A Details on meta-RL experiments

A.1 Setup

Environments We consider four robotic locomotion and four manipulation environments, all with
continuous action spaces. The robotic locomotion environments, based on MuJoCo [27] and OpenAl
Gym [3], fall into two categories.

e Varying reward functions: HalfCheetahRandVel, Walker2DRand Vel

The HalfCheetahRand Vel environment was introduced in Finn et al. [9]. The distribution
of tasks is a distribution of HalfCheetah robots with different goal velocities, and remains
the same for meta-training and meta-testing. The Walker2DRand Vel environment, defined
similarly to HalfCheetahRandVel, is found in the codebase for Rothfuss et al. [21].

e Varying system dynamics: HopperRandParams, Walker2DRandParams

The HopperRandParams and Walker2DRandParams were introduced in Rothfuss et al.
[21]. For HopperRandParams, the distribution of tasks is a distribution of Hopper robots
with different body mass, body inertia, damping, and friction, and remains the same for
meta-training and meta-testing. The Walker2DRandParams environment is defined similarly.

We briefly describe the four manipulation environments from Metaworld; for more details please
refer to Yu et al. [33].

e MLI1-Push and ML1-Reach: ML1-Push considers the manipulation task of pushing a puck
to a goal position. The distribution of tasks is a collection of initial puck and goal positions,
and differs for meta-training and meta-testing. ML1-Reach is defined similarly to ML1-Push
but with the manipulation task of reaching a goal position.

e ML10 and ML45: For both environments, the meta-training and meta-testing distributions
of tasks are collections of manipulation tasks and the corresponding initial object/goal
positions. The manipulation tasks in the meta-training versus meta-testing distributions do
not overlap; there are 10 manipulation tasks in the training distribution for ML.10, and 45
for MLAS.

Algorithms We consider four policy gradient algorithms, ProMP [21], which approximately com-
bines MAML and PPO [23], DRS+PPO, a combination of DRS and PPO, TRPO-MAML [9], and
DRS+TRPO, a combination of DRS and TRPO [22]. For full descriptions of the ProMP and TRPO-
MAML algorithms, please refer to the cited papers. We use the implementations in the codebase
provided by Rothfuss et al. [21]. To combine DRS and PPO/TRPO, it suffices to take the original
PPO/TRPO algorithm and maximize the objective using generated trajectories from a sampled set of
tasks instead of a single task. This follows from the fact that we can approximate an expectation over
a distribution of tasks by a Monte Carlo sample of tasks.

Meta-training ProMP and TRPO-MAML use the same meta-training procedure [21, 9]. At each
iteration, a set of M tasks are sampled from the meta-training distribution of tasks. For each task,
ProMP (TRPO-MAML) generate L episodes under the current policy, computes an adapted policy
using policy gradient, and generates L episodes under the adapted policy; all M x L episodes
generated under adapted policies are used to compute its objective. For each task, DRS+PPO
(DRS+TRPO) generate L episodes under the current policy; all M x L episodes are used to compute
its objective.

Each iteration of ProMP (TRPO-MAML) requires twice as many steps from the simulator as
DRS+PPO (DRS+TRPO). Therefore, to ensure that each algorithm utilizes the same amount of
data, we run ProMP (TRPO-MAML) for half as many iterations as DRS+PPO (DRS+TRPO). More
specifically, for the robotic locomotion environments, we run ProMP (TRPO-MAML) for 1000
iterations and DRS+PPO (DRS+TRPO) for 200Q For the manipulation environments, we run ProMP
(TRPO-MAML) for 10000iterations and DRS+PPO (DRS+TRPO) for 20000 These go beyond the
number of training steps used in Rothfuss et al. [21] and Yu et al. [33].

Meta-testing The meta-testing procedure, described next, are carried out at 21 checkpoints during
meta-training. We sample 1000tasks from the meta-testing distribution of tasks. For each task and
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ProMP/DRS+PPO (TRPO-MAML/DRS+TRPO), starting at a meta-trained policy, we repeat the
following five times: 1) generate L episodes from the current policy and 2) update the policy with
the same policy gradient algorithms used to compute the adapted policies while training ProMP
(TRPO-MAML). We compute the average episodic reward after t policy updates, fort =0,1,...,5.
These statistics are then compiled over all 1000sampled tasks, using the procedure outlined below.

For ProMP and TRPO-MAML, the learning rate used to update the policy is the inner learning rate
used to compute the adapted policies during meta-training. For DRS+PPO, it is the learning rate
during meta-training (our heuristic), and for DRS+TRPO, it is zero.

Hyperparameters To choose the meta-training learning rates, step sizes, and the inner learning
rate used to compute the adapted policies, we conduct grid search. For the robotic locomotion
environments, the learning rate for ProMP and DRS+PPO was chosen from [0.0001, 0.001, 0.01], the
step size for TRPO-MAML and DRS+TRPO from [0.001, 0.01, 0.1], and the inner learning rate for
ProMP and TRPO-MAML from [0.01, 0.05, 0.1]. For the manipulation environments, the learning
rate for ProMP and DRS+PPO was chosen from [0.0000010.00001, 0.0001, 0.001] the step size
for TRPO-MAML and DRS+TRPO from [0.001, 0.01, 0.1], and the inner learning rate for ProMP
and TRPO-MAML from [0.00001, 0.0001, 0.001, 0.01] These ranges include the values given in the
codebases for Rothfuss et al. [21] and Yu et al. [33]. The chosen values are given in Table 1.

Environment ProMP DRS+PPO TRPO-MAML DRS+TRPO
LR Inner LR LR Step Size Inner LR Step Size
HopperRandParams 0.001 0.01 0.001 0.1 0.01 0.1
Walker2DRandParams  0.001 0.01 0.001 0.1 0.01 0.1
HalfCheetahRandVel  0.0001 0.01 0.01 0.001 0.01 0.01
Walker2DRand Vel 0.001 0.01 0.001 0.1 0.01 0.01
ML1-Push 0.0001  0.0001 0.0001 0.1 0.0001 0.1
ML1-Reach 0.0001  0.0001 0.0001 0.001 0.00001 0.001
ML10 0.0001 0.001 0.0001 0.01 0.001 0.001
MLA45 0.0001  0.00001 0.0001 0.1 0.001 0.01

Table 1: Learning rates (LR), step sizes, and inner learning rates chosen by grid search.

For the remaining hyperparameters, we used the values given in Rothfuss et al. [21] and Yu et al.
[33]. We list below several of the main ones:

e M : 40 for the robotic locomotion environments, 20 for the manipulation environments
e L: 20for the robotic locomotion environments, 10 for the manipulation environments

e Episode length: 200 for the robotic locomotion environments, 150 for the manipulation
environments

e Policy architecture: a multi-layer perceptron with two hidden layers of 64 nodes for the
robotic locomotion environments, and 100nodes for the manipulation environments.

e A linear feature baseline is used to compute the advantage values.

Result Compilation We run meta-training and meta-testing for all environments and algorithms
for five random seeds. For a fixed environment, algorithm, and checkpoint, let the per seed estimates

of the average rewards and their variances to be IQ‘,. ‘95 s=1,...,5 and R to be the corresponding
random variable with mean [ and variance ! 2. The estimated mean of R, [, is computed as the

average of the R,. Using the formula Var[R] = E[Var[R | s]] + Var[ E[R | s]], b2, the estimated
variance of R, is computed as the sum of 1) the average of the ¥, and 2) the variance of the R,.
To compute the probability that DRS is better than MAML, we use the one sided Welch’s t-test.

Although the t-test makes the underlying assumption of Gaussianity, it is an acceptable assumption
as reporting mean and variance is the common practice. Let the estimated average rewards be @4, s
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Figure 4: DRS+PPO vs. ProMP: Average episodic rewards after one update of the policy during
evaluation, as a function of the number of steps at meta-training. DRS+PPO is red and ProMP is blue.

and [, and their estimated standard deviations be Bg,-s and B,,4,,,;. Since we use five random
seeds, we compute the t-value and degree of freedom as

2
" i} b2 B2 (B3,,/5+62, .5
— = ’ T8 + main "= T & mam. 14
t (qndm pmarnl) / 5 5 and (big/ 5)2/ 4 + (@ 72n,aml/ 5)2/ 4 ( )

We compute the probability of g5 > M mami as one minus the CDF of a t-distribution with " degrees
of freedom at t.

A.2 Additional Results

In this section we present results in a way that is more commonly seen in the meta-RL literature. We
plot the average reward after one policy update at meta-testing as a function of the number of steps at
meta-training. Figures 4 and 5 shows the plots for each environment for ProMP & DRS+PPO and
TRPO-MAML & DRS+TRPO, respectively.

For the first two environments with variations in system dynamics only, seen in Figure 4-(a,b) and 5-
(a,b), DRS is superior to MAML throughout training. For the next four environments with variations
in reward functions only, either 1) DRS and MAML are comparable (Figure 4-(d) and 5-(e,f)), or
2) while DRS is initially superior, as the amount of training data increases the difference between
the two algorithms usually diminishes, and eventually MAML may surpass DRS (Figure 4-(c,e,f)
and 5-(c)). In the final two environments with variations in system dynamics and reward functions,
the standard errors are generally too large to make a definite statement (see Figure 4-(g,h) and 5-(h)).
This suggests that useful inductive biases are more difficult to learn when the system dynamics vary
between tasks, a potentially interesting direction for further study.

B Postponed Proofs from Section 3

B.1 Proof of Theorem 1

Proof. We start with a generic bound on the gradient norm of a smooth function. Consider one step
of SGD on a function f (-) that is J-smooth with learning rate #°.

fHY = (1" —#'g")
(15)

#1?
<EE)—#TEY ot g3
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Figure 5: DRS+TRPO vs. TRPO-MAML.: Average episodic rewards after one update of the policy

during evaluation, as a function of the number of steps at meta-training. DRS+TRPO is red and
TRPO-MAML is blue.

where ¢! is an estimate of the gradient of f (! ¢). Dividing by #! and moving the gradient term,

f 1t —f | t+1
vy < ST g (16)

During meta-training we take T'" steps of SGD on the loss R%"*() = E,[R(-; $)] with learning rate
#'" and during meta-testing we take T ‘¢ steps of SGD on the task loss R(-; $) with learning rate #%¢.

Both losses are [-smooth by assumption. Therefore, we can sum up the previous inequality over all
T steps, where T = T + Tte,

Tir -1
Y ViR gl Z ViR(:$) of
t=0 t=T1r

Rdrs(! 0) _ Rdv-s(! T”') R(! T“';$) ~R(! T$) #t

< #ir + #te + 2 Z Hg H2 Z ||g ||2

t= Ttr

I R(! T”';$) _ Rdrs(! T”’) R(! : '$) — R(! T. $) H#tv te
< + + TS + =
= ) ' Z gt ;Tug 12

! ROTT$) —RIs(1 Ty R(%S) | W T~ , te T—1 .
< + + rs! 77 4 ¢
= yir min{#tr, #te} Hte 2 ; 19°(12 f;r 9°ll2

1+ R(G,GS) , ROTTS R IS o

+
m|n{#tr’#te} min {#tr, #te} 2 ; 19°(12 tzT:h lg’l3
(17)

Recall that the task losses are L-Lipschitz. Fort =0 tot = T — 1,

M 2N

= i D90 %)

j=11i=1

E(g") = E,[Vi R(1;$)] = Vi RU=(1 )
E|lg’|” = |E(g"” +tr(Var( g}) <L%+ VM + VI/2NM
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Fort= Tt tot=T —1,

1 N
g'= H;G(! L% $)
E(g)) = ViR('";$)
E ||9t||2 = ||I[*3(9t)H2 +tr(Var( g")) <L2+ V4N

Therefore, taking expectation of both sides of the previous equation over g¢ and $, and using the fact
that B, [R(! 7" $)] = RI*(17") as well as E, [R(! 5, $)] =" ¥,

T —1 T -1

S VR EHF+ D IV RE TS

t=0 t=0 (18)
. d t d

- 1+ drs u(#thtr(2]\\/]M + Vﬁ + L2) + #te'l'te(vW + L2))

~ min{#tr, #tc} 2

We can further simplify the bound by assuming #'” = #% and optimizing it over the learning rate.
Doing so, we obtain

Tt _q Tte _q
Z HVI RdTS(! t)H2 + Z HVI R(I t+T“‘;$)||2 < \/05(| +" drs) (Czirrs‘rtr + CtdersTte)
t=0 t=0
(19)
where . 4 J
. VA, . Vv
Cirs = (L2+ YEMETIY ) and Crs = u(L2+ N) (20)
O]

B.2 Proof of Theorem 2

Proof. From Corollary A.1 of Fallah et al. [6], R™*™ (1) has smoothness constant i’ = 4 +
2uf &L . Thus, using a similar argument as in the proof of Theorem 1,

-1 T—1
Y. ViRmeM(L &) g+ Yy VIR(G$) ¢
t=0 t=T"tr
Rmaml(! O;&) _ Rmaml(! T”;&) R(I T”;$) _ R(' T;$) p./),.1:}(_.tr T -1 M#te T-1
S Hir + #le + 2 Z ||gt||§ + 2 Z HgtHg
t=0 t=T"tr
'+ R(' ;knuml(&) — &v' R(! ':1(17nl(&); $)' $) + R(' Ttr;$) - Rmaml(! Ttr; &)
o min{#”,#te} min{#tr,#te}
T —1 T-1
“/#tr “#te
o= D0 e+ 5 D el
t=0 tthr
(21)

Fort =0 tot = T! — 1, using results from the proof of Theorem 5.12 in Fallah et al. [6],

t — 1 2 t t — & o t 04- al t & a t 0f- 0/
g'= D 9 g=( -5 D hCL%m$) Y ot~ D e %:$). %)
j=1 d=1 i=1

j=1

E(g") = E(g)) = Vi R™ (1% &)+ 1

where
rt]| < @+ &W&uy/VIN

Vi R™em (15 &) || < ||BS[(1 — &VER( ) VIR(E — &V R(HE$); 9)]|| < (L + &)L
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Define' £ (1+ &M). Then,

1
Elof|* < IE@)|” + 7 EllotlI’]
< ||V! Rm“ml(! L&)+ rt”2 + Mi(4oHv! ’Rmaml(! t;&)H? +14V¢ + Nivd)

<2?%+2 2&2;12\/—d+ L (40224 1avis Sy
= N M N

t d 2,2
§<2+|4\1/|0),2L2+ 14Vt 3VIL+ &24M)

M MN

where we used 2' 2 < /8 < 3 following the assumption & < &. Fort= T tot=T —1,

t

1 N
g'= D 00" %)
i=1

ViR(ES)
IE(gh || +tr(Var( g%) < L%+ VN

E(g")
E|g'|’

Using the Lipschitz property, |R(! — &VR(!;$); $) — R(! )| < &L2, and we can obtain the bound
IE,[R(! T )] — Rmaemi(1 )| < &L 2. Therefore, taking the expectation of both sides of (21)
over g' and $ and using E[R(! %, (&) — &V R(! /(&) $); $) =" mam(&),

Tt'r'_l Tte_l
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t=0 t=0
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L4m maml(@) + &2 [V UT**(L2+ VN )
< . + TU&W 2Ly + #'°
- min {#tr, #te} H N 2

14v'  3vil+ &ZpQM))

4

Assuming #!" = #!¢ and optimizing the bound over the learning rate, we obtain

TtT_l Tte_l

> [wrRreme )|t Y VR T 9)
t=0 t=0 (23)

< Tt'r&pl 2L \/Vd/N + \/05(] 4" maml(&) + &LZ) (Cmamthr + ngamthe)

where

40 14Vt 3VE1+ &2ucM) v
maml — |/ + 12 2 + + maml — 2 +
Cir H ((2 M ) L M MN ) and Cic H (L N
(24)
O
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C Postponed Proofs and Derivations from Section 4

C.1 Derivation for risk function in Equation 9

R(:$)= JEIy, ~!'x,)? 8]
= SR+ (1 =)' %) [ 8]
= JEIC+201, 1) x4 (1 = 1) X (1, 1) | 8]
= 2021, 1) Qy( 1)
1

_ 1, ! 1, 2
= S1'Q Q!+ QL+ 512

where the third equality uses the model (8).

C.2 Derivation for optimal solutions in Equation 10
Recall that ! ;.. £ argming E,[R(! ;$)] and ! *,,,..,(& = argmin, E,[R(! — &V R(! ;$); $)].
Using Equation 9,

1 1 1 1 ]
E,[R(!;9$)] = ]E’y[é! QL —1LQ I+ é! QA+ *I 2]

%! 'E,[Q.]! —E,[Q)! ]! + EE’Y[! 5Q5! 51+ %E’Y[! A
VoE,[R(! ;)] = E,[Q,]! —E,[Q,!,]

Since E,[R(! ;$)] is quadratic in ! , it is minimized at a first-order stationary point. Thus, setting
VQE,Y[R(I $)] equal to zero, we obtaln Ly o= E Q] 'E,[Q4! 5]

Similarly,
7[R(l - &ViR(!;$); )]
= E,[R(" —&(Q,! —Q41,): )]
= E,[R((I —&Q)! + &Q,! ,;$)]

= %E'y[((l _&Q'y)! + &Q'y! 'y)! Q’y((l - &Q'y)! + &Q'y! 'y)]
CEL Q5 (1~ 8Q4)! + 8Q1 )]+ SE,[LQ1 ]+ B,

= %! 'E,[(1 —8Q,)Q,(I — &Q)I! —E[' (1 —8Q,)Q,(I —&Q.)I!

# B0 —8Q,)Q4(1 —&Q)! 41+ SB[ 2]
VOEW[R(! — &V R(!;9); $)]
= E,[(I - &Q,)Q, (I —&Q ]! —E,[(I - &Q,)Q,(I —&Q,)! ]
E,[R(! —&ViR(!;$);$)] is also quadratic in ! , so we obtain its minimizer by setting its gradient
equal to zero. Thus, ! * (&) = E,[(I — &Q,)Q,(I — &Q)]'E,[(I — &Q,)Q.(I — &Q,)! ]

C.3 Proof of Theorem 3 and 4
C.3.1 Useful Lemmas and Preliminary Results

We start with stating a few useful lemmas to be used in the proof of the main statements. Following
them, we analyze 9y,.; and 9, 4,,.1(&).

Lemma 1. Let X ;; be the p x N matrix with columns x;;,i = 1,...,N and X, be the
p x N matrix with columns x;,,i = N +1,...,2N. Let Y ;; be the N-dimensional vector
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with entries y;;,i = 1,...,N, and Y ;5 be the N-dimensional vector with entries y;;,i =

i
N+1,...,2N. Let X = [... X;;1 Xy ..JandyY = [.. Y5 Y., ] Let

& .
W@= [ (1= gXpX )X .| andZ(8) = [ (Y j2 = g X 52X 1Y )’ } .
Then,

pdrs = (XI )+Y and pmmnl(&) = ( W (&)I )+Z(&)

where () * denotes the Moore-Penrose pseudoinverse of a matrix.

Proof. Using (11), we can write the DR estimate as minimizing the objective

1 M 2N 1 M
!
N 2o 20 =1 x5)* = g D (Y = XRE IR+ 1Y s = Xt 113)
j=1i=1 j=1
1
= g IY = X3

From Penrose [18], the value of ! that minimizes the above is (X' )*Y .

Using (12), we can write the MAML estimate as minimizing the objective

1 M 2N
MN Z Z (Vsi — (&) x;4)
j=1i=N+1
M

1 .
~ OMN Z 1Y j2 — X!j2rj(&)H§
J

1

1 & &
! !
= mZHYﬂ—XjQ(! _ﬁ(lele! = XY )3
j=1

1 M & 8
- ! !
= g 2 Y2 = XX Y = (O = EXaX X e) L
j=1
= 1 Y12

With the same reasoning as for the DR estimate, this is minimized when ! equals (W (&)' )*Z(&).

Next, we obtain some useful high probability concentration inequalities as a direct consequence of
matrix Bernstein’s inequality [28].

Lemma 2. Assume ||Q. || < # with probability 1. With probability at least 1 — ),

2p

M 2# 2p
5@ - Bo[e)| < 210 ®+  faw var, -1i100
j=1

Proof. Notice that Q; — E,[Q,] are M independent, mean zero, symmetric random matrices. From
the matrix Bernstein’s inequality [28], for any t > O,

P i(szE[Q]) >t < 2pex fﬂi
= ! Ratid | = Pexp s+ #1/ 3

where

M
S% = ZE[(QJ - ]E'y[Q'y])2] S M HE'y[(Q'y - Ev[Qw]ﬁ]H =M ”Varw[Qv]”'

j=1
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Therefore,

M
Z(Q] —E,[Q,])

P
j=1

Setting * =

>t <2pexp<d — /2
=H = PEP UM Var, QI+ #U 3 S

t2/ 2
M ||Var,[Q,]]| + #t/ 3’

2#*t —6M ||Var,[Q,]||* = 0, which has the positive root (#* + \/#2* 2 + 18M ||Var,[Q,]||*)/3.
Therefore, the previous inequality becomes

we solve for t. t satisfies the quadratic equation 3t —

#* + /#7*2 +18M [[Var,[Q,][|*

P{ 3

>

M
> (Q; - E4[Q,) } < 2pexp{—*}
j=1

and since (#* + \/#2* 2+ 18M [[Var,[Q,][[*)/3 < 2#*/ 3+ \/2M [Var,[Q,]*,

2H*
P > =+ /2 |[Var,[Q]] * } < 2pexp{—* )

3

M
> (Q; - E4[Q,)
j=1

Set w = log 2?;; to obtain the final result. O

Remark. A similar proof will also show that if ||Q,|| < # and ||| — &Q,|| < M with prob-
. , 2412
ability 1, || 3217, (1 - 8Q,)Q,(1 - &Q,) —E,[(1 - &Q.)Q,(1 - &) || < T5-

2p
\/ZM [IVar,[(1 — &Q,)Q, (I —&Q,)]||log —25 with probability 1 — ).

Lemma 3. Assume ||Q || <#and ||! ;|| < +with probability 1. With probability at least 1 — ),

24+ 2(p+1)

< T'og : 2(p+1)

)

M
> Q1 —E,[Q4!5)) + \/ZM tr(Var ,[Q,! ,]) log
j=1

Proof. Notice that Q;! ; — E,[Q,! ] are M independent, mean zero, random vectors. From the
matrix Bernstein’s inequality for rectangular matrices [28], since ||Q+! 1 || < [|Q+|| ||! 1|| < #+, for

any t > 0,
M
P{ D (Q;; —E,[Q4!5])

>ty <2(p+1l)exp {_t2/2}
(- S3+ #+t/3

j=1
where
M
s3 = max ( ZE[(Qj! i —Ey[Q4! D(Q;!; —Ey Q4D 1|
j=1
M
D E[Q;!; —E,[Q4 D) (Q;! 5 — B\ [Q4! )] )
j=1
S M maX(H]Ev[(Q’y! v E“/[Q’y! 7])(Q7! v E'y[Qv! 7])! ]H 1
H]Ev[(Q'y! 2 E“/[Q’y! 'y])! (Q'y! vy E'y[Q'y! v])]”)
= M max(|[Var,[Q,! ,1, [[tr(Var ,[Q~! ]I])
<M tr(var ,[Q,! ,])
Therefore,

M
> Q1 —E,[Q4!4])

=1

1

t2/2
- t} =Hprher {_M tr(Var ,[Q,! ] + #+t/3}'
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Using the same argument as in the proof of Lemma 2, we have that

M 4
P Z(Qj!j—EV[QW!V]) 22# + /M tr(Var ,[Q!,))* ¢ < 2(p+L)exp{—*}.

p+1

Set w = log to obtain the final result.

O
Remark. A similar argument will also show that if |Q,|| < #, ||| —&Q,|| < , and ||! || < +,
24U+
|00 - 2Q)Q;0 ~ 8Q)!; ~ Eol(l — 8Q,)Q(1 - &Q)! D < FE log 225 +
\/ 2M tr(Var ,[(I — &Q,)Q (I — &Q,)! ,])log 221 with probability at least 1 — ).

Lemma 4. Fix the task j. Assume ||Q,|| < # with probability 1 and the distribution of x ;
conditional on $ is sub-Gaussian with parameter K . With probability at least 1 — ),

2 2
p+log £ . p+log £

N N

X X'

< #CK?
N <

_Qj

Proof. From results on covariance estimation from Vershynin [28],

p| 22Xa g, > ok ([P BT oy < 2expf .
Since Q; < # with probability 1,
X!
{ ]1 jl Q] > #CK 2( _ % }
Setw = log 2 to obtain the final result. O
Lemma 5. Fix the task j and let e;; be the N -dimensional vector with entries (;;,i =1,...,N.
If |IX.:]| < %and |(,;| <, with probability 1, || X j1e;1] > \/ZN tr(E,[' 2Q,])* with

probability at most 2(p+ 1) e «.

Proof. Notice that X ;1€ = Zfil X;.i(;,s is the sum of N independent, mean zero, random vectors.
From the matrix Bernstein’s inequality for rectangular matrices, for any t > O,
2

P{[[X jiej1]| >t} <2(p+1)exp{— W}
for
N
]
s3 = max( ZE{xJ GGl DB %G.iGal|)
=1

<N max(HEv[! 3Q 1B 1 SEDC, %6 | ST
= N max(||E,[' 3Q,1||, [[E[! 3 tr( Q]|

= N max(||E,[! 2Q,]||, r(E,[! 2Q,])

= N tr(E,[! 2Q5])

where the last equality follows from the fact that for a symmetric positive semidefinite matrix such as
E,[! ’2yQ’Y]’ the norm is the largest eigenvalue and the trace is the sum of the eigenvalues. Therefore,

t2/2

B{IX el = 1) < 20+ exp {~Grag [ 03
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Using the same argument as Lemma 2, we have that

2/0

P{IXiei0 > S5+ (/2N (B, [ 2Q.])* } < 2(p+ D exp{—* }.

C.3.2 Proof of Theorem 3

Proof. Let X;= =[Xj1 Xjo]and Y [Y a Y JQ} Let e; be the 2N d1mens10na1 vector with
entries (; ;, i = 1,...,2N. Let the smgular value decomposition of X be UDV'. Then, from
Proposition 1 and us1ng the identity Y ; X it €,

pdTS drs - (X )+Y -3

drs

! : *
:(X!)+ Xj!.j+e.j lde

:(X!)+ X](|7 drs)+e7 +(X )jL X] drs _!27‘8

(XX '")tX x;(!j—!;m)+ e | +(XX')Txx "'

%
drs Tt drs

M
= U(DD')TU' D (XX (1 =150+ Xe)
j=1
+ U(DD )+(DD )U drs !:lrs

Note that DD ' is a diagonal matrix of eigenvalues of XX '; (DD ')7 is a diagonal matrix with
entries the reciprocals of the nonzero eigenvalues of XX ' and the rest zeros. Then, (DD ')*(DD"')
is a diagonal matrix with r ones, where I is the number of nonzero eigenvalues of XX ' and
u(DbD')*(DD')U' = diag(l,,0). Let - ,,;,,() denote the smallest eigenvalue of a matrix. Thus,

[ =1

drs = * drs

< - mzn(xx ! )_1 jz_:(xﬂxlj(l J drs) + X eJ) (25)

+ HI :lrs”H{' m’Ln(XX ! ) = 0}

where

M
1y — !
'min(xx )_ ~ min ijxj
j=1

M
Qj) +2N Z(Q] - E’Y[Q’Y]) +2NM E’Y[Q”{]

j=1

Iy
2N

min

M |
2 2NM- min(E’Y[Q'y]) +2N- mm(Z(QJ ’Y[Q'Y])) +2N Z mm( 2N Q )
j=1
M !
> 2NM- i (E4[Q4]) — 2N |[>(Q; — E4[Q,])

=1

(26)
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! M M
1 * * * X&)
(X6, —603,) + )| =2N o~ Qi) — 65+ ;Qj(% ~0)+ jzlﬁ
M
i — 04l +2N || > (Q;0; — E4[Q,6,])
j=1
M
+2N Z(QJ—EV[QV]) 1011+ D 1% &5l -
j=1 j=1

@7

Let * > 0. Consider the following probabilistic events. Using union bound, at least one of them
occurs with probability at most 2(2p+1+ M + ( ptl)M)e ¥

o (El): Hzﬁl(qj - 7[QW])H > 24 /2M [Var,[Q,][* . where Q|| < # with
probability 1. This event occurs with probablhty at most 2pe~“, by Lemma 2.

o (E2): szle(Qj! i — E4[Q4! 7])H > Gl V/2M tr(Var ,[Q,!,])*. Occurs with
probability at most 2(p + 1) e %, by Lemma 3.

XX L, [p¥* . p+*

2N —Qyf| 2 #CKA( 2N 2N ):

where [|Q,|| < # with probability 1, the distribution of X, ; conditional on $ is sub-
Gaussian with parameter K , and C is a constant. For each |, this occurs with probability at
most 2e~*, from extending Lemma 4 to X ;

e (E3-1, ..., E3-M): Forj = 1,...,M,

2%

o (E4-1,...,E4-M): Forj =1, ... \/4N tr(E,[! 2Q,])*, where

1%+, ZH < Y%and |(,;] <, with probablhty 1. For eachj this occurs with probability at
most 2(p+ 1) €, from Lemma 5 to X ;e;.

From (26) and (27), with probability at least 1 — 2(pM +2M +2p+1)e *,

Anin O 1) > AN MApuin (B4 [Q-]) — 2N(222 + /2N [Var, Q- 1w + MBCK? (12 + 22 2y

=2NM<AW(EW[QW])—( ARenllle 20 - soreq e+ p2+Nw)>’

M

! *
D GXG( = a0+ Xey)
=1

+ * + * 2#+*
< 2NM.#CK 2(ﬂ/'[’7+ p2N )+ 2N ( + \/2|v| tr(Var ,[Q! ,])*)

2 \/2|v| ||VarW[Q7]\|*)+M(2/° \/4N tr(E,[! 3Q,1)*)
p+*) (\/Ztr(VarW[Qv D, 2#+*

2N ! Gl (=3

<2NM(#CK X 2N )

PRI ALCACHIR HEL QA
drs 3M 3N
‘ 2|([Var * o * +*
Thus, by (25, if - nin (B [Q.]) — ( | KA[Qv]H + )~ #CK( 2N + p2N ) > 0,
' *
drs

with probability at least 1 — 2(pM +2M +2p+1)e ¢, ‘ is bounded above by

sdrs —
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#ok 2(,/PE M '/Ztr(Var Q415D 2#+* AR/ 2HVar £ [ tr(E, [ 5Q-D)* QQV] L
2N 2N irs| 3N
i . [2|Var, [Q ]H* 2> ) p+*
min(B4[Q4]) — ( M * v~ HCK( N o)

Defining/ =2(pM +2M +2p+1)e “, welet* =In(pM +2M +2p+1) —In(// 2). We have that
c(*, [[Var,[Q, ]l tr(Var ,[Q,! 1)), 5,0) = II' el v/21IVars[Q, I+ + /2tr(Var ,[Q,!,])*,
C(*)= #CK?\/p+ ¥, and c3(*) = |/tr(E,[' 2Q,])*.

Hence, if - ymin(E-[Q-]) — 6(1) > 0, with probability at least 1 O —17% H is bounded by
(", Var Q.11 Tr(var 1[Q4 1D, 1 5,) L - &), &)

(- min(E4[Q4]) — 8(1)) ~'(

NV V2N N
1 1
+9(—) + B(——
(N) (W))
where * =In(pM +2M +2p+1) —In(// 2). O
C.3.3 Theorem 4
Proof. Let e;; be the N -dimensional vector with entries (;;,i = 1,...,N and e, )2 be the N -

dimensional vector with entries ( i i=N+1, ,2N . Let the SVD of W be UDV"'. Then, from

Proposition 1 and using the identities Y j; = X!J1 jtepandy jo = X!jzI + €52,

pmaml(&) —! ;knaml(&)
=(WH)TZ =10 (&)

mam,

= (W ! )Jr le2| J + eJ2 &Xj2x 71(XJ1 J + e71)/N —! :naml(&)

& ' &
= (W ! )+ 72(| Jlx 71)( Jj maml(&)) + €j2 — ﬁx!J?leejl

+(W )+ X]Q(l & Jlle) maml(&) —! :naml(&)

& ' &
= (WW )TW X0 = =X X ) = (&) + e — X!j2leej1

+ ( WW - )+WW ' maml(&) —! :naTrLl(&)

| | &
=(UDD" U )Jr E (- — Jlle)xj2xj2(| Jlxﬂ)u A maml(&))
=1
& | & !
+(1 - ijlle)(XJerQ - Wxﬂxﬂxﬂeﬂ))

+(UDD U )+UDD U !maml(&)_!;aml(&)

Note that DD is a diagonal matrix of eigenvalues of WW '; (DD ')™ is a diagonal matrix with
entries the reciprocals of the nonzero eigenvalues of WW ' and the rest zeros. Then, (DD ')*(DD"')
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is a diagonal matrix with r ones, where r is the number of nonzero eigenvalues of WW ' and
u(DbD')*(DD')U' = diag(l,,0). Let - ,,;,,() denote the smallest eigenvalue of a matrix. Thus,

| Bnarmi(@) 1 ;:mml(&)H

>~ 'mzn(WW ) ! Z((I & jlle)XJQXJQ(I & Jlle)(l . maml(&)) (28)
+(I - %X jlx!jl)(xj2ej2 - %X jzx!jgxﬂejl)) ’
+ Hl :uzml(&)” H{' mln(WW ! ) = O}
where
'min(WW !)
M &
S (Zu — =X X)X X (1 — ﬂxﬂ))
j=1
M I
z-mm(N Z(I - &Q;)Q,(l — &Q; )fN&Z(I - &Q;)Q; ( - Qj)
~Q))Q,(1 ~8Q,)+ N Z(' - X2 g0 - Q)
—N&ZU &Q; )( Q)( -Qj)
—N&Z( ~Q)(MEE2 g0 - &Q)
X, XX
' N&QZ( R )
> MN- min(E"/[(l _&Qv)Q'y(l _&Q'y)])
M
—N Y - 8Q)Q;(1 —&Q)) —E,[(1 —&Q,)Q4(1 —&Q.)]) H
j=1
M
—2N& Y |1 - &Q, Q] H -Q;
j=1
M
NI — a2 j
j=1
M X X joX
—2N&Y |l - &Q; ||| ~Q; %7%
j=1
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and

Z((I Jlxﬂ)xﬂxﬂa & XX )0 =1 (&)

& &
+(I - ﬁlex;1)(xj29j2 - ﬁszxﬁleejl)) H

M
<N D (1 - 8Q)Q (1 —8&Q))! j —E,[(I — &Q-)Q, (I —&Q-)!,])

J=1

M
+ N D - 8Q,)Q,(1 — &Q;) — B4 [(1 — &Q5)Q4(1 — &Q)D || 1! jrarmi(&)

j=1
X
+2N&Z ||I - &Q H ||Q]|| QJ ||| j T manLl(&)H
7j=1
M !
+ N |- &Q; 1 = Q|| 1" = ! Jami (&)l
j=1
M ! I
XX X j2X jo
+2N&;|||—&Qj|\ HNJ—QJ- HNJ— i mami(&) ||
M !
2 le Jjl | | *
+ N& Z HQJ” N - H Jj maml(&)H
j=1
Mo ! ?
e )
+N&?y = - Q; — Q|| 1115 = i (&
j=1
M M ngxl-z
£ = &Q; 11X j2epal + & I — &Qy] | N~ Q[ IXiesnl
Jj=1 j=1
M !
&Y 1 —&Q [ Q11X 2 Q| 11X j2e5ll
j=1
M ! ! M !
XX X j2X g 1
+& Y = Q| Qi IXaeal + &2 = Q[ Q111X jnejl
j=1 Jj=1
(29)
Let * > 0. Consider the following probabilistic events:
2#“2*
o ED: |27 ((1 -8Q)Q,(1 - 8Q,) ~E,[( —8Q.)Q,(1 —8Q,)) | > +

\/2M [|Var,[S,][|*, where ||Q,|| < # and ||| — &Q,]|| < p with probability 1.

This occurs with probability at most 2pe~*, from the remark after Lemma 2.

o« @2: 2L -8Q)Q;( —8Q)!; ~E [ —8Q,)Q,(1 —&Q)1D| >
2#u2+~k

+ /2M tr(Var ,[S,!,])* where [|Q,[| < #, [l —&Q,[| < M, and |!,[| <+
with probability 1.

This occurs with probability at most 2(p + 1) €, from the remark after Lemma 3.
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Jlx p"' *

e (E3-1,...,E3-2M): Forj =1,...,M, -Q; > #CK ?( )

J2X

and

|Q, || < # with probability

Q7H > #CK %(

1, the dlstrlbutlon of X, ; conditional on $ is sub-Gaussian with parameter K , and C is a
constant.

Each of the 2M events occurs with probability at most 2™, from Lemma 4.

e (E4-1, ..., E4-2M): Forj = 1,...,M,
2%,*

X el =

+ /2N (B, [13Q,)
+ \/ZN tr(E,[! 2Q,])* , where ||Xw|| < %and |(,;| <, with

and ||X;
probability 1.

Each of the 2M events occurs with probability at most 2(p + 1) €%, from Lemma 5.

From the union bound, at least one of the events (E1), (E2), (E3-1), ..., (E3-2M), (E4-1), ...,
(E4-2M) occurs with probability at most 2(2p+1+2 M +2M (p + 1)) e~ . That is, none of the
events occur with probability at least 1 — 2(2pM +4M +2p+1)ev.

From (29) and (29), with probability at least 1 — 2(2pM +4M +2p+1)e ¥,
~ min(WW ")
> MN- i (B- [(1 — 8Q4)Q, (1 — &Q-)]) — N(T5—+ (/2M |Var,[S,][*)

_ 2 o [PE* PHF 2 2\/9*’7* p+*
2eMN# 2K 2( | P+ By - Mg ze( B+ P
p+*

pt* .5
+N)

2#u2*

— 2&MN# 2pC2K 4(

N
= N (-5, — (2L z#uz*)
28#*uC*> K4(\/7 p+* )

— (2&#%pu + #P?)CK (

and

||Z«| DX XX bl = XX~ (&)

& &
+(1 - WXJ1X;1)(XJ'29J'2 - ﬁxﬂx!jzxﬂeﬂ)) H

< MN ((\/Ztr(Var K/ESW! )* . 2#;\; *)+ e @l 2||Var'ZA[SV]H* . Z#HQ*)
Ty @ut &#)e. I#CK4(\/7)2

\/2tr(E ! QQ»y])* z% x

+ (2 &# + ). "#UCK %(

+(1+ &#)u(

* 2 *
F(p+l+ <szaf;f)&#c:|<2./IO+ \/Ztr(E[ Q) (,j))

where ||! ., — 1% (&)| <.’ with probability 1.

maml
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Thus, by (28), if

/ * 2%
mzn(E [ ’y]) ( 2||Va'r’Y[S"/]|| + Z#H )

— (2&#2p + #p?)CK (

— 2&#*UC2K 4( > 0,

with probability at least 1 — 2(2pM +4M +2p+1)e v,
above by

Con, 15D o)~ (1 2RIy ey VIS

/ 2 [PH* 2t(E,[1 3Q,D* | 2#p2+*
+(2&# + Y). '#uCK N +(1+ &#)p\/ N + 3N

1 (&) is bounded

2%
1 (8] R (2 &+ )+ 21+ &)&HCK?). 'HCK P
/ VP+F L J2t(E, [ 2Q,])* 1
+(1+ &#)p +(u+1+ &+ #)&HCK? N + o(N)>

Setting/ =2(2pM +4M +2p+1)e ¥, weobtain* =In(2pM +4M +2p+1) —In(// 2).

Thus, if - ;i (E4[S,]) — 6(1) > 0, with probability at least 1 —/, ||¥ 0 ami(&) — ! maml(&)H is

bounded above by
_af Gt |Vary[Sy]||, tr(var 4[Sy!5]), ! (&)
(' mzn(]E’y[S’y]) - @(1)) 1( — N’Y — L
+ Je(f)+ + *
L (&#+ . "cp(*) + V2(1+ &#)cs(*) + 1 )+ﬂ(1)>
VN VM VN

Note that ||| — &Q, || < 1+ &#, so we can replace [ in the above bound by 1+ &# to get the desired
result.

O

C.4 Theorem 5

The precise form of the losses are as follows. For arbitrary O,

B R( O] = 51 Ey[Qu] — Ey[QuloI !+ JE1LQ, 1T+ SB[ 2]

E,[Eo, [R(™(&); $)]] = }! ! Ey[A (&)1 — E,[A4(&)! 'y]' b+ EE’Y[! '—yA'y(&)! 5]

18&2

E ST+ S Bl S Q)

2
where  A-(&) = (1 - &Q:)Q, (1 — &Q-) + - (Blx,.ix) ,Qyx-.x!, 1 Q)

Proof. The result for E,[R(! ; $)] follows from the proof of Equation 10. E,[R(! ; $)] is minimized
by ! 5., by definition.
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Let X, be the p x N matrix with columns X, ; and Y , be the N -dimensional vector with entries
Y..i- Recalling the definition of ., (&), from (9)

R(F,(&); $) = R(! —ﬁ(xvxgl ~X,Y ) %) = R((I — &x SXI + S‘nyy);$)

& &
XY Q41— XX+ XY )

7«' X X )I + IQI&XVYW))-'- *!'QW!7+ }!2
&

= I - XX)Q(I &XX)|+|(I— XX)QWN +Y 5

1& & &
2N2 Q’YX Y, =104 = vx!y)! —ﬁ!!vax'va
1
Q"/ vt '3

:f((l —x XD+

First take the expectation with respect toY 5. Let e, be the N -dimensional vector with entries (- ;.

By, [R(%, (& 9] = 51" (1= TXX0Q5(1 = TXX0)+ 11— XX )Q, XX,

1&2E [(HEXXE + e X)Q (X XA, + X e,)]

2N2 Sy
&) R L

& |
L, —Wx,yx-v)! LQXG XA+ SQ 212

- SX,X1Q,0 - &xwx-v)!

(- XX)Qw(l &XX)

1 182
SI24+ S 12X, X1Q,)

&
+ 7. L - x XQy( = XX+ S+ 553t

Using the linearity of trace and expectation, as well as the cyclic property of trace,
Ee, [€,X QX 16,1 = Ec [tr(X QX 1e,e))] =tr( X Q. X Ee [e,€)]) = I 2tr(X X Q)

Using the previous equality,

Eo, [R(™(&); $)] = Ex, [y [R((&); $)]]

1 ! & ] & ] ] & 1 & ]
= SV Ex, (1 = XAX5)Q4(1 - fxvx'v)]! =V Ex (= XX Qy (1 = XX
1, & 1 18&2 .
N (B SX)Q4 (1 — x SXDNE + I2+ EW'?YEXV[U(XVX%,QQ]
We compute
Ex, [0~ (XX 1)Qu(1 = XX
&
= Q, —28Q2 + —Fx [Zwawavxwxw]
=1 j=1
2 &2 213 a ! ! 3
=Q,—28Q2 + N? N2Q3 + Z(Exw[xw-X'%inxwxw] -Q?2)
=1
&2 | !
= (l - &Qw)Q'y(l - &Qv)"' W(Ex.,,i[Xv,ixlyviQ'yxv,iX'—w] - Qi) EAw(&)
and

Ex, [tr(X,X5Q,)] = tr( Ex, [X,X}]Q,) = N tr(Q3)
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Combining the previous two expressions,

1 | 1 1 18?2

Eo,[R(™(&):$)] = 1T AL(&)! — 1 AL(&)! 5+ SUAL&)!, + ST+ S 71(Q7)
Taking the expectation with respect to $ gives
E,[Eo, [R(™(&); $)]] = %!’EW[A & —1'E A& ]+ %EW[! LAL(&)! ]
v 212s 285 2o

Similar to the derivation of (10), E,[Eo [R(",(&);$)]] is minimized by

E.[A(&)]'E[A(&)! .].

From now on, assume N — oo. A,(& — (I — &Q,)Q,(I — &Q,) = S,(&), so
E,[A (&)] 1I[*L,[Aﬂ,(&)' = (&) = EN[S,(&)]7E,[S4(&)! 4], The expected loss after

adaptation of ! (&) is given by

2 (8" B[S (81 i (8) — B [S,(81 1T 1 a(8) 4 SB[ S, (&)1 ]

maml

1
+ SEy! 2]

= JE0S, (&) )] - SEA[S,(8) 1] B[S, (&) B, [S,(&)1 1+ SE 17 G0)

For & = 0, (30) is equal to the expected loss before adaptation of ! ;. E.[R(! }..; $)]. i.e. the
minimum possible loss before adaptation. Therefore, to show that for 0 < & < 1/# , the expected loss
after adaptation of ! * (&) is at most E-[R(! %,..; $)]. it suffices to show that (30) is nonincreasing
in & on [0, L/#]. We do so by computing its derivative with respect to & and showing that it is
nonpositive on [0, 1/# ].

Using the chain rule of matrix calculus,

d(30 . 1dE.[S.(&)! ]’ _
I I N I R e NCHC R NCH I
d -1
—2Egs @) e s ey )

1 dE,[S,(&)! 1]

E,[S,(8)! ] B[S, (&)] 1 =2
= B, 1 Q5(1 — 8Q)Q4 11+ By Q21 — &Q3 L] B [S,(&)] T'E,[S,(8)! -]
— B [5,(8)! 5] B [5,(&] VB, [QF — &QUIE, (S, (&)] E, (S, (&) -]
+ B,[S,(8)! ] B, [S,(8)] B, [Q2!, — 8Q3! ]
= B, 11 Q5(1 — 8Q-)Q4 141+ BylQ4(1 — 8Q,)Q-! ] ES[S, (&) [S,(&)! -]
— B, [5,(8)! 5] By [5,(8)] B [Q- (1 — &Q4)Q- B[S, (8)] B[S, (&)! -]
+ E,[S,(8)! ] E,[S,(8)] B, [Q, (1 - &Q-)Q! -]
=y [ — B[S, (& B 5,(8)! 5D Qa1 — &Q4)Q4 (1 — B[S, (&)] 'ES[S,(&)! D]

which is the negative of an expectation of a quadratic form with inner matrix Q. (I —&Q,)Q~. When
0<& <1#,0Q,(l —&Q,)Q, is positive semidefinite for all $, and the derivative is nonpositive.

O
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