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Abstract

Missing Not At Random (MNAR) values where the probability of having missing
data may depend on the missing value itself, are notoriously difficult to account
for in analyses, although very frequent in the data. One solution to handle MNAR
data is to specify a model for the missing data mechanism, which makes inference
or imputation tasks more complex. Furthermore, this implies a strong a priori
on the parametric form of the distribution. However, some works have obtained
guarantees on the estimation of parameters in the presence of MNAR data, without
specifying the distribution of missing data [18, 25]. This is very useful in practice,
but is limited to simple cases such as few self-masked MNAR variables in data
generated according to linear regression models. We continue this line of research,
but extend it to a more general MNAR mechanism, in a more general model of the
probabilistic principal component analysis (PPCA), i.e., a low-rank model with
random effects. We prove identifiability of the PPCA parameters. We then propose
an estimation of the loading coefficients, and a data imputation method. Both
are based on estimators of means, variances and covariances of missing variables,
for which consistency is discussed. These estimators have the great advantage of
being calculated using only the observed information, leveraging the underlying
low-rank structure of the data. We illustrate the relevance of the method with
numerical experiments on synthetic data and also on two datasets, one collected
from a medical register and the other one from a recommendation system.

1 Introduction

The problem of missing data is ubiquitous in the practice of data analysis. Theoretical guarantees
of estimation strategies or imputation methods rely on assumptions regarding the missing-data
mechanism, i.e. the cause of the lack of data. Rubin [22] introduced three missing-data mechanisms.
The data are said (i) Missing Completely At Random (MCAR) if the probability of being missing
does not depend on any values observed or missing, (ii) Missing At Random (MAR) if the probability
of being missing only depends on observed values, (iii) Missing Not At Random (MNAR) if the
unavailability of the data may depend on both observed and unobserved data such as its value itself.
We focus on this later case, which is frequent in practice, and theoretically challenging. A classic
example of MNAR data is surveys about salary for which rich people would be less willing to disclose
their income.

When the data is MCAR or MAR, statistical inference is carried out by ignoring the missing data
mechanism [[10]. In the MNAR case, the observed data are no longer representative of the population,
which leads to selection bias in the sample, and therefore to bias in the parameters estimation when
using for instance complete case analysis. One solution to handle MNAR data, known as selection
model [10], is to model missing data distribution; most of the time, by logistic regression models
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[4)[19] 24]. This comes at the price of an important computational burden to perform inference and is
often restricted to a limited number of MINAR variables. In the recommender system community,
some authors [12} [3,[11} 28] suggest that not MCAR values can be handled using a joint modelling of
the data and mechanism distributions by matrix factorization; then they debiase existing methods for
MCAR data, for instance with inverse probability weighting approaches.

In addition, a key issue of MNAR data is to establish identifiability, which is not always guaranteed
[[LS]]. The literature on this topic is abundant, both in the non-parametric [17, 16, 16} 123} 20], and
semi-parametric settings [27, [14]. For parametric models, in the case of multivariate regression,
Tang et al. [25] and Miao et al. [[L5] guarantee the identifiability of the coefficients of the conditional
distribution of Y'| X, when Y is missing. Tang et al. [23]] estimate them by calculating the coefficient
of the distributions of X and X|Y using only observations with no missing values. Besides, in a
linear model with self-masked missing mechanism, i.e., the lack depends only on the missing variable
itself, Mohan et al. [18]] consider a related approach based on graphical models, adopting a causal
point of view. Despite the great advantage of not modeling the distribution of missing values, the
assumption of a self-masked MNAR mechanism and the restriction to a linear model are yet strong.

Contributions. We consider a framework where the data are generated according to a probabilistic
principal components analysis (PPCA) [26] model. Contrary to available works that handle only
MAR data in PPCA [5]], we consider that the missing values mechanism can be MNAR (on several
variables) and we also consider the possibility of having different mechanisms in the same data
(MNAR and M(C)AR).

e We prove the identifiability of the PPCA model parameters in a self-masked MNAR values setting
encompassing a large set of self-masked mechanism distributions.

e For more general MNAR mechanism, we give a strategy to estimate the PPCA loading parameters
without any modeling of the missing-data mechanism and use it to impute missing values.

e The proposed method is based on estimators for the mean, the variance and the covariance of the
variables with MINAR values. We show that they can be consistently estimated. Two strategies
lead to the proposed estimators: (i) the first one uses algebraic arguments based on partial linear
models derived from the PPCA model; (ii) the second one is inspired by [18] and uses graphical
models and in particular the so-called missingness graph.

e We derive an algorithm implementing our proposal. We show that it outperforms the state-of-
the-art methods on synthetic data and on two real datasets, collected from a medical registry
(Traumabase”) and from a joke recommender system (the Jester Online Joke Recommender
System [2]]). The code to reproduce all the simulations and the numerical experiments is available
athttps://github.com/AudeSportisse/PPCA_MNAR!

2 PPCA model with informative missing values: identifiability issues

Setting. The data matrix Y € R™*? is assumed to be generated under a fully-connected PPCA
model [26]] (a.k.a. a low-rank model with random effects), i.e. by the factorization of the loading
matrix B € R"*P and r latent variables grouped in the matrix W € R™*",

W = (Wi]...[Wn)T, with Wi ~ N(0,,1d,«,) € R",

B of rank r < min{n, p}, 1
aeRPand1=(1...1)T e R", O
€= (e1]...|en)T, with €. ~ N(0p,0%Id,x,) € RP,

Y =1a+ WB + ¢, with

for o2 and r known. In the sequel, Y ; and Y;, respectively denote the column j and the row 7 of Y. The
rows of Y are identically distributed, Vi € {1,...,n}, Y;. ~ N(a, ¥), with ¥ = BT B + 21dpxp-
We denote € {0, 1}"*? the missing-data pattern (or mask) defined as follows:

0 ifY;; is missing,
1  otherwise.

Some variables Y, ..., Y, ,,, indexed by M := {my,...,mq} < {1,...,p} (with d < p),
contain MNAR values. The other variables are considered to be observed (or M(C)AR see Appendix
[B.5). We define a general MNAR mechanism where the probability to have missing values may
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depend on the d MNAR variables but also on p — d — r other variables that can be observed or
M(C)ARD The remaining 7 variables are called pivot variables and can be observed or MCAR. More
precisely, we denote the complementary of a set A as A := {1,...,p}\\A. The general MNAR
mechanism is defined as follows, with J < M the set of indices of the 7 pivot variables (| 7| = r),
Vme M, Vie{l,...,n}, P(Qin = 1|Y;) = P(Qim = 1|(Yir)re7)- 3)
We also define a specific MNAR mechanism, called the self-masked MNAR mechanism as follows.

We assume that d variables are self-masked MNAR indexed by M and the p — d other variables are
MCAR (or observed), indexed by M , i.e, Vie {1,...,n},

Vm e Ma P(Qi'm = 1‘Yz) = P(Qi’m = 1|5/;77L)- “4)

Model identifiability. We prove the identifiability of the PPCA model (see Appendix |A|for the
complete proof), i.e. the joint distribution of Y can be uniquely determined from the available
information, in the self-masked missing values case. More particularly, assume the following

A01. d variables are self-masked MNAR as in (@) and the p — d other variables are MCAR
(or observed). The missing-data distributions (F,)mem and (F}) e xq are known strictly
monotone functions with a finite support, defined as follows, Vi € {1,...,n},

VmEM, ]P(sz = 1|Y;) =Fm(¢(r)n+¢:n}/;m)7
vie M, P(Qiy=1]Y.) =P(Qi; = 1) = Fj(¢),
with ¢; € R and ¢,,, = (¢2,, ¢1,) € R? the mechanism parameters.
AO2 V(E, O e {1,....p2% k+£0 Q. LQY

Note that under Assumption [A0L] any function F,,,,m € M can be considered, as a logistic
function while [[15] presented many counterexamples when identification fails considering the logistic
distribution. [A0Z] requires that the missing-data patterns are independent conditionally to the data.
Proposition 1. Under Assumptions and the parameters («, X) of the PPCA model (1))
and the mechanism parameters ¢ = (¢¢)gequ,...p) are identifiable. Assuming that the noise level o?is
known, the parameter B is identifiable up to a row permutation.

3 Estimators with theoretical guarantees

In this section, we provide estimators of the means, variances and covariances for the MNAR variables,
when data are generated under the PPCA model described in (T)). These estimators are used to derive
an estimator of the loading matrix B in (I). This makes it possible to derive a new imputation method
with MNAR data as detailed in Algorithm|[T}

We denote J_; := J\{;j} and assume

Al. Yme M,V¥je J, (B_m (B‘j/)j'ej7j> is invertible,
A2. Vm e M, VJ € j, Yj A1 Q-W‘(Yk)ke@'

Note that Assumption implies that B has a full rank r and that any variable in Y is generated
by all the latent variables’| (named a "fully-connected" PPCA). Assumption is implied by the
general MNAR mechanism in (3).

We start by illustrating the methodology and the assumptions using an example in small dimension,
before turning to the general case.

3.1 Estimation of the mean of a MNAR variable

Consider a toy dataset where p = 3,7 = 2, in which only one variable is missing, M = {1} and
there are two pivots variables J = {2, 3}. Note that the MNAR mechanism is self-masked in such a
context, because Equation (3)) leads to P(2 1 = 1]Y1,Y,Y3) = P(21 = 1]Y1), but the method
can be extended to more general cases. Our aim is to estimate the mean of Y ;, without specifying
the distribution of the missing-data mechanism.

'Note that it implies that d < p — .
21t does not require that the linear combination coefficients are non-zero.



Using algebraic arguments. We proceed in three steps: (i)[A1] allows to obtain linear link between
the pivot variables (Y2, Y 3) and the MNAR variable Y ;. For instance,

Yo =By 30) + Bas1aYa + Basi331Ys + ¢, (5)

with ¢ a noise term, By_,; 3[0], Ba—,1,31] and By_,1 3[3) the intercept and the coefficients in the
model (the arrow 2 — 1, 3 indicates the regression model of Y5 on Y; and Y 3, while the squared
bracket represents the coefficient, for instance 3 for the coefficient of Y3) ; (ii) Assumption[AZ] i.e.
Yo L Q4]Y1,Y3, is required to obtain identifiable and consistent parameters of the distribution of

Y5 given Y1, Y 3 in the complete-case when €2 ; = 1, denoted as BS_; 3[0])° BS_, 3[1] and BS_, 3[3)°

(Ya)ia,=1 = B3y 30) + Bios1 3 Yo + B3y a5 Vs + ¢ (6)
(note that the regression of Y1 on (Yo, Y 3) is prohibited, as does not hold); (iii) using again

E[Y2|Y1, V5,01 =1]=E [BE—A,B[O] +B5 1 Y + B§_>1,3[3]Y3|Y1»Y3] :

and taking the expectation leads to
E [Y-2] = Bgal,?)[(]] + Bgﬁl,B[l]E [Y-l] + B§ﬁ1,3[3]E [YB] :

The latter expression can be reshuffled so that the expectation of Y ; can be estimated: the means of
Y5 and Y3 are estimated by standard empirical estimators (it will be Assumption in the sequel).

Using graphical arguments. The PPCA
model can be represented with structural causal

graphs [21]], as illustrated in Figure[I] The top \‘
left graph in which each variable is generated by '
a combination of all latent variables, see Assump- @ @ @ @

tion[AT] can be represented as the top right one,
asY; «— W, — YsisequivalenttoY; < Y,
(see [21}, page 52]). Then, six reduced graphical @
models can be derived from the top right graph
(two instances are represented in the bottom).

Indeed, a bidirected edge Y1 < Y5 can be in-
terchanged (see [21} rule 1, page 147]) with an @

()
@)
()—)
oriented edge Y1 — Yo, if each neighbor of
Y, (ie. Y1 or Y3) is inseparable of Y (see @

[21, page 17]). The bottom left graph can also ]

be represented by Equation (), which gives a Figure 1: Graphical models for the toy example

connection between the algebraic and graphical With one missing variable Y1, p = 3 and r = 2.
approaches.

3.2 Estimation of the mean, variance and covariances of the MNAR variables

In a general case, estimators of the mean, variance and covariances of the variables with MNAR
values can be computed one by one. We detail the results only for one variable Y,,,,, m € M, but the
results hold for several variables with MNAR values. In addition, the other variables are considered
to be observed for simplicity but they could contain MCAR and MAR values as well, as explained in
Appendix [B.5] We adopt the algebraic strategy here to derive estimators (see Appendix [B]for proofs)
but graphical arguments can also be used to obtain similar results (see Appendix [F). The starting
point is to exploit the linear links between variables, as described in the next lemma.

Lemma 2. Under the PPCA model (1)) and Assumption[ALl] choose j € J. One has

Yj = Bj—)’m,j,j[o] + Z Bj—)’m,j,j[j’]Y—.j’ + B]—ij,J[m]Ym + Cv (7)
j'ed—;
where { = — Zj,ej_j B m, 715165 — Bjsm,g_;[m]€.m + €. is a noise term.

Bjm,7_,10p Bijmm. 7,157 and Bj_m, 7, [m] are given in Appendix@]and depend on the coeffi-
cients of B given in (1)).



Then we define the regression coefficients of Y ; on Y, and Y, for k£ € J_; in the complete case,
that will be used to express the mean of a variable with MNAR values.

Definition 3 (Coefficients in the complete case). For j € J and k € J_j, let Bj_, 7 )
B;f_m’ T[] o, T be respectively the intercept and the coefficients standing for the

effects onj on (Y, (Yj/)j/ejij) in the complete case, i.e. when §) ,, = 1:

Vo1 =Biamz o+ 20 Bioma 1Y + B g i ¥Ym +¢5 @)
j'edg—;

; c _ __ C ., — C .
with C = Zj’e]_j Bj—>m,J,j[j’]€~J Bj—>m,\7,j[m]e‘m + €j-
Then, we make the two following assumptions:

A3. Forall j € 7, for all m € M, the complete-case coefficients B;: B;rﬁm ey

and B;Hm, Tk k € J_; can be consistently estimated.

*)m.,jfj [0]’

Ad4. The means (o) jes, variances (Var(Y;)) ez and covariances (Cov(Y;,Y ;1)) e jeq-,
of the r pivot variables can be consistently estimated.

Note that Assumption[A4]is met whether the 7 pivot variables are fully observed.

Proposition 4 (Mean estimator). Consider the PPCA model (1). Under Assumptions[AL) and[AZ]] an
estimator of the mean of a MNAR variable Y ,,,, for m € M, can be constructed as follows: choose
7 € J, and compute

S . C _ C A .,
N R B 2jeg; Biom.a_ 0%
G = o , ©)
j*’m’j—j [m]
with (B;—wn, 7 [k]) ke{0,m}uT_; estimators of the coefficients obtained from Deﬁnition

Under the additional Assumptions[A3.] and this estimator is consistent.

The proof is given in Appendix [B.2] Proposition 4 provides an estimator easily computable from all
observed cells. Furthermore, different choices of Y ;, j € J can be done in Equation @) and all the
resulting estimators may be aggregated to stabilize the estimation of a,.

Proposition 5 (Variance and covariances estimators). Consider the PPCA model (1). Under As-
sumptions[AT] and[A2.] an estimator of the variance of a MNAR variable Y ,,, for m € M, and its
covariances with the pivot variables, can be constructed as follows: choose a pivot variable Y ; for
7 € J and compute

(Var(Yon)  Cov(Yom, (Vy)je) = (M) 1B (10)

assuming that o tends to zero, with Mfl e RO+TDx(r+1) 13j e R™! detailed in Appendix
These quantities depend on (&) jre g, Gy, given in Proposition on (Var(Y;1))jes and on
complete-case coefficients such as (Bjc,,_)m 7 ./[k])ke{m}uj J for j'eJ.

J—j -

Under the additional Assumptions [A3.] and the estimators of the variance of Y., and its
covariances with the pivot variables given in are consistent.

The proof is given in Appendix [B:3] Note that to estimate the variance of a MNAR variable, only
r pivot variables are required to solve (T0) and r tasks have to be performed for estimating the
coefficients of the effects of Y1, on (Y)sefmyo g, forallk e J.

All the ingredients can be combined to form an estimator 3 for the covariance matrix Y. Define

5. (@(kay.l))k te(l,...p}’ N

e if Y and Y, have both consistent mean/variance estimators, then Cov(Yx,Y,) can be trivially
evaluated by standard empirical covariance estimators.



e if Y is a MNAR variable and Y, is a pivot variable, then Cov(Y, Y,) is given by (T0),
e if Y, is a MNAR variable and Y, is not a pivot variable, i.e. £ € J\{k}, a similar strategy as the

one above can be devised. Then Cov (Y, Y,) is given by detailed in Appendixand for
which some additional assumptions similar as the ones above are required. This estimator relies on
the choice of » — 1 pivot variables indexed by j and H < J, and only necessitates to evaluate the
effects of Y; on (Y ;) jrcqr ey in the complete case.

3.3 Performing PPCA with MNAR variables

With the estimator ¥ in (TT) at hand, one can perform the estimation of the loading matrix B in (T).

Definition 6 (Estimation of the loading matrix) Given the estimator ¥ of the covariance ma-
trix in (TI), let the orthogonal matrix U = (u1| .|@p) € RP*P and the diagonal matrix
D = dlag(dl,dg, ..., dp) € RP*P with di =>dy > ... > d, = 0 form the singular value de-

composition of the following matrix S—o Idpxp =: UDU?T. An estimator B of B can be defined
using the r first singular values and vectors, as follows

B=D/*0L = diag(ds, ..., d,)V*@¥]...|a")T (12)

|r

The estimation of the loading matrix is used to impute the variables with missing values. More
precisely, a classical strategy to impute missing values is to estimate their conditional expectation
given the observed values. One can note that with ¥ = BT B + ¢%1d,,« , the conditional expectation
of Y., for m € M given (Y1), iz reads as follows

ElY | (Yik) kert] = am + Zm,ﬂzj_ql,,q (Y —am) s
with 2, 11 0= (Cm)pe e it = Craewerts Yoo = (Vi) ers and a g := () ge -
Definition 7 (Imputation of a MNAR variable). Set " := BT B + 021d,, for B given in Definition
@ The MNAR variable Y ,, with m € M can be imputed as follows: for i such that €; ,,, = 0,
im = G+ Dt l 5t o (V0 — ) (13)
with Ty, i1 1= Co) T oo Taan = Qo ewent Your = (Vi) gt and by i= Q) e it
3.4 Algorithm

The proposed imputation method described in Algorithm [I]can handle the different MNAR mech-
anisms, the self-masked MNAR case and the general MNAR cases where the probability to have
missing values on variables depends on both the underlying values and values of other variables
(observed or missing).

Algorithm 1 PPCA with MNAR variables.

Require: 7 (number of latent variables), o2 (noise level), 7 (pivot variables indices), {2 (mask).

1: for each MNAR variable (Y,,,) mers do 6: Form ¥, covariance matrix estimator in (T1).
2:  Evaluate &, the estimator of its mean | 7. Compute the loading matrix estimator B
given in (9) using the r pivot variables in- given in (12).
dexed by J. . 8: Compute ' = BB + 021dpxp-
3 Evaluate Var(Y,,), and Cov(Y,,,, Y¢) for | 9: for each missing variable (Y ;) do
€ J, using (10). 10:  for ¢ such that Q;; = 0 do
4:  Evaluate COV(Ym, Y,) for ¢ € j\{m} 11: Yij <~ Impute Y;; as in (13).
using Proposition [§] 12:  end for
5: end for 13: end for

Algorithm [T] requires the set 7, i.e. the selection of 7 pivot variables on which the regressions in
Propositions [4] [5] and [8] will be performed. If there are more than r variables that can be pivot,
we suggest selecting a bigger set (> r) and computing the final estimator with the median of the
estimators over all possible combinations. The efficiency of this strategy is illustrated in Appendix



The estimators associated to any missing variable in the steps 1 to 5 are computed in the complete
case, i.e. with the rows for which the missing variable is observed. When the pivot variables are
also missing, the complete case corresponds to discarding all rows where the pivot variables or the
MNAR one are missing and not all rows containing missing values. This could be problematic in the
high-dimensional setting, but here the low-rank assumption (r < min{n, p}) ensures that the number
of pivot variables is small enough, so that the complete case analysis will not result in discarding
many rows of the dataset.

In order to estimate the coefficients in Definition 3] we use ordinary least squares despite that the
exogeneity assumption, i.e. the noise term is independent of the covariates, does not hold. It still leads
to accurate estimation in numerical experiments as shown in Section[d] Actually, the consistency
required by Assumption[A3]holds as the variance of the noise tends to 0.

4 Numerical experiments

4.1 Synthetic data

We empirically compare Algorithm[I|(MNAR) to the state-of-the-art methods, including

(i) MAR: our method which has been adapted to handle MAR data (inspired by [18 Theorems
1, 2, 3] in linear models), see Appendix |Gl for details;

(ii) EMMAR: which consists in an EM algorithm to perform PPCA with MAR values [5];

(iii) SoftMAR: a matrix completion method using an iterative soft-thresholding singular value
decomposition algorithm [13] relevant only for M(C)AR values;

(iv) MNARparam: a matrix completion technique modeling the MNAR mechanism with a
parametric logistic model [24].

Note that Method [(i1)]is specially designed to estimate the PPCA loading matrix and not to perform
imputation, but this is possible combining Method [(il)] with steps 8 and 9 in Algorithm[I} This is the
other way around for completion Methods and but the loading matrix can be computed as in
(I2). Note also that Methods|(iiD)] and [(iv)| are developed in a context of low-rank models with fixed
effects. They require tuning a regularization parameter A\: we consider an oracle value minimizing
the true imputation error. We also use oracle values for the noise level and the rank in Algorithm|[I]
These methods are compared with the imputation by the mean (Mean), which serves as a benchmark,
and the naive listwise deletion method (Del) which consists in estimating the parameters empirically
with the fully-observed data only. A comparison of the methods in terms of computational times is
given in Appendix D}

Measuring the performance. For the loading matrix, the RV coefficient [8]], which is a measure
of relationship between two random vectors, is computed between the estimate B and the true B. An

RV coefficient close to one means high correlation between the image spaces of Band B. Denoting
the Frobenius norm as ||.|| 7, the quality of imputation is measured with the normalized imputation

error given by (VY —Y) © (1 - Q)[3/ Y © (1 - )7

2.0

Setting. We generate a data matrix of size n = = RV
1000 and p = 10 from a PPCA model (I) with |’ MNAR | 0.907
two latent variables (r = 2) and with a noise level - EMMAR | 0.988
o = 0.1. Missing values are introduced on seven oo —— N _$ n SORMAR | o985
variables (Y1) e[1:7] according to a logistic self- s s w§’ égv ég £

S

masked MNAR mechanism, leading to 35% of $
missing values in total. Results are presentecﬂ
for one missing variable Y ; (same results hold
for other missing variables). All the observed
variables (Y1) e[s:10] are considered to be pivot.

Figure 2: Imputation error (left) and median of
the RV coefficients for the loading matrix (right).

3For a given set of PPCA parameters, the stochasticity comes from the process of drawing 20 times the latent
variables, the additive noise and the missing-data pattern.



Figure [3] shows that Algorithms [I] is the only o .

one which always gives unbiased estimators of 0'“%‘%’? %%7
the mean, variance and associated covariances of %% 4 = =3

Y ;. As expected, the listwise deletion method 1 5] ==
provides biased estimates inasmuch as the ob- I =
served sample is not representative of the pop- o s RS §s
ulation with MNAR data. Method [(i0} specifi- & 8 & & g9 &35 § & &9
cally designed for PPCA models but assuming §
MAR missing values, provides biased estimators. p—
Method[(iv)]improves on the benchmark mean im-  * " &= ?
putation and on Method|[(iiD)]as well as it explicitly =~ 3-

takes into account the MNAR mechanism, but it  2-

still leads to biased estimates probably because - = L

of the fixed effects model assumption. Figureg] o- — i 0- i

shows that Algorithm [T] gives the best estimate & &5 ffJ ST FEQ
: : : - SIS SFES SIS FES

of the loading matrix and the smallest imputation ) § ) s

error. Method[(1)] based on the same arguments
as Algorithm [I|but considering MAR data, may Figure 3: Mean (top left) and variance (top right)
be considered as a second choice for this low- estimations of the missing variable and covari-
dimensional example as the biais is quite small ances (bottom) estimations of Cov(Y1,Y2) (i.e.
(yet not in higher dimension, see Appendix[C).  covariance between two missing variables) and of

Cov(Y1,Ysg) (i.e. between one missing variable

and one pivot variable). True values are indicated

by red lines.
Misspecification to the PPCA model. The o0=p===———— ﬁ
data matrix Y € R"*P of size n = 200 and % -
p = 10 is now generated under the fixed effects " - o Lﬁ = #
model such that Y = O + ¢, with © € R**P :2;2 $ $ 0.10
a low-rank matrix with » = 2ande € R"™*?a .~ = . . o5 $ ‘
Gaussian noise matrix with o = 0.1. Figure [ SEE S S&E &S
shows that mean and variance estimators given S ® §$ S $ gf

by Algorithm [I]have a larger variance than those ) ) )
given by Method [(iv)] precisely dedicated to this Flgqre 4: Mean (left) and variance (right) esti-
specific setting. But surprisingly, Algorithm [T] mations of Y; when data are generated under the
provides less biased estimates than Method [(iv)] fixed effects model.

In Appendix [C} we report further simulation results, where we vary the features dimension (p = 50),
the rank (r = 5), the missing values mechanism using probit self-masking and also multivariate
MNAR (when the probability to be missing for a variable depends on its underlying values and on
values of other variables that can be missing) and the percentage of missing values (10%, 50%).
We obtain similar results as before, and as expected, all the methods deteriorate with an increasing
percentage of missing values but our method remains stable.

In addition to the model misspecification experiment (assuming a fixed effect model), we assess
the robustness of the methods in terms of noise level and we evaluate the impact of under- or
overestimating the number r of latent variables. When the level of noise increases, our method is very
robust in terms of mean and variance estimations, and despite a bias for some covariances estimations
for large noise it outperforms competitors regarding the imputation error. It also turns out that the
procedure remains stable at a wrong specification of the number 7 of latent variables.

4.2 Application to recommendation system data

To show the extent and feasibility of our methodology on real data, we detail the methodology on the
Jester dataset [2]] of 5000 users who rated 100 jokes, with 27% of missing values.

Discussion on the assumptions. First, considering MNAR and self-masking values is plausible
because users only rate jokes they like or dislike strongly or might be ashamed to assume their taste
for sexual jokes for instance. Then, Assumption which can be viewed as a low-rank assumption
for the loading matrix, makes sense in the rating context: any variable (i.e. user preferences) can be



expressed as a linear combination of 7 latent variables. In particular, the first latent variable opposes
individuals who like jokes about physics but dislike jokes about sexuality, and conversely. Finally,
Assumption[A2] means that a user’s non-response for a sexual joke given all jokes may depend on
the scores of the sexual and physical jokes but not on the musical and computer jokes.

Selecting the number r of latent variables and estimating the noise variance. In practice, to
select r, one could use complete observations only but this is not possible when the number of
features is large. As an alternative, we use a cross-validation strategy assuming M(C)AR mechanism
as detailed in [7]. Algorithm [I]is robust to a misspecification of the rank (see Appendix [C) and
thus a reasonable heuristic may already be enough. With 7 at hand, the noise variance is obtained
directly using weighted residual sum of squares as in [9]]. Without further information on the missing
mechanisms, we select the r pivot variables with the lowest missing rate.

Imputation performances. To assess the quality of our

method, we introduce additional MNAR values using a logistic .
self-masked mechanism in a chosen variable with an initial rate ~ os- =—

of 33% and a final one of 65%. The other variables are consid- ,,. . | ==
ered M(C)AR. The process is repeated 10 times. We compare oo

our method to the EMMAR, SoftMAR and add an imputation o s - .
method based on deep generative models Deep [Tf'} The para- § 5 § §

metric method MNARparam is not performed as it does not scale
on such large data. Figure [5|shows that Algorithm[TJoutperforms Figure 5: Imputation error for the
the competitors (mean imputation corresponds to an error of 1). Jester dataset.

4.3 Application to clinical data

We illustrate our method on the TraumaBase® dataset containing the clinical measurements of 3159
patients with brain trauma injury (see Appendix [E|for more information). Nine quantitative variables,
selected by doctors, contain missing values (11% in the whole dataset). After discussion with doctors,
some variables can be considered to have MNAR values, such as the variable HR.ph, which denotes
the heart rate. Indeed, when the patient’s condition is too critical and therefore his heart rate is either
high or low, the heart rate may not be measured, as doctors prefer to provide emergency care.

As for the Jester dataset, we introduce additional MNAR values
in the variable HR.ph (which has an initial missing rate of 1%)

1.0 _—

using a logistic self-masked mechanism leading to 50% missing 4 ——

values. Both the rank and the noise level are estimated using ©6 ==

the complete-case analysis (1862 observations). The selection ** e — & —

of the pivot variables was discussed with experts (doctors) who S IQ§Y § g ¢
identified M(C)AR variables. In Figure [6] Algorithm [T] gives o §
significantly smaller imputation error than other methods. In Figure 6: Imputation error for the

addition, a supervised learning task is also performed in Appendix TraumaBase dataset.
for which Algorithm T]also gives the smallest prediction error.

Conclusion

In this work, we propose a new estimation and imputation method to perform PPCA with MNAR data
(possibly coupled with M(C)AR data), without any need of modeling the missing mechanism. This
comes with strong theoretical guarantees as identifiability and consistency, but also with an efficient
algorithm. Estimating the rank in the PPCA setting with MNAR data remains non trivial. Once
the number of latent variables is estimated, the noise variance can be estimated. A cross-validation
strategy by additionally adding some MINAR values is a first solution, but this definitely requires
further research. Another ambitious prospect would be to extend work to the exponential family to
process count data, for example, which is prevalent in many application fields such as genomics.

“Note that this method requires to be trained on a complete dataset.



Broader impact

Our goal is to provide a rigorous and consistent method for processing MNAR missing values, in
data with an underlying low-rank structure. The low-rank assumption has become widespread in
applications in recent years and it plays a key modeling role in many scientific and engineering tasks,
such as collaborative filtering, genome-wide studies, or even functional magnetic resonance imaging.

The problem of missing data is particularly evident for large data, possibly aggregated from multiple
sources, that is why we illustrate this work on a real dataset such as the medical register TraumaBase,
coming from different hospitals.

Managing informative missing data is a double challenge: on the one hand, because most of the
available data contains missing values, preventing the use of standard machine learning techniques;
and on the other hand, because the MNAR data can introduce large bias in the statistical analysis of
databases.

Because of the PPCA hypothesis and the processing of informative missing data, this work has a
wide range of applications.
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A Proof of Proposition [I]

Proposition[1} Under Assumptions and[A02. the parameters (o, X) of the PPCA model (1))
and the mechanism parameters ¢ = (¢¢)gequ,...p) are identifiable. Assuming that the noise level o?is
known, the parameter B is identifiable up to a row permutation.

For the sake of readability, we first present the proof of Proposition [I]in the case of the toy example
presented in Section[3.I]with p = 3 and r = 2. The proof in the general setting follows.

11



A.1 Proof of Proposition[T]in the case of the toy example presented in Section 3.1

Consider the setting of the toy example presented in Section[3.1|with p = 3 and r = 2. The PPCA
model in (I reads

Y =(1 Y2 Yy)=(a1 a2 a3)+ (Wi Wi)B+e,
Y ~N(o,X), ¥ =BTB+ 0%l
Y5 and Y3 are assumed to be observed and Y; is self-masked MNAR, i.e.
P(Qy = 1|Y1,Ya, Va3 ¢1) = P(Q = 1|Y3561) = Fi(6] + ¢191), (14)

where F is strictly monotone with a positive finite support and where ¢1 = (¢, ¢1).

Proof. Assume that (Y, Q) and (Y, ') have distributions respectively parameterized by (., 3, ¢1)
and (o/, %', ¢}). Assume that Y and Y’ have the same observed distribution, i.e.

LY = Liay, B, 61) = LIVT, ) = 107, 5, 6) (15)

‘C(}/la Yja Ql = 1, an, O,y z:(1])7 (bl) = E(Y1I7 )/jlv Qll = 1’ 0/1? OL;W Zl(lj)a ¢/1) ] € {27 3}7 (16)

. . . (2 Y1,
where Yy is the covariance matrix (EH Ly
15 Jj

holds, we need to show that and imply that @ = o/, ¥ = ¥ and ¢; = ¢}. Then, under a
known noise level o2, we prove that B and B’ are equal up to a row permutation.

As (Y2,Y3) and (Y3, Yy) are fully observed, the parameters of the distributions £(Y3), £(Y3), £(Y3),
L(Y3), L(Y2,Y3) and L£(Y5,Yy) are identifiable. It trivially implies that ae = of, Xoo = X,
gz = Oéé, 233 = Eg3 and 223 = 2/23

) . In order to show that parameters identifiability

Identifiability of the MNAR variable variance. Equation (T3) can be rewritten in terms of density
function as follows

=1y 00, 811, 1) = fyro =150, 81, 61) Vi e R,
Given the missing mechanism in (T4) and that Y; ~ N (a,¥11), [15, Theorem 1 a)] ensures that
211 = 2/11.
Identifiability of the Mean and the MNAR mechanism parameter. Using (I3) and (16), the
previous computations entail that
E(YQD/D Ql = 1, aq, g, Z:(12)3 ¢1) = £(Y2,|Y1/7 Qll = 17 0/17 0/23 2:/(12)7 ¢11)7
noting that

Ivi Yo, 00=1 (Y1, Y25 a1, a2, B(12), 61)
Tyvi0i=1(y15 01, 811, 01)

Tvalvi=yr.0i=1 (Y25 1, 2, B19), ¢1) = Y(y1,y2) € R?

One obtains

P(Qy = 1|Y1 = y1, Y2 = y2;61) fra vy =y, (Y25 @1, @2, B(12))
P(Q = 1|Y1 = y1;¢1)
PR = 1Y = y1, Y5 = y2; 1) fygpvy=yn (25 04, 03, T{y)

= Y(y1,ys) € R?
P, = 1% = 13 00) (2]

Yet,
Py = 1|Y1 = y1, Yo = y2;61)

E[E[lo,—1|Y1 = y1,Y2 = 42, Y3 = ys; 1]|Y1 = 41, Y2 = y2]
[P = 1Y = y;61)|Y1 = y1, Y2 = y2]
[P(
(

P(Qq = 1|Y1 = y1501)|Y1 = 1, Y2 = 9]
M =1Y =y1:61) (17

E
E
P
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by measurability. It implies for all y; € R and y» € R
Fyavi=y, (Y25 015 @2, B(12)) = fygvy=y, (Y25 4, 5, Xiy))

which leads to the equality of the conditional expectations and variances associated to the above
densities:

oz + S8 (o — 1) = a2 + B85 (o) — 1) Yy e R
Y22 — 2%221_11 = Ygp — (2/12)221_11~
It implies that
S = (Z1)? = [Si2] = [0 (18)

Yo (dh =) /

ST =l =y = o = Yy eR 19)

2/21 (al o yl) | | | 1 |
Equation (T9) implies that a; = o, since for y; = o}, one has a; — o) = 0.
Using (T6)), one has

P(Q1 = 1|Y1 = y1, Y2 = yo;61) f(v1,v2) (W1, Y25 01, a2, Ba2))
=P(Q) = 1|Y] = y1. Y5 = y2; 1) fovy vy (Y1, Y25 1, 3, Xy ) V(y1,y2) € R*  (20)

Using (17)),

_1 — _ -1 (Y1~
exp ( 5 (1 —a1 Y2 — ) 2(12) <y2 — a2)> P(Q = 1Y; = y1:¢1) det(X(12))

— P(Q = 1Y] = y1; ¢ ’
exp <é(y1—a1 y2_a2)(21(12))71 <y1 al)) (2 [Y{ = y1; ) det(E’(12))

Y2 — Q2

where det(X(12)) denotes the determinant of the matrix ¥;3).

. A/det(E(12))
With (I8), one has £1; 25 — $2, = 511595 — (£},)? and WEI:) =1
It leads to V(y1, y2) € R?,

P(Q1 = 1Y1 = y1; 1)

K -
P = Y] = y1; )

=1,
with

Ko exp (—m (g1 — 01)?S11 + (y2 — @2)?Ba2 — 2(y1 — o) (y2 — 042)212))

exp (_m ((y1 — 01)?E11 + (Y2 — a2)?X92 — 2(y1 — o) (y2 — 042)2'12))
The quantity K is equal to one, because

(Y2 — 042)((y1 —ao1)Zi2 — (y1 — 0/1)2'12) =0

using (19). Thus,

Py = 1|Y1 = y1;¢1)
P(Q) = 1Y = y1;9})

=1 < F(¢)+o1y1) = Fi((¢)) + (¢) 1) Vyr eR

As F is strictly monotone, it is an injective function. Thus,

M +o1yr = ()] + ()i VimeR = () —(¢N)+((¢)i—oD)y =0  Vy eR

It implies ¢1 = ¢.

13



Identifiability of the Covariances of the MNAR variable. Equation (20) thus leads to
foviva) (Y1, 9235 1, a0, B12)) = frvy vy (y1, 925 4, a5, X49)) Y(y1,y2) € R?

One can conclude that X152 = ¥,. The same reasoning may be done for the covariance between Y;
and Y3.

Identifiability of the loading matrix. One wants to prove B = B’ up to row permutation. One
has

Y=Y oY -0l = 0Lk,
< BB = (BB (21)
As BT B is a positive symetric matrix of rank 2, one has the following singular value decomposition,
BB =(B)'B' =UDU",

where U = (uq|ua|us) € R**3 the orthogonal matrix of singular vector and

Vdi 00
D= 0 \/@ 0le R3><3
0 0 0
with d; = dy = 0. One can choose
o (N
d2u2

noting that a row permutation of B would not change the product B” B. Therefore, B = B’ up to a
row permutation.

O

A.2  Proof of Proposition [I)in the general case

We present the proof of Proposition|l|in the general case where d variables are self-masked MNAR
and p — d variables are MCAR.

Proof. Assume that (Y, Q) and (Y’, Q') have distributions respectively parameterized by (o, X2, ¢)
and (o/, %', ¢'). Assume that Y and Y” have the same following observed distributions

LZ(YJ,QJ=17aj,§]”7¢j)=£(Yj’,Q; =1;a9,29j,¢9) Vj€{17...,p}7 (22)
L(Y}, Yy, =1, = L a5, ag, Xy, ¢5, Px)
:ﬁ(Y;I,Yk/,Q; =1,Q;C=1,Ol;,a;£, /(]k;)7¢;7¢);€) VJ¢k€{1,,p}, (23)
where >,y denotes the covariance matrix Zij ik
(3k) Sik Zkk )

In order to show that parameters identifiability holds, we need to show that (22)) and (23] implies that
a=a,¥ =Y and ¢ = ¢'. Then, under a known noise level o2, we will prove that B and B’ are
equal up to row permutations.

In what follows, fy ; or f(y, v, respectively denote the density function of Y ;, and of (Y,;,Yyg).

In the following, we will use the following tip, forany [ € {1,...,p} and K < {1,...,p}\{l} such
that 0 < K] <p—1,

P(Q = 1Y, = yi, Y = yx; &) = E[E[Lo,=1|Y; 1]|Y1 = w1, Y = yx]
=E[P(y = 1Y = y;00)|[Y1 = v, Y = yx]

14



Thus, using the mechanisms in[A0T]

Py = 1Y) = yi, Y = yx; é1)

| B[Py =1|Y; = yi; 00)|Y1 = yi, Y = yx] if Y} is self-masked MNAR
| E[P(Q =100 Y = wi, Y = yk] if Y; is MCAR

Thus,

P(Q = 1Y, = y;;¢;)  if Y] is self-masked MNAR (24)
P(Q = 1;¢) if Y;is MCAR (25)
by measurability if Y is self-masked MNAR and by independence if Y; is MCAR.

P = 1Y = yi, Yk = yx; 1) = {

Identifiability of the parameters for the not-MNAR variables (Y}) ;c 11

Mechanism parameter, Mean and Variance of Y;,j € M. Equation 22) leads to
P(Q; = 1Y) = y;30;) fy; (ys5 05, Bj5) = P(Q = 1|Y] = y;30)) fy: (y5:05,5};)  Vy; R

Using 23), P(Q; = 1) = P(Q; = 1|Y; = y;; ¢;) = F;(¢;). This distribution is identifiable since it
pertains to a cond1t10na1 dlstribution of the observed data. As I is strictly monotone, it implies that

Fj(¢;) = Fj(¢)) = ¢; = ¢}
As ¢ = ¢, one obtains
fY (ijajv jj) fY’(yjaa EI ) vy] eR

which directly implies that a; = o/ and X;; = ¥, since Y; and Y are Gaussian variables.

j3’

Covariance between two not MNAR variables Y; and Yy, j # k € M. Equation (23) gives that
for all (y;,yx) € R?

Py =1, = 1Y) = y;, Y = yr; 65, O) fv,,vi) Yi» Yo @ e, Bjox))
=P(Q) =1, = 1Y} = y;, Yy = ys &}, %) fovy v (Y5, Uks o, 0 B gy), - (26)

and one has as well that

P(Q; =1, = 1|Y) = y;, Yi = yx; 05, dx) = P(Q = 1|Y; = y;; ;) P(U = 1Yk = yx; d1),
using[A02] Likewise,

P = 1,9, = 1Y) = y;, Yy = yi; 85, ¢4) = P(Q = 1|Y] = ;5 ¢5)P(Y = 1Yy = y; 6},).-
Given that ¢; = ¢ and ¢}, = ¢}, one obtains

P(Q; =1, = 1|V = y;, Y = yr; 05, 0r) = P(Q; = 1, = 1|Y] = y;, Y} = yw; b5, dn)-
Thus, Equation (26)) leads to, for all (y;, yx) € R?,

Fovy v Wiy g iy Bigy) = vy vy (U5, Ues o, s Bl ),

and X, = E;k.

Identifiability of the parameters for the MNAR variables.

Variance of Y,,,,m € M. Equation (22) gives that
)(yma m E/mma ¢;n) vym eR.

Given the self-masked missing mechanism in[A01.]and that Y., ~ N (am, Xym), (13, Theorem 1

a)] ensures that 3, = X/ .

f(Y,,“Q,mzl)(ym; Qo 2mm; ¢m) = f(

m. m,
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Mean and mechanism parameter of Y,,,, m € M. Letj € M (a not MNAR variable). One has

‘C’(}/j7Qj = 1|Ym7Qm = 1§ajaam72(jm)7¢ja¢m)
= E(}/]/7Q; = 1|Yr;L7Q;n = 1;0[;,0( (]m ¢J7¢ ) 27

using (22)) and (23) and noting that
=1 (Y55 Qs Qs By s D Prm)
i,$2= = j 5 m;a'7am72 im)s Pgyr Pm
_ f(l/w 3_17Y"L7Q7n_1)(y] y J (.7 ) ¢J d) ) v(yj,ym) ERQ.
f(Y s =1) (yv‘m [675°%) me; ¢m)

fov0=1)1vm=y

Equation implies that V(y;, ym) € R?,

]P(Qm = 1‘)/1 = Z/j7Ym = ym§d’m)fYﬂYm:ym(yj?ajaamvz(jm))

P(Q; = 1Y) = yj, Yo = Ym, Wm = 155
T ! P(Qm = 1Y = Ym; bm)
AR Y/ Q -1 ¢/)1P’(Q'm = G = 4 Yo = i 9, )fYa‘,‘Y/n:y”" (i3 5 s Zgm))
= .= i = Yis Y, = Ym0, = 1,0,
J i " I B(Q, = 1Y), = ym; #,,)
(28)

One can note that

P(Q; = 1Y) = yj, Yo = Ym, Qi = 1;¢5) = P(Q; = 1|Y; = y;; 6;).

Indeed,
P(Q:mg —1|Y—y, = Ym; Pj> Pm)
m J iy tm ms Pm
_ Py = 11Y; = y;; ¢;)P(Qn = 1|Ym = Ym; Pm)
P(Qm = 1‘}/] = yj7Ym = ym7¢m)
=P(Q; = 1Y) = y;;8;),

using[A02] in the second step. Likewise,

P = 1Y} = y;, Yy, = ym, U, = 1;,¢)) = P(Q; = 1|Y] = y;;¢)).

Given that ¢; = 3.,

P(Q; = 1Y) = 45, Yin = Ym, @ = 1;65) = P(Y; = 1Y} = 43, Y, = ym, Dy, = 15¢)

Thus, Equation (28)) leads to
P(Qm = 1|Y3 = yj7Ym = YUm; ¢m)ij|Ym:ym(yj;aj7am7 Z(jm))
P2, = 1Y) =3, Y, = Yms 00 fy71v, =y (U35 05 0y X))
S o LRt U Yy, ym) € B2,
P2, = 1Y = ym; ¢1n)
m = 1Y = Ym; ¢m) by using (AZ2), one obtains
Zl(jm)) v(y]7ym) € R27

AsP(Q, = 1Y, = 45, Y = Ym; O0m) = P(Q
Iy Wonmyn (W35 05 Qs Bim)) = fyt1vy, =y (Y53 55 00y
which leads to the equality of the conditional expectation and variance, as follows
aj + Emjzmm( - ym) = O/' + E'lmj (Z;nm)il(o"lm - ym) V(yja ym) e R?
E E727742771111 = ZI (E;nj)2<zgnm)_1

— o /
As aj = ofand Xy, = X0,

(29)

Sg = (Smj)? = Syl = \Einj

—Yml  Vym€eR (30)

EI (am - ym)

mj

Moo I
mj __ (am ym) — |am ym‘
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Equation (30) implies that «,,, = a,,, since for y,, = ,,, one has a,, — o, = 0.

In addition, using (23), one has for all (y;, ym) € R,

P(QJ = 1’Qm = 1‘Y yja yma¢ja¢m)f i Yo )(ijymvajaam7z(]m))
One can note that
P(QJ = 17Qm = 1‘Y yjﬂ yma¢ju¢m)

using[A02] and the tips given in and (23). The same equation holds for (Y}, Y;,,, 0}, Q) with the
parameters (¢, ¢,,). Using ¢; = ¢/;, Equation (3T) leads to
P(Qm = 1Yo = Ym; ém) f1v;,vi) Ui Ymi Qs Qi E(jm)) =
P(2, = 1Y = yimi 6n) fovr v W5 Ums @5 00, S0y) - V(5. 9m) € R (32)

It implies that, V(y;, Ym ) € R?,

_1 oy m — Ot n-1 Yi — @y
exp( 2 (yj a; Y « ) Gm) \ Ym — m P(Q = 1Ysn = Yom; &) 7 det(E(]m))

i—af \\ P = 1Y = Ym; dhn) /

where det (X ;,,,)) denotes the determinant of the covariance matrix X ;).

With 3355 = %, ¥pm = 37, and Equation (29), one has

) ) det(Z(jm))
255 8mm = Ty = L Emm — (505) - =1
det(X). )
(4m)
Besides, using a; = o, ¥;; = ¥, and ¥y, = X7,,,,,, one obtains that for all (y;,y) € R?,
P — — .
K BOn = 1Y = i) _ |
P, = Y5 = ym; ¢7,)
with
K =

exp <—42det(é(jm7) (g5 — a;)*Sj5 + (Ym — ) S — 2(y5 — ;) (Y — am)zmj))
exp (‘Wmm) (5 — 03)*Z55 + Ym — am)*Som — 25 — ) (Ym — Oéin)z/mj))
The quantity K is equal to one, because

(Y5 — ) ((Ym — ) Xmj — (Ym — O‘;n)zinj) =0
using (30). Thus, for all y,,, € R,

P(Qp = 1Yo = Ym; &m)

_ 0 1 _ /N0 /N1

As F is strictly monotone, it is an injective function. Thus,

G+ SmYm = (8 )i + (8 )mym = (0)0 = &0) + ()i — Gr)ym =0 ¥y eR
It implies that ¢,,, = ¢/,,.
Covariance between Y; and Y,,, with j € M, m € M. Using (32) and ¢,,, = ¢/,,, one has

Fovs o) Wi Y @y ans Bigmy) = Foveva) W Yms @G 00 Eljy) (Y5, 9m) € R?

One can conclude that ¥,,; = X7
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Covariance between Y; and Y,,, with / #= m € M. Using @), one has for all (y¢, ym) € R?,
P(QE =1, Q= 1|Y3 =Yy, Yy, = Ym; ¢€a ¢m)f(Yg,Ym)(ylv Yms Oy Oy, z:(Zm))
= P(QIE = 17 ern = 1|}/[l = Y, YT:I = Ym; (b%? qslyn)f(yz’,Yj,l)(yfv Ym; 0527 Oé:rm Z/(Zm)) (33)
One can note that

P(QE = 179m = ]-|Y—£ = yme = ym7¢5;¢m)
= P(Q€ = 1|Yé = yZ;¢2)P(Qm = ]-‘Ym = ym;¢m)a
using and the tip given in (A.2). The same equation holds for (Y,,Y,,,Q), Q) ) with the
parameters (¢}, ¢,,). Yet ¢, = ¢, and ¢, = ¢}, which gives, for all (y;, ym) € R?,
P(Qe = 1,Qm = 1Y = ye, Yin = Y} b2, dm) = P(Q = 1, Dy = 1Y = ye, Yo = Y3 b, $n)-

Equation (33) leads to
f(Y[,Ym) (yea Ym; Oy Qs E(fm)) = f(YZ’,Y/n)(yfv Yms O/ea O‘;;m Z/(Zm)) V(ZJ& yTn) € R27
which implies that X,,,, = 3, .

Identifiability of the loading matrix. One wants to prove that B = B’ up to a row permutation.
One has

Y=Y =N -0, =Y — 0%l

— BB = (BB (34

As BT B is a positive symetric matrix of rank r, its singular value decomposition reads

BB = (BB =UDU7,

where U = (uq]...|u,) € RP*P is an orthogonal matrix containing the singular vectors and
Vi
— \Y% dr pXp
D= 0 0 eR
0

withd; > --- > d,. = 0. One can choose

VvV dl u{

B = :
VduT

A row permutation of B does not change the product BT B. Therefore, B = B’ up to a row
permutation.

O

B Proof for Section[3

B.1 Proof of Lemma[2

Lemma Under the PPCA model (1) and Assumption choose j € J. Denote B~ € R™*" the
inverse of (B.m  (B.j/)jies_;). One has

Yj=Bjmg 0]+ Z Bim.g 1Y + Bjsm.g_im)Yom + ¢

3'ed—;
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with:

Biomain= 2, ByBmV¥ied,
ke{m}uJ_;

Bjom.gyiml = 2, BunBik,
ke{m}uJ_;

Biomg o) =15 — Y Bimmg 110 = Bim.g(m) 10m
J'e€T—;

¢=- Z Bjm.g_;1in€5" = Bimsm,g_;m)€m + €
J'eT—;
Proof. Starting from the PPCA model written in (I)) and recalled here
Y=1la+WB+e¢

and the matrix B € R"*? being of full rank r, solving this linear system is the same as solving the
following reduced system

(Y.m (Yj’)j’ej_j) = lo),. + Wi ... W, B\r + €,

where B),. € R"*" denotes the reduced matrix (B_m (B.j/)j/ejij) of B. Similarly, o, € R" and
€, € R™*" denote the reduced matrices of v and e. With a slight abuse of notation, B —1 denotes the
inverse of the reduced matrix (B., (B.j)jc7_;) which exists using

Then, one can derive that

Wi oo W)= (Ym (Vj)jes,) —1loy, —¢,) B~}

The expression of Y; as a function of the latent variables is
Yj = laj + (Wl W,) Bj, +€;
=1a; + (Y (Yy)jeq;) — 1oy, =€) BT Bj + ¢,

so that

Y= ) Y, BB |Yu
te{m}uJ_; \ke{m}uJ_;

a Z Z By Bjx | (Lo + €4) + €5 + 1ay.
tefmyod_; \ke(m}vd_;

which leads to the desired solution.

B.2  Proof of Proposition[d]

Proposition[d| (Mean estimator). Consider the PPCA model (1). Under Assumptions[AT) and[A2.] an
estimator of the mean of a MNAR variable Y ,,, for m € M, can be constructed as follows: choose
j € J, and compute

o e B ne N
L Q Bj—>m,j_j[0] ijej_j Bjem,j_j[j’]aj
Qm = BC ’

Jom,J—;[m]

with the (Bj_,,, T [k])’s estimators of the coefficients given in Deﬁnitionand assuming that the

coefficient B]? estimated by B¢ is non zero.

—m,J_;[m] j—m,J—;[m]

Under the additional Assumptions[A3. and this estimator is consistent.
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Proof. The main goal is to obtain a formula for « ,, i.e.

. _ Rc _ c .,
Qj Bj%m,.jfj[(]] Zj'ej,j Bjam,ﬂ,j[j’]a]

B¢ ’

j—om,J_;[m]

(35)

Oy =
from which an estimator can be deduced. The idea is to express «; from a,, and (cvjr) e 7 ;. Note
that E[Y ;] = E[E[Y;|(Yk)peg]]- Assumptionleads to
BIY; 1Y) ke = BV (V) gegys om = 1]
Then, by Definition 3| which gives (Y;)|q.,, =1,
E[Y]‘(Yk)ke{T}v Qm = 1]

=E|Bjomag 0+ Z B m.g_ Yk + CC‘(Y-k)ke{T}
ke{m}uJ_;

=Bjmg o)+ D .k Yo + E [Cc‘(Yk)kem]
ke{m}uT_;

Thus, by taking the mean and given that E[e | = 0,Vk € {m} v J_;, one has
@ =B om0 2 Bjsm.g_,111%" + Bjsm.g_(m)¥m:
J'eJ—;

implying Equation (33)), provided that 3¢ # 0.

jom,J—;[m]

From this formula for the mean «,,,, one define its estimator ¢&,,, as in (E[) It is trivially consistent as
the linear combination of consistent quantities under[A3] and [A4]] O

B.3 Proof of Proposition 5]

Proposition [5 (Variance and covariances estimators). Consider the PPCA model (1). Under As-
sumptions[AL] and[AZ] an estimator of the variance of a MNAR variable Y ,, for m € M and its
covariances with the pivot variables, can be constructed as follows: choose j € J and compute

— — T ~ A
(Var(Yom) Cov(Yom, (Yi)kes)) = (M;)7'F;,
assuming that o® tends to zero and the inverse of the matrix M; estimated by (M\ )71 exists, with

GAR € R’"

5c 9 se S T
i, — eR{| Bins,m)? 0 2B5 7, 1m) (Bjem,ajwfj])

e R {| = (B, e (M*)er

c
J1—=m,J—j, [m]

Let us precise that Z\/Zj e RU+DX+1) Ope has (Bgﬁm To[m) ke =
Be

]r"mvjfjr [m]

One details M* for k = j1 and the same definition is valid for all k € J.
M = (1 _Be

J1—>m,J—j; [j2]

—-B

C
J1—m,JT—j, [3r

])ERT

eAIR{
P (Var(Y;) = Q° = (BS_p 717 ) Var (Yo )B5 715. }e R
- e ~ . T .\ ,
J (((BkaJ_k)T 1 dm ()ees,) — O‘k)am)kej }E R”

20



Q¢ = (Var(Y)|@m = 1)
— (Cov((Y e Yo) Var( (Yo o) ™ Cov (Vi dyezys Ya) T|2m = 1).

Under the additional Assumptions [A3)] and the estimators for the variance of Y ., and its
covariances with the pivot variables given in are consistent.

Proof. As for the mean, to derive some estimator of the variance and the covariances, we want to
obtain a formula as

M; (Var(Y.m) Cov(Yam, Ya)ies))' = (P; — O(a?)), (36)

with

eR e R"

A A

c 2 c c r
- € R{| B ,pm)® 0 2B (Bjam,J_j [J_]])
e R {| = (B o by (M*)ke

;1 -m,J_j, [m]
Let us precise that M; € R"+D*("+1) One has (B, T w[m]ked =
B

Jr—=m, T, [m]

One details M* for k = j; and the same definition is valid for all k € 7.

M= (U B g B ) € R
EAR
(Var(Y;) — Q¢ — (B;?Hmj,j [jfj])Tvar(Yj—j)Bgﬁm,Jij [7-] }E R

D (B )0 Y] EYdieq )~ EYADEYA), fex

eR

——
Ovar(02) }E R
- (Ocov,k(JQ))kej }G R" ’

O(0?) =
with 0yar(02) and ocoy x (02) detailed in (@2)) and @3) respectively.
Q° = (Var(Y,j)|Q,m = 1)
- (COV((YJC)I@G@’Yj)var(c/.k)kem)_1COV((YI€)I¢€@’Yj)T|Q~m = 1) - @37

The strategy is to prove each equality of the linear system in (36).

Deriving an equation for the variance. The idea is first to express Var(Y;) from Var(Y.,,),
(Var(Y;))jres_; and (Cov(Yk, Ye))krtefmyos_,- The law of total variance reads as

Var(Y;) = E[Var(Y;|2)] + Var(E[Y;]2]), (38)
with Z = (Vi) ey
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For the first term in (38), using Assumption[A2] one has
VL (Qm=1I[Z
which leads to
Var(Y;|Z) = Var(Y;|Z,Q., = 1).
The conditional variance for a Gaussian vector gives
Var(Y;|Z) = Var(Y ;) — Cov(Z,Y.;)Var(Z) ' Cov(Z,Y;)7,
implying that
Var(Y;|Z, Q. = 1) = (Var(Y;) — Cov(Z,Y,;)Var(Z) ' Cov(Z,Y ;)" |Q.m = 1)
and then, as deterministic quantity,
E[Var(Y,;|2)] = (Var(Y,;) — Cov(Z,Y;)Var(Z) ' Cov(Z,Y ;)" |0 = 1) .
One has
Cov(Z,Y ;)Var(Z) " 'Cov(Z,Y ;)T =
Cov((Ya) ey Y ) Var((Y) e ) ™' Cov (Y ey Vo)
leading to
E[Var(Y;|2)] = @°, (39)
where Q° is defined in (37).
For the second term of (38)), remark that[A2. implies that
Var(E[Y,,|Z]) = Var(E[Y,] 2, L, = 1]),

and
Var(E[Y|2,Qm = 1)) = Var [ E | B5,,, 7 o+ O, Bz mYe+¢Z | |,
ke{m}uJ_;
ie.
Var(E[Y;]Z, Q.m = 1])
= Var > g YR, S m. g Bl k| Z] + B . 7_ 101 + Ele]
ke{m}uJ_; ke{m}uJ_;

In the variance, the first term is obtained using that the variables (Y ) ke (m}o J_,; are Z—measurable.

The two last terms use that Bjcgm T-i10] is a constant and € ; is independent of Z. To calculate the sec-
J=j

ond term, involving E[e ;| Z], one first shows that the vector ((Y.e)refmyos_, (€x)refmivg_, )T
is Gaussian. Indeed,

° (Yk)ke{m}uj_j is a Gaussian vector, using the model (T).

o (€x)kefm}u 7., is a Gaussian vector, because its components are independent Gaussian
variables.

o fork # (e {m}uJ_;,(WBhBy. e,g)T is a Gaussian vector, because Y, 1L € 4.

e forke {m}uJ_ s (Y €r)" isaGaussian vector, given that Y, is a linear combination
T L. . . . .
of (WBy. €x) which is Gaussian, as W By and ¢, are independent Gaussian variables.

Thus,
E[e x| Z] = E[e ] + Cov(ey, Z)Var(Z) *(Z — E[Z])
= Cov(e.x, Vi) (Var(2) ™). (Z — E[Z]),
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using Cov(e,Y;) =0, fork # 1. Tz = Var(Z )_1 denotes the inverse of the covariance matrix of
Z and (T'z). is its k-th row. It leads to

Ele.x|Z] = 0*(C2)r.(Z — E[Z]). (40)
given that Cov(e g, Yy) = Cov(e y, WBy. +€) = Var(eg).
Therefore,
Var(B[Y;|Z, Qm = 1) = >, (B s ) Var(Ya)
ke{m}uJ_;
+ Z QB;Hm,j,j[k]B;—»m,J,j [é]COV(Yk, Y[) + Ovar(02)a (41)
(k<t)e{m}uJ_;
where
ovar(0?) = —20° Z g 1B m. g 10 Z (T'2) e Cov(Yik, Yr)
(k,0)e{m}uT_; ve{miug_;
4 c 2 2
+o 2 (Bj—m,7_;k1) (T2)xeVar(Ye) — 2(T2)ke(T2) ke Cov(Y.e, Yor)
ke{m}uJ_; (e<te{m}uJ_;
- 25 D B om0 Bim.a 101 > (C2)iwr (Dz)e0 Cov(Yyr, Yir)  (42)
(k<f)e{m}uT_; (k' #)e{myoT_;

Combining (39) with (#I)), one get the following expression for the first line of the linear system
(BS oy ) VX (Vo) + 3 2B g (5B e, ) COVY 1 Yom)
J'€T—;
= Var(Y;) = Q° — (BS . 7 170 Var(Ys )B5 . 7 17— Ovar(07)  (43)
Deriving equations for the covariances. Let k& be an element of .7, our objective is to express
Cov (Y., Yii) from Var(Y.,,), am, (ar)kes and (Cov(Y.m, Yii))remios-
Cov(Ym, Yi) = E[Y., Y] — E[Y,,|E[Y]

= E[E[Y7rLYk|Z]] - E[Ym]]E[Yk]

= E[Y.nE[Yk|Z]] = E[Y.m]E[Y], (44)
with Z = (Y-f)ée{f}'
For the first term in (d4)), one has

E[YE[Y|2]] 2RV, B[V |Z, Q0 = 1]]

(i9)
SE\ Vo | Bl © 20 BiomaaaYe + EIGIZ)
Ee{m}vjfk

(i) e .
=B g (0 B o) + Bi s 7 B[V 0]

+ Z Bzam7jfk[[]E[YmYZ]+Ocov,k(02)
leJ_x

Wlth Cg == ZZEJ,;C Bz—rm,j,k[@]c[ - B]ceﬁm,j,k[m]e'm + €k

Assumption[A2] and Definition [3]are used for (i) and (ii) respectively. For (iii), using (#0), one has

ElYRE[GIZ]] =E | Yin | — Z BZ-»mJ,k[é]UZ(FZ)E-(Z -E[Z]) ||,
le{m}uJ_y

given that E[e | Z] = E[e ] = 0 by independence.
E[Y.E[¢;|Z]]

= —0’E Yo Bimaaa¥m Y, T2)w(Ye —E[Ye))
te{m}uJ_y {myueT_x
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In addition,

El Y Bims,g¥m », @T2)we—EYe])

te{m}uJ i le{m}uJ_y

= Z Z (C2)ee By, 7 10 (COV (Yo, Yir) + E[Y 5 JE[(Y.r — E[Y.r])])
Le{m}uJ_i U'e{m}uJ_y

- Z Z T2)ee By, 7 w1 Cov (Yo, Yior)

te{m}uJ_ 'e{m}uJ_x
It implies that, in (iii),

Ocov,k(oj) = _02 Z Z (FZ)M’BZ_)m,j,k[K] Cov (Yma YZ’) (45)
te{m}uJ_ l'e{m}uJ_j

Equation {#4)) leads thus to

+ Z Bk_,m Y (Cov(Ym,Yg)JrIE[Y ]E[Y_,g])f]E[ym]E[Yik]Mmk(a?), (46)
eT

which can be rewritten as

COVYons Vi) = B g Var(Vn) = 30 Bi i Cov(Yom, Vo)
leJ_x

= ((Biomg )" (1 EYal  (BY.Deeg)” = EIVADEY.n] + 0covk(0?), (47)
Combining Equations (@3) and (@7)) forms the desired matrix system (36).

From these formulae for (Var(Y,,,) Cov(Y,, (Y)ke j)) assuming that M/ is invertible and
that o2 tends to zero, one get their estimators (Var( m) Cov( “my (Yo ) ke j))T defined in (T0).

As for the consistency, &, is a consistent estimator for c,,, by using Proposition 4] The estimators in
(10) are consistent, under Assumption[A3]and [A4] O

B.4 Proof of Proposition ]

For deriving the covariance between a MNAR variable and a MNAR or not pivot variable, we assume
the following

A5. VYme M, V0 e J_p,, forall set H < J_; such that [H| =7 —2,(B.m By (Bj)jen)
is invertible,

A6. Vke J\M,Vje T, Y; LQx|(Ye)ups-

AT Vk (e T, k#1, QpLQ,Y

A8. Vje J,VYme MVl e J_,,, forall set H J—; such that || = r — 2, the complete-

case coefficients BJ_)m efo) MBS sk # Gk E {m, €} U H can be consistently

estimated. (Here, note that the complete case is when 2 ,,, = 1 and Q, = 1.)
A9. For the variables neither MNAR nor pivot, their means (oy).e T\M> variances
(Var(Yx)) ez m and covariances (Cov(Y k, Yxr)) g 2xre 7\ pm can be consistently estimated.
The covariances between these variables and the pivot variables (Cov(Y ;, Yk)) je7 re\ m
are also consistent.
Proposition 8 (Covariance between a MNAR variable and a MNAR or not pivot variable). Consider

the PPCA model (). Under Assumptions[A2.] [A3.] [A6.] and[A7] an estimator of the covariance
between a MNAR variable Y ., for m € M, and a variable Y 4, for £ € J \{m}, can be constructed
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as follows: choose j € J and r — 2 variable indexes in J_; and compute:

— 1 — e e —
Cov(Yom, Vi) = =Var(Y;) == D1 (B onqu) Var(Y)
K ke{m L} OoH
- > 285, 0 03401055 6051 COV (Y, Vi), (48)

k<k' ke{m,L}UH k'eH

assuming that o tends to zero and with K= 2Bjc’~>m,ﬁ,7-£[m] B;Hm’éﬂm and

= (@(Y,j)m,m — 1,0, = 1)
- (COV((Y.k)kem7Y-j)var((y.k)kem)_1COV((Yk)ke@vY-j)T’Qm =1,0Q,= 1) 5

given that K estimated by K is non zero.
Under the additional Assumptions[A3.] [A8.] and[A9.] this estimator given in @8) is consistent.

Proof. Let H be the set of the r — 2 variable indexes. One has H < J_;. We use the same strategy
as the proof for Proposition [5] (paragraph for deriving an equation for the variance).

To derive a formula for Cov (Y., Y.,) with m € M and £ € J_,,, the idea is to express Var(Y;)
from (Var(Y.x)) kefm,eyon and (Cov(Y ik, Yir)) krrre(m,eyon-
The law of total variance reads as

Var(Y;) = E[Var(Y;|Z)] + Var(E[Y;|Z]), (49)
with Z = (Yk)kem»
For the first term in (#9), one uses

Y; L Q. Q2

IfY,, and Y, are both MNAR variables, this conditional independance is obtained using Assumption
[A2] and[A7] Otherwise, if Y is not a MNAR variable, Assumption[A6] and [A7]lead to the desired
result. It implies

Var(Yj|Z) = Var(Y,j|Z,Qm = 1,9.5 = 1)
The conditional variance for a Gaussian vector gives

Var(Y;|Z) = Var(Y ;) — Cov(Z,Y.;)Var(Z) ' Cov(Z,Y;)7,
implying that
Var(Y;|Z,Q.m =1,Q,=1)
= (Var(Y;) — Cov(Z,Yj)Var(Z) ' Cov(Z,Y ;) |Qm = 1,0, = 1)
and then, as deterministic quantity,
E[Var(Y;|Z)] = ¢° (50)
with
¢ = (Var(Y;)[Qm = 1,02, =1)
- (COV((Yk)kem7Yj)var((Yk)kem)_1COV((Yk)ke@7Yj)T’Q‘m =1,0,= 1) :
For the second term of (38)), remark that[A2] [A6. and[A7] implies that
Var(E[Y,,|Z]) = Var(E[Y,|Z, 2, = 1,2 = 1]),

and

Var(E[Y,;|Z,Q.m = 1,0, =1])

= Var | E B;—>m,€,7-[[0] + Z B;?—Wn,é,?'[[k]Yik + CJC Z ’
ke{m L} OoH
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ie.

Var(E[Y;|Z, Q. = 1,02, =1])

= Var > FEET) SED Y ek Bl Z] + BS, ., 0 20) + El€]
ke{m L} UH ke{m L} OoH

One uses the same reasoning as in the proof of Proposition [5| (paragraph for deriving an equation for
the variance) to get
Var(B[Y;|Z,Qm = 1,2, =1) = > (B5,,, s Var(Y)
ke{m L} UH

+ Z QBJCAm,e,H[k]BJC‘Hm,z,H[k/] COV(Y.k, Y.k') + Ocovmiss(UQ)a (51)
k<k'e{m L} OH

where
OcovmiSS(UQ) = _202 Z B]?Hm,ﬁ,’f-t[k] Bj—»m,é,'i—l[k’] Z (Fz)k'l’COV(ka Y[’)
(k,k")e{m L}UH t'e{m L} UH
4 c 2 2
+o Z (BS—m, e k) (Cz)iw Var(Ye) = 2(Cz) ki (T2 ) wer Cov (Y, Yior)
ke{m, L}uH (k' <€)e{m, L} uH
— 20" 2 B im0, 3411 B5 —m, e, 4 [57] 2 (C2) e (Cz) e Cov(Yn, Yr)  (52)
(k<k’)e{m,e}uH (k" 0 E{m, L} H
Combining @9), (50) and (5T, one get the following formula for Cov(Y,,, Y,),
2
285 0, plm) B 110 COV(Yom, Yie) = Var(Y ;) —¢° — Z (B, )~ Var(Yie)
ke{m £} UH
- Z 26§ﬁm,é,7-t[k]63c'ﬁm,z,7{[k’]COV(Y-ka Y.k’) — Ocovmiss (02)

k<k!,ke{m L} UH k'eH

An estimator of Cov(Y,,,,Y,) is then derived as in (8), given that 0% tends to zero and K =
BS_ .0 340m) B —m.e,[) 1S nON Z€TO.

We use the consistent estimators defined in Proposition [5| for estimating Var(Y,,) and
Cov(Y.m, Yk )ken. If Yy is also a MNAR variable, Proposition [5]is applied for estimating Var(Y ;)
and Cov(Yy, Y ) ke Otherwise, if Y is not a MNAR variable, we use

Eventually, and lead to the consistency of Go\v(Y_m, Y.). O

B.5 Extension to more general mechanisms for the not MNAR variables

The results of Proposition[d} [5]and [8]can be extended to a more general setting than the one presented
in Section 2] The pivot variables may be assumed to be MCAR (or observed). The variables which
are neither MNAR nor pivot may be observed or satisfying

Ve J\M,Vie{l,....n}, P(Qi=1Y;) =P(Qie = 1(Yir)rer (ryorm)s (53)

i.e. they are MCAR or MAR but their missing-data mechanisms may not depend on the pivot
variables.

The proofs are similar and not presented here for the sake of brevity.

Note that the main difference is that the complete case has to be extended. For instance, for j € J
and k € J_;, the coefficients standing respectively for the intercept and the effects of Y ; on
(Yo, (Y.j1)jre7_;) in the complete case, i.e. when Q ,,, = 1,(Q2; = 1);c7 are in this general setting
defined as follows

Y et@,=1)es = Bivma o T 20 Bimmg 1Y + Bz fm) Yom + ¢
j'ed—;

1 c _ __ C R .
with (¢ = Zj'ej,j Bjﬂm"jﬂ_ 1165 BJHm 7 [m)€m T €5
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C Other numerical experiments

Robustness to noise. Considering the same setting as in Section 1| (n = 1000, p = 10, r = 2
and seven self-masked MNAR variables), the methods are tried for different noise levels o2 €
{0.1,0.3,0.5,0.7,1}. The results are presented for one missing variable and for all the other ones,
the results are similar. In Figure [7] Algorithm [T]is the only method that does not give a biased
estimate of the mean and the variance regardless of the noise level. In Figure[8] despite a larger bias
in the estimation of the covariance between a missing variable and a pivot one as the noise level
increases, Algorithm [T] outperforms all the other methods, regarding the estimation of the covariance
between two missing variables. Note that the formula for the estimate of the covariance between
two missing variables relies on the one for the estimate of the variance, but both differ from the
one used for the covarance estimation between a missing variable and a pivot one. As expected, in
Figure 0] estimation deteriorates as the data gets noisier and then the loading matrix estimation and
the imputation error get closer to the results of mean imputation. In term of imputation error, the
proposed method yet remains competitive in regards of the approaches [(iD)] and [(iiD)] Overall, when
the noise level increases, the exogeneity will be worse and that ignoring it in practice can be made to
the detriment of performance.
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Figure 7: Mean estimation (left graphic) and variance estimation (right graphic) of one missing
variable for different values of the level of noise when r = 2, n = 1000, p = 10 and seven variables
are MNAR. True values to be estimated are indicated by red lines.
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Figure 8: Covariance estimation beetween a missing variable and a pivot one (left graphic) and two
missing variables (right graphic) for different values of the level of noise when r = 2, n = 1000,
p = 10 and seven variables are MNAR. True values to be estimated are indicated by red lines.
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Figure 9: RV coefficients for the loading matrix (left graphic) and imputation error (right graphic) for
different values of the level of noise when » = 2, n = 1000, p = 10 and seven variables are MNAR.
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Varying the percentage of missing values. Considering the same setting as in Section[d.1](n =
1000, p = 10, r = 2, 0 = 0.1 and seven self-masked MNAR variables), the methods are tried for
different percentages of missing values (10%, 30%, 50%). The results are presented in Figure[T0] As
expected, all the methods deteriorate with an increasing percentage of missing values but our method
is stable.
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Figure 10: Mean estimation (left graphic), variance estimation (middle graphic) and imputation error
(right graphic) for different percentages of missing values when r = 2, n = 1000, p = 10 and seven
variables are MNAR.

Misspecification to the rank. The misspecification to the parameter r has been evaluated: under a
model generated with » = 3 latent variables (n = 1000, p = 20, ¢ = 0.8 and ten MNAR self-masked
variables), the rank is either underestimated, well estimated or overestimated by giving to Algorithm
[T]the information that 7 = 2, r = 3 or r = 4. Both estimation of the loading matrix and imputation
error are shown in Figure [T1] The results for an underestimated (r = 2) or overestimated (r = 4)
rank are comparable to the case where the accurate rank is considered instead (r = 3), showing a
stability of Algorithm|[I]to rank misspecification.
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Figure 11: RV coefficients for the loading matrix (left) and imputation error (right) when r = 3,
n = 1000, p = 20 and ten variables are MNAR for different cases where the rank is either
underestimated, well estimated or overestimated.

General MNAR mechanism. We consider the setting n = 1000, p = 20, » = 3 and ¢ = 0.8.
Here, missing values are introduced on ten variables (Y.k)ke[l:lo] using a more general MNAR
mechanism (see (3)) than the self-masked one. In particular, the MNAR mechanism we consider is
defined as follows,

Vm e [1:10],Vie {1,...,n}, P(Qim = 1|Y;) = P(Qim = 1|Yim, Yir, Yie), (54)
where k and £ are indexes of MNAR variables randomly chosen such that k # £ € [1 : 10]\{m}. In
Figure[I2] AlgorithmI|provides the best estimators of the mean and the variance (in term of bias)
and the smallest imputation error.

Higher dimension and variation of the rank. The performance of the different methods for
higher dimension is assessed. A data matrix of size n = 1000 and p = 50 is generated from two
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Figure 12: Mean estimation (left), variance estimation (middle) of one missing variable and imputa-
tion error (right) when r = 3, n = 1000, p = 20 and ten variables are MNAR as in (54). True values
are indicated in red lines.
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Figure 13: Mean estimation (left) and variance estimation (right) of one missing variable when
r = 2,n = 1000, p = 50 and twenty variables are MNAR. True values to be estimated are indicated
by red lines.

latent variables (r = 2) and with a noise level 0 = 1. Missing values are introduced on twenty
variables according to a self-masked MNAR mechanism, leading to 20% of missing values in total.
Without loss of generality, the results are presented for one missing variable. Method [(iv)| has been
discarded, as its computational time is too high for this setting.

In Figure[T3] as for the estimated mean and variance, Methods and [(ii1)] suffer from a large
bias, while Algorithm|[I]gives unbiased estimators. The same comment can be done for the estimation
of the covariance between two missing values in Figure[14] As for the covariance estimation between
a missing variable and a pivot one Figure[T4]} Algorithm|I|suffers from a variability, which can be due
to the fact that in this higher dimension setting, not all the possible combinations of pivot variables
are considered. Indeed, instead of taking the set of pivot variables of all the not MNAR variables
i.e. J = M, we choose J < M such that | 7| = 10. For the mean, 270 combinations of the pivot
variables are aggregated over 870 possible combinations if 7 = M.
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Figure 14: Covariance estimation beetween two missing variable (left) and a missing variable and a
pivot one (right) when = 2, n = 200, p = 10 and seven variables are MNAR. True values to be
estimated are indicated by red lines.
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Figure 15: RV coefficients for the loading matrix (left) and imputation error (right) when r = 2,
n = 1000, p = 50 and twenty variables are MNAR.

Despite this dispersed estimator of the covariance between a MNAR variable and a pivot one,

Algorithm [T] gives in Figure [T3] a high RV coefficient, by improving Methods [(D)} [(ii1)] and
and

Concerning the imputation performance, Algorithm [T]strongly improves Methods

For the same dimension setting (n = 1000, p = 50) and the same noise level (o = 1), we vary the
rank to » = 5. Similarly as before, missing values are introduced on twenty variables according to a
self-masked MNAR mechanism, leading to 20% of missing values in total. In Figure|16] for the mean
and the variable estimations, Algorithm [I] gives unbiased estimators. In Figure[T7] the covariance
between a missing variable and a pivot one estimated by Algorithm [I]is biased but still less than the
other methods. In addition, the covariance between two missing variables is unbiased but suffers
from a high variability. Note that once again we have chosen 7 < M such that | 7| = 10. For the
mean, 1260 combinations of the pivot variables are aggregated over 712530 possible combinations if
J=M.In Figure despite such results for the covariance estimators, Algorithm gives a similar
RV coefficient than Methods [(if)] and [(ii1)| but strongly improves all the methods in term of imputation
error.
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Figure 16: Mean estimation (left) and variance estimation (right) of one missing variable when
r =5, n = 1000, p = 50 and twenty variables are MNAR. True values to be estimated are indicated
by red lines.
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Figure 17: Covariance estimation beetween two missing variable (left) and a missing variable and a
pivot one (right) when » = 5, n = 1000, p = 50 and twenty variables are MNAR. True values to be
estimated are indicated by red lines.
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Figure 18: RV coefficients for the loading matrix (left) and imputation error (right) when r» = 5,
n = 1000, p = 50 and twenty variables are MNAR.

Efficiency of the aggregation approach in the selection of the pivot variables. As described in
Section [3.4] Algorithm [Trequires the selection of r pivot variables (considered M(C)AR) on which
the regressions will be performed. To reduce the error committed by the selection pivot variables, we
propose to select a bigger set of pivot variables (with a cardinal superior to 7) and the final estimator
will be computed with the median of the estimators over all possible combinations of 7 pivot variables
(this is called the aggregation approach). In Figure[T9] we consider the same setting as in Section
(n = 1000, p = 10, » = 2 and seven self-masked MNAR variables) and we perform Algorithm
by using the aggregation (MNARagg) method or not (MNARnoagg). By discarding outliers, this
aggregation approach is more robust than selecting only r pivot variables.
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Figure 19: Mean (left) and variance (middle left) estimations of Y ; and covariances estimations
of Cov(Y1,Y2) (between two missing variables) (middle right) and of Cov(Y 1, Yg) (between one
missing variable and one pivot variable) (right). True values are indicated in red lines.

D Computation time

Table[T] gathers computation times of the different methods, for both settings considered in Sections[4]
and

r=2,p=10,n = 1000 | r =5,p = 50,n = 1000
Method 35% MNAR values 20% MNAR values

in 7 variables in 20 variables
MNAR algebraic | 0,1 s 11 min 48 s (1260 aggregations)
SoftMAR 55s 28's
EMMAR 50,8 s 2min 9 s
Param 5h 15 min not evaluated

Table 1:

obtained for a computer with a processor Intel Core i5 of 2,3 GHz.
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E Additional information on the TraumaBase® dataset

E.1 Description of the variables

A description of the variables which are used in Section 2] is given. The indications given in
parentheses ph (pre-hospital) and h (hospital) mean that the measures have been taken before the
arrival at the hospital and at the hospital.

SBP.ph, DBP.ph, HR.ph: systolic and diastolic arterial pressure and heart rate during pre-
hospital phase. (ph)

HemoCue.init: prehospital capillary hemoglobin concentration. (ph)

SpO2.min: peripheral oxygen saturation, measured by pulse oxymetry, to estimate oxygen
content in the blood. (ph)

Cristalloid.volume: total amount of prehospital administered cristalloid fluid resuscitation
(volume expansion). (ph)

Shock.index.ph: ratio of heart rate and systolic arterial pressure during pre-hospital phase.
(ph)

Delta.shock.index: Difference of shock index between arrival at the hospital and arrival on
the scene. (h)

Delta.hemoCue: Difference of hemoglobin level between arrival at the hospital and arrival
on the scene. (h)

The percentage of missing values in each variable is given in Figure 20]

Cristalloid.volume

Delta.hemoCue

HemoCue.init

Variables

Delta.shock.index

SpO2.min

Shock.index.ph —_————

DBP.ph e
SBP.ph —e
HR.ph —e
% Missing

Figure 20: Percentage of missing values in each variable for the TraumaBase data.

E.2 Supervised learning task

To predict the administration or not of the tranexomic acid (binary variable), we impute explanatory
variables before proceeding to the classification task. In Table 2] Algorithm [I] gives the smallest
prediction error.

MNAR 5.06%
EMMAR 5.82%
SoftMAR 5.45%
MNARparam | 5.39%
Mean 5.27%

Table 2: Mean of prediction error over 10 repetitions.
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F Graphical approach

F.1 Preliminaries

Lemmas of Mohan et al. [[18] are used to construct some estimators of the mean, variance and
covariances for a MNAR variable based on a graphical approach.

Lemma 9 (Lemma 2 [18]])). Let us consider the m-graph G. The coefficient of the linear regression of
Y,jonYy, k # j, denoted as By, 1+, is recoverable (i.e. they are consistent in the complete-case
analysis) if Y; 1L Q|Y., k # j and one has

C

Biokkri = Bjkkzi

Lemma 10 (Lemma 1). [[I8]](Graphical approach for computing the covariance) Let G be a m-
graph with k unblocked paths p1, . . ., pi, between two variables Y . and Y 5. Let A, be the ancestor
of all nodes on path p;. Let the number of nodes on p; be n,,. One can derive that

np, —1

k
Cov(Y..,Ys) = Z Var(Ap,) H o5,
i=1 Jj=1

R
where H;Lill a? * is the product of all causal parameters on path p;.

In addition, let us recall the basic formula,

Cov(X,Y)

Var(X) ' (55

BY—>X =

where Y and X are two variables of a linear model.

F.2 Estimation of the mean, variance and covariances of the MNAR variables

The graphical approach to construct an estimator of «; is based on the transformation illustrated in
Figure [T) of the graphical model of PPCA as structural causal graphs, whose context is introduced in
[21]. This latter framework allows to directly apply the results of Mohan et al. [[18] who consider the
associated (linear) structural causal equations under the exogeneity assumption with MNAR missing
values for one variable.

For the sake of brevity, the results are presented for the toy example in Section [3.1] where p = 3,
r = 2, Y is self-masked MNAR and the other variables are observed.

Then, one can associate to Figure[T] (bottom right graph) the structural equation model detailled in
the following lemma.

Lemma 11. Assuming E[e2|Y1,Y 3] = 0, the structural equation model associated with the bottom
right graph in Figure|l]is

Yo = fBo13/0) + Bom1,311Y1 + Boss1331Ys + €2, (56)
where 35,1 [0, B2—1,3[1] and 2.1 3[3] are the intercept and the coefficients of the linear regression
of YoonYandY .
Using Equation (56) and Lemma[9] we apply the results of Mohan et al. [18] to get an estimator for
the mean of the MNAR variable.

Proposition 12 (Mean estimator for the graphical approach). Under Equation (56), assuming|[A1]
and 35, s # 0, one can construct an estimator of the mean o of the MNAR variable Y 1 as
follows

A _ AC _ AC A~
a2 ﬂ2—>1,3[0] ﬂ2—>1,3[3]043

) (57)

(3[1 = -
62%173[1]

where ,8541)3[0], 5591’3[1 and 6§H1’3[3] denote some estimators of BSHI,B[O]’ 55%1’3[1] and
B5_1 3[3] given in Lemma This estimator is consistent under additional Assumption
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Proof. To derive some estimator of the mean, we want to obtain the following formula

az — B3 _q 3j0] — P31 5033 (58)

o] =
c
BQHLB[I]

Indeed, one has:
E[Y2] = E[E[Y2|Y1, Y]
=E[E[Y2|V1,Y3,Q1 = 1]] (by using[AT))
= E[E[B5 1 310) + P13 Y1 + Bo g5 Ys +€2[Ya, V3]
= Bo1 30 + Bomr s EY ] + 55105 E[Y 8],

which leads to the desired Equation (58), provided that 55, a(] # 0. A natural estimator fo o is
then given by (57). It is consistent given that all the quantities involved are consistent, by using [A4]
(for the consistency of &s and &3) and Lemma|§|(f0r the consistency of the coefficients 35, 3[0]°

ﬁ§—>1,3[1] and ﬁ§—>1,3[3])' O

Remark 13 (Mean estimation: algebraic vs. graphical approach). In both approaches, the PPCA
model is translated into a linear model. However, both estimators in Equations ) and (57) theo-
retically differ. The exogeneity assumption and approximation is not made at the same step. In the
algebraic approach, the results are first derived without using any approximation. It gives linear
models that do not comply with the standard exogeneity assumption. Consequently, an approximation

is done at the estimation step since the parameters By, 515, By, 317 and By_,; 551 are estimated

with the standard linear regression coefficients. In the graphical approach, an approximation is made
at the first step when a structural equation model is associated with the graphical model by assuming
the exogeneity, i.e. E[e2|Y1,Y 3] = 0. In practice, for both approaches, the same coefficients are
naturally computed, i.e. 5;91@, ¢ = l’j’;?H ko Which leads to the same computed estimators for the
mean of Y 1.

While only one simplified graphical model between Y 1, Y 5 and Y 3, displayed in the bottom right
graph of Figure [T} was required to construct an estimator of the mean of Y;, the variance and
covariance estimations rely on Equation (56)) and the following one (associating to the bottom left
graph of Figure[T),

Y3 = Bs-1210] + B3-1,2111Y1 + Ba12p21Y2 + €3, (59

assuming E[e 3|Y1, Y.2] = 0 and where 3_,1 2[0], B3—1,2[1] and B5_,1 2[2] are the intercept and the
coefficients of the linear regression of Y3 on Y; and Y.

Using Equations (36) and (39) and Lemmas 9] [I0] one can derive some estimators for the variance
and the covariances of Y7.

Proposition 14 (Variance and covariances formulae resulting from the graphical approach when
p = 3 and r = 2). Under the two equations (56) and (39), assuming@ and also B5_,, # 0,
B5 1 ap] * 0 and Var(Y3) # 0, one can construct an estimator of the variance of the MNAR

variable Y 1 and its covariances as follows

— Var (Y. 1 Cov(Ya,Ys)
Var(Y) := AF( 3) — ( /(\ 2 Ys) —559173[3]> , (60)
P51 Baiany Var(Y3)
—~ 1 Cov(Ys,Y R _
Cov(Y,1,Ys) := = /(\'2 2) — B3-1,2p2) | Var(Ya), (61)
B?f—a,z[u Var(Ys)
_ 1 Cov(Yy,Ys) &, —
Cov(Y, V) = W2 Y8) e | Ve (©)
55—»1,3[1] Var(Y3)

AC AC AC 5 C C C - H
where 53_&72[1], 53_)172[2] and B5_,, are some estimators ofﬁg_&z[l], 63_&,2[2] and B5_,, given in
These estimators are consistent under additional Assumption
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Proof. To derive some estimators of the variance and covariances of the MNAR variable Y1, one
want to obtain the following formulae:

_ Var(Y3) 1 Cov(Y2,Y3)  ae
Var(¥a) = B5-1 Ba1 s ( Var(Y3) Piotats ) ©
1 Cov(Y,Ys) )
Cov(Yq,Ys) = — 065, Var(Ys), 64
oY) ﬁ§91,2[1]< Var(Y2) P zpz (¥2) 4
1 Cov(Y2,Y3) )
Cov(Y1,Y3) = — ( — 65, Var(Y3). (65)
(oY) ﬁ2_)1,3[1] Var(Y3) =130 )

Using Equation (53), one has
COV(YIa Y3) = Var(Yr.l)ﬁ?)A»la

Cov(Y3,Y) = Var(Y3) 513,
SO

Var(Y. =
Var(Y;) = Var(Vis)B1s 3.
63%1
Considering the graphical model in the bottom left graph of Figure[T]
Cov(Y.2,Y3) = Bars1 31 f1-3Var(Y3) + Ba_sq 3137 Var(Y3) (by Lemma T0))
1 Cov(Y,Y3)
= Pros = Ba—s1,301] < Var(Y3) Pa-s1.303)
1 Cov(Y2,Y3) )

= f1o3 = = ( - b5 (66)

31,30 Var(Y.3) k]

where the last implication is given by Lemma[9]and Assumption[AT] giving also
BSHI = 55%17
which leads to Equation (63).

By (33), the covariances can be expressed in two different ways,

Cov(Y1,Y3) = fa1Var(Yy) and Cov(Yy,Ys) = Bz Var(Yy), (67)
Cov(Y1,Ys) = f1oVar(Ys) and  Cov(Yy,Ys) = BisVar(Ys). (63)
In @), the coefficients 8,1 and B3_,1 can be estimated on the complete case using Lemma (9} but
the variance of Y ; has still to be taken care of. Instead of potentially propagate error from , we

propose to favor the expressions given in (68) to evaluate the covariances.

Focusing on (68), the coefficient 51,3 is given in (66) and 51_.2 can be obtained using the same
method, based on the reduced graphical model in the bottom right graph of Figure|[T] (by Assumption

[AT)), so that

ﬁ . 1 (COV(Y27Y3) _ ﬁc )
o B2 Var(Ys) SRl
Therefore, by plugging it in (68)), Equations (64) and (63)) are obtained.

The natural estimators for Var(Y';), Cov(Y.1,Y2) and Cov(Y1,Y3) are then given by (60), (61)
and (62). They are consistent given that all the quantites involved are consistent, by using

(for the consistency of @(Yz), @'(Yg) and éaz(Y,g, Y3)) and Lemma|§| (for the consistency of
ﬂ;akl)‘ D

Remark 15 (Var-covariance estimation: algebraic vs. graphical approach). As for the mean, the
exogeneity assumption is required in the last step of the algebraic approach to estimate coefficients
and in the first step of the graphical approach to obtain structural equation models. However,
contrary to the estimator suggested for the mean, the estimators in both graphical and algebraic
approaches here differ (compare (10) with (60), (61) and (62)). Indeed, the algebraic approach is
based on the use of conditionality, while the graphical one relies on graphical results standing for
the linear models when exogeneity holds.
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G PPCA with MAR data

The following proposition is an adaptation of our method to handle MAR data, called MAR in
Section@ inspired by [18, Theorems 1, 2, 3]. In this case, the missing variables are assumed to be
MAR indexed by M. We assume the following:

Alyar. (B.jr)jeg is invertible.

A2pAR. Yme M, Y, L Q.m|(Yk>ke@

A3nar. Vm € M, the complete-case coefficients B, 700] and BY | Tk k € J can be consistently
estimated.

ASyiar. V0 e J, forall set H = J_j suchthat [H| =r — 1, (By (B.j/)jen) is invertible,

Abyiar. Vm e M,Vle J\M VG e T, Yo L Qil(Vik)e -

A8yiagr. Vm € M, V0 € {m}\J, for all set H  J such that |#| = r — 1, the complete-case
coefficients By, 5,10y and By, 51,k € {¢} U H can be consistently estimated.

Proposition 16 (Expectation, variance and covariances formulae for a MAR variable when p = 3 and
r = 2). Consider the PPCA model (II[) Under Assumptions|Alyar.| and|A2yag.} one can construct
the estimators of the mean, the variance and the covariances with a pivot variable for any MAR
variable Y ,,, m € M, as follows

— the mean of the missing variable
& = By g0 + O Brass g1 @
JET
with J the pivot variables set,
— the variance of the missing variable
Var(Yon) = QSuar + ) (B5,, g1;))*Var(Y)
-m MAR m—J[7] -J
JjeT

+2 > B apiBis gpa Cov(Y, Y,
(i<k)eg

with
Qton = (Var(¥onm) |2 = 1)

(M) ey Yor) Var((Y. ) ey) ™ Cov(Y. ) s Vo) T2 = 1)

je{m}
— the covariances between the missing variable and a pivot variable, for all { € J,
Cov(Yom, Yie) = B, yo76e + B, iy (Var(Ye) + a7)

+ ) Brcnaj[k](é(;’(ytla Yik) + Gudy) — Gy
ked_e

Under Assumption and these estimators are consistent.
In addition, under Assumption and one can construct the estimator of the

covariance between a MAR variable Y ,, for m € M and any not pivot variable as follows

— the covariances between the missing variable and any not pivot variable, for all { € W\J ,
choose r — 1 variable indexes in J to form the set H U J such that |H| =r — 1

Cov (Y, Ye) = By o018 + B (Var(Y,) + a7)

+ ) Bfn—»[,?—[[k](é-o\v(yja Yi) + Gebn) — Gy
keH
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Under the additional Assumptions and[A9.| this estimator is consistent.

Proof. The proof follows exactly the same direction than in Proposition ] [5] and [8] The only
difference is that the regressions used are not the same.

For the sake of clarity, consider the same toy example as in Section[3.T|where p = 3, = 2, in which
only one variable can be missing (at random), and fix M = {1} and J = {2, 3}. Note that here the
MAR mechanism leads to P(Q; = 0]Y.1,Y5,Y3) = P(Q; = 0]Y5,Y3).. The goal is to estimate
the mean of Y ;, without specifying the distribution of the missing-data mechanism and using only
the observed data.

Assumption/ATyar < allows to obtain linear link between the MAR variable Y ; and the pivot variables
(Y2, Y.3). In particular, one has

Yi= B30 + Bio232 Y2 + BioeapE Ys + G

with 31,5 3101, B1-2,3[2] and B1_,2 3[3] the intercept and coefficients standing for the effects of Y,
on Y, and Y3, and with

¢ =—Bi_o3p)€2 — Biaapes t €1

Assumption ie. Y1 L Q4]Y5, Y3, is required to obtain identifiable and consistent parame-
ters of the distribution of Y7y given Y5, Y 3 in the complete-case when €2y = 1, denoted as 3{_, 3[o]

Bl 2,321 and B3 57375
(Y.l)\Q_lzl = ﬁfazs[o] + IBTH2,3[2]Y.2 + ﬁfﬁz,s[g]yﬁ +¢5

with
(“= =Bl asme2 = —Biogmes + e

(In the MNAR case, the regression of Y; on (Yo, Y 3) is prohibited, as does not hold. That
is why we used the regression of Y5 on Y ; and Y 3.);

Using again[AZyagr] one has
E[YalY2, Y, Q1 = 1] = E |8 _p g0 + Bz gz V2 + Bz o YalVa, Vs | + EICIY2, Vi),
and taking the expectation leads to
E[Y1] = B a0 + B2 s E Yl + B0 53 E [Yal,
given that E[e ;] = 0, Vk € {1,2,3}.

One obtains
— ¢ c c
o1 = B30 + Pisa,3121%2 + 10,3133

A natural estimator for « is
A pe ac ~ Qc A
01 = B30 T Bio2,312)%2 + B1o2,3031¥3:

which is consistent using Assumption and[A4] O
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