A AMPIwithm =1

Recall the approximate modified policy iteration (AMPI) algorithmic scheme (@) with m =1

Te41 € gei“(Vt)
Vigr =TTV, + €441,

where ¢;, €, € RS are respectively the evaluation step and the policy improvement step error vectors
(one component per state) and 7 € G (V) <= Yo' T*V < TV +¢.

Next, we establish the error propagation bound for the above scheme, that we will use to obtain the
one for the smooth AMPI.

A.1 Error propagation

Lemma 3 (AMPI error propagation). For any initial value function Vo, consider the AMPI scheme (@)
with m = 1. Then, one has

2
[V — V¥ o < ﬁ(EN + YN Vo = V¥ ) s (24)

N—1_n-—
where Ey =37, YN (|led]lo + [letlloo)-

Proof. By triangular inequality and ~y-contraction property of Bellman operators, one has

IVF = VNlloo = ITV" = T™ VN1 — enllo
= ||TV* - TVNfl + TVNfl - TWNVN,1 — 6N||Qo
<HIVT = Vv—illoo + llenlloo + [lekv[loo

N
= 7" lledlloe + lletlloe) =3V IVF = Volleo,
t=1

where the last inequality is due to the definition of the greedy operator V' T™ Vo1 < T™Vn_1+
ey, including 7’ = argmax, 7" Vy_1.

The claim follows from the fact that [|[V* — V™| < % [IV* — VN _1l|lco- Indeed, by triangular
inequality and y-contraction property of Bellman operators

V= V™o = [TV =T ™ VN1 + TV VNo1 = TV |
S ||7-VU‘< - TVN71||OO + ’7||VN71 - VT(NHOO
<AV = V—illoo + (V-1 = Voo + [V = V™V |s0)

(oo}
<29 ANV = Vvl
t=0

2y
_ V* — Vil
1_7\\ N1l

B Smooth AMPI with m =1

We prove properties of the smooth Bellman operators in Section[B.T} We obtain the error bound on
the smooth AMPI with m = 1 in Section[B.2]

B.1 Smooth Bellman operators

Proposition 3. Denote 7 := 3y + (1 — ). The smooth Bellman operators T, Tg defined by (1)
satisfy the following properties:
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1. Monotonicity: for V1, Vs € RS such that Vy, > Vs, one has
TV > Ve, ToVi > TV,

2. Distributivity: for c € R and V € RS, one has
Ta(V+c1) =T5V +5cl, Ta(V +cl) =TV + Fel.

3. Contraction in sup-norm with coefficient 7: for Vi, Va € RS, one has

[T5V1 = T Valloo < AIVI = Valloos  [1T6V1 = TsValloo <F[[V1 = Val|oo-

Proof. We first prove the claimed properties for the smooth Bellman operator 72377.

1. Monotonicity. Follows from monotonicity of the standard Bellman operator and the monotonisity
of the identity function.

2. Distributivity. By distributivity of the standard Bellman operator 7™ (V + ¢1) = TV + 71, one
has

Ta(V+el) =BT"(V +cl)+ (1 - B)(V +cl)
=B(T"V+7vc1)+ (1 -8V +(1—P)cl
=TgV +7cl.

3. Contraction. By contraction of the standard Bellman operator |77 V) —T ™ Va|loo < 7]|V1 — Va|loos
one has

175V = T5 Valloo = IBT™VL 4+ (1 = B)VA = BT™V2 — (1 = B)Va| oo
SBIT™VL = T™Valoo + (1 = B)[V2 = Valoo
< BYIIVi = Valloo + (1 = B) V1 = Valoo
<AV = V2|l

For the optimal smooth Bellman operator 7, the proof is the same as above by considering properties
of the optimal Bellman operator 7.

B.2 Error propagation

Proposition 4 (Smooth AMPI error propagation). For any initial value function V;y, consider the
smooth AMPI scheme ) with smoothing coefficient 3 € (0,1]. Let 7 := v+ (1 — ). Then

2 - *
IV =Vl < 775 (B8N +5" Vo = V1) 2

where En := Z?Sl AN (|letlloo + |I€bl|l o) and e, €, € RS are the error vectors of approximate
policy evaluation and policy improvement step defined by (9).

Proof. The result follows from Lemma [3| with contraction coefficient 4 and S-rescaled errors. [

C Regularized AVI

In the following, we consider a regularization function given by the (per-state) negative entropy of a
policy
Q(m) = (—aH(mw(|s)))ses,
and the time-varying regularization function given a sequence of positive weights (ca;); > 0
Qi () = Q).
In addition, we focus on the value iteration instance of the AMPI.

We first prove an auxiliary result that describes the difference between the regularized and the standard
optimal Bellman operators.
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Lemma 4 (Regularization gap). For any value function V- € R, the regularization gap
O (Av(s,-)) = [TaV](s) = [TV](s)
satisfies for all s € S
0<Q*(Ay (s _alogZexp s,a)/a) < oM (7B (-]s)),
acA

where 775 is a Boltzmann policy induced by the value function V as defined by (T1).

Proof. By definition of the regularization gap and properties of smooth maximum, one has
O (Av (s, ) = [TaVI(s) = [TV](s)
="(Qv(s,-)) —maxQy(s,")
=0"(Qv(s,) —maxQv(s,))
—alogZexp (s,a)/a).

acA
The lower bound is obtained using boundness of smooth maximum
0<ToV —TV = 0<T9V — TV 4 aH(r5).
From here, the upper bound follows due to the maximizing property of the greedy policy

—aH(7E) < T2V —TIV <0 = 0< TV - TIV < aH(r5).

C.1 Regularized value function

The regularization changes the original RL problem. The next lemma relates the regularized value
function to the optimal value function in the original problem.

Lemma 5 (Regularized value function). Consider time-varying regularization function ()
aQ(m) for ap > 0. Denote the regularized value function after N iterations Vi
Tox (Tax_1 (- (Ta,Vo))). Then, Vy satisfies

N
Vi = V¥lloe < M1 (Avis)lloo + 47 Vo = Voo (26)
t=1

Proof. By putting V' := V}, we first prove that

N
TV <V < TV + D 4" 1195 (Av )| 1.

t=1
To do so, note that 7o > 7 since T,V = TV + Qf (Ay) from Lemma] Then, the lower bound
follows by induction from

T, (T, V) = T, (TV) =2 T(TV) =TV = Vy > TVV.
Similarly, the upper bound follows from

Ta,(Ta, V) = Ta, (TV + Q7 (Av))
=T(TV +Q;(Av)) + Q; (Av,)
<ST(TV + 119 (Av) 1) + Q7 (Avy)
< TV +9197 (Av) |1 + Q5 (Av,)

N
= VN <TYV+> AV 97 (Av, ) [l 1

t=1
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The claimed result is obtained by noticing that
Vi ANV = Vel < TNV < V7

Indeed, the right hand side is due to the maximizing property of optimal value function. The left hand
side follows from standard computations

Vi(s) = [TVI(s) = [TV"](s) = [TV](s)
= maax(r(s, a) +vyP(:|s,a)TV*) — mgx(r(s, a) +vyP(-|s,a)TV)
< ymax |P([s,a)T (V" = V)
< ymax [[P(|s, a) [ [[V" = Voo
<AV = Voo

C.2 Overestimation errors
Consider the approximate value iteration scheme (AVI) with overestimation errors [14]]
(AVI) Vier =TV, + €141,

where ¢; € R® is a vector of overestimation errors defined as a difference between applications of
optimal Bellman operator to noisy and exact values

€t+1 = TVt —TV;.

The above scheme with regularization results in the regularized approximate value iteration scheme
(reg-AVI) with overestimation errors
(reg-AVI) Vi1 =T, Vi + €41,

where & € RS is a vector of overestimation errors defined as a difference between applications of
optimal regularized Bellman operator to noisy and exact values

Ev1 = Ta, Vi — To, Vi

C.3 Error propagation

In the next lemma we extend the Lemma [5] to include errors €, at computation of the regularized
Bellman operator. The final bound in Proposition [2|is obtained by noticing that

€1 :=Vig1 —To,Vi=Vigu1 = To,Vi+ (TVi = TV,) = Vigr = TVe — Q5 (Ay,) = €441 — 5(257()14\4)

Lemma 6 (Approximate regularized value function). Consider the reg-AVI scheme with time-varying
regularization function Q(r) := o, Q(7), ay > 0, and per-iteration error vector € € RS. Denote
the approximate regularized value function after N iterations Vi := Ty (Tay_, (... (Ta, Vo +
€1)...) + €nv—1) + én. Then, Vy satisfies

N
IV = V¥ lloo < DN leelloo + 1925 (Avis ) loo) + AN 1Vo = Voo
t=1

Proof. The proof closely follows Lemma [5| with additional error vector. O

Proposition 2 (reg-AVI error propagation). For any initial value function Vy, consider the entropy-
based reg-AVI scheme (13)) with time-varying regularization parameter (o), > 0. Then, it holds that

VN = V¥loo < En 4+ An + YV Vo = V*|so, (17)

where E = Zivzl YN — Q (Av,_ ) loor AN = Zivzl AN (A, )| oo» the regulariza-
tion gap Q*(Ay) := TqV — TV and the approximation errors of value update ¢; := Vi — T V;_1.
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Proof. Tt is sufficient to invoke Lemma 6] with the error vector given by
&= —Q(Ay, ).

D Smooth regularized AVI

By combining smoothing with regularization, we obtain a smooth regularized Bellman operator.
Similar to previous Section|[C| we first establish the distance between the smooth regularized value
function to the optimal value function in Lemmal[7}

D.1 Smooth regularized value function

Lemma 7 (Smooth regularized value function). Consider the smooth reg-VI scheme with smooth-
ing parameter § € [0,1), time-varying regularization function Q:(7w) = oQ(w), oz > 0.
Let ¥ := By 4+ (1 — ). Denote the smooth regularized value function after N iterations
VN = Tan.8(Tay_1.8( - - (Tay,8V0))). Then, Vi satisfies

N
IVa = V¥l < 8 AV 195 (Avisy)llse + AV 1Vo = Vo
t=1

Proof. Notice that Lemma [5|can be extended to the smooth regularized Bellman operators
TagV =BTV + Qi (Av)) + (1 = B)V =TV + 5O (Ay).

Similar to Lemma 5|and exchanging the optimal Bellman operator 7 to the smooth optimal Bellman
optimal 7, it can be shown that

N
(TeV)V < Vv < (TEV)N + D AN 1189 (Av, )l 1.
t=1

Using the same arguments as in Lemma([5} one has
VE= ANV = Vel < (TeV)Y < Ve

By combining the above bounds, one obtains the desired result. O

D.2 Error propagation of smooth regularized AVI

Consider the smooth reg-AVI scheme
Vit1 < Ta, sV + Bé,

where € € RS is the reg-AVI error vector. Following the structure of Section we provide the
distance between the smooth regularized approximate value function and the optimal value function
in Lemma(§] The final bound is obtained in Theorem[I| by taking the reg-AVI error vector (27).

Lemma 8 (Smooth regularized approximate value function). Consider the approximate smooth
reg-AVI scheme with smoothing parameter 3 € [0, 1), time-varying regularization function Q; () :=
(), oy > 0 and per-iteration error vector € € RS, Let 7 := By + (1 — [3). Denote the smooth
regularized approximate value function after N iterations Vi = Tay g(Tax_1.8( .. (To, 8Vo +
Beé1)...)+ Ben—1) + Ben. Then, Vy satisfies

VN = Voo < BEN + BAN + 3N ([Vo = Voo,

- N  ~N—t|= i N ~N—
where By := 37,1 AN |éloos An 1= 302 AV IR (Av ) lloc-

Proof. Similar to Lemma [6] the result follows by considering an additional vector of errors in
Lemmal7l O
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Theorem 1 (Smooth reg-AVI error propagation). For any initial value function Vy, consider the
smooth regularized AVI scheme (19) with smoothing parameter 8 € |0, 1) and time-varying tempera-
ture parameter (ct); > 0. Denote 7 := v + (1 — 3). Then, one has

VN = V*|loo < BEN + BAN +FV|[Vo = V¥ oo, (20)

where By = Y 3 ler — 9 (A, lloer A = S8 5195 (Av,_,) o the regulariza-
tion gap Q*(Ay) := TV — TV and the approximation errors of value update ¢; := Vi — TV;_1.

Proof. It is sufficient to invoke Lemmal 8] with the error vector given by
&= —Q(Ay, ).

D.3 Neural network function approximation

Motivated by the Soft Actor-Critic algorithm, we consider the value network Vy : S — R trained
using the smooth reg-AVI update and (continuous-time) gradient descent for optimization (see

Section[5.3))

(smooth reg-AVI) 0y, < argmin ||Vy — %kﬁVkH%, Vit < Vori (28)
0

The central object of this study is the limiting Neural Tangent Kernel (NTK) [28]] of the value network
Vy, defined as

OVa(s) T aVy(s) |
00 00 '0=to
Below, we will show that the limiting NTK characterizes the approximation errors of (randomly

initialized) value network with sufficiently large width trained using (continuous-time) gradient
descent.

K (s,5") = Eggminit

(29)

Theorem 3 (Linear convergence of value network errors). For notational simplicity, let us denote
the value network V (t) := Vj ’9:9(:&) with sufficiently large width and the Bellman update by, :=

Tq,8Vi. Then, if the limiting NTK of the neural net Vy is positive definite, i.e its smallest eigenvalue
is positive Amin (K) > 0, then the following contraction holds almost surely over all initializations
6(0) of the neural network

i (V () = brs1)| < exp(=Aumin (K1) uj (V(0) = bs1)], V¢ 20, j € [S],

where uq, ..., us are the eigenvectors of K. In particular, the process V (t) converges (in any norm)
to by11 almost surely over random initializations of Vy at linear rate e Amin(K)

Proof. Recall the dynamics of value function during the continuous gradient descent

av ~
= VeVab(t) = —K () (Vo) — To,6Ve)pqr) o

It has been shown in [[19] that K (t) = K + O(m~1/2) for large m := min(my, ..., mr), where K
is the limiting NTK given by .

Let K = Zle )\jujujT be the eigenvalue decomposition of K, where Ayax(K) := Ay > -+ >
As =: Amin(K) > 0 are the eigenvalues and uy, . . ., ug are the eigenvectors, with ujTuk = 0 for all
J, k € [S] such that j # k.

Technical note. Further suppose Apin (K) > sup,~q || K () — K||. This assumption is not at all
restrictive. For example, it is sufficient to have Ay, (K) = ©(1) (i.e the eigenvalues of K are

positive and bounded away from zero). This is because | K (t) — K| = O(m~'/2) as explained
before. Then, we can use K (the NTK) in place of K (¢) in the remainder of the analysis.
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Multiplying both sides of (30) by the jth eigenvector u; of K, and simplifying, we get
d(utv(t)) dv(t)
L =l S = SuT K V() = bea) = =Agud (V) = b)),
Integrating the above equation w.r.t time ¢ and taking absolute values then gives for all £ > 0,
[uf (V(t) = biga)| = exp(=Ast)|(u (V(0) = brs1)]
< exp(—Auan (F)D) (W [V (0) — by ).

Because the eigenvectors wui,usg,... are pairwise orthogonal, we have ||V (t) — bgi1]2 <

O(e 2 minFONY ||V (0) — by 1|2, and so V(t) converges to by in the limit as ¢ — oo (in any
norm, since all norms are equivalent in finite-dimensional spaces) exponentially fast with rate

—Amin (K) ]
e .

Example. If V} is a two-layer ReLU network under a certain form, then it can be shown that the

. e . . / ’ sTg 1
corresponding limiting NTK is given by K (s,s’) = ||s]|||s'||x (W)’ where k(u) := = (u(m —

arccos(u)) + v 1 — u?).

Corollary 2 (Value network errors of the smooth reg-AVI). Under conditions of Theorem 2, the

neural network approximation error of problem optimized by gradient descent is upper bounded
by

leiall = 1Vors — TagVall & O(e A OT),
where K is the limiting NTK of the value network Vy and T' is the number of gradient descent steps.

Proof. The result follows from Theorem[3]at ¢ — oo due to the norm equivalence in finite dimensions.

It holds in any norm at the price of changing the constants in the O (m~'/2) (this constant is v/S for
the /. -norm). As a consequence of Theorem [3] the statement should be understood in an almost-sure
sense over random initializations of the neural network V. O
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