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Abstract

A recent technique of randomized smoothing has shown that the worst-case (adver-
sarial) `2-robustness can be transformed into the average-case Gaussian-robustness
by “smoothing” a classifier, i.e., by considering the averaged prediction over Gaus-
sian noise. In this paradigm, one should rethink the notion of adversarial robustness
in terms of generalization ability of a classifier under noisy observations. We found
that the trade-off between accuracy and certified robustness of smoothed classifiers
can be greatly controlled by simply regularizing the prediction consistency over
noise. This relationship allows us to design a robust training objective without
approximating a non-existing smoothed classifier, e.g., via soft smoothing. Our
experiments under various deep neural network architectures and datasets show
that the “certified” `2-robustness can be dramatically improved with the proposed
regularization, even achieving better or comparable results to the state-of-the-art
approaches with significantly less training costs and hyperparameters.

1 Introduction

Despite achieving even super-human level performance on i.i.d. datasets [16, 33, 11], deep neural
network (DNN) classifiers usually make substantially fragile predictions than humans on the samples
not from the data-generating distribution. The broad existence of adversarial examples [35, 15] are
arguably the most crucial instance of this phenomenon: a small, adversarially-crafted perturbation on
input can easily change the prediction of a classifier, even when the perturbation does not affect the
semantic information perceived by humans at all.

This intriguing weakness of DNNs has encouraged many researchers to develop robust neural
networks, along with a parallel attempt to break them with stronger attacks [6, 38, 2]. Currently, the
community has agreed that adversarial training [15, 24, 45], i.e., augmenting the training dataset
with adversarial examples, is an effective defense method, but the “scalability” of the method is often
questionable in several aspects: (a) it is generally hard to guarantee that an adversarially-trained
classifier is indeed robust, (b) generalizing the robustness beyond the training threat model is still
challenging [36, 19], and (c) the network capacity required for robust representation seems to be
much larger than practice, e.g., a recent observation shows empirical robustness does not saturate
even at ResNet-638 on ImageNet dataset [41].

Alternatively, a growing body of the research has developed methods that can provide certified
robustness [34, 39, 46]. Randomized smoothing [22, 10] is a recent idea in this direction, which
shows that any classifier (e.g., a neural network) that performs well under Gaussian noise can be
“smoothed” into a certifiably robust classifier. This opens a new, scalable notion of adversarial
robustness: a neural network may not have to be perfectly smooth, as a proxy of another classifier.
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However, it has been relatively under-explored that how to train a good base classifier to maximize
the certified robustness of the smoothed counterpart, e.g., Cohen et al. [10] only explored the
standard training with Gaussian augmentation. A few recent works [32, 44] have shown that a
more sophisticated training algorithm can indeed improve the certified robustness, but the common
downside is that they require a sensitive choice of many hyperparameters to optimally trade-off
between accuracy and robustness, often imposing a significant amount of additional training costs.

Contribution. In this paper, we show that a simple consistency regularization term added on
a standard training scheme surprisingly improves the certified robustness of smoothed classifiers.
Maintaining the prediction consistency over a certain noise, e.g., Gaussian, can be regarded as a
natural and desirable property for a classifier under noisy observations. Indeed, for example, forcing
such consistency is now considered as one of the most popular techniques in the semi-supervised
learning literature [31, 25, 27, 3]. We examine this regularization, motivated by the observation
that perfect consistency is a sufficient condition for minimizing the robust 0-1 loss of smoothed
classifiers. This observation connects certified robustness of smoothed classifiers to the general
corruption robustness [17, 14], supporting a great potential of smoothed inference as a scalable
alternative of adversarially-trained, deterministic classifiers.

We verify the effectiveness of our proposed regularization based on extensive evaluation covering
MNIST [21], CIFAR-10 [20], and ImageNet [30] classification datasets. We show that our simple
technique upon a naïve training achieves a very comparable, or even better, certified `2-robustness to
other recent, robust training methods [23, 32, 44]. For example, one of our models for CIFAR-10
shows a better robustness than those trained by other tested methods with 2.7× faster training due to
its simplicity. Furthermore, we also demonstrate that applying our method upon a more sophisticated
training even further improves the certified robustness, e.g., our method applied upon state-of-the-art
training could further improve the average certified `2-radius 0.785→ 0.816 on CIFAR-10.

Despite its effectiveness, our proposed regularization is easy-to-use with fewer hyperparameters, and
could run significantly faster than existing approaches without additional backward computation as
in adversarial training. We observe that our method does not introduce instability in training for a
wide range of hyperparameters, offering a new, stable trade-off term between accuracy and certified
robustness of smoothed classifiers. Finally, our concept of regularizing prediction consistency can be
extended to other families of noise other than Gaussian, which are often corresponded to different
types of adversary, e.g., Laplace noise for `1-robustness [22, 13, 42].

2 Preliminaries

2.1 Adversarial robustness

We consider a classification task with K classes from a datasetD = {(xi, yi)}ni=1, where x ∈ Rd and
y ∈ Y := {1, · · · ,K} denote an input and the corresponding class label, respectively. Usually, D is
assumed to be i.i.d. samples from a data-generating distribution P . Let f : Rd → Y be a classifier.
In many cases, e.g., neural networks, this mapping is modeled by f(x) := arg maxk∈Y Fk(x) with a
differentiable mapping F : Rd → ∆K−1 for a gradient-based optimization, where ∆K−1 denotes
the probability simplex in RK .

In the literature of general robustness research [12, 5, 17], f is required to perform well not only
on P , but also on a certain extension of it without changing the semantics, say P̃ . In particular,
the notion of adversarial robustness considers the worst-case distribution near P under a certain
distance metric. More concretely, a common way to define the adversarial robustness is to consider
the average minimum-distance of adversarial perturbation [26, 7, 8], namely:

R(f ;P ) := E(x,y)∼P

[
min

f(x′)6=y
||x′ − x||2

]
. (1)

Therefore, our goal is to train f that (a) performs well on P , while (b) maximizing R(f ;P ) as well.

2.2 Randomized smoothing

In practice, the inner minimization objective in (1) is usually not easy to optimize exactly, and
mostly results in near-zero value on standard neural network classifiers. The key idea of randomized
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smoothing [10] is rather to consider the robustness of a “smoothed” transformation of the base
classifier f over Gaussian noise, namely f̂ :

f̂(x) := arg max
k∈Y

Eδ∼N (0,σ2I)

[
1f(x+δ)=k

]
, (2)

where 1A denotes the indicator random variable, formally defined by 1A(ω) = 1 if ω ∈ A and
0 otherwise, and σ2 is a hyperparameter that controls the level of smoothing. For a given input x,
Cohen et al. [10] guarantees a certified radius in `2 distance, the current state-of-the-art lower bound
of the minimum-distance of adversarial perturbation around f̂(x): suppose f(x+ δ) returns a class
f̂(x) ∈ Y with probability p(1) and the “runner-up” (i.e., the second best) class with probability
p(2) := maxc6=f̂(x) P(f(x+ δ) = c). Then, the lower bound can be given as follows:

R(f̂ ;x, y) := min
f̂(x′)6=y

||x′ − x||2 ≥
σ

2

(
Φ−1(p(1))− Φ−1(p(2))

)
(3)

provided that f̂(x) = y, otherwise R(f̂ ;x, y) := 0. Here, Φ denotes the standard Gaussian CDF.
Since the inequality holds for any upper bound of p(2), say p(2), one could also obtain a bit loose, but
simpler bound of certified radius by letting p(2) = 1− p(1) ≥ p(2):

R(f̂ ;x, y) ≥ σ · Φ−1(p(1)) =: R(f̂ , x, y). (4)

3 Consistency regularization for smoothed classifiers

Our intuition on the proposed consistency regularization is based on minimizing the 0-1 robust
classification loss, in a similar manner to the recent attempts of decomposing the training objective
with respect to the accuracy and robustness [45, 44]. Specifically, we attempt minimize the following:

E(x,y)∈D

[
1− 1R(f̂ ;x,y)≥ε

]
= E

[
1f̂(x)6=y

]
︸ ︷︷ ︸

natural error

+E
[
1f̂(x)=y, R(f̂ ;x,y)<ε

]
︸ ︷︷ ︸

robust error

, (5)

where R is the certified lower bound of R as defined in (4), and ε > 0 is a pre-defined constant.
Assuming that the natural error term can be optimized via a standard surrogate loss, e.g., cross-entropy,
we rather focus on how to minimize the robust error term. Here, the key difficulties to consider a
gradient-based optimization is that (a) computing f̂ exactly is intractable, and more importantly, (b)
f̂ is practically a non-differentiable object when estimated via Monte Carlo sampling (see (2)), so
that even a proper surrogate loss function would not make the optimization differentiable.

To bypass these issues, we instead concentrate on a sufficient condition to minimize the given
robust 0-1 loss. Recall that we assume f(x) = arg maxk∈Y F (x) for a differentiable function
F : Rd → ∆K−1. Here, we notice that the robust loss in (5) would anyway become zero if F (x+ δ)

returns a constant output over δ for a given x. Indeed, this implies Pδ(f(x+ δ) = f̂(x)) to become 1
regardless of what f̂ is, and minimizes an upper bound of the robust loss in (5) due to the following:

E(x,y)∈D

[
1f̂(x)=y, R(f̂ ;x,y)<ε

]
= E

[
1f̂(x)=y, R(f̂ ;x,f̂(x))<ε

]
≤ E

[
1R(f̂ ;x,f̂(x))<ε

]
= E

[
1Pδ(f(x+δ)=f̂(x))<Φ( εσ )

]
, (6)

where the last equality is from the definition of R in (4). Therefore, we attempt to optimize the robust
training objective on f̂ via regularizing F (x+ δ) to be consistent across δ. Specifically, we propose
the following consistency regularization upon any standard training objective:

Lcon := λ · Eδ
[
KL(F̂ (x)||F (x+ δ))

]
+ η ·H(F̂ (x)), (7)

where F̂ (x) := E[F (x+ δ)] is the mean of F (x+ δ), KL(·||·) and H(·) denote the Kullback–Leibler
(KL) divergence and the entropy, respectively, and λ, η > 0 are hyperparameters that control the
relative strength. In other words, this regularization enforces F , correspondingly f as well, to reduce
the variance of predictions under Gaussian noise for a given sample x, while preventing the mean
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Figure 1: Comparison of log-probabilty distributions under Gaussian noise at a fixed test sample
of MNIST. For each histogram, we use 10,000 samples of noise. “Gaussian” indicates the baseline
training with Gaussian augmentation [10], and “Consistency” indicates our proposed regularization
applied upon “Gaussian”. The left, shaded areas are where a classifier makes a misclassification.

to be too close to the uniform via the entropy penalty. Note that the proposed form (7) includes the
cross-entropy loss E[L(F (x+ δ), F̂ (x))] when λ = η. In practice, we observe λ plays a more crucial
role than η for the trade-off between accuracy and robustness: e.g., in our experiments, we use a fixed
η = 0.5 unless otherwise noted, and adjust λ to control the robustness.

We also remark that, for a fixed x, (7) gives a family of calibrated [28, 45] surrogate losses of the 0-1
risk Eδ[1f(x+δ)6=f̂(x)] = Pδ(f(x+ δ) 6= f̂(x)), i.e., minimizers of (7) are also those of the 0-1 risk,
and thus it minimizes the upper bound in (6) when minimized across (x, y) ∼ D. Similarly, one can
adopt other forms of consistency regularization as long as the regularization leads (6) to be zero: we
examine such variants in Section 4.5, and it turns out indeed they are also effective to improve the
certified robustness, while our form (7) shows a particular robustness compared to them empirically.

3.1 Comparison to prior works

There have been a few prior approaches in attempts to improve the robustness of smoothed classifiers
with a more sophisticated training method beyond that of Cohen et al. [10]. Salman et al. [32]
proposed SmoothAdv, which shows that adversarial training directly on smoothed classifiers improve
the certified robustness. More recently, Zhai et al. [44] proposed a faster training method called
MACER, via maximizing a soft approximation of the certified radius given in (3).1 The essential
difference of our regularization to the previous works is at how the non-differentiable f̂ is handled,
namely, prior works commonly approximate f̂ directly by the inner soft-classifier F :

Eδ[1f(x+δ)=k] ≈ Eδ[Fk(x+ δ)], (8)

for each class k ∈ Y . A key caveat here is that, however, optimizing f̂ with this approximation would
implicitly count out much optimal solutions of F . More specifically, we remark that an optimal soft
classifier F does not require to have confidence near to 1 for maximizing the certified radius (3),
which is a usual solution found by minimizing the cross-entropy based on (8). Our approach rather
considers an “indirect” regularizer of f̂ without assuming such an approximation, thereby allows a
more flexible optimization.

On the other hand, Li et al. [23] proposed stability training, as a parallel attempt to the Gaussian
training of randomized smoothing [10] to obtain a robust smoothed classifier: namely, in order to
perform well on Gaussian noise, stability training trains F with the following loss:

min
F
L(F (x), y) + λ · L(F (x), F (x+ δ)), (9)

where L is the cross-entropy loss. The regularization term used in (9) has a seemingly similar formula
to ours particularly when λ = η in (7), but there is a fundamental difference: our method (7) does not
require F to minimize L(F (x), y) to perform well on (x+ δ, y). Consequently, our method again
allows a more flexible solution compared to (9). In Section 4.2, we empirically show that our form of
regularization (7) attains a significantly better robustness than (9). We also show in the supplementary
material that, due to such flexibility, our method is much more robust on the choice of λ.

1For the interested readers, we present a detailed overview of prior works in the supplementary material.
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Log-probability gap. In Figure 1, we illustrate how the optimal classifier found by our method
differs from others, by comparing the distribution of log-probability gap over Gaussian noise δ for
a given (noisy) sample (x+ δ, y), namely logFy(x+ δ)−maxc 6=y logFc(x+ δ). In other words,
we compare the output margin of f at (x + δ, y) to observe the input margin of f̂ : the robustness
guarantee in (3) implies that it is enough to minimize Pδ(f(x+ δ) 6= y) to improve the robustness
of f̂ at x. This can be also viewed under the Lipschitzness angle: Salman et al. [32] show that any
Gaussian-smoothed classifier f̂ has an explicit Lipschitz constant, leading to a simpler proof of (3).

Overall, we observe in Figure 1 that our method learns relatively lower, yet more consistent, confi-
dences than others. We also found that MACER [44] tends to vary on much larger values in logits
(see Figure 1(b)): MACER essentially maximizes the gap between the first- and second-best logits of
E[F (x + δ)], which leads F to have an arbitrary large value when optimized. Finally, Figure 1(c)
supports that our method is fundamentally different to the stability training [23]: one can observe that
stability training does not give a particular consistency that our method shows.

3.2 Training with consistency regularization

Overall training objective. Combining our regularization Lcon to a natural surrogate loss Lnat

leads to a full objective to minimize. Any form of Lnat is possible to use, as long as it minimizes the
natural error of f̂ in (5), e.g., the standard cross-entropy loss on f may not be proper for Lnat. As
a plain example, we use the loss proposed by Cohen et al. [10], which simply performs Gaussian
augmentation during training: for a given sample (x, y) ∼ D, the authors suggest to minimize:

Lnat := Eδ∼N (0,σ2I) [L(F (x+ δ), y)] . (10)

The overall objective with consistency regularization is then:

L := Lnat + Lcon = Eδ
[
L(F (x+ δ), y) + λ ·KL(F̂ (x)||F (x+ δ)) + η ·H(F̂ (x))

]
(11)

≈ 1

m

∑
i

(
L(F (x+ δi), y) + λ ·KL(F̂ (x)||F (x+ δi))

)
+ η ·H(F̂ (x)), (12)

where (12) is a concrete loss of (11) via Monte Carlo sampling over δ. Nevertheless, our regularization
scheme is not limited to a specific choice of Lnat, and one can also apply others in a similar way. In
our experiments, for example, we show that using SmoothAdv [32] as Lnat could further improve the
certified robustness, although it is significantly more expensive to optimize compared to (10).

Computational overhead. We use m independent samples of Gaussian noise in (12) to estimate
(11), and this is the only source of extra training costs compared to the original [10]. Nevertheless,
we empirically observe that the minimal choice2 of m = 2 is fairly enough for our method, as
demonstrated in Figure 3(b). Considering that other existing methods also use this inner-sampling
procedure, often requiring an additional outer-loop of backward computations for adversarial training
[32], or a large number of m for a stable training [44], our method offers a significantly less training
cost with less hyperparameters, as further discussed in Section 4.4.

4 Experiments

We validate the effectiveness of our proposed consistency regularization for a wide range of image
classification datasets: MNIST3 [21], CIFAR-10 [20], and ImageNet [30].4 Overall, our results
consistently demonstrate that simply applying our method in addition to the other baseline training
methods greatly boosts the certified `2-robustness via randomized smoothing. Remarkably, we show
that our method even further improves the previous state-of-the-art results of SmoothAdv [32]. We
also perform an ablation study to further investigate the detailed components proposed in our method.

2We remark the regularization term in (12) requires m > 1 to work, as the KL term in (7) would vanish
when m = 1: with only a single sample, say δ1, F (x+ δ1) would be the best estimation of F̂ (x).

3All the results on MNIST are provided in the supplementary material.
4Code is available at https://github.com/jh-jeong/smoothing-consistency.
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Figure 2: Comparison of approximate certified accuracy via randomized smoothing for various
training methods on CIFAR-10. A sharp drop of certified accuracy in the plots exists since there is a
hard upper bound that CERTIFY can output for a given σ and n = 100, 000.

4.1 Setups

Evaluation metrics. To evaluate certified robustness for a given classifier f , we aim to compute
the certified test accuracy at radius r, which is defined by the fraction of the test dataset that f̂
can certify the robustness of radius r with respect to the certifiable lower bound in (3). Due to the
intractability of this metric, however, we instead measure the approximate certified test accuracy [10].
More concretely, Cohen et al. [10] proposed a practical Monte Carlo based certification procedure,
namely CERTIFY, which returns the prediction of f̂ and a “safe” lower bound of certified radius
over the randomness of n samples with probability at least 1− α, or abstains the certification. The
approximate certified test accuracy is then defined by the fraction of the test dataset which CERTIFY
classifies correctly with radius larger than r without abstaining.

In our experiments, we use the official implementation5 of CERTIFY for evaluation, with n =
100, 000, n0 = 100 and α = 0.001, following prior works [10, 32]. We mainly report the approximate
certified test accuracy at various radii, but also report the average certified radius (ACR) considered
by Zhai et al. [44], i.e., the averaged value of certified radii returned by CERTIFY, as another metric
for better comparison of robustness under the trade-offs between accuracy and robustness [37, 45],
namely ACR := 1

|Dtest|
∑

(x,y)∈Dtest
CR(f, σ, x) · 1f̂(x)=y , where Dtest is the test dataset, and CR

denotes the certified radius returned from CERTIFY(f, σ, x).

Training details. We use the same base classifier used in the prior work [10, 32, 44]: namely, we
use LeNet [21] for MNIST, ResNet-110 [16] for CIFAR-10, and ResNet-50 [16] for ImageNet. For
a fair comparison, we follow the same training details used in Cohen et al. [10] and Salman et al.
[32]. For each model configuration, we consider three different models as varying the noise level
σ ∈ {0.25, 0.5, 1.0}. During inference, we apply randomized smoothing with the same σ used in
the training. When our regularization is used, we use m = 2 and η = 0.5 unless otherwise specified.
More training details are specified in the supplementary material.

Baseline methods. We evaluate how consistency regularization would affect the certified robustness
when applied to a baseline training method. In our experiments, we consider two baseline methods
proposed for training smoothed classifiers to apply our regularization scheme: (a) Gaussian [10]:
training with Gaussian augmentation over N (0, σ2I); (b) SmoothAdv [32]: adversarial training on
a soft approximation of the smoothed classifier. We also consider stability training [23] in (9) and
MACER [44] to compare, as other regularization-based approaches.

4.2 Results on CIFAR-10

We train CIFAR-10 models for 150 epochs following the training details of SmoothAdv [32]. When-
ever possible, we use the pre-trained models officially released by the authors for our evaluation to
reproduce the baseline results.678 For the SmoothAdv models, we report the results for two different

5https://github.com/locuslab/smoothing
6https://github.com/Hadisalman/smoothing-adversarial
7https://github.com/RuntianZ/macer
8In case of the pre-trained MACER models, we observe a slight discrepancy between our evaluation and

those reported in Zhai et al. [44]. We have verified that this is due to a sampling bias: we found [44] used 500
contiguous subsamples by default in the official code, while our evaluation uses the full CIFAR-10 test set.
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Table 1: Comparison of approximate certified test accuracy (%) on CIFAR-10. Every model is
certified with σ used for its training. We set our result bold-faced whenever the value improves the
baseline. For ACRs, we underline the best model per σ. For the results in “+ Hyperparameter search”,
we evaluate the best model among those released by Salman et al. [32] for each σ.

σ Models (CIFAR-10) ACR 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 2.25

0.25

Gaussian [10] 0.424 76.6 61.2 42.2 25.1 0.0 0.0 0.0 0.0 0.0 0.0
+ Consistency (λ = 10) 0.544 77.8 68.8 57.4 43.8 0.0 0.0 0.0 0.0 0.0 0.0
+ Consistency (λ = 20) 0.552 75.8 67.6 58.1 46.7 0.0 0.0 0.0 0.0 0.0 0.0

SmoothAdv [32] 0.544 73.4 65.6 57.0 47.5 0.0 0.0 0.0 0.0 0.0 0.0
+ Consistency (λ = 2) 0.548 72.9 65.6 57.5 48.5 0.0 0.0 0.0 0.0 0.0 0.0

Stability training [23] 0.421 72.3 58.0 43.3 27.3 0.0 0.0 0.0 0.0 0.0 0.0
MACER [44] 0.531 79.5 69.0 55.8 40.6 0.0 0.0 0.0 0.0 0.0 0.0

0.50

Gaussian [10] 0.525 65.7 54.9 42.8 32.5 22.0 14.1 8.3 3.9 0.0 0.0
+ Consistency (λ = 10) 0.720 64.3 57.5 50.6 43.2 36.2 29.5 22.8 16.1 0.0 0.0

SmoothAdv [32] 0.689 64.4 57.2 49.0 40.6 33.6 27.4 21.8 14.0 0.0 0.0
+ Hyperparameter search 0.717 53.1 49.2 44.9 41.0 37.2 33.2 29.1 24.0 0.0 0.0
+ Consistency (λ = 1) 0.726 52.3 48.9 45.1 41.3 37.8 33.9 29.9 25.2 0.0 0.0

Stability training [23] 0.521 60.6 51.5 41.4 32.5 23.9 15.3 9.6 5.0 0.0 0.0
MACER [44] 0.691 64.2 57.5 49.9 42.3 34.8 27.6 20.2 12.6 0.0 0.0

1.00

Gaussian [10] 0.542 47.2 39.2 34.0 27.8 21.6 17.4 14.0 11.8 10.0 7.6
+ Consistency (λ = 5) 0.734 48.1 43.9 39.3 34.7 29.9 26.1 22.1 18.8 15.4 12.2
+ Consistency (λ = 10) 0.756 46.3 42.2 38.1 34.3 30.0 26.3 22.9 19.7 16.6 13.8
SmoothAdv [32] 0.682 50.2 44.0 37.6 33.8 28.8 24.0 20.2 15.8 13.2 10.2
+ Hyperparameter search 0.785 45.6 41.9 38.0 34.2 30.9 27.4 24.1 20.7 17.7 14.9
+ Consistency (λ = 1) 0.816 41.7 39.0 36.2 33.5 30.7 27.6 24.7 22.0 19.5 17.3
Stability training [23] 0.526 43.5 38.9 32.8 27.0 23.1 19.1 15.4 11.3 7.8 5.7
MACER [44] 0.744 41.4 38.5 35.2 32.3 29.3 26.4 23.4 20.2 17.4 14.5

Table 2: Comparison of approximate certified test accuracy (%) on ImageNet. We set our result
bold-faced whenever the value improves the baseline. We use η = 0.1 instead of 0.5 when σ = 1.0.

σ Models (ImageNet) ACR 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

0.50
Gaussian [10] 0.733 57 46 37 29 0 0 0 0
+ Consistency (λ = 5) 0.822 55 50 44 34 0 0 0 0

SmoothAdv [32] 0.825 54 49 43 37 0 0 0 0

1.00
Gaussian [10] 0.875 44 38 33 26 19 15 12 9
+ Consistency (λ = 5) 0.982 41 37 32 28 24 21 17 14

SmoothAdv [32] 1.040 40 37 34 30 27 25 20 15

configurations: (a) for a fixed, pre-defined configuration across σ, and (b) for the “best” configuration
per each σ, which is heavily examined by Salman et al. [32] over hundreds of models. In case of
σ = 0.25, however, we only report (b) as they show nearly identical results. For (a), we consider a
10-step PGD attack constrained in `2 ball of radius ε = 1.0, using m = 8 noise samples.9 In case of
stability training [23], we report the best models in terms of ACR across varying λ tested: namely, we
consider λ ∈ {1, 2, 5, 10, 20} for each σ, and report λ = 2 for σ = 0.25, 0.5 and λ = 1 for σ = 1.0.
The full results can be found in the supplementary material.

The results are presented in Table 1. We also plot certified accuracy over the full range of radii per σ
in Figure 2. Overall, we observe that our consistency regularization significantly and consistently
improves Gaussian and SmoothAdv baselines, both in certified test accuracy and ACR. Specifically,
when σ = 0.50, we found our regularization with λ = 10 applied on the naïve Gaussian baseline
could surpass the best-performing SmoothAdv model reported in “SmoothAdv + Hyperparameter
search”, in terms of ACR. Furthermore, in case of σ = 1.00, consistency regularization upon the
best SmoothAdv model even further improve the current state-of-the-art baseline by a significant
margin, which verifies an orthogonal contribution of our method compared to the prior work. These
observations suggest our method works better on more complex tasks, where forcing “confident”

9The detailed configurations for (b), the best models, are specified in the supplementary material.
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Figure 3: Comparison of approximate certified accuracy via randomized smoothing across various
types of ablation models. A sharp drop of certified accuracy in the plots exists since there is a hard
upper bound that CERTIFY can output for a given σ and n = 100, 000.

prediction (as done in the prior works) might be difficult. We also notice that, despite its similarity
with our method, the stability training [23] itself does not improve ACRs even compared to the
Gaussian baselines. This is because this training (9) would require f to perform well both in x and
x+ δ, which is harder to force compared to that of (11) in the context of randomized smoothing.

4.3 Results on ImageNet

We also evaluate our regularization scheme on ImageNet classification dataset, to show that our
method is scalable on large-scale datasets. We train each model on σ ∈ {0.5, 1.0} for 90 epochs. We
perform our evaluation on a subsampled test dataset of 500 samples as done by Cohen et al. [10]. As
presented in Table 2, we observe that consistency regularization still effectively improves the certified
robustness, both in terms of ACR and certified test accuracy, despite its simple and efficient nature
of our method. Compared to the best results of SmoothAdv [32], our results achieve a comparable
robustness, despite using a single fixed configuration of hyperparameter, namely λ = 5.

4.4 Runtime analysis

Table 3: Comparison of training time statistics on
CIFAR-10 with σ = 0.50. All the baselines are
trained on their official implementations separately.

Models # HP ACR Mem. Time (h)

Gaussian 0.525 2.9G 4.6
+ Consistency 2 0.720 2.9G 8.7

SmoothAdv 4 0.717 3.0G 23.1
MACER 4 0.691 9.4G 14.1

With much effectiveness on the certified ro-
bustness, consistency regularization also of-
fers a great efficiency in terms of training
costs compared to other competitive meth-
ods. We compare our method with the base-
lines in several training statistics, including
the number of hyper-parameter (# HP), ACR,
memory usage in GPU on peak computation
(Mem.), and the total training time (Time).
In this experiment, every model is trained on
CIFAR-10 using one GPU of NVIDIA TITAN X (Pascal). We use σ = 0.5 with hyperparameters
specified in Section 4.2. In case of SmoothAdv, we choose the best-performing configuration for
training. Our method to compare runs upon the Gaussian baseline with m = 2 and λ = 10.

The results in Table 3 show that our regularization indeed costs about twice the Gaussian baseline
due to additional sampling, but one can immediately notice that this overhead is far less than others,
e.g., compared to adversarial training. Furthermore, our method even achieves better ACR than other
methods, which verifies a clear efficiency of consistency regularization compared to the prior work.

4.5 Ablation study

We conduct an ablation study for a detailed analysis on our method. Unless otherwised noted, we
perform experiments on MNIST in this section. When consistency regularization is used, we assume
it is applied upon Gaussian training. We report all the detailed results in the supplementary material.

Design choices on loss. We first examine two other popular designs for consistency regularization
instead of (7), namely, mean-squared-error [31] and KL-divergence [25] as follow:

LMSE := λ · ||F (x+ δ1)− F (x+ δ2)||22 and LKL := λ · Eδ[KL(F̂ (x) || F (x+ δ))], (13)

where δ1, δ2 ∼ N (0, σ2I). We evaluate certified test accuracy on σ = 1.00 for these regularization
with varying λ ∈ {5, 20, 50}, and compare the results with Lcon with λ ∈ {5, 20}. The results are

8



Table 4: Comparison of ACR on CIFAR-10 with σ = 0.5 for different architectures. Bold indicates
the best ACR value per architecture. For “+ Best HP (ResNet-110)”, we use the hyperparameters
those are optimized for ResNet-110 by Salman et al. [32], as used in Table 1.

Architecture CIFAR-10 (σ = 0.5) ACR 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75

ResNet-20

Gaussian [10] 0.524 67.0 55.4 42.8 31.4 22.0 13.9 8.1 3.8
+ Consistency (λ = 10) 0.686 60.5 54.4 47.7 40.9 34.4 28.0 22.2 16.5
SmoothAdv [32] 0.692 63.0 56.5 48.9 41.8 34.9 28.1 21.3 14.6
+ Best HP (ResNet-110) 0.682 50.8 47.0 43.1 39.0 35.1 31.6 27.2 22.7

Stability training [23] 0.499 60.2 50.1 40.5 31.0 22.1 14.9 8.2 3.7
MACER [44] 0.661 63.0 55.7 48.2 40.5 32.6 25.5 18.7 11.9

DenseNet-40

Gaussian [10] 0.494 65.0 53.7 41.2 29.6 19.6 12.4 6.9 3.1
+ Consistency (λ = 10) 0.661 59.1 52.7 46.1 39.3 32.8 27.0 21.1 15.6
SmoothAdv [32] 0.671 61.6 55.3 48.0 40.3 33.2 26.4 20.4 14.3
+ Best HP (ResNet-110) 0.659 49.4 45.8 41.5 37.6 33.9 30.2 26.5 22.1

Stability training [23] 0.497 56.5 47.9 38.8 30.7 23.0 16.5 9.9 4.9
MACER [44] 0.641 62.0 54.5 46.7 39.1 31.8 24.8 17.8 11.4

presented in Figure 3(a). In general, we observe that both regularizers, namely LMSE and LKL, are
also capable to improve the certified robustness, but they could not achieve a better ACR than Lcon

even with a moderately large λ. Considering that LKL is equivalent to Lcon when η = 0 in (7), this
observation indicates the importance of regularizing the entropy of the mean prediction. Indeed, we
empirically observe that both LMSE and LKL often lead the predictions to be too close to the uniform
when λ is large, which may harm the discriminative performance of the base classifier.

Effect of m. As mentioned in Section 3, the computational costs for our regularization scheme
highly depends on the number of noise samples used, namely m > 1. Nevertheless, we observe
that our regularization is fairly robust on the choice of m, so that m = 2 usually leads to good
enough performance. In Figure 3(b), we compare the certified robustness of models trained with
our regularization with varying m ∈ {2, 4, 8}. For each m, we present three different models under
various σ ∈ {0.25, 0.5, 1.0}. The results show that models using m = 2 perform nearly identically
to others, while one could observe slight improvements for larger m. In practice, this observation
reduces much of the hyperparameter complexity in our method: by simply letting m to be small, e.g.,
m = 2, while fixing η = 0.5, λ becomes the only crucial hyperparameter.

Effect of λ. We also investigate the effect of having different λ in Figure 3(c). As expected, we
observe a clear trade-off between accuracy and robustness of the corresponding smoothed classifier
by controlling λ. Furthermore, for a sufficiently large λ, e.g., λ = 50 in Figure 3(c), a classifier is
often trained to return maximal certifiable radius for any input when smoothed, even the accuracy
falls into chance-level. Nevertheless, this would be a desirable property for a trade-off term between
accuracy and robustness, which has not been explored much for smoothed classifiers.

Different architectures. In our experiments, we follow the prior works [10, 32, 44] to choose
network architectures for a fair comparison, e.g., we use ResNet-110 [16] for CIFAR-10. To explore
the effect of different architectures, we further test our method with ResNet-20 [16] and DenseNet-40
[18] on CIFAR-10, as summarized in Table 4.5. We assume σ = 0.5 for this experiment, and use the
same hyperparameters specified in Section 4.2. Overall, our method also consistently outperforms
other baselines except SmoothAdv on these architectures. In particular, it is remarkable that our choice
of hyperparameter, namely λ = 10, transfers well to other architectures, compared to SmoothAdv:
the best working hyperparameters for ResNet-110 could not further improve SmoothAdv from the
baseline configuration, i.e., it may require a further optimization to perform better.

5 Conclusion

In this paper, we show consistency regularization can play a key role in certifiable robustness
of smoothed classifiers. We think our work would emphasize the importance of noise-consistent
inference in deep neural networks, one of under-explored topics despite its desirable property. We
also expect our work can be a useful guideline when other researchers will study the noise-consistency
in other problems in the future. Many questions are related: how can we design a noise-invariant
neural network, or for which family of noise this would be allowed, just to name a few.
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Broader Impact

The potential risk of adversarial attacks has left many practitioners hesitant to apply the latest
developments in deep learning into their systems. Adversarial robustness of deep neural networks
is one of the most important research problems toward AI safety [1], with much impact on various
applications especially for security-concerned systems: e.g., medical diagnosis [9], speech recognition
[29], and autonomous driving [43]. Our research could be beneficial for those who design such
systems, thanks to the certifiable guarantees on adversarial robustness that randomized smoothing
can provide. Especially, we expect the simplicity of our method would encourage many practitioners
to incorporate randomized smoothing into their systems along with our work. A practical success
of systems equipped with a sufficient amount of certified robustness would be fatal for those who
maliciously attempt to break down the system via adversarial attacks.

This statement, however, presumes that many of the practical issues on the current randomized
smoothing technique would be resolved in future research. For example, (a) randomized smoothing
requires exponentially many inferences for a single reliable inference, and (b) there is still a gap
between theoretical guarantee [13, 42] and practice [40, 4] on robustness that randomized smoothing
currently gives: consequently, current randomized smoothing can be easily misused in practical
systems, and a failure of such systems may implicitly lead practitioners to have a biased, false sense
of security. We believe our research is a step toward reducing this practical gap to deploy randomized
smoothing into the real-world.

Acknowledgments and Disclosure of Funding

This work was conducted by Center for Applied Research in Artificial Intelligence(CARAI) grant
funded by Defense Acquisition Program Administration(DAPA) and Agency for Defense Develop-
ment(ADD) (UD190031RD).

References
[1] Dario Amodei, Chris Olah, Jacob Steinhardt, Paul Christiano, John Schulman, and Dan Mané. Concrete

problems in AI safety. arXiv preprint arXiv:1606.06565, 2016.

[2] Anish Athalye, Nicholas Carlini, and David Wagner. Obfuscated gradients give a false sense of security:
Circumventing defenses to adversarial examples. In Proceedings of the 35th International Conference
on Machine Learning, volume 80 of Proceedings of Machine Learning Research, pages 274–283, Stock-
holmsmässan, Stockholm Sweden, 10–15 Jul 2018. PMLR. URL http://proceedings.mlr.press/
v80/athalye18a.html.

[3] David Berthelot, Nicholas Carlini, Ian Goodfellow, Nicolas Papernot, Avital Oliver, and Colin A Raffel.
Mixmatch: A holistic approach to semi-supervised learning. In Advances in Neural Information Processing
Systems, pages 5050–5060, 2019.

[4] Anand Bhattad, Min Jin Chong, Kaizhao Liang, Bo Li, and D. A. Forsyth. Unrestricted adversarial
examples via semantic manipulation. In International Conference on Learning Representations, 2020.
URL https://openreview.net/forum?id=Sye_OgHFwH.

[5] Battista Biggio and Fabio Roli. Wild patterns: Ten years after the rise of adversarial machine learning.
Pattern Recognition, 84:317–331, 2018.

[6] Nicholas Carlini and David Wagner. Adversarial examples are not easily detected: Bypassing ten detection
methods. In Proceedings of the 10th ACM Workshop on Artificial Intelligence and Security, pages 3–14,
2017.

[7] Nicholas Carlini and David Wagner. Towards evaluating the robustness of neural networks. In IEEE
Symposium on Security and Privacy, pages 39–57. IEEE, 2017.

[8] Nicholas Carlini, Anish Athalye, Nicolas Papernot, Wieland Brendel, Jonas Rauber, Dimitris Tsipras,
Ian Goodfellow, and Aleksander Madry. On evaluating adversarial robustness. arXiv preprint
arXiv:1902.06705, 2019.

[9] Rich Caruana, Yin Lou, Johannes Gehrke, Paul Koch, Marc Sturm, and Noemie Elhadad. Intelligible
models for healthcare: Predicting pneumonia risk and hospital 30-day readmission. In Proceedings of
the 21th ACM SIGKDD International Conference on Knowledge Discovery and Data Mining, pages
1721–1730, 2015.

10

http://proceedings.mlr.press/v80/athalye18a.html
http://proceedings.mlr.press/v80/athalye18a.html
https://openreview.net/forum?id=Sye_OgHFwH


[10] Jeremy Cohen, Elan Rosenfeld, and Zico Kolter. Certified adversarial robustness via randomized
smoothing. In Kamalika Chaudhuri and Ruslan Salakhutdinov, editors, Proceedings of the 36th In-
ternational Conference on Machine Learning, volume 97 of Proceedings of Machine Learning Re-
search, pages 1310–1320, Long Beach, California, USA, 09–15 Jun 2019. PMLR. URL http:
//proceedings.mlr.press/v97/cohen19c.html.

[11] Jacob Devlin, Ming-Wei Chang, Kenton Lee, and Kristina Toutanova. BERT: Pre-training of deep
bidirectional transformers for language understanding. In Proceedings of the 2019 Conference of the North
American Chapter of the Association for Computational Linguistics: Human Language Technologies,
Volume 1, pages 4171–4186, Minneapolis, Minnesota, 2019. Association for Computational Linguistics.
doi: 10.18653/v1/N19-1423.

[12] Samuel Dodge and Lina Karam. A study and comparison of human and deep learning recognition
performance under visual distortions. In Proceedings of 26th International Conference on Computer
Communication and Networks, pages 1–7. IEEE, 2017.

[13] Krishnamurthy (Dj) Dvijotham, Jamie Hayes, Borja Balle, Zico Kolter, Chongli Qin, Andras Gyorgy,
Kai Xiao, Sven Gowal, and Pushmeet Kohli. A framework for robustness certification of smoothed
classifiers using f-divergences. In International Conference on Learning Representations, 2020. URL
https://openreview.net/forum?id=SJlKrkSFPH.

[14] Justin Gilmer, Nicolas Ford, Nicholas Carlini, and Ekin Cubuk. Adversarial examples are a natural
consequence of test error in noise. In Proceedings of the 36th International Conference on Machine
Learning, volume 97 of Proceedings of Machine Learning Research, pages 2280–2289, Long Beach,
California, USA, 09–15 Jun 2019. PMLR. URL http://proceedings.mlr.press/v97/gilmer19a.
html.

[15] Ian J Goodfellow, Jonathon Shlens, and Christian Szegedy. Explaining and harnessing adversarial examples.
In International Conference on Learning Representations, 2015.

[16] Kaiming He, Xiangyu Zhang, Shaoqing Ren, and Jian Sun. Deep residual learning for image recognition.
In Proceedings of the IEEE Conference on Computer Vision and Pattern Recognition, pages 770–778,
2016.

[17] Dan Hendrycks and Thomas Dietterich. Benchmarking neural network robustness to common corruptions
and perturbations. In International Conference on Learning Representations, 2019. URL https://
openreview.net/forum?id=HJz6tiCqYm.

[18] Gao Huang, Zhuang Liu, Laurens Van Der Maaten, and Kilian Q Weinberger. Densely connected
convolutional networks. In Proceedings of the IEEE conference on computer vision and pattern recognition,
pages 4700–4708, 2017.

[19] Daniel Kang, Yi Sun, Dan Hendrycks, Tom Brown, and Jacob Steinhardt. Testing robustness against
unforeseen adversaries. arXiv preprint arXiv:1908.08016, 2019.

[20] Alex Krizhevsky. Learning multiple layers of features from tiny images. Technical report, Department of
Computer Science, University of Toronto, 2009.

[21] Y. LeCun, L. Bottou, Y. Bengio, and P. Haffner. Gradient-based learning applied to document recognition.
Proceedings of the IEEE, 86(11):2278–2324, Nov 1998. ISSN 1558-2256. doi: 10.1109/5.726791.

[22] Mathias Lecuyer, Vaggelis Atlidakis, Roxana Geambasu, Daniel Hsu, and Suman Jana. Certified robustness
to adversarial examples with differential privacy. In 2019 IEEE Symposium on Security and Privacy (SP),
pages 656–672. IEEE, 2019.

[23] Bai Li, Changyou Chen, Wenlin Wang, and Lawrence Carin. Certified adversarial robustness with additive
noise. In Advances in Neural Information Processing Systems 32, pages 9464–9474. Curran Associates,
Inc., 2019.

[24] Aleksander Madry, Aleksandar Makelov, Ludwig Schmidt, Dimitris Tsipras, and Adrian Vladu. To-
wards deep learning models resistant to adversarial attacks. In International Conference on Learning
Representations, 2018. URL https://openreview.net/forum?id=rJzIBfZAb.

[25] Takeru Miyato, Shin-ichi Maeda, Masanori Koyama, and Shin Ishii. Virtual adversarial training: a
regularization method for supervised and semi-supervised learning. IEEE Transactions on Pattern Analysis
and Machine Intelligence, 41(8):1979–1993, 2018.

11

http://proceedings.mlr.press/v97/cohen19c.html
http://proceedings.mlr.press/v97/cohen19c.html
https://openreview.net/forum?id=SJlKrkSFPH
http://proceedings.mlr.press/v97/gilmer19a.html
http://proceedings.mlr.press/v97/gilmer19a.html
https://openreview.net/forum?id=HJz6tiCqYm
https://openreview.net/forum?id=HJz6tiCqYm
https://openreview.net/forum?id=rJzIBfZAb


[26] Seyed-Mohsen Moosavi-Dezfooli, Alhussein Fawzi, and Pascal Frossard. DeepFool: a simple and accurate
method to fool deep neural networks. In Proceedings of the IEEE Conference on Computer Vision and
Pattern Recognition, pages 2574–2582, 2016.

[27] Avital Oliver, Augustus Odena, Colin A Raffel, Ekin Dogus Cubuk, and Ian Goodfellow. Realistic
evaluation of deep semi-supervised learning algorithms. In Advances in Neural Information Processing
Systems, pages 3235–3246, 2018.

[28] Bernardo Ávila Pires and Csaba Szepesvári. Multiclass classification calibration functions, 2016.

[29] Yao Qin, Nicholas Carlini, Garrison Cottrell, Ian Goodfellow, and Colin Raffel. Imperceptible, robust, and
targeted adversarial examples for automatic speech recognition. In Proceedings of the 36th International
Conference on Machine Learning, volume 97 of Proceedings of Machine Learning Research, pages
5231–5240, Long Beach, California, USA, 09–15 Jun 2019. PMLR. URL http://proceedings.mlr.
press/v97/qin19a.html.

[30] Olga Russakovsky, Jia Deng, Hao Su, Jonathan Krause, Sanjeev Satheesh, Sean Ma, Zhiheng Huang,
Andrej Karpathy, Aditya Khosla, Michael Bernstein, Alexander C. Berg, and Li Fei-Fei. ImageNet Large
Scale Visual Recognition Challenge. International Journal of Computer Vision, 115(3):211–252, 2015.
doi: 10.1007/s11263-015-0816-y.

[31] Mehdi Sajjadi, Mehran Javanmardi, and Tolga Tasdizen. Regularization with stochastic transformations
and perturbations for deep semi-supervised learning. In Advances in Neural Information Processing
Systems, pages 1163–1171, 2016.

[32] Hadi Salman, Jerry Li, Ilya Razenshteyn, Pengchuan Zhang, Huan Zhang, Sebastien Bubeck, and Greg
Yang. Provably robust deep learning via adversarially trained smoothed classifiers. In Advances in Neural
Information Processing Systems 32, pages 11289–11300. Curran Associates, Inc., 2019.

[33] David Silver, Julian Schrittwieser, Karen Simonyan, Ioannis Antonoglou, Aja Huang, Arthur Guez,
Thomas Hubert, Lucas Baker, Matthew Lai, Adrian Bolton, et al. Mastering the game of Go without
human knowledge. Nature, 550(7676):354–359, 2017.

[34] Aman Sinha, Hongseok Namkoong, and John Duchi. Certifiable distributional robustness with principled
adversarial training. In International Conference on Learning Representations, 2018. URL https:
//openreview.net/forum?id=Hk6kPgZA-.

[35] Christian Szegedy, Wojciech Zaremba, Ilya Sutskever, Joan Bruna, Dumitru Erhan, Ian Goodfellow,
and Rob Fergus. Intriguing properties of neural networks. In International Conference on Learning
Representations, 2014.

[36] Florian Tramèr and Dan Boneh. Adversarial training and robustness for multiple perturbations. In Advances
in Neural Information Processing Systems, pages 5858–5868, 2019.

[37] Dimitris Tsipras, Shibani Santurkar, Logan Engstrom, Alexander Turner, and Aleksander Madry. Robust-
ness may be at odds with accuracy. In International Conference on Learning Representations, 2019. URL
https://openreview.net/forum?id=SyxAb30cY7.

[38] Jonathan Uesato, Brendan O’Donoghue, Pushmeet Kohli, and Aaron van den Oord. Adversarial risk
and the dangers of evaluating against weak attacks. In Proceedings of the 35th International Conference
on Machine Learning, volume 80 of Proceedings of Machine Learning Research, pages 5025–5034,
Stockholmsmässan, Stockholm Sweden, 10–15 Jul 2018. PMLR. URL http://proceedings.mlr.
press/v80/uesato18a.html.

[39] Eric Wong and Zico Kolter. Provable defenses against adversarial examples via the convex outer adversarial
polytope. In Proceedings of the 35th International Conference on Machine Learning, volume 80 of
Proceedings of Machine Learning Research, pages 5286–5295, Stockholmsmässan, Stockholm Sweden,
10–15 Jul 2018. PMLR. URL http://proceedings.mlr.press/v80/wong18a.html.

[40] Chaowei Xiao, Jun-Yan Zhu, Bo Li, Warren He, Mingyan Liu, and Dawn Song. Spatially transformed
adversarial examples. In International Conference on Learning Representations, 2018. URL https:
//openreview.net/forum?id=HyydRMZC-.

[41] Cihang Xie and Alan Yuille. Intriguing properties of adversarial training at scale. In International Confer-
ence on Learning Representations, 2020. URL https://openreview.net/forum?id=HyxJhCEFDS.

[42] Greg Yang, Tony Duan, Edward Hu, Hadi Salman, Ilya Razenshteyn, and Jerry Li. Randomized smoothing
of all shapes and sizes. arXiv preprint arXiv:2002.08118, 2020.

12

http://proceedings.mlr.press/v97/qin19a.html
http://proceedings.mlr.press/v97/qin19a.html
https://openreview.net/forum?id=Hk6kPgZA-
https://openreview.net/forum?id=Hk6kPgZA-
https://openreview.net/forum?id=SyxAb30cY7
http://proceedings.mlr.press/v80/uesato18a.html
http://proceedings.mlr.press/v80/uesato18a.html
http://proceedings.mlr.press/v80/wong18a.html
https://openreview.net/forum?id=HyydRMZC-
https://openreview.net/forum?id=HyydRMZC-
https://openreview.net/forum?id=HyxJhCEFDS


[43] Ekim Yurtsever, Jacob Lambert, Alexander Carballo, and Kazuya Takeda. A survey of autonomous driving:
Common practices and emerging technologies. IEEE Access, 8:58443–58469, 2020.

[44] Runtian Zhai, Chen Dan, Di He, Huan Zhang, Boqing Gong, Pradeep Ravikumar, Cho-Jui Hsieh, and
Liwei Wang. MACER: Attack-free and scalable robust training via maximizing certified radius. In
International Conference on Learning Representations, 2020. URL https://openreview.net/forum?
id=rJx1Na4Fwr.

[45] Hongyang Zhang, Yaodong Yu, Jiantao Jiao, Eric Xing, Laurent El Ghaoui, and Michael Jordan.
Theoretically principled trade-off between robustness and accuracy. In Proceedings of the 36th In-
ternational Conference on Machine Learning, volume 97 of Proceedings of Machine Learning Re-
search, pages 7472–7482, Long Beach, California, USA, 09–15 Jun 2019. PMLR. URL http:
//proceedings.mlr.press/v97/zhang19p.html.

[46] Huan Zhang, Hongge Chen, Chaowei Xiao, Sven Gowal, Robert Stanforth, Bo Li, Duane Boning, and Cho-
Jui Hsieh. Towards stable and efficient training of verifiably robust neural networks. In International Con-
ference on Learning Representations, 2020. URL https://openreview.net/forum?id=Skxuk1rFwB.

13

https://openreview.net/forum?id=rJx1Na4Fwr
https://openreview.net/forum?id=rJx1Na4Fwr
http://proceedings.mlr.press/v97/zhang19p.html
http://proceedings.mlr.press/v97/zhang19p.html
https://openreview.net/forum?id=Skxuk1rFwB

	Introduction
	Preliminaries
	Adversarial robustness
	Randomized smoothing

	Consistency regularization for smoothed classifiers
	Comparison to prior works
	Training with consistency regularization

	Experiments
	Setups
	Results on CIFAR-10
	Results on ImageNet
	Runtime analysis
	Ablation study

	Conclusion

