A Warm-up Example: Sample Covariance and Marcenko-Pastur Equation

Consider the sample covariance matrix C = %XXT from some data X € RP*™ composed of n
iid. x; ~ N(0, C) with positive definite C € RP*P. In this zero-mean Gaussian setting, the sample

covariance C, despite being the maximum likelihood estimator of the population covariance C and
providing entry-wise consistent estimate for it, is an extremely poor estimator of C in a spectral

norm sense, for n, p large. More precisely, ||[C — C|| # 0 as n, p — oo with p/n — ¢ € (0, 0).
Indeed, one has |C — C||/||C|| = 20%, even with n = 100p, in the simple C = I,, setting. Figure
compares the eigenvalue histogram of C with the population eigenvalue of C, in the setting of

C =1, and n = 100p. In the C = I,, case, the limiting eigenvalue distribution of C as n,p — 00 is
known to be the popular Margenko-Pastur law [31]] given by

V- 0-vo) (A+ver-o) e a3

with &y (z) the Dirac mass at zero, ¢ = lim p/n and (z)* = max(x, 0), so that the support of y has
length (14 /c)? — (1 — \/¢)? = 4y/c = 0.4 for n = 100p.

p(dz) = (1 —c 1) - dg(z) + Y-
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Figure 6: Eigenvalue histogram of C versus the Marcenko-Pastur law, for p = 512 and n = 100p.

In the regression analysis (such as ridge regression) based on X, of more immediate interest is the
resolvent Qg (\) = (C + AL,)~1, A > 0 of the sample covariance C, and more concretely, the
bilinear forms of the type aTQ(3 (Mb for a,b € RP. As aresult of the spectral norm inconsistency
|C—C|| # 0in the large n, p regime, it is unlikely that for most a, b, the convergence a'Qu(N)b—
a’(C + A\L,)~'b — 0 would still hold.

While the random variable a” Qg (\)b is not getting close to a™ (C + AL,) ~'b as n, p — oo, it does
exhibit a tractable asymptotically deterministic behavior, described by the Marcenko-Pastur equation
for C = I,,. Notably, for a, b € R? deterministic vectors of bounded Euclidean norms, we have,
asn,p — oo and p/n — ¢ € (0,00),

a’'Qg(N)b—m()\) -a’b 2250,
with m () the unique positive solution to the following Mar&enko-Pastur equation
cAm*(\) + (1 4+ X —c)m(\) — 1 =0. (14)

In a sense, Q(A\) = m(A)I, can be seen as a deterministic equivalent [[19} [L1]] for the random Qg (\)
that asymptotically characterizes the behavior of the latter, when bilinear forms are considered. In
Figure[7|we compare the quadratic forms aTQC()\)a as a function of A, for n = 10p and n = 2p.
We observe that, in both cases, the RMT prediction in (IEI) provides a much closer match than the
large-n alone asymptotic given by a' (C + AI,)~'a. This, together with Figure on RFF ridge
regression model, conveys a strong practical motivation of this work.
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Quadratic forms

Figure 7: Quadratic forms a” Qg ())a as a function of A, for p = 512, n = 10p (left) and n =
2p (right). Empirical results displayed in blue circles; population predictions a' (C + AL,) " la
(assuming n — oo alone with p fixed) in black dashed lines; and RMT prediction from (T4)) in red
solid lines. Results obtained by averaging over 50 runs.

B Proof of Theorem /1]

Our objective is to prove, under Assumption I} the asymptotic equivalence between the expectation
(with respect to W, omitted from now on) E[Q] and

A N Kcos Ksin !
=(— + + I,
< (n <1+5cos 1+5sin> )

for Keos = Keos(X, X), Kin = Kgin(X, X) € R™*™ defined in (6), with (dcos, dcos) the unique
positive solution to

6005 = l tr(KcosQ)a Jsin = l tI‘(I<sin(2)-
n n

The existence and uniqueness of the above fixed-point equation is standard in random matrix literature
and can be reached for instance with the standard interference function framework [54].

The asymptotic equivalence should be announced in the sense that |E[Q] — Q|| — 0 asn,p, N — oo

at the same pace. We shall proceed by introducing an intermediary resolvent Q (see definition in
(T6)) and show subsequently that

IE[Q] - Q[ 0, [Q-Q] 0.

In the sequel, we use o(1) and oy.;(1) for scalars or matrices of (almost surely if being random)
vanishing absolute values or operator norms as n, p — oo.

We start by introducing the following lemma.
T

Lemma 1 (Expectation of o1 (x] w)oa(wx;)). For w ~ N(0,1,) and x;,x; € RP we have (per

Definition in (6))

Ew[cos(x; w) cos(w'x;)] = e 2 Uil +lx;1%) cosh(x;x;) = [Keos(X, X)]:

(2
=5 (Il +11%;11%)

[Kcos]ij
sinh(x; x;) = [Kein(X, X)]i; = [Ksinlij

K3

Eyw[sin(x] w)sin(w'x;)] = e
Ey [cos(x] w) sin(w 'x;)] = 0.

Proof of Lemma(l} The proof follows the integration tricks in [52] [30]. Note in particular that the
third equality holds in the case of (cos, sin) nonlinearity but in general not true for arbitrary Lipschitz
(O’ 1,02 ) . O]

-1
Let us focus on the resolvent Q = (%EICEX + )\In> of %E;CEX € R™*"_ for random Fourier

feature matrix YXx = [g?r?((gj}é)) } that can be rewritten as

S1 = [cos(XTwy),...,cos(XTwy),sin(XTwy),...,sin(X wy)] (15)
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for w; the i-th row of W € RY*P with w; ~ N(0,1,),i = 1,..., N, that is at the core of our
analysis. Note from (I3)) that we have

N N
SxZx = Z (COS(XTWi) cos(w; X) + sin(X w;) sin(wiTX)) = Z U, U/
i=1 '

with U; = [cos(XTw;) sin(XTw;)] € R"*2,

Lettin
¢ N K N K -t
A Ccos sin
= (= = AL, 16

Q (n1+acos+n1+asin+ ) (16)

with 1 1
Qcos = — tr(Kcos]E[Q])7 Qgin = — tr(]E{sinIE:[(Q]) (17)
n n
we have, with the resolvent identity (A~! — B~! = A=1(B — A)B~! for invertible A, B) that

A N Kcos N Ksin 1 T A
E[Q - Q=E — — — -3k
[Q] Q |:Q(n 1+ acos * n 1+ ogin n xex Q
N
N Kcos Ksin ~ T
_EoX - U, U]
[Q]n <1—|—acos+l+asin>Q Z Q

N
Bl (et ) - ¢ LEQ UL+ LT U TR

1+ Qcos 1+ Qsin

2 \

1
for Q_; = (%E;EX -1lg,u; + /\In) that is independent of U, (and thus w;), where we

applied the following Woodbury identity.
Lemma 2 (Woodbury). For A, A + UUT € RP*P poth invertible and U € RP*™, we have

(A+UUN) T =A"1-A"'UI, +UTA'U)TUTA !
so that in particular (A + UUT)~'U = A-'U(I, + UTAT'U) !
Consider now the two-by-two matrix

I 4 lUTQ U — 1+ Lcos(w/X)Q_; cos(Xw;)  Lco ( IX)Q_;sin(Xw;)
2T T L Lsin(w!X)Q cos(Xwy) 1 +% n(w] X)Q_; sin(Xw;)

which, according to the following lemma, is expected to be close to {1 +0a cos 0

in (T7).
Lemma 3 (Concentration of quadratic forms). Under Assumption || for o1(-),02(-) two real 1-
Lipschitz functions, w ~ N'(0,1,) and A € R"*" independent of w with ||A|| < 1, then
1 1 .
P ( —0a(WIX)Aoy(X Tw) — — tr(AE [Ub(XTW)Ua(WTX)])’ > t) < Ceenmin(tt?)
n n

fora,b € {1,2} and some universal constants C, ¢ > 0.

14 au ] as defined

Proof of Lemma@ Lemma E] can be easily extended from [30, Lemma 1], where one observes
the proof actually holds when different types of nonlinear Lipschitz functions o1(+), o2(-) (and in
particular cos and sin) are considered. O

For W_; € RWW=1*P the random matrix W € RN*? with its i-th row w; removed, Lemma
together with the Lipschitz nature of the map W_; — Lo, (w]X)Q_;o4(Xw;) for Q_; =
(£ cos(W_;X)T cos(W_;X) + L sin(W_;X) T sin(W_;X) + AIL,) !, leads to the following con-
centration result

1
dl
n

oa(W X)Q_i0(Xw;) — iE[Q_i]E[ab(Xwi)aa(wIX)]‘ > t) < Cle—c/nmax(t’,t)
(18)
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the proof of which follows the same line of argument of [30, Lemma 4] and is omitted here.
As a consequence, we continue to write, with again the resolvent identity, that
1.+ 1 1+ o 0 !
(I +-U; QU™ — [ 0 1+ asin]
B {1 + L cos(w]X)Q_; cos(Xw;) 1 cos( IX)Q_;sin(Xw;) } - _ [1 + Qeos 0 } -
a L sin(w]X)Q_; cos(Xw;) 141 L sin(w]X)Q_; sin(Xw;) 0 1+ asin

- _ acos— fcos( TX)Q i cos(Xw;) cos( IX)Q_;sin(Xw;)
N (12+5UZQ_1U1) 1{ L sin(w]X)Q_; cos(Xw;) asmf Lsin(w;X)Q_ Zsm(le)}

1 ; 0 T 1 % 0
X | I oos 1 ] = (I + *Uvz Q-;U;)" "D, [ oeos 1 ] .
{ 0 T+ aein n 0 T+ asin
where we note from (T8) (and ||Q_;|| < A~") that the matrix E[D;] = o). (1) (in fact of spectral
norm of order O(n~2)). So that

BlQ) - Q= EIQ ) (5o 152;)@—“2@@ UL+ LT u)1uTig
N
-y (e e S e [T 3 June
E—ZN: E[Q UL + - UTQ Ui)" 1D1[1+}%os 0 }UT]Q
n N &~ 0 el B
Z(E[Q]—liE[QiDN( Keow | Kuin )Q—ZEQUD [1+am 0 ]UT]Q
N~ n \ 14 acos 1+ Qsin e

where we used E,y, [UiU;r] = Kcos + Kgin by Lemma and then Lemma in reverse for the last
equality. Moreover, since

al 11 & 1
-~ ZE Z Q-Q-i = N > E[QUI(L; + EU;I—inUi)_lU;rQ]
i:l =1

so that with the fact fHQE < Q%E;EXQH < A~z we have for the first term

1 N
IE[Q] - NZE[ Q-illl=0(™).

It thus remains to treat the second term, which, with the relation ABT + BAT < AAT + BB (in
the sense of symmetric matrices), and the same line of arguments as above, can be shown to have

vanishing spectral norm (of order O(n_%)) asn,p, N — oo.
We thus have |[E[Q] — Q|| = O(n™2), which concludes the first part of the proof of Theorem!

We shall show next that || Q Q|| — 0 as n,p, N — oo. First note from previous derivation that

Ay — = trK -Q = O(n~ 2) for 0 = cos,sin. To compare Q and Q, it follows again from the
resolvent identity that

Q Q Q (N Kco%(acos - 5(:03) E Ksin(asin - 5sin) )) Q

(]- + (scos)(]- + acos) n (]- + 5Sin)(1 + Qsin

so that the control of ||Q — Q| boils down to the control of max{|ccos — dcoss |Xsin — Isin|}. TO
this end, it suffices to write

1

Olcos — Ocos = E tr Kcos( [Q] Q) cos(Q - Q) + O(n_%)

BM—‘
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where we used |[tr(AB)| < ||A| tr(B) for nonnegative definite B, together with the fact that
% tr K, is (uniformly) bounded under Assumption , for o = cos, sin.

As a consequence, we have
N % tr(KcosQKcosQ)

Qcos — 6cos S Qeos — 5005 - +o 1).
| = (T Geo) (1 + o) O

It thus remains to show

N % tr(Keos QKCOSQ)

— <1
n (1 + 6COS)(1 + acos)

or alternatively, by the Cauchy—Schwarz inequality, to show

meQKmQ><¢N;MKMQ&mm,N;umm@KmQ><l
n

1
(1 + 5cos)(1 + acos) a ; (1 + 6005)2 (1 + aCOS)Q

To treat the first right-hand side term (the second can be done similarly), it unfolds from | tr(AB)| <
[|A] - tr(B) for nonnegative definite B that

N % tr(KcosQKcosQ)

N N KeosQ
n (1 +5cos)2

n 14 dcos

%tr(KcosQ) _
1+ dcos

N K.sQ

- ,YCOS < ,YCOS
n 14 dcos

<1
1+ 0cos ~ 1+ dcos

\:here we used the fact that & % =I,- X ﬁT‘“Q — AQ. This concludes the proof of Theorem

C Proof of Theorem

To prove Theorem 2] it indeed suffices to prove the following lemma.

Lemma 4 (Asymptotic behavior of E[QAQ)). Under Assumption |1} for Q defined in () and
symmetric nonnegative definite A € R"*"™ of bounded spectral norm, we have

Aan o N [1t(QAQKw:) L tr(QAQK.M] o | QKeosQ
HE[QAQ] - <QAQ+n{ (1 0000)? (002 ]ﬂ QK..ql| )| 7Y

N
n

(1 0c0s)2 (0 0em)? -
16 (QKenQKe) L tr(QKon QKoL) |- 1 PAT ticular,

(1+6cos)2 (1+6sin)2

almost surely asn — oo, with Q' = Iy —

[ % tr(QK(‘.OsQKCOS) % tr(QKcosQKsin)

we have

QKCOS Q QKCOS Q
\F{QKmQ}‘”[QKmQ”W*&

Proof of LemmaM] The proof of Lemma ] essentially follows the same line of arguments as that of
Theorem I Writing

E[QAQ] = E[QAQ] +E[(Q — Q)AQ]

A A N Kcos N Ksin 1 T A
=QaQ+e o (s T - Iskex) asq

N _ N _
~ QAQ+ - EIQ2QAQ] - - Y EQUUTQAQ)

i=1

17



where we note ~ by ignoring matrices with vanishing spectral norm (i.e., oy (1)) in the n, ,p, N —

Ksn  Developing rightmost term with Lemmaas

1mi — Keos
oo limit and recall the shortcut ® = Tre + 1

EQUUTQAQ] ~ E QUi (T + UTQ U 'UTQAQ)

=E [QZ—UZ-(IQ + iUiTQZ-UZ-)‘lUiTQAQZ}

- 18]Q U + LUTQU) M UTQAQ UL + 1UTQU) M UTQ
~E[Q-i®QAQ_J]

o 0 ] [7 (QAQK.) 0 im0
“E|Q_,U, | s :| n cos _ Y } |:1+6cos ]UI —i:|
{Q { U 0 P r(QAQKs)| | 0

so that

EIQAQ]~ QAQ + M E[Q (

% tr(QA‘QKCOS) K % tr(QAQKsin) K. > Q:|

(1 + 5005)2 o8 (1 + 5511])2
—oA0 o NV [L0QAQKL.) L u(QAQK.) | 1 | QKeosQ
- QAQ + ; |: ’ (1+6cos)2 ’ (1+6sin)2 ] E QKsinQ (19)

by taking A = K5 or Kg;y,, we result in

c = ~ b = _
E K S = K 0s - 14 Ksin
QKo Q) ~ ——- QKooQ + ——- QK. Q
a _ _ d _ _
E Ksin = — Ksin Kcos
[QKin Q] ac—bdQ Q+ac—bdQ Q
; _ % t1(QKco0s QKcos) _ N 2 tr(QKcos QKsin) . N L tr(QKoin QKein)
with a 1— 17— ;7 (17 0000)7 b= n (14+0sin)?2  ° c=1- n - (I+6sin)? and
d = N Q) such that (1+ 0,0)b = (14 0c0r)2d.
—1 — — — —
E QKCOSQ ~ a -b QKCOSQ =0 QKCOSQ
QKsinQ —d c QKsinQ QKsinQ
-1
for Q2 = [_a d _cb] . Plugging back into (I9) we conclude the proof of Lemma O

Theorem [2|can be achieved by considering the concentration of (the bilinear form) %yTQQy around

its expectation %yTE[QZ}y (with for instance Lemma 3 in [30])), together with Lemma |4} This
concludes the proof of Theorem [2] |

D Proof of Theorem 3

Recall the definition of Eyeq; = + ||y — ETXﬁ||2 from (@) with 34 = [sin(WX)} € RZNX7 g g

test set (X, y) of size 7, and first focus on the case 2N > n where 8 = %ZXQy as per (3). By

(T3), we have

>

where, similar to the notation U; = [cos(XTw;) sin(XTw;)| € R™*?2 as in the proof of Theo-
rem|[I] we denote A
U; = [cos(XTw;) sin(XTw;)] € R**2
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As a consequence, we further get

N N
1, . 2 . N 1 PR
E[Btest] = g”}’HQ - > y'E[U, U] Q] oFy > y'E[QU,U;U,U; Qly
i=1 ij=1

N

> y'E[QU;UTU,U] Qly

ij=1

ATE[ (I + UQ U~ tulqQo }

ﬁ

1 2 I o [—— 0 N
~A|mFA§jyﬁEﬁL[ng ! }u* ] §: E[QU,UTO,UTQly

n nh = Tro =

N
> ¥'E[QUIUTU; U Qly

| 2

H - (Nm@xm NKmvaQw%

n 1+ 0cos n 1+ b 27 52
where we similarly denote
Kcos(xv X) = {6_%(‘|£i‘|2+|‘xj“2) COSh()A{;er)}nml
i,j=1

Kan(X,X) = {e_%(\|*i\|2+”xj”2) sinh(fc;rxj)}nm € RW™™,

i,j=1
Note that, different from the proof of Theorem [I] and 2] where we constantly use the fact that
QI < A~"and
1
—¥x3xQ =1, - \Q
so that H%E ¥xQ| < 1, we do not have in general a simple control for ||1 =! % 2xQ|[, when
arbitrary X is considered. Intuitively speaking, this is due to the loss-of-control for || }l( % =

¥x)"Ex Q|| when X can be chosen arbitrarily with respect to X. It was remarked in [30, Remark 1]
that in general only a O(y/n) upper bound can be derived for || ﬁEx || or || ﬁZX |l. Nonetheless,

this problem can be resolved with the additional Assumption 2]

More precisely, note that

1t 1 T 1 . 1
18> < - |zik= “(Zg - =x)TS <1 — x| ==
-2 2xQll < ~[ExEx Q[ + (3% — 3x) ExQ[ <1+ x|l \/ﬁll xQ|

1
% ||EX
(20)

it remains to show that || Xx — 34 || = O(y/n) under Assumptionto establish H%ETXEXQH =
O(1), that is, to show that
lo(WX) = o(WX)|| = O(v/n) 2D
for o € {cos, sin}. Note this cannot be achieved using only the Lipschitz nature of o(-) and the fact
that || X — X|| < ||X]|| + ||X]| = O(1) under Assumptionby writing
lo(WX) — o(WX)|| < [lo(WX) —o(WX)[|p < [W][p-[[X =X =0(n). (22)
where we recall that ||[W|| = O(y/n) and ||[W||r = O(n). Nonetheless, from [29] Proposition B.1]

we have that the product WX, and thus o(WX), strongly concentrates around its expectation in the
sense of (9, so that

lo(WX) — o(WX)| < [lo(WX) — E[o(WX)]|| + | E[o(WX) — o(WX)]|
+ [o(WX) - Elo(WX)]|| = O(v/n)
under Assumptlonl As a results, we are allowed to control iE;EXQ and similarly - 1 ET ¥4 Qin
the same vein as EXEXQ in the proof of Theoremlandlm Appendix and respectlvely

It thus remains to handle the last term (noted Z) as follows

N
=— Z y'E[QU, U U,UTQly
n
7,7=1
1 N
TE[QU,U] U, U] Q] = > Y y'EQU/UTU,UTQly = Zy + Z,

i=1 j#i
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where Z term can be treated as

N
_ 1 T S TYT 11T
7= 2 Y ERQUUTTUTQ)y
1 & 1 1 1
= — > Y'EQ. Uil + -UQ,U)"'~UJU(I; + ~UTQ_,U)) " 'UTQily
1=1
1 ol T % 0 1 tI‘f{ O + 0 T
~— ) y E[Q.U; [1+ cos ] noes 2 {H o ] U; Q-ily
nn ; 0 1+165in 0 %tl" Kiin 0 1+}Sﬁh,
N1 ; Lr Keos (X, X) Lr Kan (X, X)
= ;%y E|Q <(1+5COS)2KCOS + WKsin Qly
~ N1 [fuKa®)  duiuken®X) g ¥ QKoo Qy
- n ﬁ (1+6cos)2 (1+6sin)2 yTQKSinQy
where we apply Lemma[d]and recall
Keoo(X,X) = {e #0500 cosh(xT5)) ) Kaan(X,X) = {01050 sinn (i) |
i,j=1 1,5=1
Moving on to Z, and we write
1 N
Z,=—-E) > y'QU:UU,;UjQy
i=1 j#i
- . 1
= nQﬁ]EZ > y'Q_, U Ul U, (1, + EU}Q,jUj)—lU}Q,jy
i=1 j#i
R 1 1
- nzﬁEZ > y'Q ULz + EU}Q,jUj)*lUJTQ,jUiUiTUJ—(12 + EUJTQ,J-U]-)*UJTQ,jy
i=1 j#i
N A~ A~
1 1 [ Keos(X, X)) Kgn (X, X)
~ —E Q_,u,uf . . —j
ni ;;yQJ l ’( 1'i_(scos N 1+5sin ij
N 1 1 - N
1 — 0 Lir(Q_,; U, UTK s (X, X)) 0
- —FE vy Q_U; [Hﬁm ] |:n J i Prheosiy R .
nzn ;; o 0 1+:(Lssin 0 %tr(Q—jUiUZKsin(Xax))

1

= 0

[HS“’S 1 ] UjQ_jy = Zo — Zo».
1+5sin
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For the term Zy1, note that Q_; ~ Q and depends on U; (and ﬂi), such that

N A~ A~
_ 1 T . Kcos(Xv X) Ksin(Xv X)
Zoyi=—-E) > y'Q U] ( + Qv

1 ! 1 "
i:l j;él + (SCOb + 6511]
N ~ ~
N 1 A7 [ Keos(X, X)) Kiin(X, X)
~ E T ULUT COS ’ S: ’
n nh Zy Q < T S e v I
N 1 .
= Q_U;(I, + UTQ U0 Q sy
n Tm P
N 1 a 1
—— TQ JU(T, + UTQ Ui~ 1UZ»T<I>Q,iUi(Ig+gUZTQ,iUi)_lUiTQ,iy

N 1 TQ ( cos(X7 X) KSiH(X7 X)
=1

T
®Q
1 + 6cos 1 + 5sin ) Q Y

nnn
0
1

1+dsin

1 am s _ 1
:| *U;I—@Q—iUi |:1+8cos ] UJ‘—Q—iy

1+6sin

— 77EZyTQ U, { Ows
Kcos(XAX) Kblll(X X) 6 Rnxn.

where we recall the shortcut @ = +gj; T +3‘“ and similarly ® = === 4 =9

As a consequence, we further have, with Lemman that
N\ 1 I

Zs1 () -y'E[Qé $Q|y
n/) f

N1 0 1 tr(@QK (X X)T) 0
oS yrq [T 0 ][Feeakek o s
Z y Q 0 %65111 0 % tI'(‘I)QKsin (Xa X)T)

71 0
1+0cos T
1+0sin

2 —E TQ lJCI‘(‘i’(QI( (X X)T)& + ltl‘(:}QK . (X X)T)& Q
~ Ly n cos ) (1 +5cos)2 n sin ’ (1 + 5sin)2 Y

2
T 2T 2 N1 1 (11 40(8QK...(X.X)T) L (@KL (X X)) & QK.0sQ
Y E{Qq) QQ}y_ (> Y <[ (1 de0n)? T (1 0m)? } QK..Q| )Y

2
1 [%trQ%é%QKCUF% 1 QIKe(X,X) LtrQY e SQK.— L trQéTKsm(x,X)} Q¥ TQK.(sQy
(1+0c0s)? (1+0em)? ¥y QK. Qy

The last term Zs, can be similarly treated as

. 2 t1(QU U] Keos (X,X)) 0
N T 17 (TFdc0s)? Q-
Zyy =~ n2h Q-,U; 0 2 tr(QU, U K.in (X, X)) U;Q-iy
i=1 j#i (1+6sin)?

where by Lemma 2] we deduce

l tr(QUiﬂz—Kcos(X7 X)) = l tr <Q—1Uz (12 + UIQ—iUi)ilﬂ;rKcos (Xa X))
n n

0
~ — tr (Q U |:1-"_6C0S 1

1+0sin

} UTK oo (X, X)) ~ %tr(Q@TKCOS(X,X))
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so that by again Lemmaf]

1 41(Q& Keos (X,X))

N1 T T (1500002 0 T
L= Q-U; 0 L r(Qd 1, (k) | U7 @Y
(TR

(N 1o N 1 r(Q® Keoe (X, X)) %tr(QéTKsm(X,X))K_ a
~ " =y (1 +5cos)2 cos (1+55in)2 sin y

N ’ 1 T N=0) N lt"r((QECzI(cos) ltr(QEQKsm) QKCOSQ
- (n> i <Q“Q+ [ ] o QK.inQ

2

(N1 [%tr(Q@TKCOS(X,X)) %tr(Q@TKsin(X,X))}Q y QKcosz
“\n n (140cos)? (14-0sin)? y QKsanY

Assembling the estimates for Z1, Zo; and Zso, we get

1, 2 <N .- 1 N2 _ T, . N\’ 1
ElBie] = L1912 - 297N dQy + LyT (2Q<I> @Q) y+ () x
n n n n n n nn
[% tr Keos (X, X)+ X tr Q@ QKoo —2tr QD Koo (X,X) 2 tr Koin (X, X)+ Y tr Qb ®QKoin—2 tr Q(i)TKsin(X,X)}
(140cos)? (1+6sin)?
Y QKcosQy
x
[ TQKsty}

which, up to further simplifications, concludes the proof of Theorem 3]

E Several Useful Lemmas

Lemma 5 (Some useful properties of ). For any A > 0 and Q2 defined in (), we have
1. all entries of S are positive;

2. for 2N = n, det(Q 1), as well as the entries of Q, scales like X as X — 0;

Proof. Developing the inverse we obtain
-1

1_N 2 tr(QKeosQKeos) N 2 t1(QKeos QKsin)
Q= n (146c0s)? n (140sin)?
| N A0(QKwOKa) | N 3 r(QKnQKe)
n (140cos)? n (1+0sin)?
-1 N cos ) _Keos ) _Kein -1
we have [Q7 )11 = 1+(15ms + %trQH_ Q + N1 trQ1+5cosQ1+6sin >0, [Q ]2 < 0, and

similarly [Q 7 ']5; < 0, [27']22 > 0. Furthermore, the determinant writes

—1 1 N\ KCOS COB \ bln ~
=(1-= A A
det(Q71) ( ntrQlJr(SCOS trQ1+5CO§Q trQlJr(Lm trQ +5ng
cos cos Ksin =
—t 1—— t —t
( QLT rQ; +6sm n 1”Q(Hém*1+6m)Q)

E Q KCOb Q Ksin

1+ 6005 1+ 5Sin
where we constantly use the fact that Q2 (1 e g +§‘" ) =1I,, — AQ. Note that
1 A Kcos 1 1 A Ksin 1
1——t - >0, 1- -t - >0
n IQI+6COS 1+ dcos n I‘(Ql‘i’(ssin 1+ 6sin
1 1 n A -
=2— =4+ =trQ>0
1+5cos+1+5sin N+N rQ
so that 1) det(Q27') > 0 and 2) for 2N = n, det(Q ') scales like A as A\ — 0. O
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Lemma 6 (Derivatives with respect to N). Let Assumption[I|holds, for any X > 0 and

= -1
S = (Ko@) = 0 Keon (5 (5 + £ ) + L)

_ -1
Gan = 3 r0nQ) = e (3 (5 + ) + )

cos

defined in Theorem|[l) we have that (8cos, dsin) and ||Q|| are all decreasing functions of N. Note in
particular that the same conclusion holds for 2N > n as A — 0.

Proof. We write
90cos _ 1 1 tr Qq’QKcos) _n 1 dcos — %tr(QKcosQ)
[f’zﬁ} =0 {7 r éQ‘I’QKSin)] =T at [5sin _ gtr(QKSmQ)] (23)

n
for 2 defined in and ® = 11153:; + 11:3:1, , which, together with Lemma allows us to conclude

that ces 9sin (). Further note that

ON ° ON
aﬁQ _ —lQ ((§ B ( Kcos Na(SCOS o Ksin N35sin> Q
n

ON 1+0c0s)?2 ON (14 0an)? ON
which concludes the proof. O

Lemma 7 (Derivative with respect to \). For any A > 0, (8cos, 0sin) and || Q|| defined in Theorem
decrease as A grows large.

Proof. Taking the derivative of (Jcos, 0sin) With respect to A > 0, we have explicitly

as 1 ~ A
cos 4 tr(QK Q):|
Al =-Q X o8 2 24
2] e [1gs -
which, together with the fact that all entries of €2 are positive (Lemma E]) allows us to conclude that
%, 8375;“ < 0. Further considering

sin
_ In

n (14 0cs)2 O 1 (14 0gn)2 OX )Q

and thus the conclusion for Q.

@ o Q E Kcos a(Scos N Ksin 09,
ox

F Additional Real-world Data sets

We have presented results in detail for one particular real-world data set, the MNIST data set, but
we have extensive empirical results demonstrating that similar conclusions hold more broadly. As
an example of this, here we present numerical evaluations of our results on several other real-world
image data sets. We consider the classification task on another two MNIST-like data sets composed
of 28 x 28 grayscale images: the Fashion-MNIST [53]] and the Kannada-MNIST [42] data sets. Each
image is represented as a p = 784-dimensional vector and the output targets y, y are taken to have
—1,+1 entries depending on the image class. As a consequence, both the training and test MSEs
defined in (@) are approximately 1 for N = 0 and not-too-large regularization A, as observed in
Figure {] and Figure[T0|below. For each data set, images were jointly centered and scaled so to fall

close to the setting of Assumptionon X and X.

In Figure[8] we compare the empirical training and test NSEs with their limiting behaviors derived
from Theorem [2and 3] as a function of the penalty parameter ), on a training set of size n = 1024
(512 images from class 5 and 512 images from class 6) with feature dimension N = 256, on both
data sets. A close fit between theory and practice is observed, for moderately large values of n, p, N,
demonstrating thus a wide practical applicability of the proposed asymptotic analyses, particularly
compared to the (limiting) Gaussian kernel predictions per Figure|[T}

In Figure E], we report the behavior of the pair (Jcos, dsin) for small values of A = 10~7 and 103,
Similar to the two leftmost plots in Figure [3|for MNIST, a jump from the under- to over-parameterized
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MSE

Figure 8: MSEs of RFF regression on Fashion-MNIST (left two) and Kannada-MNIST (right
two) data (class 5 versus 6), as a function of regression parameter A, for p = 784, n = n = 1024,
N = 256 and 512. Empirical results displayed in blue (circles for training and crosses for test); and
the asymptotics from Theorem [2] and [3| displayed in red (sold lines for training and dashed for test).
Results obtained by averaging over 30 runs.
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Figure 9: Behavior of (Jcos, dsin) in (I1]), on Fashion-MNIST (left two) and Kannada-MNIST (right
two) data (class 8 versus 9), for p = 784, n = 1000, A = 10~7 and 10~3. The black dashed line is
the interpolation threshold 2N = n.

regime occurs at the interpolation threshold 2N = n, in both Fashion- and Kannada-MNIST data
sets, clearly indicating the two phases of learning and the phase transition between them.

In Figure we report the empirical and theoretical test errors as a function of the ratio N/n,
on a training test of size n = 500 (250 images from class 8 and 250 images from class 9), by
varying feature dimension N. An exceedingly small regularization A = 10~7 is applied to mimic
the “ridgeless” limiting behavior as A — 0. On both data sets, double-descent-type test curves are
observed where the test errors goes down and up, with a singular peak around 2N = n, and then
goes down monotonically as N continues to increase when 2N > n.
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Figure 10: Empirical (crosses) and theoretical (dashed lines) test error of RFF regression, as a function
of the ratio N/n, on Fashion-MNIST (left two) and Kannada-MNIST (right two) data (class 8 versus
9), for p = 784, n = 500, A = 10~7 and 10~3. The black dashed line is the interpolation threshold
2N = n. Results obtained by averaging over 30 runs.
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