition and (27), (28). Then
considering the large angle case and using (33)) we have:

28172/Bd° 1
2l = pal < = < 281x°/5d".
]| + pa
The latter, together with (34)), yields:

2+ pazsll < [llzll = pal + (pa + lllzll = pal)(r — fo)
< 28173\/Bd*® + (d + 28173\/Bd*)8+/frd*
< 28473.\/Bd°
where in the second inequality we have used pg < d and in the third 8y/Brd® < 1.

We conclude by noticing that p; — 1 as d — 1 as shown in [31, Lemma 16]. O

A4 Proof of Proposition 2]

Recall that f(z) := 1/4||G(2)G(z)T — G(x4)G(x4)T — H||%, we next define the following loss
functions:
1
fo(z) := ZIG@)G(@)T = G(z.)G ()7,
_!
2

1/ 1 1 -
fetw) = 3 (gaalel® + gzl = 2o, ).

fu(@) = fo(z) = S(G(2)G(2)T — G(z)G ()T, H)r,

In particular notice that f(z) = fy(z) + 1/4|H||%. Below we show that assuming the WDC is
satisfied fo(x) concentrates around fg(x).

Lemma 5. Suppose that d > 2 and the WDC holds with ¢ < 1/(167d?)?, then for all nonzero
T, Ty € RF

16
|fo(z) = fE(z)| < 2W(IIIEII4 + [la][)d* Ve
We next consider the loss fr and show that in a neighborhood —pgx, this loss function has larger
values than in a neighborhood of z.,.
Lemma 6. Fix0 < a < 1/(273d3) and ¢4 € [pa, 1] then:
1 1
fe(z) < 22UWH%*II“ + J2ar2 [(a+¢a)" =207 + 2ndal |z.||* Vo € B(pgws, allz.]|) and
1 1
fe(r) > W”MW =+ 92d+2 [(a - ¢d)4 - QP?%ZSZ - 407rd3a] ||$*||4 Vo € B(—¢at., allz.)).

The above two lemmas are now used to prove Proposition 2}

20



Proof of Proposition2] Let x € B(£¢q x4, ¢||z.||) fora 0 < ¢ < 1 that will be specified below,
and observe that by the assumptions on the noise:

(G@)G(@)T = G )G, H)p| < |G@)THG(@)| + |Gle.)THG ()
< sa(llal” + lle.”)

< 5a((@a+ 9 + Dl P,

and therefore by Lemma 5}

|fo(x) = fe(z)| + %I(G(x)G(JJ)T — G(z)G(2)T, H)p| <

16
< g (@0 + @) + Dl ' Ve + 55((0a +0)” + 1)

272 w
< SrllzldtVe+ S (Ga+ o) + Dl

We next take ¢ = € and = € B(¢4 x4, ), so that by Lemma|§| and the assumption 2¢d* 2w <

Ks||z4||?, we have:

fu(x) < fe(z) +|folr) - fe(r)] + %I(G(w)G(ﬂﬁ)T = G(z)G(z,)T, H) |

< saaps [1+ (e 0a)* — 205 + 2mde] | |* + 2720 Ve 2. | + 57 2+ 26 + ) .|

< oz (1= 26+ (e 90) a1 + g (5202 + T+ 2720 ) el + 25

< 22%[1 — 262 + (e + pa)] |z ]|* + Qid <3K2d‘12 2d +272d* ) Vel | +K2”§;|l| a2,
Similarly if y € B(—¢q x, ¢||z«||), and ¢ = € we obtain:
Fuw) > o (o)~ Lfolv) — fe ()| — 5| GWIGE)T ~ GG, )|

> sres (1= 20303 + (e = 90)* Il = s (52| 2+ 10ma® o+ 27208 ) V| = 5o

1 13 [N
> S 1= 2030 + (e = 0a)] " - 22d( Kyd~ 12+107rd3+272d4)f||x*l\4 Ky =gd ™.

In order to guarantee that f(y) > f(x), it suffices to have:
2(1 — p3)p3 — 8Kod 12 > 40 /e
with Cy = (544d* + 10rd®1 + 3K2d~'2 + 7d/2 + 1/100), that is to require:

o () — 4K
p=€< < 5C, .

Finally notice that by Lemma 17 in [31] it holds that 1 — pg > (K (d + 2))~? for some numerical
constant K, we therefore choose € = g/d'? for some ¢ > 0 small enough. O

A.5 Supplementary proofs

Below we prove Lemma 2]on the concentration of the gradient of f at a differentiable point.
Proof of Lemma|2] We begin by noticing that:

Vg — hy = [(p”ﬁa >p <l‘ l’> de} + [<hT"T>‘T - <q$,x>x].

Below we show that:

x 50
1P, 2)ps — (@, ) g || < ﬁde/EmaX{llxIP, .2} ]- (35)
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and

1{Gz 2)pa — (B, )P | < 22dd‘*\fmﬁm{llxll2 [EA R (36)
from which the thesis follows.

Regarding equation (33) observe that:

x x r T
1Pz @)pe = @, 2) 5571 = ey @) [P = 5] + (o = 550 5002
H [
< (A + 757 Ipe — *ll
= ﬁdg\ﬁ“x”?)
where in the first inequality we used (p,., #) = ||A,z||? and in the second we used equations (T6)) and

(T7) of Lemmal[]

Next note that:
||<Qxa33>qgc - <hx7x>hx” = ||<Qxa33>(qgt - hx) + <qgc - hx7x>hx”
< (Ngall + [[ha H)||$||qu — he||

13 dy llz][llz] z
1 Gz — hw
E211E2 || ;
< —d z — Ny
< Saloleely,
where in the second inequality we have the bound (I7) and the definition of h,. Equation (36) is then
found by appealing to equation (I6) in LemmalT] O

The previous lemma is now used to control the concentration of the subgradients v, of f around h,.

Proof of LemmaEl When f is differentiable at ., V f(z) = 0, = U, + 7, so that by Lemma[2]and
the assumption on the noise:

lve = hell < |02 = he | + (|7l
d4\f 37

< 865 (Nl ) ] + 2 ]l
Observe, now, that by (@), for any z € R*, v, € df(x) =conv(vy,...,v;), and therefore v, =
aiv1 + -+ + apvr for some aq,...,ap > 0, ZZ a; = 1. Moreover for each v; there exist a w;

such that v; = lims_,o+ Uz 6,. Therefore using equation (37)), the continuity of h,, with respect to
nonzero z and ) . a; = 1:

T
low — hall < aillvi — hal|
i=1

ai lim ||7~)z+6wi - hx+5w7~,
6—0

d\f

92d

H'Mq i

w
< 8655 max(|la P, 1)zl + 55 =]

We now prove Lemma 5]on the concentration of the noiseless objective function.
Proof of Lemma[3] Observe that:
fola) ~ Fo@)] < NG ~ sggllal’
+ G @I~ gzl

+ %|<G(m)7G(l’*)>2 - <.’L‘, ﬁac>|
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We analyze each term separately. The first term can be bounded as:

1 4 1 4 1 2 1 2 2 1 2
ANE@I = gllell®l = ZNG@I + 217 G = 55 lll]

11,13 1
< —(—+1 2 2 _ - 2
< 133(55 + Dlzl? NIG@)I2 = Sl
13 \f
< 1) 2 94 2
_42d(12+ Jal e
< 276113d3 Vel|[1*

where in the first inequality we used (I7) and in the second inequality (I6)) . Similarly we can bound
the second term:

1
G@II* - < 13d Vel

ﬁ“x*ﬂ | < 92d

We next note that ||A,|| < 2~%(1 4 d/n)||x,]|| and therefore from (T7) and d > 2 we obtain:

IE@IIGE] + bl < 5 (o

We can then conclude that:
1 ~ 1 - -
§|<G(fv)7G(w*)>2 — (2,he)?| < *|<w,ATAz*fc* - hz>| NG @G @l + [z hall]

o2 o

d
14 Dzl < o Sdlella]

I /\

254 lellz. ]

@d‘*xﬁ(llx*ll4 +lz]*)

IN

Below we prove lower and upper bound on the loss f as in Lemmal6]

Proof of Lemmal6] Let x € B(¢qxy,al|z.|) then observe that 0 < 6; < 0y < ma/2¢4 and (¢4 —
a)||lze|| < ||z|| < (a+ ¢a)||z«||- Then observe that:

1,570 1 sing, 4 70
T\ —0; 5 i — 0
(o ha) = o7 (TT =) laelllalicosfo + 57 3= == [T = lleullli]
1=0 =0 j=i+1
d—1 Ta
1 T — 340 9 m2a?
> - L2 (1 —
> 5a(I]—7%) (@a = ol (1= )
1 da m2a
> —(1—— —a)(l — —5 2
= 2d( ¢d)(¢d a)( 8¢3 )Hx*H
using cos > 1 —62/2and (1 — z)¢ > (1 — 2dz) as long as 0 < z < 1. We can therefore write:
[l || 1 4 1 m2a? . 2 4
fe(z) — < [l ]* = (¢a —a)*(1— [l
22d+2 22d+2 22d+1( ¢ ) ( 8¢3 )
1 da n2a?
< 92d+2 {(qﬁd—i—a) _2(1 _23)((%—@) (1 - 163 )]||;v*\|4
where in the second inequality we used (1 — x)? > 1 — 2z for all # € R. We then observe that:
da n2a? n2a®  2ad da n2a?
1-2—)(¢a—a)*(1 - > (1- +ala —2¢q) (1 —2—)(1 -
( ¢d)(¢d ) ( 4(25(21 ) ( 4¢3 ba )(bd ( ¢d)( d)d)( 4¢2 )
1 da 7r2a2
> ¢2 — 2d -2 1-2—)(1—
> ¢7— (2 5T 2d¢q + 2¢q)
2 ¢d - Trda’a
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where in the second inequality we have used m3d%a < 2 and in the last one d > 2 and oq < 1. We
can then conclude that:

Ny 1
fol(z) = !fdﬂ2 = 92d+2 [(¢a + a)* —2(¢7 — nda)] .1

We next take © € B(—¢qxy,al|z,||) which implies 0 < 7 — 6y < 72a/2 =: ¢ and ||z| <
(a + ¢q)l|z«||. We then note that for £ and ¢ as defined in (T9) we have:

12927y |2 < (€] + IC)2(a + ¢a)? |zl
1)
< (2438 + pa) (a + 6a)? o

m3d3
(5
(

IN

2
a+pa) (a+ @)z
< @rd®a+ p3)(a+ 6a)’ ||z
< 20md®a + p2?

where the second inequality is due to 29) and (30), the rest from d > 2, pg < ¢q < 1 and
2m3d%a < 1. Finally using (¢4 — a)||z4|| < ||z||, we can then conclude that:

EN
[5(@) = grntz = 5ares [(6a — ) = 220md%a + 6] )1

B Proofs for the random spiked and generative models

We are now ready to prove our main results for random spiked models and generative networks with
random weights. We begin by recalling the following fact on the WDC of a single Gaussian layer.

Lemma 7 (Lemma 11 in [29]). Fix 0 < € < 1 and suppose W € R™** has i.i.d. N'(0,1/n) entries.
Then if n > Ccklog k, then with probability at least 1 — 8n exp(—~.k), W satisfies the WDC with
constant e. Here C. and = depend polynomially on ¢~ 1.

By a union bound over all layers, using the above result we can conclude that the WDC holds

simultaneously for all layers of the network with probability at least 1 — Z?zl 8n;e~Y<™i-1_ Note in
particular that this argument does not requires the independence of the layers.

By Lemma([7] with high probability the random generative network G satisfies the WDC. Therefore
if we can guarantee the assumptions on the noise term, then the proof of the main Theorem 2] follows
from the deterministic Theorem [3]and the previous lemma.

Before turning to the bounds of the noise terms in the spiked models, we recall the following lemma
which bounds the number of possible A, for  # 0. Note that this is related to the number of possible
regions defined by a deep Relu network.

Lemma 8 (Proof of Lemma 8 in [31]]). Consider a network G as defined in B) with d > 2, weight
matrices W; € R™*"i-1 with i.i.d. entries N'(0,1/n;) and log(10) < k/4log(n1). Then, with
probability one, for any x # 0 the number of different matrices A, is:

{A]z # 0} < 107 (nnd=1 . ng)* < (n¥nd=1 .. ng)?*

In the next section we use this lemma to control the noise term ATH A, where:

e in the Spiked Wishart Model H = Xy — %
e in the Spiked Wigner Model H = H.

We then conclude in section [B.3| with the proof of Proposition [I| B.
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B.1 Spike Wigner Model

Recall that in the Wigner model Y = G(z,)G(x,)T + H and the symmetric noise matrix H follows
a Gaussian Orthogonal Ensemble GOE(v,n), that is H;; ~ N(0,2v/n) for all 1 < i < n and
Hij ~N(0,v/n) for1 < j < i < n.Our goal is to bound ||ATHA, || uniformly over « with high
probability.

Fix z € R¥, and let \V; /4 be a 1/4-net on the sphere S*~! such that |V /4| < 9% and:
IATHA,|| <2 max [(AIHA.z, z)|.
Z€N1/4

For any z € Ny 4 let £, . := A,z € R™ and note that by the assumption on the entries of 7 it holds
that 0] \Hl, . ~ N(0,0%]/y.||*/n). In particular by Lemma the quadratic form (T /. is

sub-Gaussian with parameter 2 given by:
o VP1332 1
T (2)
Then for fixed € R, standard sub-Gaussian tail bounds and a union bound over A} /4 give:

P{IATHA, | > 2u] < P[ max (€1 HC, .|| > u]
z€N1/4 ’

11,2
< > P HE .| > u] <20 9% 2
Z€N1/4
Lemma (8] then ensures that the number of possible A, is at most (n{lng_l cong)?
bound over this set allows to conclude that:

PlATHAL < 2 30k log(3ndnd =t .. .ng)
wrorl = od n

k. so a union

, for all a:] > 1 — 2¢ klos(n)

B.2 Spike Wishart Model

Recall that the data {y;}¥ , are i.i.d. samples from N(0,X) where ¥ = G(z,)G ()T + 021,,. In
the minimization problem (@) we take Y = Xy — 021, where ¥ is the empirical covariance matrix.
The symmetric noise matrix H is then given by H = ¥ — ¥ and by the Law of Large Numbers
H — 0as N — oo. We bound ||ATHA,|| with high probability uniformly over z € R".

Fix z € R¥, let NV} /4 be a 1/4-net on the sphere S*~* such that |V} /4| < 9%, and notice that:
[ATHA,|| <2 max [zTATHA,z|.
Z€N1/4

By a union bound on ;4 we obtain for any fixed z € N 4:
P[|ATHA,|| > 2u] < 9*P[|zTATHA 2| > u].

Let ¢, := A,z and note that:

L XN

STALH ALz = = () — E(yn)?
i=1
Since s; := £Ty; ~ N(0,~%) where v2 = (I%{,, then for u/y? € (0, 1) by small deviation bounds
for x2 random variables (see for example [S9, Example 2.11]):
2

1 U Ny
k 2
Pl[ATHA| > 2u] <9 PDN ;(&/’Y) -1 > ?} < 2exp [klog9 — g;]
Recall now that [{A,|z # 0} < (nng...ng)¥, then proceeding as for the Wigner case by a union
bound over all possible A, :

24k log(3ndnd=1 ... ,
P[||A;HAI||<2¢ o8 e M) 2 forall o] > 1— 2e~klosn)

Similarly when u/7? > 1 we obtain

24klog(3ndnd=t .. . ng)
N

P[|ATHA,| <2 2, forall 2] > 1 — 2¢~Flos(n)
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B.3  Proof of Proposition 1]

Observe that Proposition [TJA follows from Proposition [2] after noticing that the assumptions
on ¢ and w in Theorem 2] imply that B(z,,r+) C B(zy, ol|7.]|d1?) and B(—pgxs,7—) C
B(=paz., ollz.lld™*?).

We next recall the following fact on the local Lipschitz property of the generative network.

Lemma 9 (Lemma 21 in [31]). Suppose x € B(xy,dv/€||z||), and the WDC holds with € <
1/(200)*/dS. Then it holds that:

1G(z) — G(xy)

The proof of Proposition B follows now from y, = G(x,), the above Lemma, the bounds (T3]) and
and the assumptions on € and the noise term.
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