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Abstract

A common challenge faced in practical supervised learning, such as medical
image processing and robotic interactions, is that there are plenty of tasks but each
task cannot afford to collect enough labeled examples to be learned in isolation.
However, by exploiting the similarities across those tasks, one can hope to overcome
such data scarcity. Under a canonical scenario where each task is drawn from a
mixture of k linear regressions, we study a fundamental question: can abundant
small-data tasks compensate for the lack of big-data tasks? Existing second moment
based approaches of [42]] show that such a trade-off is efficiently achievable,
with the help of medium-sized tasks with Q(k'/2) examples each. However, this
algorithm is brittle in two important scenarios. The predictions can be arbitrarily
bad (7) even with only a few outliers in the dataset; or (i¢) even if the medium-sized
tasks are slightly smaller with o(k'/?) examples each. We introduce a spectral
approach that is simultaneously robust under both scenarios. To this end, we first
design a novel outlier-robust principal component analysis algorithm that achieves
an optimal accuracy. This is followed by a sum-of-squares algorithm to exploit the
information from higher order moments. Together, this approach is robust against
outliers and achieves a graceful statistical trade-off; the lack of Q(k!/?)-size tasks
can be compensated for with smaller tasks, which can now be as small as O(log k).

1 Introduction

Modern machine learning tasks and corresponding training datasets exhibit a long-tailed behavior
[73]], where a large number of tasks do not have enough training examples to be trained to the
desired accuracy. Collecting high-quality labeled data can be time consuming or require expertise.
Consequently, in domains such as annotating medical images or processing robotic interactions,
there might be a large number of related but distinct tasks, yet each task is associated with only a
small batch of training data. However, one can hope to meta-train across those tasks, exploiting their
similarities, and collaboratively achieve accuracy far greater than what can be achieved for each task
in isolation [29} 58 141,152} 168} [61]. This is the goal of meta-learning [62,67].

Meta-learning is especially challenging under two practically important settings: (i) a few-shot
learning scenario where each task is associated with an extremely small dataset; and (7¢) an adversarial
scenario where a fraction of those datasets are corrupted. We design a novel meta-learning approach
that is robust to such data scarcity and adversarial corruption, under a canonical scenario where the
tasks are linear regressions in d-dimensions and the model parameters are drawn from a discrete
distribution of a support size k.
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First, consider a case where we have an uncorrupted dataset from a collection of n tasks, each with
t training examples. Concretely, the i-th task for ¢ € {1,...,n} is associated with a regression
parameter 3; € {ws, ..., wy} and a corresponding dataset {x; ; € R?, y; € R} -, drawn from

yij = B; Xij + € for some noise ¢; ;. A formal definition of the generative model is provided
in §. [1.1] If each task has a large enough training data with ¢ = £(d) examples, it can be accurately
learned in isolation. This is illustrated by solid circles in Fig.[I] On the opposite extreme, where
each task has only a single example (i.e. ¢ = 1), significant efforts have been made to make training
statistically efficient [14}[77] 163l 178\ 147,16 |64]. However, even the best known result of [16] still

requires exponentially many such tasks: n = Q(de %) (details in related work in This is
illustrated by solid squares in Fig. [T} Perhaps surprlsmgly, this can be significantly reduced to quasi-
polynomial n = Q(k®{°%)) sample complexity and quasi-polynomial run-time, with a slightly
larger dataset that is only logarithmic in the problem parameters. This result is summarized in the
following, with the algorithm and proof presented in §A]of the supplementary material.

Corollary 1.1 (of our results with no corruption, informal). Given a collectton of n tasks each

associated with t = Q( ) labeled examples, if the effective sample size nt = (dk:2 + kOUogk)) then
Algorithmestimates the meta-parameters up to any desired accuracy of O(1) with high probability

. )2 . .
in time poly (d, k(o8 k)™ “under certain assumptions on the meta-parameters.

This is a special case of a more general class of algorithms we design, tailored for the following
practical scenario; the collection of tasks in hand are heterogeneous, each with varying sizes of
datasets (illustrated by the blue bar graphs below in Fig.[T). Inspired by the seminal work of [71], we
exploit such heterogeneity by separating the roles of light tasks that have smaller datasets and heavy
tasks that have larger datasets. As we will show, the size of the heavy tasks determines the order of
the higher order moments we can reliably exploit. Concretely, we first use the light tasks to estimate
the subspace spanned by the regression parameters, and then cluster heavy tasks by projecting them
on the estimated subspace. The first such attempt was taken in [42], where a linkage-based clustering
was proposed. However, as this clustering method relies on the second moment statistics, it strictly
requires heavy tasks with Q(kl/ 2) examples (left panel in Fig. . In the absence of such heavy tasks,
the abundant light tasks are wasted as no existing algorithm can harness their structural similarities.
Such second moment barriers are common in even simpler problems, e.g. [43144].
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Figure 1: The blue bar graph summarizes the collection of tasks in hand, showing the cumulative
count of tasks with more than ¢ examples. Typically, this does not include extremely large data tasks
(circle) and extremely large number of small data tasks (square), where classical approaches succeed.
When any point in the light (green) region and any point in the heavy (yellow) region are both realized
by the blue graph, the corresponding algorithm succeeds. On the left, the collection in blue cannot be
learned by any existing methods including [42]]. Our approach in Corollary [I.2]significantly extends
the heavy region all the way down to log k, leading to a successful meta-learning in this example.

We exploit higher order statistics to break this barrier, using computationally tractable tools from
sum-of-squares methods [45]]. This gives a class of algorithms parameterized by an integer m (for
m-th order moment) to be chosen by the analyst tailored to the size of the heavy tasks in hand
ty = Q(k'/™). This allows for a graceful trade-off between ¢ and with the required number
of heavy tasks ny. We summarize the result below, with a proof in §A] and illustrate it in Fig.



(right). The choice of m = O(log k) gives the minimum required batch size, as we highlighted in
Corollary [I.1]
Corollary 1.2 (of our results with no corruption, informal). For any integer m, given two collections

of tasks, first collection of light tasks with t;, = Q(1), tzng, = Q(dk?), and the second collection of
heavy tasks with t g = Q(m k™), tyny = Q(k®™), the guarantees of Corollaryhold.

Next, consider an adversarial scenario. Outliers are common in meta-learning as diverse sources
contribute to the collection. Existing approaches are brittle to a few such outliers. [42] builds upon
principal component analysis and linear regression, both of which are known to be brittle to outliers
[40,[19]. For example, a single corrupted user can result in an arbitrarily bad subspace estimation in
the first step of [42]]. This causes the meta-learning algorithm to learn nothing about the true regression
parameters, resulting in a completely random prediction in the subsequent step. A fundamental
question of interest is, what can be meta-learned from past experience that is only partially trusted?
Following robust learning literature [45, 25]], we assume a general adversary who can adaptively
corrupt any « fraction of the tasks, formally defined in Assumption [2| This parameter « € [0, 1]
captures how powerful an adversary is. Among all adversaries that can corrupt an « fraction of the
dataset, we assume the strongest possible one that can adaptively select which samples to corrupt
and replace them with arbitrary data points. We make both subspace estimation and clustering steps
robust against adversarial corruption. The sum-of-squares approach is inherently robust, when used
within an iterative clustering [45]. However, existing robust subspace estimation approaches are

suboptimal, requiring (5(d2) samples [24]]. To this end, we introduce a novel algorithm, and prove
its optimality in both accuracy and dependence in the dimension d. This resolves an open question

posed in [64] on whether it is possible to robustly learn the subspace with (5(d) samples.

This achieves a similar sample complexity as the uncorrupted case in Corollary while tolerating
as much corruption as information theoretically possible: &« = O(e/k) for an € accuracy in parameter
estimation. Such condition is necessary as otherwise the adversary can focus its attack on one of the
mixtures, and incur €2(¢) error in estimating the parameter of that component.

Corollary 1.3 (of Theorem informal). For any e € (0,1/k3) and m € N, given two collections of
tasks, the first with t;, = Q(1),npt;, = Q(dke_2), and the second with tg = Q(mkl/m), ngty =
Q(k‘o(m)), if the fraction of corrupted tasks is o = 6(6/ k), Algorithmachieves up to € accuracy

with high probability in time poly(d, Em , €~ 1), under certain assumptions.

We provide the algorithm (Algorithm|[T)) and the analysis (Theorem|[T)) under the adversarial scenario
in the main text. When there is no corruption, the algorithm can be made statistically more efficient
with tighter guarantees, which is provided in

1.1 Problem formulation and notations

We present the probabilistic perspective on few-shot supervised learning following [31], but focusing
on a simple yet canonical case where the tasks are linear regressions. A collection of n tasks are
independently drawn according to some prior distribution. The i-th task is associated with a model
parameter ¢; = (B3; € R%, 0; € Ry), and a meta-train dataset {(x; j,y; ;) € R? x R}?:l of size t;.
Each example (x; ;,vi ;) ~ Pg, (y|x)P(x) is independently drawn from a linear model, such that

vij = B xij+eij, 9]

where x; ; ~ N(0,1;) and €; ; ~ N(0,02). If x; ; is from N(0, X), we assume to have enough
x; ;s (not necessarily labeled) for whitening, and P(x) can be made sufficiently close to isotropic.

The goal of meta-learning is to train a model for a new arriving task ¢pew ~ Pg(¢) from a small size
training dataset D = {(x}V, y2V) ~ Py, (y[x)P(x)}7_, of size 7. This is achieved by exploiting
some structural similarities to the meta-train dataset, drawn from the same prior distribution Py(¢).
To capture such structural similarities, we make a mild assumption that Py(¢) is a finite discrete
distribution of a support size k. This is also known as mixture of linear experts [[14]. Concretely,
Py(¢) is fully defined by a meta-parameter = (W € R¥* s € R% 'p € S*~1) with k candidate
model parameters W = [w1q, ..., wy] and k candidate noise parameters s = [sy, ..., si]. The i-th
task is drawn from ¢; ~ Py(¢), where first a z; ~ multinomial(p) selects a component that the task
belongs to, and training data is independently drawn from Eq. (1)) with 3; = w, and 0; = s,,.



Following the definition of [31]], the meta-learning problem refers to solving the following:

0* € argmax log P(0|Dmeta—train) , 2)
0

which estimates the most likely meta-parameter given meta-training dataset defined as Dyyeta—train =
{(xij,vi;) € RY x R}z;l}?ﬂ. This is a special case of empirical Bayes methods [[13]]. Our goal
is to solve this meta-learning problem robustly against an adversarial corruption of Dyeta—train aS
formally defined in Assumption[2] Once meta-learning is solved, the model parameter of the newly
arriving task can be estimated with a Maximum a Posteriori (MAP) or a Bayes optimal estimator:

&EMAP € arg;nax log P(¢|D,0%), and $Bayes € arg;ninEWNp(mp_’g*)[g(gﬁ,gzb’)]7 3)

for some choice of a loss (), which is straightforward. This is subsequently used to predict the label

of a new data point x from @pe. Concretely, § € arg max, ]P(;MAP/Bayes (y|x).

Notations. We define [n] := {1,...,n}, Vn € N; S*¥~1 as the standard k-dimensional probability

simplex; x|, = (Z;‘i=1|xi‘p)1/p as the standard vector £,-norm of a vector x € R?V d €
NVp > 1 |A]l, = S mmmml 5 (A), ||Allp = (32742, A7 ;)!/? as the standard nuclear norm

and Frobenius norm of matrix A € R™*", where o;(A) denotes the i-th singular value of A
respectively; A'(p, ) is the multivariate normal distribution with mean g and covariance X; 1{-}
is the indicator function. We define p? := s2 + ||w., Hg as the variance of a label y; ; in the i-th
task, and p? := max; p7. We define priy ‘= minjcp pj, and A == min, jepiz, Wi — wyl,
and assume pyin, A > 0. We use O and © notations that are extensions of the standard O and ©
Bachmann-Landau notations to hide poly-logarithmic factors.

1.2 Algorithm and intuitions

Following the recipe of spectral algorithms for clustering [[71] and few-shot learning [42], we propose
the following approach consisting of three steps. Clustering step requires heavy tasks; each task
has many labeled examples, but we need a smaller number of such tasks. Subspace estimation
and classification steps require light tasks; each task has a few labeled examples, but we need a
larger number of such tasks. Here, we provide the intuition behind each step and the corresponding
requirements. The details are deferred to where we emphasize robustness to corruption of the

data. The estimated § = (W,g, ﬁ) is subsequently used in prediction, when a new task arrives.

Algorithm 1

Meta-learning

1. Subspace estimation: Compute subspace U which approximates span{wi, ..., W }.
2. Clustering: Project the heavy tasks onto the subspace of U, perform k clustering, and
estimate w, for each cluster £ € [k].
3. Classification: Perform likelihood-based classification of the light tasks using {w,}5_,
estimated from the Clustering step; compute refined estimates {Wy, ¢, p¢ }5_, of 6.
Prediction
4. Prediction: Perform MAP or Bayes optimal prediction using the estimated meta-parameter.

Subspace estimation. As 3 := ]E[yf X, szj] =cly+2 Zif:l nggWZ for some constant ¢ > 0,
the subspace spanned by the regression vectors, span{wy, ..., wy}, can be efficiently estimated
by Principal Component Analysis (PCA), if we have uncorrupted data. This only requires Q(d)
samples. With a-fraction of the tasks adversarially corrupted, existing approaches of outlier-robust
PCA attempt to simultaneously estimate the principal subspace while filtering out the outliers [[75].
This removes many uncorrupted data points, and hence can either only tolerate up to o = O(1/k®)
fraction of corruption (assuming well-separated w,’s). We introduce a new approach in Algorithm 2]
that uses a second filter to recover those erroneously removed data points. This improves the tolerance
to a = O(1/k*) while requiring only (d) samples (see Remark . We call this step robust
subspace estimation (Algorithm 2]in §2.2).



Clustering. Once we have the subspace, we project the estimates of [3;’s to the k-dimensional
subspace and cluster those points to find the centers. As k < d in typical settings, this significantly
reduces the sample complexity from poly(d) to poly(k). Existing meta-learning algorithm of [42]
proposed a linkage based clustering algorithm. This utilizes the bounded property of the second
moment only. Hence, strictly requires heavy tasks with t = Q(kl/ 2). We break this second moment
barrier by exploiting the boundedness of higher order moments. The heavy tasks are now allowed to be
much smaller, but at the cost of requiring a larger number of such tasks and additional computations.

One challenge is that the (empirical) higher order moments are tensors, and tensor norms are not
efficiently computable. Hence boundedness alone does not give an efficient clustering algorithm. We
need a stronger condition that the moments are Sum-of-Squares (SOS) bounded, i.e. there exist SOS
proofs showing that the moments are bounded [45] 35]]. This SOS boundedness is now tractable with
a convex program, leading to a polynomial time algorithm that is also robust against outliers [435]].
One caveat is that existing method in [45] requires data generated from a Poincaré distribution. As
shown in Remark the distribution of our estimate 3; = (1/t) E;Zl Yi,jXi,; is not Poincaré.
Interestingly, as we prove in Lemma the higher order moments are still SOS bounded. This
ensures that we can apply the robust clustering algorithm of [45]]. We call this step robust clustering
(Algorithm [7)in §H.

Classification and parameter estimation. Given rough estimates w,’s as center of those clusters,
we grow each cluster by classifying remaining light tasks. Classification only requires ¢ = (log k).
Once we have sufficiently grown each cluster, we can estimate the parameters to a desired level of
accuracy. There are two reasons we need this refinement step. First, in the small corruption regime,
where the fraction of corrupted tasks « is much smaller than the desired level of accuracy e, this
separation is significantly more sample efficient. The subspace estimation and clustering steps require
only O(A/p) accuracy, and the burden of matching the desired e level of error is left to the final
classification step, which is more sample efficient. Next, the classification step ensures an adaptive
guarantee. As parameter estimation is done for each cluster separately, a cluster with small noise s;
can be more accurately estimated. This ensures a more accurate prediction for newly arriving tasks.
We call this step classification and robust parameter estimation (Algorithm [O]in §I).

2 Main results

To give a more fine grained analysis, we assume there are two types of light tasks. In meta-learning,
subspace estimation uses Dy 1, clustering uses Dy, and classification uses Dy,o.

Assumption 1. The heavy dataset Dy consists of ng heavy tasks, each with at least t samples.
The first light dataset Dy consists of np1 light tasks, each with at least t11 samples. The second
light dataset Dy consists of nyo tasks, each with at least t 5 samples. We assume ty1,tro < d.

The three batches of meta-train datasets are corrupted by an adversary.

Assumption 2. From the datasets Dy, D11, and Dy, the adversary controls iy, a1, and oo
[fractions of the tasks, respectively. The adversary is allowed to inspect all the examples, remove
those examples associated with three subsets of tasks (of sizes at most agny, apingi, and aping
tasks from Dy, Dy1, and Dy2), and replace the examples associated with those tasks with arbitrary
points. The corrupted meta-train datasets are then presented to the algorithm.

2.1 Meta-learning and prediction

We characterize the achievable accuracy in estimating the meta-parameters § = (W, s, p).

Theorem 1. For any § € (0,1/2) and € > 0, given three batches of samples under Assumptions
and the meta-learning step ofAlgorithmachieves the following accuracy for all i € [k],

(Wi —willy, <es;, |7 —sF| <es?/Vire, and |p;—pil < etra/dpi + oups,

with probability 1 — 0, if the numbers of tasks, samples in each task, and the corruption levels satisfy
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of 2?21 ijjoT, and m € N is a parameter chosen by the analyst.

We refer to §I.1]for the setup and notations, and provide key lemmas in §BJand a complete proof in
We discuss each of the conditions in the following remarks assuming A = Q(p), for simplicity.

Remark 2.1 (Separating two types of light tasks). As tr, can be as small as one, the conditions
on Dy does not cover the conditions for Dy1. The conditions on a1 and nr1 can be significantly
more strict than what is required for Dro. Hence, we separate the analysis for Dr1 and Dr».

Remark 2.2 (Dependency in Dy1). Since we are interested the large d small t11 setting, the dominant
terminnry is dkz/&tm. The effective sample size ny 1t scaling as d is information theoretically
necessary. The min{1/a2. '1/p2. } dependence of npitr1 allows sample efficiency even when
Omin IS arbitrarily small, including zero. This is a significant improvement over the poly(1/oy,)
sample complexity of typical spectral methods, e.g. [14, 77], where o}, is the k-th singular value
of 25:1 ngng. This critically relies on an extension of the gap-free spectral bound of [1| 47]].
Our tolerance of ay = O(p? .. /k?) significantly improves upon the state-of-the-art guarantee of
pt . /k* as detailed in §2.2| Further, we show it is information theoretically optimal. This assumes
only bounded fourth moment, which makes our analysis more generally applicable. However, this
can be tightened under a stricter conditions of the distribution, as we discuss in §4|

Remark 2.3 (Dependency in D). Assuming pmin = Q(1/k), the dominant term in ny is
Q((km)®™) /poin), which is Q(k®™) and the result is trivial when m > log(k). This implies
ang = QECT), ty = Q(m - k?/™) trade-off for any integer m, breaking the tyy = Q(k/?)
barrier of [42)]. In fact, for an optimal choice of m = ©(log k) to minimize the required examples, it
can tolerate as small as t; = Q(log k) examples, at the cost of requiring ngy = Q(k®1°8k)) such
heavy tasks. We conjecture tyr = Q(log k) is also necessary for any polynomial sample complexity.
For the case of learning mixtures of isotropic Gaussians, [59] shows that super-polynomially many
number of samples are information theoretically necessary when the centers are o(+/log k) apart.
This translates to t = o(log k) in our setting. The requirement a g = O(Pmin) is optimal. Otherwise,
the adversary can remove an entire cluster.

Remark 2.4 (Dependency in Dys). The requirement nys - trs = ﬁ(d /Pmin€?) is optimal in d, puin
and € due to the lower bound for linear regression. The requirement on cups = O(Pmine/ log(1/¢))
is also necessary upto a log factor, from lower bound on robust linear regression [26].

At test time, we use the estimated g = (\/7\\7, S, D) to approximate the prior distribution on a new task.
On a new arriving task with training data D = {(x}", y;°")}7_,, we propose the standard MAP or
Bayes optimal estimators to make predictions on this new task. The following guarantee is a corollary
of Theorem|l|and [42, Theorem 2]. The term ;. ;, p;s? is due to the noise in the test data (x, )
and cannot be avoided. We can get arbitrarily close to this fundamental limit with only 7 = Q(log k)
samples. This is a minimax optimal sample complexity as shown in [42].

Corollary 2.5 (Prediction). Under the hypotheses of Theorem|[I} the expected prediction errors of both
the MAP and Bayes optimal estimators 3(D) defined in Eq. () are bound as E[(x " 3(D) — y)?] <
§+ (1+¢€%) Zlepisf, if 7 = Q((p*/A%) log(k/6)) and e < min{A/(10p), A%V/d/(50p%)},
where the expectation is over the new task with model parameter ¢"V = ("W o"V) ~ Py,
training data (3, y5°") ~ Pynew, and test data (X, y) ~ Pgnew.
2.2 Novel robust subspace estimation

Our main result relies on making each step of Algorithmﬂ] robust, as detailed in However, as our
key innovation is a novel robust subspace estimation in the first step, we highlight it in this section.

We aim to estimate the subspace spanned by the true meta-parameters {wy,...,wi}. As X =
~ k k S, . .
E[ﬂi,j@j] = {31 pe(s? 4 [wel3)M+ 2, pewew/ for B; ; in Algorlthmhne we can



Algorithm 2 Robust subspace estimation

1: Input: Data Dy = {{(xi;,vi;)}= }ikt, o € (0,1/36], 6 € (0,0.5), k € N,and v € Ry,

: B\m- < yijXij, forallie [nr1],7 € [tri]
: SO <~ {ﬁi,j@j}ie[nLl],je[tLl] ) and Smax «—0
cfore=1,...,logs (2/6) do
t+0and S_; « 0
while ¢ < [9an] and Sy # S;—1 do
t«+t+1,and S; < Double-Filtering(S;_1, k, v, ) [See Algorithm[3]
if |Smax| < |St| then Spax < St
: Output: U + k_SVD( ZEMGS Bw-@j)

max

use the k£ empirical principal components; this requires uncorrupted data. To remove the corrupted
datapoints, we introduce double filtering. We repeat logs(2/6) times for a high probability result.

Algorithm 3 Double-Filtering
1: Input: a set of PSD matrices S' = {Xi € Rdx‘i}i

kEeN ae(0,1/36]and v € Ry

€[n)

2: 8o+ [n], Ug < k_SVD( Y ;cs, Xi). and z; = Tr[Ug X;Ug] forall i € S

3: Sg < First-Filter({2; },c 5., @) [Remove the upper and lower 2« quantiles]
4: S0 (1/n) Zieso z and pSo (1/18a)) ZiESG 2

5: if uSo — puSe < 48(auS¢ + vv/ka) then Output: S [Sample mean not large, no need to filter.]
6: else [Run a second filter if sample mean is corrupted]
7: Z ~UJ0,1], WeZmaX{zi—MSG}iGSO\SG

8: S+ Squ{ieS\Sq| 2 —p’c <W} [Add some removed points back.]
9: Output: 5" = {X,; }ies,

If the adversarial examples have the outer product X; = @/1 I ﬁj,r '8 with small norms, then they are
challenging to detect. However, such undetectable corruptions can only perturb the subspace by little.
Hence, Algorithm [3]focuses on detecting large corruptions. Ideally, we want to find a subspace by

U « arg max minimize Z Tr[UTX,U],
UeRdxk.uTUu=1, S'C[n]:[S'[>(1-a)n s —_———
=z;
for n = npitr1, which is computationally intractable. This relies on the intuition that a good
subspace preserves the second moment, even when large (potentially corrupted) points are removed.

We propose a filtering approach in Algorithm[3] At each iteration, we alternate between finding a
candidate semi-orthogonal matrix Uy € R?** containing the top-k singular vectors using the k_SVD
routine and then filtering out suspected corrupted data points, which have large trace norms in Uj.
Existing filtering approaches (e.g. [73]]) use a single filter to remove examples with large trace norm
(denoted by z; in Algorithm 3)). This suffers from removing too many uncorrupted examples. We
give a precise comparison in Eq. (6). We instead use two filters to add back some of those mistakenly
removed points. The First-Filter partitions the input set into a good set S and a bad set Sp \ Sg. If
the bad set contributed to a significant portion of the projected trace (this can be detected by the shift
in the mean of the remaining points ;25¢), a second filter is applied to the bad set, recovering some of
the uncorrupted examples.

This algorithm and our analysis applies more generally to any random vector, and may be of
independent interest in other applications requiring robust PCA. Under a mild assumption that
x; ~ P has a bounded fourth-moment, we prove the following, with a proof in §D.1]

Proposition 2.6 (Robust PCA for general PSD matrices). Let S = {x; ~ P},_, where ¥ =
Ex~p [XXT] is the second moment of P supported on R Given k € N, § € (0,0.5), and
a corrupted dataset S" with o € (0,1/36] fraction corrupted arbitrarily, if P has a bounded
support such that |xx' — Z||s < B for x ~ P with probability one, and a bounded 4-th

moment such that maxa||_ <1 rank(A)<k Ex~P [( <A,xxT — E> )2} < V2 and n = Q((dk?® +



(B/v)Vka)log(d/(da)) /), then with probability at least 1 — 6,

Te[PL()] - Tr [ﬁTzﬁ} - (’)(a TP ()] + VM) : @)
and Hz - ﬁﬂTzﬁﬁTH* <= - Pu®)|, + o(anm(z)u* + 1/%) NG,

where U is the output of Algorithm and Py (+) is the best rank-k approximation of a matrix in .

The first term in the RHS of Eq. (3)) is unavoidable, as we are outputting a rank-k subspace. In
the setting of Theorem |1{in which we are interested in, the last term of vv/ka in Equation @
dominates the second term. We next show that this cannot be improved upon; no algorithm can
learn the subspace with an additive error smaller than Q(rvk«) under « fraction of corruption,
even with infinite samples. In the following minimax lower bound, since the total variation distance
D1v(P,P’) < «, the adversary can corrupted the datapoints from P’ to match the distribution P,
by changing just the « fraction. It is impossible to tell if the corrupted samples came from P or P’,
resulting in an O(vv/ka) error.

Proposition 2.7 (Information theoretic lower bound). Let U({x;}!_,) be any subspace estimator
that takes n samples from distribution ‘P as input, and estimates the k principal components of
3= Exopr [XXT] Sfrom another distribution P’ that is a-close in total variation Drv. Then,

inf max max E HE—GGTEGGTH —||2—7>k(2)||*} - Qka),

U P'€Ou,B P:Drv(P,P)<a{x;}7 ~P"

forany k > 16,d > k’2/0z, and B > 2dv, where O, p is a set of all distributions D' on R such that
maxA| <1 IEXND/[(<A,XXT — E>)2] < 12, and Py . [ ’xxT — E[XXT] H2 < B] =1.

Comparisons with [75]. Outlier-Robust Principal Component Analysis (ORPCA) [75} 28l [76]]
studies a similar problem under a Gaussian model. For carison, we can modify the best known

ORPCA estimator from [75] to our setting in Proposition 2.6} to get a semi-orthogonal U achieving
Hz - ﬁﬁTzﬁﬁTH = |IZ = Pu(D)|l, + O( a2 Pu(S)|, + vka'/t) . ©)

We significantly improve in the dominant third term (see Eq. (3)). Simulation results supporting our
theoretical prediction are shown in Fig.[2] For the analysis and the experimental setup we refer to §K]
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Figure 2: Algorithm 2] performs close to an oracle which knows the corrupted points, improving
upon HRPCA of [75]], by removing more corrupted points and less uncorrupted ones.

3 Related work

Mixed linear regression. Previous work on mixed linear regression focus on the setting where
each task has only one sample, i.e. ¢, = 1. As a consequence, all the previous work suffer from
either the sample complexity or the running time that scale exponentially in k (specifically at least
exp(\/E)) [78. 147, 16} 164]. In other cases, such blow-up in complexity is hidden in the dependence
of the inverse of k-th singular value of a moment matrix, which can be arbitrarily large [14}[77,63]].

Multi-task learning. [8| 3| 160} 53 4}, 32| 2| |54} [7] [11]] address a similar problem as our setting,
but focusing on finding a common low-dimensional linear representation, where all tasks can be



accurately solved. Typically, the batch size is fixed and the performance is evaluated on the past
tasks used in training. Close to ours are a few concurrent work [27, 169]], but their focus is still on
recovering the common subspace, and not the meta-parameters.

Robust regression. There are several work on robust linear regression and sparse regression problems,
[10, 9, 16l 130L 155) 140, 23, 48, 39, 1211, 151} 115, 157, 138]]. The recent advances in the list-decodable
setting [[15, 157, 38]] can potentially be applied to our mixture setting, but the sample complexity is
exponentially large. Recently, [64]] studies the robust mixed linear regression problem. In contrast to
our setting which allows random noise on the label and adversarial corruption on both covariate x
and label y, their setting assumes no noise on label y’s, and the adversary is only allowed to corrupt
a-fraction the label y’s. Although their algorithm requires only O(dk) samples, the running time is

(5(k’“nd) and also requires a good estimate of the subspace spanned by {we}ﬁzl.

Sum-of-squares algorithms. Our work is inspired by sum-of-squares algorithms that have recently
been studied on many learning problems, including linear regression [38,157]], mixture models [35} 46,
37,156, 22]], mean estimation [34} 20]], subspace estimation [5]]. This provides the key building block
of our approach, in breaking the second moment barrier of linkage-based clustering algorithms.

4 Conclusion

By exploiting similarities on a collection of related but different tasks, meta-learning predicts a
newly arriving task with a far greater accuracy than what can be achieved in isolation. We ask two
fundamental questions under a canonical model of k-mixed linear regression: (¢) can we meta-learn
from tasks with only a few training examples each?; and (4i) can we meta-learn from tasks when
only part of the data can be trusted? We introduce a novel spectral approach that achieves both
simultaneously, significantly improving the required batch size from Q(k'/2) to Q(log k) while being
robust to adversarial corruption. We use a sum-of-squares algorithm to exploit the higher order
moments and design a novel robust subspace estimation algorithm that achieves optimal guarantees.

Closing the gap in robust subspace estimation. [75] 28| (76l [19]] study robust PCA under the
Gaussian assumption. For the reasons explained in §2.2] the rate is sub-optimal in ¢ in comparisons
to an information theoretic lower bound with a multiplicative factor of (1 — ©(«)). Applying the
proposed Algorithm 2] it is possible to generalize Proposition [2.6]to this Gaussian setting and achieve
an optimal upper bound. We leave this as a future research direction, and provide a sketch of how to
adapt the proof of our algorithm to the exponential tail setting in §E}

Concretely, our analysis of Algorithm [2]assumes only a bounded 4-th moment of the input vector
z;, of the form P[| (v "z;)? — v Xv| > t] < ¢t=2. Our current proof proceeds by focusing on that

1 — « probability mass, which falls in the interval [—+/1/c, y/1/a]. This is tight with only the
second moment assumption. More generally, one can consider a family of distributions satisfying
P[|(v2;)? — v Sv| > variance - t| < exp(—t?). If we have such an exponential concentration,

we can instead focus on the subset of examples with second moment ’(szi)Q — VTEV‘ falling
in the interval [—log'/7(1/a),log!/?(1/a)]. This bounded distribution has a sub-Gaussian norm
VEklogt (1 /), and thus we can apply the sub-Gaussian filter (Proposition A.7 of [24]) to learn

E[(v"2:)?] with error We can obtain an error of av/k log'/”(1/). We provide a sketch of how to
adapt the proof of our algorithm to the exponential tail setting in §E]

After submission, we became aware of an independent and concurrent result by Jambulapati et
al. [36]] which studies the robust PCA problem under the assumption that each datapoint x follows a
sub-Gaussian distribution. Their algorithm is very similar to ours, except that it is only applied to
estimating the top eigenvector of the covariance matrix, which corresponds to the £ = 1 special case
in our setting. Their sample complexity and recovery guarantee are identical to ours in

Removing the Gaussianity assumption. Our approach relies on the special structure of the 4-th
moment of x; ; and the SOS boundedness of higher order moments of x; ;. The approach in [42] is
able to get around the 4-th moment requirement, and it is an interesting open problem to make the
approach robust to outliers and still preserve the O(d) sample complexity. while this class of SOS
bounded distributions is fairly broad, as noted in [45]], one could hope to establish sum-of-squares
bounds for even broader families. For examples, it remains open that whether sum-of-squares certifies
moment tensors for all sub-Gaussian distributions.



Broader Impact

One of the main contribution of this paper is to protect meta-learning approaches against data
poisoning attacks. Such robustness encourages participation from data contributors, as they can
collaborate without necessarily trusting the other data contributors. This facilitates participation of
minor contributors who suffer from data scarcity. This fosters democratization of machine learning
by allowing minor contributors to enjoy the benefit of big data through collaboration. Such ecosystem
will also encourage data sharing, thus improving transparency.

The adaptive guarantee we provide in Theorem I]is fair, in the sense that a group that provides low
noise data will receive a model with better accuracy. However, one potential risk in fairness is that
meta-learning might result in varying accuracy across the groups. This can be problematic as an
under-represented group in training data could suffer from inaccurate prediction for that population.
This is an active area of research in the fairness community, but there is no strong experimental
evidence that this can be mitigated with algorithmic innovations that do not involve collecting more
data from the under-represented population.

Another concern in meta-learning with data sharing is privacy. Without proper system to regulate the
usage of shared data, sensitive information could be leaked or protected features could be inferred.
One silver lining is that robust methods are naturally private, as the trained model is by definition not
sensitive to any one particular data point. On the other hand, if the system relies on the participation of
various individuals, then either a technological solution needs to be implemented with cryptographic
or privacy preserving primitives, or a proper regulation must be enforced.
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Appendix

A Proof of Corollary[1.2, Corollary 1.3} Corollary I.1]

Algorithm 4 Meta-learning without adversarial corruptions

Meta-learning

1. Subspace estimation: Compute subspace U with [42, Algorithm 2] which approximates
span{wi, ..., Wg}.

2. Clustering: PrOJect the heavy tasks onto the subspace of U, perform k clustering with
Algorlthm and estimate W,. Also estimate 77 using Algorithm 8|for each cluster £ € [k].

3. Classification: Perform likelihood-based classification of the light tasks using {w,, 72 }5_;
estimated from the Clustering step; compute refined estimates {Wy, 5y, p¢ }5_, of 6 using [42]
Algorithm 4].

Prediction
4. Prediction: Perform MAP or Bayes optimal prediction using the estimated meta-parameter.

We assume that the meta-parameter satisfies A = O(1), p = O(1), pmin = O(1/k) for Corollary[1.2]
Corollary [I.3] Corollary[I.1]

Proof of Corollary@ Recall that for this corollary, we assume A = (1), p = O(1), Pmin =
©(1/k) and there is no adversarial corruption. Thus we execute Algorlthml in this setting. We

invoke [42] Lemma 5.1] and get that given ¢ = (1) and tn = Q(kn), the estimated subspace U
satisfies that for all 7 € [k],

|(1-00T)w|, < a/00) veeln, o

Then, we can invoke Lemma|[B.4with m = ©(log k), t = O(log k), n = k®(°¢) and get that the
estimated parameters Wy, 7> satisfy

2

Viek,

A
W, — <= and 7o <r2—
||W€ WZHZ =10 ) |T€ 7‘(’ =Ty 50p2 B}

Finally, given ¢ = €2(1) and n = Q(dk), the output of the classification step satisfies

IWe —well, =0(1), |57 —s7| =O(s7) . and [pg—pe| =O(pe) VEE[K]. (8
To conclude, with ¢ = Q(1), n = Q(dk? + kOUosk), Algorithmcan estimate model parameters
with arbitrary small constant error. O
Proof of Corollary[I.2] The proof is the same as Corollary [T.2] O

Proof of Corollary[I.3] With the assumptions that A = Q(1), p = Q(1), pmin = U1/k), tr1 =

tro = Q(1), ty = Qmk/™) Theoremcan be simplified to that for all i € [k], with probability
1-0

(Wi —will, <es;, [s7—s7| <esi, and [p;—pi|l <epi + ara,

as long as,

npy = Q%) ap = 0(a),

ng = Q((km)°™) ., ay =0(1/k),

nry = Q(%) , ars = O(e/k),
where & := 1/k*. Using the assumption that € < 1/k3. this implies that as long as

np1 = Q(dk) arr = O(e/k) ,

= Q((km)®™), ag =O(1/k),
np2 = (dT) > ars = O(e/k) ,
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Our algorithm can estimate the parameters up to error
Wi —will, <esi, [5] —s7[ <es?, and [p;—pi| <efk,

forall ¢ € [k]. O

B Details of the algorithm and the analyses
We explain and analyze each step in Algorithm [T} which imply our main result, as shown in §C|

B.1 Robust Subspace estimation

Building upon the tight guarantees of Proposition[2.6] Algorithm []achieves the following guarantee,
first when ¢;; = 1. The conditions depend on the ground truths meta-parameters. With O(d)
samples, we can tolerate up to O(e?p2; /k?) corruption, in an ideal case when W € R¥** is a
semi-orthogonal matrix. For the worst case W, itis O(e®p? . /k?).

Lemma B.1 (Learning the subspace). Under Assumptions [I| and [2| for any target probability
5 €(0,0.5), ande >0, iftr; =1,

41.2 2 2 2 6,.2
— 0 2 Pk k _ € Omin € Pmin
nr1 = Q(dk mln{EQO’Q', €6pr2nm}> 5 and oy, = O(max{ p4k2 s 12 }) 5 (9)

min

then the semi-orthogonal matrix U € R¥¥¥ from robust subspace estimation in Algorithm|2| achieves

”(I—ﬁﬁT)wi < e, (10)

2

with probability at least 1 — 0, where oy, is the minimum singular value 0f2§:1 pjij;r.

We provide a proof in §[D] When 11 > 1, we get the following sufficient condition. The dominant

first term requires the effective sample size n,1 t7,1 = Q(dpoly(k)), which is linear in d.

Remark B.2 (Handling t;; > 1). Lemma can be naturally generalized to the case where
1 < tr1 < d, and the requirement on ny1 is

. dk2 ) p4k2 k2 ) p8k4 k4
npl = Q( a 111111{6202 , Tpfnin } + kmln{€404 , 7612anin } > , (11)

min min

Time complexity: O(nptz1d) for computing 3; ;°s and O(n? ¢, dkalog(1/6)) for the filtering
algorithm which uses k£_SVD [1]]. The running time is from the fact that Double-Filtering (Algo-
rithm [3) executes at most O(nr1tr1«) times, and the running time of each execution is dominated
by k_SVD which takes O(np1t1dk) time.

Remark B.3 (Gaussianity assumptions). Although our robust PCA algorithm[2only requires bounded
Sfourth moment assumption, our robust subspace estimation succeeds with the fact that

k
]E[y?,jxi,sz,—j] =cl+2 ZPZWZWZ
=1
for some constant ¢ > 0. This depends on the fourth moment property of Gaussian (Fact[J7). [42]
adopts a different approach by taking

k

T T

Rlyi jyijrXi X, ] = Y pewew,
(=1

for j # 7', which is able to handle general sub-Gaussian x. While it is possible to make the approach
in [42l] robust to outliers with robust mean estimation techniques (Remark|[K.1), such approaches
requires an sub-optimal )(d?) samples complexity. How to make the approach in [42|] robust with
only linear dependency in d remains an open problem, and the key obstacle is that the random matrix
yi7jyi,j/xi7szj, is not PSD.
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B.2 Robust Clustering

Once we have the subspace, we use the Sum-of-Squares (SOS) algorithm of [45]] to cluster the
k-dimensional points ﬁTBi’s where Bi = (1/tn) Zje[ty] Y;,;X; ;. For a value of m as discussed in
Remark [H.TT] we can exploit the m-th order moment to filter out corrupted points and recover the
clusters. This allows us to gracefully trade off ¢;; and ny;, breaking the barrier of ¢t = Q(k'/?) in
[42]. Further, this approach is robust against adversarial corruption up to a O(pmin) fraction of the
data. We explicitly write the algorithm in §G|and provide a proof in §H|

Previous work [42]] proposed a linkage based clustering algorithm that is able to correctly cluster
B;’s as long as 7 = Q(v/k) and the second moment is bounded. However, the algorithm fails when
tg = o(\/E), and it has been noticed in [42]] that the failure of such kind of algorithms is inherent
since it only relies some boundedness condition on the second moments. It is natural to ask whether
it is possible to exploit the boundedness of higher order moments (larger than 2) of the distribution
to obtain stronger clustering results. Assuming boundedness of higher order moments is not too
restrictive, since typical distributional assumptions, e.g. sub-Gaussianity, often imply boundedness
for arbitrarily high order moments.

It turns out in order to efficiently exploit the higher order moments assumptions for clustering, one
need slight stronger condition than boundedness, that is the moments are sum-of-squares bounded,
meaning there exist sum-of-squares proofs showing that the moments are bounded [45] [35]. It is
also shown in [45] that a Poincaré distribution has sum-of-squares bounded moments, and thus their
algorithm can be applied to clustering any Poincaré distributions.

It turns out that in our model, even assuming that x; ; follows from isotropic Gaussian distribution,
the distribution of B? is not Poincaré and thus preventing us from applying the result in [45] directly.
Interestingly, as we showed in Lemma though BZ is not Poincaré, the high order moments of
B\i is still sum-of-squares bounded under Gaussianity assumption of x; ;, and thus we can apply the
result of [45]] to efficiently cluster [/3\1"5, with guarantees formalized in Lemma

Lemma B.4 (Clustering and initial parameter estimation). Under Assumptions [I| and 2} if o
fraction of the tasks are adversarially corrupted in Dy, and given a semi-orthogonal matrix U
satisfying Eq. (T0) with € = O(A/p), Algorithm[7|with a choice of m € N, and Algorithm[§outputs
{\TVg € Rd,?‘%}je[k] satisfying

W <& PR I vee [k 12
||W€—W£||271*07 an |7”£—Te’77“jwv € [k], (12)
with probability at least 1 — 6, where T3 is the robust estimate of r3 == || W, — WeHg + 82, if
. Pmin CAQ V tH min =~ (km)@)(m) ,04
< ) , =0 , 13
o mln{ 16 p2 10g<p2/A2tH) i Pmin + A4thmin ( )
andty = Q(mpz/(pfn/i;nAQ))for some universal constant C > 0.

Assuming that p,,i, = 1/k, we can therefore get the range of m, such that the condition on ¢ g holds.
Which is when

2logk < < 2logk
—_ m —_ - N
_W_l(_Qijleng> ~W, (_ 2ctp;2)2gk>

for some ¢ > 0, where W, and W_; are the Lambert W function, only if t5 > 2ecp? A2 log k.

Time complexity: The robust clustering algorithm runs in time O ((ny k)©(™ log(1/6)).

Remark B.5 (Gaussianity assumption). The only distributional assumption required for the clustering
algorithm is that y; jX; j is SOS bounded. It is noted in [46]] that this is a general assumption, and
the algorithm can be applied much more broadly than Gaussian.

B.3 Classification and robust estimation

Once the w,’s are estimated from the robust clustering step, we can efficiently classify any light task
with tro = Q(log(knrs)). After classification, we use a robust linear regression method [26] on
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each group, which can tolerate up to O(pmin) fraction of corruption. It is critical that we separate the
role of heavy and light tasks as initial estimation (robust clustering) and refinement (classification and

robust estimation). This allows us to have abundant npopmin = Q(d/t12) light tasks compensate for
scarce 1 g pmin = 2(poly(k)) heavy tasks. We provide the algorithm and a proof in §

Lemma B.6 (Refined parameter estimation via classification). Under Assumptions[I|and 2|with o L2
fraction of the tasks are adversarially corrupted in Dy, and given estimated parameters W;, T;
satisfying Eq. (12)), with probability 1 — 6, for any accuracy € > 0, if tp,o = Q( 4 log(knLg/é)/A4),

aro = O(pminelogfl(l/e)), and nr2 = ﬁ(dtLgp:mln )7 (14)

then Algortthm@]outputs estimated parameters {wW; }*_, {8, }*_,, {pi}f_, such that for all i € [k],
Wi —willy <esi, |57 —s]| <esi/Viee, and |pi—pil <epiv/tra/d+ary. (15)

Time complexity: O (n3 ,t3,d). The running time of Algorithm 9]is dominated by the robust linear
regression procedure ( [26, Algorithm 2]), which takes at most n ot o iterations and O(npatrad)
time for SVD per iteration.

C Proof of meta-learning in Theorem ]|

Applying Lemma with e = A/(10p), we get a semi-orthogonal matrix U satisfying

H(I—fjfﬂ)wi < A/, (16)

with & == max{A202. /(p°k?), ASp2,. /(K*p%)} if

2
nry = Q( dk +~I€2> , and a1 = O(a). 17)
atry a

Since we have sufficiently accurate estimate of the k-dimensional subspace spanned by the columns
of W, we can cluster the tasks more efficiently in this lower dimensional space using robust a
clustering algorithm. We use a SOS algorithm in Algorithm [/| with a choice of m &€ N such that

ty = Q(me/(pfn/lTAQ)), to get

Iw; —wjll, < A/10, and [ — 13| <r?A%/(50p%), (18)

for all j € [k], using Lemma B.4] which requires
- k O(m) 4 _ A2
nH:Q<( m) + P ) , and ag = O(pmin-min{l, 5 H}) . (19)
p

Pmin A4pmintH

It follows from Lemma that for any desired accuracy € > (@r2/Pmin) 10g(Pmin/ar2) if

Nnry = S~2<d2> , and tro = Q(log(knLg/é)/A4) (20)
t12Pmin€

the output of our algorithm achieves

(Wi —will, < esi, 2n
~2 2 € 2
s5; —s;| < ———=s;, and (22)
|57 — i =
i —pi|l < tro/dp; + ars. (23)

forall i € [k], aslong as a0 = O(pmine/ log %)
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D Proof of robust subspace estimation analysis in Lemma [B.]]

We first prove for the simple setting where ¢7,; = 1 and resolving a discrepancy in the independence
when t1; > 1 at the end of the section. Further, for notational convenience, we use 4 in place of (4, j),
and n fornpitr.

First we compute the expectation of BZ Bj . Using Lemma we have

k k
M = E[B8T | =23 piwiw] + [ Yo pi(Iwl? +52) | La,

Jj=1 Jj=1

k
and we define p? = (Z pi(lw;[1* + 53)>
=1

Since our goal is to recover the top k eigenspace of M, we would like to apply Proposition [2.6]to
x; = [3;, however (3; does not satisfy the spectral norm bound requirement on ||xixl-T — EH 9 The

following proposition shows that we can resolve this issue through conditioning on the event that 3;
is bounded.

Proposition D.1. For any 0 < § < 1/2, define event

51:{‘@

Then conditioned on event &, the distribution of (; satisfies the prerequisite of Proposition with

, < pVdlog(nd/s) , Vi e [n]} .

BAT B[R

5”]2 < 5p2dlog?(nd/s) .

=B

|

5, B[ [a(BAT - ERAT )] e] < o)
—u2 (k)

The mean shift is bounded under £ as:

|E[3:8T] - E[BAT

), = o(9).

The proof is deferred to the end of the section.

Recall that M = E|3; BT }, and let us define M’ := E {B\l @r ‘E} be the mean conditioned on £.

With Proposition[D.1} we can apply Proposition [2.6]to obtain a nuclear norm guarantee on our our
subspace estimation algorithm

Proposition D.2. Given that
n = Q(dk?*/a) ,

with probability 1 — 20, then Algorithm 2| returns a rank-k semi-orthogonal matrix U e
satisfying

Rdxk

k k
ﬁﬁT ijij;r ﬁﬁT — ijij;r = O(ka\/a)

Jj=1 Jj=1 y

for 6 € (0,0.5).

Proof of Proposition[D.2] We apply Proposition [2.6|to x; = EZ conditioned on event £ and get

Tr {ﬁﬁTM’ﬁﬁT} > (1 — O(a)) Te[Pu(M')] — O(p*kv/a) (25)
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with probability 1 — 2§, when

n= Q((dk2 \;dz : M) /a) = Q(dk?/a).

WLOG, for the remaining analysis we will assume 6 < 1/nd. The nuclear norm term in the proposition
statement can be bounded as

Hﬁfﬂ(M ~)00" - (M- D)

T [U0T (M - pﬁ)ﬁfﬂ}

Ty [IAJT(M’ - ﬁQI)fJ} T [f}T(M - M’)IAJ}

<Tr[M-pI] - Tr _ﬁT(M' - _QI)IAJ} + p?kV/3 (Using Equation (24))
= Tx[M - 1] - Tr[OTM'O] + ki + V5
[M — 5%1] — (1 - O(a)) Te[PL(M)] + p*kv/a + ki? + p*kV§ (26)
(Using Equation (23)) .
We need the following bound on Tr[P),(IM’)] before proceeding:
Te[Py(M)] = Tr[Pu(M' — p°T)] + kp
> Tr[Pp(M — p21)] — kp*Vo + kp? (27)
= Tr[M — 5%1] — kp*V6 + kp?
where Equation holds by the following matrix perturbation bound:

|Te [Pr(M — p°T)] — Tr [P (M’ — p°T |<Z|)\ M’ — 52T) — \i(M — 7°1)]

< ka\[ (Using Equation (24)).
Plugging Equation back in Equation (26), we have Equation (26) bounded by

< O(a Tr[M — p°I] + akp® + p°kv/o + ka\/S)
< O(a Te[M — 221] + p*ky/a + p%\/E) (Using § < 1/nd < a)
< O(aTr[M - p*1] + p*kv/a)

Thus, we have obtained that

k k
.[JUT E ijjW;r UUT — E ijjW;r
j=1 j=1 .

k
=0[aTr ijij;r + p?ky/a

Jj=1

=0(p*kva). O

The following lemma connects this nuclear norm bound to a subspace bound that we want.
Lemma D.3 (Gap-free spectral bound). Given k vectors X1,Xs,- -+ ,Xi € R4, we define X; = xixiT
for eachi € [k]. Foranyy >0, o € Ry, and any rank-k PSD matrix M € R¥*? such that

k
=1

< 7% (28)

*
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where Py(-) is a best rank-k approximation of a matrix, we have

2|
(K]

1€

PN 2
x; (1 _ UUT) H < min{ 2O /02s ) 2935113 2/ 3} : (29)
2

)Zie[k] Xi 5 and

U € R¥F is the matrix consisting of the top-k singular vectors of M. Further, for all i € k], we
have

We provide a proof in Section|[D.6] Using this lemma with o = 0,

where oy is the smallest non-zero singular value of Zie[k] X, and omax =

~ o~ 2
[ (1-007)| ) < min{ il /o2 203} G0)
2

k
ﬁ:ﬁﬁ—r ijWjW;r fjfj—T7
J=1

X; = p;w;w, forall i € [k], and the nuclear norm bound in Proposition we get

~ o~ 2 2
Y2 WiT (I — UUT) H2 < min{pZ;pi)sz/svz/spg/s}
ENE 2 2 2/3.2/3
2 min pi
< mind oK /07, R0 31

Since we are aiming for HWZT (I - UUT) H = ¢ep error, we need
2

2 2 6,2
a = O max € Zrnin, € Phin
prk? 2
and the sample complexity is

n = ﬁ(dk‘Qmin{p4k2 k;2}>

2.2 7 692
€ Ohin € Pmin

In the analysis above, we assume that each example 3; is independently drawn. While this is true
when ¢, = 1, it is no longer the case when ¢;,, > 1 where we have to break up the examples from
each task into ¢y, different estimators. Recall that p is the vector of the empirical fractions of the
examples that correspond to each linear regressor, and p is the population version of it. For given a
pair of parameters ny,, , ¢z, let us define

~
~

multinomial(ng,,p) - tr,,
nthLl

and independently

A~
~

multinomial(ng, - tr,,p)-

nLl tLl
Notice that p corresponds to the setting where there are ny, tasks with each task having ¢,
examples, and p* corresponds to the setting where there are ny,, - t,, tasks, each with 1 example. By
Proposition[J.5] we know that when

2klog(2/6
i 2 2D

nLl

lp — P*||; < a with probability 1 — ¢. Hence if we denote the set G = {3;},-{ "1 (o be the set of
the data coming from the model where each task has ¢;,, examples. There exists a distribution of set
L, Esuchthat G = (G'\ L')UE' with |L| = |E|, G’ has data from np,, -t1, independent tasks with
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1 example per task, and |L| = | E| < « with probability 1 — é. Thus we have obtain a reduction from
tr, examples per task setting to the 1 example per task setting, in which case our algorithm receives
a dataset with less than 2« fraction of corruption with probability §. Since our previous proof applies
to this setting, this concludes the proof of Lemma[B.T]and the final sample complexity is

- dk‘2 ) p4k‘2 /412 ) p8k4 k4
= Q( a mln{ 620—12nin ’ 66psnin } * g mln{ 640’;4nin ’ 612});1‘11111 }) ’ (32)

We are left to show B = O(p2dlog®(nd/s)), v(k) = O(p*k), and the mean shift bound in Eq. (24).

Proof of Proposition[D.1) We first show B = O((p?d)log®(nd/s)). From [42, Proposition A.1],

we have ||§Z||§ < (p*d)log®(nd/s) (i.e. event £ happens) with probability at least 1 — §. Using this,
we have

SN 2
BiB — M| < ||Bi|| + M|,
2 2

< p3dlog?(nd/s) + 3p*
< 4p*dlog*(nd/s) , (33)

for all i € [n] with probability at least 1 — 4.

Second, we bound the mean shift conditioned on event £

e[

5} —MH2 = max |E[z|€]], (34)

vil=1

N2
where z,, = (VTﬁ,) — v Myv. The random variable z,, is centered with variance

o

(i e

< E{(VT@)AX} ~ (v Mv)’

=0(p") T B; is sub-exponential .v.) , (35)

Recall that M’ .= E [BZ BZ

8}, then using E we have

M — M|, = Hmax [E[2v[€]]

vl,=1

< max Elzy] + \/(1 —P(€)) - Var(zy)
T vily=1 PIE]

<0 (,o2\/3). (36)

Finally, we show v2(k) = O(kp*). For any symmetric real matrix A with rank(A) = k, and
[Allp <1,

s[n[a (37 )]

5] - E:Tr[A(Ei@T M+ (M- M’))F‘E}

:IE_TT{A(@ET -M r

)
<E[m A (BB -M)

4 +0(") (37)



where the last inequality is obtained using Equation (36). Considering the first term in Equation (37),
we get

E[Tr[A(@EJ—M)F‘EI}
—E zk:/\jvjv} (BT -m) | |
j=1

=K zk: AjA ((ijj)2<§;vj/)2 — VjTMvjva,Mvjr> £

_j’j’:l
k Y R
<3 MAy E[(ﬁi v;) ’5] E[(ﬁi vir) 5} —v] Mv,v]Mv; | (Cauchy-Schwarz)
J,3'=1
2
k
<O Z)\j ot (4-th moment bound)
=1
<O(kp*). (38)
Using Equation (38) in Equation (37), we get
N 2
E{Tr[A(b’i@T -M)] M < O(kp") . m
(k)

D.1 Proof of Proposition 2.6]

The following main technical lemma guarantees that for any distribution X ~ P with a bounded
support and a bounded second moment, the filtering algorithm we introduce in Algorithm [2]robustly
finds an accurate estimate of the principal subspace.

Lemma D.4 (Main Lemma for Algorithm[2). Let P be a distribution over d x d PSD matrices with
the property that,

E [X]=M, |X-M|.<B, and max E [Tr[A(X - M)ﬂ < (k).
X~P [ Allp<1rank(A)<k X~P

Let a set of n random matrices G = {Xi € ]Rdx‘i}i <] where each X; is independently drawn from

P, and the at most « fraction is corrupted by an adversary such that the input dataset S = (G\ L)UE
with |E| = |L| < an, L C G. There exists a numerical constant ¢ > 0 such that for any 0 < o < ¢,

ifn = Q((dk* + (B/v)Vka)log(d/(6a)) /), Algorithmoutputs a dataset 8" C S satisfying the

—

following for M = ﬁ Y ox,es Xil
1. for the top-k singular vectors U € Rxk ofﬁ,
T[0T (M-M)U] < 48aTr[UTMU] + 1020vka .
2. for all rank-k semi-orthogonal matrices V. € R, we have
TV (M-M)V]| > 10T [V MV] - svka .

We provide a proof in Section[D.2]
The proof of Proposition [2.6]is straightforward given Lemma|[D.4] For the first claim, note that,
Tr {ﬂTEﬁ} > Tr [ﬁ—rf]ﬁ] — 48a/ Tr[Pr(X)] — 102vV ko (Using Lemma|[D.4] part 1)
> Ty [UTf]U] — 48aTr[Py(2)] — 1020vka  (Property of SVD)
> Tr[P(X)] — 58a Tr[Py(X2)] — 110vVka (Using Lemma[D.4] part 2).

23



For the second claim, since ¥ = UUTXUUT, we have

Hz ~-UU'suu"’

=T {2 - fJfJTEfJfJT}

< Tr[] — (1 — 58a) Tr[Pe(2)] + 1100 VEa (From the first claim).
= Tr[E — Pi(2)] 4 58a Tr[Pr(2)] + 1100V

= ||= = Pe(D)]|, + 58a||Pe(D)]], + 1100 Vka.

Similarly, we also get

HPk(E) - ﬁﬁTzﬁﬁTH < 58a|Ps(2)|, + 1100vka (39)

D.2  Proof of the main analysis of Algorithm 2]in Lemma [D.4]

The proof of Lemma [D.4]is divided into two parts, for each statement of the lemma. Both parts are
proven under the following good event. We provide a proof of this lemma in Section[D.4]

Lemma D.5. Under the hypotheses ofLemma whenn = Q((dk? + 2 /ke) log(d/(8))/€) with

probability 1—6, the following events happen for all semi-orthogonal matrices V.€ R>Fst. VTV =
L,

1. There exists Gy C G such that
(a) |Gv| > (1—é)n,
(b) ‘ﬁ Tr[Yx,cay (VI(Xi - M)V)]‘ <1.010VFe, and
(©) i1 Yx.eay Tr[VT (X = M)V]® < 6.01502,

2 % > Tr[VI(Xi - M)V]

n
X, eG

< V\/E,

3. All subset T C G such that |T'| < en satisfies

> T[VI(X; - M)V] < Tnvvke +neTr [V MV].
X, eT

We provide the proof in Section

D.2.1 Part 1 of Lemma [D.4|

Proposition D.6 (Correctness of Algorithm[3). For a set G of n uncorrupted matrices defined as in
the hypotheses of Lemma[D.3|and for some € > « > 0, suppose the that set S input to Algorithm|3]
satisfies the following: S = (G\ L)U Ewith L C G, |E| < «|G|, |L| < 9a|G]|, |S| < |G|, and
E NG = (). If the events in Lemma hold, then a single call of Algorithmoutputs asetS'C S
achieving one of the following two guarantees.

1 If Algorithmretums S" = S (unchanged), then

Tr

N 1 N . .
UT< 5 > XiM>U] < 48aTr[UTMU}+1021/\/ka (40)
X;eSs’

2. If Algorithm 3 returns S' C S, then there exist two sets L' O L and E' C E such that
S'=(G\L)UE and E2|L'| + |E'|] < 2|L| + |E|.

where U is the top-k singular matrix ofls—l,| ineS' X;.

We provide the proof in Section [D:3] We are left to show that when n is sufficiently large, then
Algorithm 2] terminates before removing too many points, with probability at least 1 — §. To get the
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logarithmic dependence on J,we divide the meta-training dataset Dy,; into log(1/4) partitions of an
equal size, and apply the same routine of Algorithm 2]

We show that each run of Algorithm 2] succeeds with a strictly positive probability, and hence one
of them is guaranteed to succeed with probability at least 1 — §. Further, we have a simple way of
choosing the successful run; we select the one that outputs the largest set S’. Precisely, we call a
routine successful if |S'| > (1 — 8a)|G|.

First, we need to show that the conditions of Propositionhold, throughout the iterations. However,
the condition that |L| < 9«|G| might be violated by chance, as we only have guarantee in expectation.
We thus bound the probability that there exists a sub-routine of 1-D filtering that results in |L/| >
8a|G|. The proof is similar to the one in [24]]. Let L; denote the removed set of uncorrupted points in
S; = (G\L;)UE;. Notice that this event implies | Ly | > 8c|G| as L;’s are a monotonically increasing
sequence of sets. From Markov’s inequality, we have P(|Lr| > 8a|G|) < E[|Lr|]/(8«|G]|) < 1/6,
where in the last inequality we used the fact that E[|Lr|] < (1/2) E[2|Lr| + |Er|] < (1/2)(2|Lo| +
|Eo|) < (3/2)a|G|. Hence, with probability at least 5/6 one run succeeds (taking a union bound
with Lemma D.5|for the good events with a choice of § = 1/6). Out of logs(2/4) runs, one succeeds
with probability at least 1 — §/2.

D.2.2 Part 2 of Lemma[D.4l

There exists aset 7' C G such that S” O T, and |T'| > (1 —9«)|G]. Since S’ contains a good fraction
of points from G, then for any semi-orthogonal matrix V € R%*¥, we have

> Tr[VIXV]

X, eS8’
> ) VX V- ) T[VIXV]
X, eG X;EG\T
> VX V- | Y T[VIMV] +naTr[VIMV] + Tnuvkae
X, €G X, €G\T
(Using Lemma[D.3] part 3)
> T[VMV]—mvka— | > Tr[VIMV] +naTe[V MV] + Tnuvka
X, €G X, €G\T
(Using Lemma[D.3] part 2)
= Tr[V'MV] — 8nvvka — na Tr [V MV]
X, eT

>n(l—10a) Tr[VIMV] - 8wvka (. |T| > (1 —9a)n)

— nTr [VTﬁV} > || Tr [VTﬁV} > n(1 - 10a) Tt [VTMV] - 8nuvka

or, Te[VT (M~ M) V] = ~10a e[V MV] - 81vka

when the good events of Lemma hold, which happens if n = (2 (% (kz + %\/E) log %) with
probability at least 1 — 6.
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D.3 Proof of Proposition

1. To show the first part of Proposition[D.6] notice that by Lemma|D.5] part 1, there exists a
subset G C G such that

! Tr [UT(XZ ~M)U|| < 1.01VEa
’Gﬁ’ X,€Gg

! Tr [UT(XZ - M)ﬁ}2 < 6.01kv>.
|G6| Xi€Ggy

For the input to the First-Filter algorithm, So = (G \ L) U E, we can reclassify the
sample in G\ G to be the error and have Sy = (Gg \ L) U E’ where |L| < 9an and
|E’| < |E| 4+ an < 2an. Hence the output of the First-Filter algorithm satisfies

1

@ Z Tr{ﬁTXiﬁ} fTr{IAJTMIAJ}

X;€Sa

< 5dvvka, 41)

using Proposition|J.4} and from if condition of Algorithm |3} we have

1< PPN 1 PN PR
3T [UTXiU} = Y {UTXiU} < 48 (V\/k:a +aTr [UTMUD.
i o
1= i G
(42)
Combining the above two inequalities, we get
1 — Y
3T {UTXiU} — Ty {UTMU}
n =1
- 1
- Tr [UTXZU} L Tr [UTXZU}
> ol 2
1 N . PN
+ o Tr [UTX-U} Ty [UTMU}
ol o, U
i G
1 N R 1 R R
<3 m [UTin} _ Y T [UTXiU}
n =1 ‘SG‘ X;ESa
1 . N . .
= 3 T [UTXZ»U} —Tr [UTMU]
|Sal x7%
7 G
<1020Vka + 48a Tr [IAJTMIAJ] (43)
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2. We use z; to denote Tr[U"X; U] and 11” to denote Tr[U T MU]. Our goal is to show that
our Algorithm removes much less good points, from the set G N (S'\ S¢). Notice that,

S S
ORCECEED T
miGS\SG, :EiGS\SG IiGS\SG,
z;>p5G z;<pG

Z (l“i - HSG)

ziES\SG

Yo (wi— o) = Y (- p)

;€S ;€S

= Z (:ci —MSG)

z, €S

> 48n

—
&
|
=
n
Q
~—
|

Y

(a,us ¢+ vk ) (from the if clause in Algorithm 3]
> 48n (a (1 - 18a)rVk )
> 48n <Oéup + vV ka) 44)

where the last inequality is using & < 1/36, and the second last from the guarantee from the
First-Filter algorithm. (by the if clause in the algorithm).

On the other hand, note that,
Hzi € GN(S\ Sg) |z > p®}] < |(S\ Se)| < na. (45)

Therefore,

Yo (w-w)< Y (= u") + I8\ Sl|u” - u
z,€GN(S\S¢a), z;€GN(S\Sa),
x;>psc z; >p G

c T ) el
z;€GN(S\Sq),
z;>p5¢

n(?l/\/ ka4 ap® + 18vav ka)
(Lemma D.5] part 3 and Proposition[J.4)  (46)
n((? + 18a)vVka + auP>

n(SV\/E—&- aup) (. a <136 <1/18)
n(SI/\/E + 1604,up>

16n (a,up + ;u\/ﬁ) 47)

IA

IN

A

IA

where the last inequality follows by using Lemma|D.3] part 3, in conjunction with Equa-
tion (@3)), and using the guarantee provided in Proposition [l:4] Hence we have shown
that

Z (z; — pn°¢) >3 Z (2 — ). (48)

z;€5\5¢q, z;€GN(S\Sa),
z;>pG x;>pSG
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Applying Fact[D.7] we get
> (@i —pe)

i€S\Sa,
JCiZNSG

max{z; — p¢ }z‘eS\SG
> (zi — p59)
1€GN(S\Sa),
z;>p5G

max{z; — “Sc}ieS\SG )

E[S\ &) =

(49)

and, E[|GN(S\ S]] =

(50)

This combined with Equation gives
BE(IGN(S\ S <E[IS\ 5]
=E[I(Z'\L)U(E\ E)]
<E[L\ L +E[IE\ E'[]. (51
Since | L'\ L| = |G N (S\ 5’)|, we finally have

1
ElGn(S\ S < S E[IE\ E,
= ERIL'| + |E'|] < 2|L| +|E|. (52)
Hence, we can run the filter on {X; € S\ S}, and guarantee that on every application of
Algorithm 3] we remove at-least 2 times more corrupted points in expectation than good
points.
This completes the proof.
Fact D.7 (Filter based on mean). Assuming thata < 21 < ... <z, < b, t ~U|a,b), then

n

E[Z 1{z; > t}] = (w;—a)/(b-a)

i=1

D.4 Proof of Lemma[D.5]

D.4.1 Proof of Lemma [D.5| part 1

The basic idea of the proof is the following. First we construct a e-net on semi-orthogonal
matrices V. € R%** and argue that for each semi-orthogonal matrices V on the net, the set

{Xi eG ‘ Tr[VI(X; —M)V] < O(v k/e)} satisfies the three conditions in the lemma. Then,

for each matrix V' that is not on the set, we argue there exists a Gy with V on the e-net which
satisfies the three conditions under V' in the lemma. We show the three conditions for a matrix on
the net as follows.

Lemma D.8. Let G = {x; ~ P},_, where u” is the mean, and c% is the variance of a real distri-
bution P. For any real number 0 < ¢ < 1/18, define set T = {z; € G | |Jcz — ,uP’ < 30p/\/e}
and 7 = Iiilfl > o.cr Ti- Then with probability at least 1 — 3 exp(—0(ne)),

L |T|>(1—¢é)n,

2. ‘,uT - ,uP’ < opye and

2
3. g ger (wi — pF)” < 203

We provide a proof in Section[D.5]

Proposition D.9 (Covering Number for Low-Rank Matrices, Lemma 3.1 in [12]]). Let S, =
{X e R"*" :rank(X) < r, || X||p = 1}. Then there exists an e-net S,. C S, with respect to
Frobenius norm obeying

|S,e| < (9/€)(motnat iy,
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With a union bound over all the elements of the net, we show that for each matrix V in the net, set
{Xi €G ‘ Tr[VT(X; —M)V] < O(v k:/e)} satisfies the three conditions in the lemma. The

following technical proposition will helps us connect an arbitrary semi-orthogonal matrix V' to the
net.

Proposition D.10. With probability 1 — §, all subset T C G such that |T| > (1 — €)n satisfies
T Ser X — M < v22/5(1 - )

Proof. Foreachi,j € [d], define matrix E*/ € R?*4 such that
Ei’j _{1 ifi/:iandj/:j,

i’ 0 otherwise.
Then,
=, [peni] - 5 g, e oc -]
E [IX-ME| = 3 E |TE,(X - M)
i,j€ld]
<,

where the last inequality follows from the assumption in Lemma@ By Markov’s inequality,

1 n
Pln2||x,-—M|§z:ﬂd2/a]<2d2E an anl

i=1
< 6. (53)
Then for any subset TCG,and |T| > (1 - e)
] Z IXi = M < \Tl Y IXs = Mg < v?d?/5(1 e). O
X €T XieG@

We show Lemma part 1 as follows. By Proposition [D.9] there exists an §’-net of size
(9Vk /") +d+DE over the set S, = {V € R¥F : rank(V) < k,| V| = Vk}. Since the

set of rank k& pI‘O_]eCthIl matrices P == {V € R>** VTV =1,} C Sy, there exists a §'-net P, of
+d+1)k
size (18\f/5’) = exp(O(dklog(k/d"))) of the set Py. Fixing a projection matrix V, the

distribution of V' X;V satisfies E[Tr[V'X; V]| = Tr[V MV] and

E[T[VT(X; - M)V]’| = i E

1 2
Tr{kVVT(Xi — M)} 1 < kv
Thus, we can apply Lemma [D.8] with a union bound to show that, given that
= Q(dk?log(k/68") /e),

with probability 1 — &, for each projection matrix V' € Py, there exist a subset of random matrices
Gv C G such that Gv = {Xi eqG ’ |Tr [VT(Xi — M)V} | < 31/\/]'{1/6}, and it satisfies

1. |Gv]| > (1—¢€)n,

2. | et Zx,eay TV (Xi = M)V] | < v/ke, and

2
3. \Gv\ Y X, cay [V X; - M)V] < 2kv2.

From now on, let us set

= Ve /100d.

The remaining argument conditions on that the event in Proposition [D.10] which happens with
probability 1 — §, namely, for all G C S such that |G| > (1 — €)n,

> X — MJE < v2d?/6(1 —€). (54)
|G| X.c6

The following proposition deal with the projections that are not in P,.
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Proposition D.11. For any arbitrary projection matrix V', which may not be an element of Py,
define projection matrix V. € Py such that ||V — V'||p < 6. Then Gv is still an e-good set for
projection V', namely

1. |Gv| > (1—¢é)n,

.
A1 Sxeay T VT (Xi = M)V]

N

< 1.01vVke, and

w

2
61 Sxeey TV (Xi = M)V < 6.01k02

Proof.

[u—

. |Gv| > (1 — €)n holds trivially.
2. Observe that

ﬁ 3 Tr[V’T(XFM)V’}

X, EGv
1 e .
< w Tr X;V (V (X; —M)(V V))]
+ Tr Z ((V’ _V)T(Xi _M)V) + Tr Z (VT(XZ» ~M)V)
XicGv X, eGv
ng S 11X = Md + vk
X;eGv
<26’ ST IX: - M+ vvke
|G |Xi€Gv
< 1.01vVke
3. Notice that
1 , N2
Ty, (v V)
1 / / /
- Wx;\, (Tr[(VT(Xi - M)(V' - V))] +Tr[<(V -V (X, - M)V)}

+Tr[(VT(X; — M)V)})

< IGivl X;v (Tr[(V’T(Xi ~M)(V' - V))F

2

+ T (V- V) (X - M)V |+ (VX - M)

(55)

Notice that by Cauchy-Schwarz,

Tr{(V’T(Xi — M) (V- V))}2 < H(V’ v

< 62X, — Mg,
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and likewise
e[ ((V/ = V) (X - M)V )| C < 52X - M
By Equation (54)), Equation (33) is bounded by
6v°k 4+ 1%¢/10000 < 6.01kv%. O

This completes all the proofs.
D.4.2 Proof of Lemma D.5| part 2

Proof of Lemmal[D.5] part 2. Since || X — M]||, < B, and maxja, <1 E{(Tr[A(XZ- ~M)))?| <

v? for all i € G, therefore, from Bernstein inequality, we have

2.2
%in—M zy\/e/k] SQdexp[ nve/(2k) ] <5 (56)

= ) ndv? + Bnv+/e/k/3
Define matrix AV), A@V)  A(dY) guch that Agf;v) = v, and the other rows of A (") are 0.
EY (X - M)Q] | = max Y E[v'(X;—M)(X; - M)v]
i=1 o IVle=13
n d 9
— max E|Tr[AUY(X; — M) }
Ivlz=1 ;; { (X —M)
< ndv?

ifn> =2 (dk + = ek) log 2d . Therefore for any semi-orthogonal matrix V € RZ¥%

1 1
~ [V (X, - M)V Tr[Pr(X; — M)]’
nxge:G ' ] Xlze:G o
’LGG
< vWke, (57)
itn = Q((L(db+ ZVEe) ) log ). O

D.4.3 Proof of Lemma[D.5] part 3

Here we show that for any semi-orthogonal matrix V &€ R%** on the net Py, and any subset T,
b3

Yox,er Tr[VT(X; = M)V] < nwvy/k/e condition on the event defined in Lemma [D.5} part 1
happens.

Denote

G {X eG‘TrVT(X ~M)V ]<—3y\/k76},
Gy ={XieG \ —~3v/k/e < Te[VT (X = M)V] < 30\/R/e |,
Gu = {Xi € G| Te[V(X; = M)V] > 30 /k/e .
Given a subset T, with |T| < en let Tj, = {Xj, eT ’ T [VT(X; - M)V] < SVW} and

Ty =T\ Ty By definition, > x 7, Tr[VT(X; —M)V] < 3v\/k/e|Ty|.
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T [V (X; - M)V]
Tr[VI(X; —M)V] (. Ty CGp)

T[VI(Xi =MV + > Tr[VI(Xi - M)V] + |G| Tr[VIMV]

mM MQMQM M

X;eGL

T[VI(X -M)V] = > Tr[V(X; = M)V] + |G| Tr[V MV]
X, €Gn

T[VI(X =MV = > Tr[V(X; = M)V] + ne Tr[V MV]
X;eGum

(Using Lemma[D.5] part 1(a))
§3n1/\/E + ne'lr [VTMV] ,

where the last inequality holds since D x  Tr VI(X; -M)V] < nvvke by Lemma part
2,and Yy ), Tr[VT(X; — M) V] < 2n0v/ke by Lemma|D.5] part 1(b) with Gy = Gv when
V is the net P;. Combining the bound on 77, and T yields that Yy . Tr[V T (X; — M)V] <
6nvvVke + ne Tr [VTMV} .

For a projection matrix V' not on the §’-net Py,

3 Tr[V’T(XZ- - M)V’]
X, €T

=1 Tr + Tr

3 (V’T(Xi ~M)(V' — V))

X;eT

+ Tr

> (VI - M)V)]

<2 3" ||X; = M]|pd’ + 6nvke + ne e[V MV
X, eT

<28 /IT[ [ I1X; — M3 + 6nvke + ne Tr [V MV]
X, eT

<evn+ 6vnvke + neTr [VTMV}
< TwnVke + neTr[V MV] (58)

D.5 Proof of Lemma[D.§|

1. Using Markov’s inequality we get

P2
P:zw??[’x—,uP’ 22] < ]EINP[(f H )]

— ]PINPHJ}—/J,P‘ ZUP/\/E] <e.
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Let us define the indicator random variable Z; := 1{|z; — u*’| > op/\/€}, and let p :=
E[Z;]. Then from the Chernoff bound we get,

1 — 22pn
Pgpn [NZZ > (1+2)p| < exp{ 3 ]
=1

Set (1 + z)p = 2¢, we get

S|

n _1 2
Pgpn [ ZZi > 26] < exp {_(26/]))@1}
i=1

3
S €xp |:_ ﬂ] )
3
where the last inequality holds since p < e. This implies

P[|IT| < (1 — 2€)n] < exp[—en/3]

. Define event £ := {z : |x — u¥’| < op/\/e}. In order to show that 7 = ﬁ >wier Ti
concentrates to ;©”, we will (1) apply Bernstein inequality to argue that 7 concentrate
around uP " which is the mean of P’ , the distribution of 2 conditioned on the event £, and (2)
argue that the mean ;1 " is close to w1, which, by triangle inequality, concludes the proof.

First, we prove a bound on ’uP - w* |, thus finishing part (2) of the proof.

Proposition D.12.
‘MP/ - ,UP‘ < 2yeop.

Proof. Notice that
|| g e
- | B, [x—u" 18]

- %‘x@p[@ —uP)U{|X = 1P| < op/VEY] |

= S W Ep (X = iKX= 7] 2 on /v

A I TSP

< 7\/1_“5] (60)

=" pe OF
< Z\EUP ’
where Equation (59) holds by Cauchy-Schwarz, and Equation holds since

XIEP[(X_MP)Q]SU%' =

To show part (1), let us first show the following simple fact due to Bernstein inequality
Proposition D.13. Given n iid samples X1, ..., X,, from distribution P’, it holds that

1 — ,
Px,~pr l - ZXi —u”
i—1

> apﬁ] < 2exp(—ne/13)
Proof. First we bound the variance of P’,
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5 [0 )] = g 2 [ (6w 30K - 00
< gy & (4]
:%Xw_(X_“P)QJF (“P_“P/)Q]
< %(0’123—‘1-460'129)
§6U}23.

Hence, we can apply Bernstein inequality (Proposition[J.2) and get

1 — , —n20%¢/2
,E X; — u® ZUP\/E] Sgexp{nglje/]
n

i=1

Px, ~pr
XinP [ 6no% +no% /3

< 2exp(—ne/13). O

Notice that condition on the size of set T, each X; € T follows from distribution P’
independently. Hence, we have that condition on the size of 7', with probability at least
1 —2exp(—|T|e/13), it holds that ‘ﬁ >x,er Xi — MP" < op+/e. Since we have shown

that |T'| > n(1 — 2¢) with probability 1 — exp(—ne/3), by a union bound, we conclude that
with probability at-least 1 — 3 exp(—ne/13),

1 o
w2
X;eT

< opye.

Combining Proposition [D.12] with triangle inequality yields that with probability 1 —

3exp(—ne/13),
1
Z X, — P
T g
X, €T

| = | = < 3opve.

3. Let us define the function y(z) = (z — pu¥) - 1{|z — p”| < op/\/€}. This implies
ly(X)| < op/\/c. Then,

Ebwﬂﬂ B [y(x)’]

2
X~UG) T X~UG) E[y(x)7]

X~P

2
+ E (X)) 6D

Looking at the above two terms individually, with the second term
2
B = B (o) e < /)
2
< E [ —uP }
< B[l
<ap. (62)

For the first term we apply [[72, Lemma 5.44.] on the random variable y(x) for x ~ P, and
get that with probability 1 — exp(—Cen) for a constant C' > 0,

| B @] - B, )]

<7p (63)
X~U(G) T~P

-2
Applying the fact that |T'| > (1 — 2¢)n holds with probability 1 —exp(—en/3), and plugging
Equation (62) and (63) in Equation (61)), we get that with probability 1 — exp(—©(en))

L P2 _ 2 2
|T| XZG:T (Xl H ) = |T|X~IE(G) [y(X) ] < 20%p. (64)

Taking a union bound of the probability of the three conditions and replacing € by €/9 yield the
statement of the lemma.
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D.6 Proof of Lemma[D.3
We claim that
H(I_ﬁﬁT)ij < oy, (65)

where V; = [v; ... v;] is the matrix consisting of the j singular vectors of M = o2 + Zile[k] Xy
corresponding to the top j singular values, and o is the j-th singular value. This follows from the
proof of the gap-free Wedin’s theorem in [1, Lemma B.3], which proves a similar bound on the

spectral norm. Concretely, let U 1 € R¥*(@=Fk) denote an orthogonal matrix spanning the null space
of UT. We can write the singular value decomposition as

M = UDU", B=V,DV] +V/D'V'], (66)

where V;- spans the subspace orthogonal to V;, and B = Zle X; +0?UU". LetR = M - B,
and we get

UMV, = UJRV,+U[BY,
= U[RV,;+U]V,D.
Since ﬁIﬁ = 0, taking nuclear norm and applying the triangular inequality,
o], - oo

< 9/oj.

*

To get the first term on the upper bound (29), we follow the analysis of [47, Lemma 5]. Notice
that x; lie on the subspace spanned by V; where j is the rank of ), €[k] X;s. It follows from

- 00w, < 1-o0)v,

< v/o; with a choice of j = k that

= T (1-00T)v;v] [ 3 xx! | v,v] (1-007)

~ o~ 2
> [(E-00T)v,vix i
i€[k] i€[k]

2

< Z XX, HVjVjT (I - ﬁﬁT> (I - ﬁﬁT)VjVjT
i€[k]

*

2
2 2
S Omax"Y /UIIIiIl .

Next, we optimize over this choice of j to get the tightest bound that does not depend on the singular
values. Applying a similar bound as the above series of inequalities, we get

~ 2 ~ o~ 2 ~ o~ 2
[ S T N ) I T
i€[k] 1€[k] i€[k]

2
< (o'maxny/O—Jz) + (k - j)0j+1 y

where we used the fact that

o~ 2
ez[;]H (1-007) -V, v))xi|

IN

T (I-V; V) Do xx! |(I-V,;V])
i€ k]

IN

(k=J)oj+1 -

A good choice of j to approximately minimizes the upper bound is for the two terms to be of similar
orders. Precisely, we choose j to be the largest index such that o; > ,yz/ 3JI¥§X(k — ')’1/ 3 (we take
j=0if oy < 7/30H3k=1/3). This gives an upper bound of 2¢2/3¢L/3 k2/3,

The second upper bound in (29) follows from a similar argument, and is a direct corollary of [42]
Lemma A.11].
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E Proof sketch of the adaption to exponential tail setting

In this setting, we give a sketch of how to adapt the proof of Algorithm [2]to the setting where the
distribution has exponential like tail.

Closing the gap in Outlier-Robust PCA (ORPCA). (75, 128] (76, [19]] study robust PCA under the
assumption that each sample z; = Ax; + v; where x;,v; are drawn from isotropic Gaussian
distribution, and the goal is to learn the top-k eigenspace of AA T. When n samples are observed,
« fraction of which are corrupted by an adversary, [[75] introduces a filtering algorithm to find a

subspace U achieving:
|OTAATT|| > (1~ cvalog(1/a)) [AAT], .

for some ¢ > 0 when n/k(log k)3 — oo. For the reasons explained in this is sub-optimal in
« in comparisons to an information theoretic lower bound with a multiplicative factor of (1 — c«).
Applying the proposed Algorithm [2] it is possible to generalize Proposition [2.6]to this Gaussian
setting and achieve an optimal upper bound. To get some intuition, notice that with our assumption on
the second moment of the projected variance Tr [UTXZ-U} , our current proof proceeds by focusing
on that 1 — « probability mass, which falls in the interval [-©(1/1/a), ©(4/1/«)]. This is tight
with only the second moment assumption. However, if we assume exponential tail on Tr [UTXiU],
namely P [Tr [UTXiU] > t] < exp(—tP), for some p > 0, we can instead focus on the probability
mass in [-O(log'/?(1/c)), ©(log'/?(1/c))] which is also at least 1 — . The would give an error
of aulog'/?(1/cr). We provide a sketch of how to adapt the proof of our algorithm to the exponential
tail setting as follows.

Lemma E.1 (Main Lemma for Algorithm [2] adaption from Lemma|[D.4). Let P be a distribution
over d X d PSD matrices with the property that,

E X]=M, [X-M|;<B,
X~P

and Pxp[|Tr[A(X — M)]| > v(k)t] < exp(—t?),

max
[|A]|p<1,rank(A)<k
for some p > 0. Let a set of n random matrices G = {Xi e RdXd}iG[n]

independently drawn from P, and the at most « fraction is corrupted by an adversary such that the
input dataset S = (G \ L) U E with |E| = |L| < an, L C G. There exists a numerical constant

¢ > 0 such that for any 0 < a < ¢, if n = Q((dk* + (B/v)Vka)/a?), Algorithmoutputs a
dataset S' C S satisfying the following for M = ﬁ ZX,;ES/ X;:

where each X; is

1. for the top-k singular vectors U € Rixk ofﬁ,

Tr[fj—r (ﬁ— M)IAJ} < O(aTr {ﬁTMﬁ} +V\/Ealog(1/a)1/p) .

2. for all rank-k semi-orthogonal matrices V. € R?**, we have

Tr [VT (1\7[ - M)V] > —O(a Te[VIMV] + vWka log(l/a)l/P) .

Notice that the probability mass beyond |Tr[>x ., (V' (Xi = M)V)]| > vv/klog(1/€)'/7 is
less than e by the exponential tail bound. Hence similar to Lemma[D.5] by letting Gy, C G to contain
all the points in G such that [Tr[Yx . (VT (X; = M)V)]| < vVklog(1/€)'/?, we have part 1
of the following lemma. Part 2 of the following lemma follows from matrix Bernstein inequality, and
part 3 can be shown with the same argument of Lemma|D.5]

Lemma E.2 (Adaption from Lemma . Under the hypotheses of Lemma whenn = §~2((dk2 +
%\/Ee) /€2) with probability 1 — 0, the following events happen for all semi-orthogonal matrices
Ve R>FEst VIV =1,

1. There exists G C G such that
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(a) |Gv] > (1—e)n,
(b) ‘ﬁ Tr[ZXiEGv (VT(Xl - M)V)]‘ < V\/Eﬁ IOg(l/e)l/p, and
() |Tr[Yx,eqy (VT (Xi = M)V)]| < vVklog(1/e)1/?,

LS nviea -y,

X eG
3. All subset T C G such that |T| < en satisfies

Z T [V (X, —M)V] < TnvVkelog(1/e)/? + ne Tr[VIMV].
X;eT

2. < vWkelog(1/e)'/?,

Thus by changing line 5 of Algorithmto 48(ayp®e + vvkalog(1/a)'/P), the statement in Propo-
sition[D.6]can be changed to that either the output of Algorithm 3]satisfies

TY[IAJT<|;,| 3 XZ-—M>IAJ] < O(a’I‘r{fJTMfJ}+u\/Ealog(1/a)1/p) 67)
X, eS8’

or the algorithm removes more corrupted data points than uncorrupted data points in expectation.
Finally, similar to Proposition[2.6] we get

TP (Z)] — ﬂ[ﬁTzﬁ} - o(amm(z)] + vWkalog(1 /a)l/P) ,

and ||2 - 007007 <2 - PuE)l, +O(alPu(E)], +vWEalog(1/a)'/7) .

F Lower bound for robust PCA, proof of Proposition

In this section we show that under the setting of Proposition [2.6] it is information theoretically
impossible to learn subspace U such that |£ — UUTSUUT || = o(u(k)\/w).
Definition F.1. Given a subset I C [d], |I| = k, define distribution Py as follows: Suppose random
variable x ~ 'Pr, and each coordinate x;,1 € I is sampled independently such that
v(k) with probability (1 — a/k)/2
D B v(k) with probability (1 — a/k)/2
! (v(k)?k/a)t/4 with probability o/ 2k
—(v(k)2k/a)'*  with probability a/2k
The other coordinates x;,i & I is sampled independently such that
v(k) with probability 1/2
i {— v(k)  with probability 1/2°

The second moment matrix 37 := Exp, [xxT] of P; satisfies
v(k)(1—a/k+/a/k) i=jiel
5= (k) i=jigl.
0 i
It is clear that with probability 1, ||[xx" — X!||, < [x3 + ||=/]|, < v(k)(d+2k*?/\/a) <

2v(k)d = B. Next we verify the fourth moment condition in Proposition WLOG, let us assume
A; j = O forany j < 7, hence A is a upper triangular.

2

1,]

E[Tr[A(xx" - 3)]°| =E > Aig(wiws = %)

Z ZAi,j (zixy — EiI,j)Ai’,j’(xi’xj/ - Eg’,j’)

ij i

[
&=
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Based on the number of distinct values 4, 7,4, j’ take, the terms inside the summation can be classified
into 4 difference cases
1. 7,7,7, ' takes 4 difference values. In this case,
E[Ai;(ziz; — ;) Av jr (o — L 5)] =0
2. 4,4,4, 5 takes 3 difference values. In this case,
E[Aiyj (xl-xj — Eij)Ai/yj/(:ci/xj/ - Ef, ,)] =0
3. 1,7,7, ' takes 2 difference values. In this case, if i = 7,7 = j' and ¢ # ¢/,
E[Aii (2} — ;) Avi (23 — 5 )] =0.
Ifi=4d,j=7andi# j,
E[42,(wiz; - =1,)°] = E[4%;(0i2))?] = E[A%; 51,5 ].
Ifi=j,j=1andi#j, A;; or A;; must be 0, hence the expectation is 0.
4. 1,7,1, 7 takes 1 value. In this case

21 J0 i1
E[42;(a? - =)°] = {Ag’iy(kmg —afk) iel

Taking summation over the above cases yields the following bound
SoAzwlnl o+ A2 (2 - a/k) < 2|Alfv(k)? < 20(k)?.

1,05,7
1<j el

Here we have shown that each distribution P; satisfies

\|ﬂa§1x~P1[(<A XX —E[xx ]>)2} < 2u(k)2.

Then we define the base case distribution Py as follows:

Definition F.2. Suppose random variable x ~ Py, and each coordinate x;,i € I is sampled
independently

o v(k) with probability 1/2
"\ =/v(k) with probability 1/2"
It is clear that Dy (Pr,Py) = . Thus we have shown that each pair (P, Pr) € O, (r),o. Now let
us fix an estimator U, and let Uy = ﬁ({xi}?zl), {xi}i=, ~ Py denote the random subspace when

the datapoints are drawn from Py. WLOG, let us assume d is a multiple of &, and let Iy, ..., I/, be
a partition of [n]. Notice that
d/k
E ZTr[ﬁJE[iﬂ@} = (k) k- (d/k +1-a/k+ \/a/k),
i=1

and hence there exists a ¢* such that

E[Tr[ﬁgEji*ﬁ@” <v(k) k (d/k+1—a/k+\/ﬁ) (d/k)~
gu(k:)~k:~<l+1+\/m>.

d/k
The sub-optimality can be expressed as

IE[HEQ* ~ 0,07 %,.0,0] H % = Pe(Er)
:y(k)k(l —afk+ \/ﬂ) - E[Tr [ﬁgzh*ﬁ@”
>v(k) (\/ozik —a— W) (Using k > 16, d > k*/a)

|
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This implies that for any subspace estimator U, we can find distribution D = Py, D' = Pr,. such
that

1

] = S Via,

- [E D HEQ* *ﬁﬁTEIi*ﬁﬁTH - 125, = Pe(Z1,.)
Xi}i~D" *

2. DT\/(D,D/) S «,
3 (A xxT —E[xxT]))"| <200

. max E
Az <1x~D’

The proof is complete.

G Robust clustering algorithm

Definition G.1. Pseudo-distributions are generalizations of probability distributions except for the
fact that they need not be non-negative. A level-2m pseudo-distribution &, for m € N U {oc}, is a
measurable function that must satisfy

/ q(x)%dé(x) >0 for all polynomials q of degree at-most m, and (68)
Rd

/ dé(x) = 1. (69)
]Rd

A straightforward polynomial interpolation argument shows that every level-oo pseudo-distribution &
is non-negative, and thus are actual probability distributions.

Definition G.2. A pseudo-expectation Eg [f(x)] of a function f on R* with respect to a pseudo-
expectation &, just like the usual expectation, is denoted as

el (0] = [ | x)ae(x)

Definition G.3. The SOS ordering <sos between two finite dimensional tensors T1, and Ts, i.e.,
Ti =sos T2, means <’T1, v®2m> <om <’7'2, v®2m> as polynomial in v.

n
. n

Given { B\l}

distributions £ of v over the sphere. Since v; = Bz Vi € [n] would be an over-fit, therefore to

n o o__ ~ 2m
, we want to find {;};__, such that £ >° E [< Bi — Vis v> } is small for all pseudo-
1 i=1

1=

n
avoid it, it turns out that the natural way is to introduce the term 3. (v; — 83;,7;)>™ which must
i=1

~ ~ 2m
be small at the same time. On the other hand, we know that if , _; E¢ [< Bi — Vi, v> ], and

~ ~ 2m
> icg Be [< Bi — B, v> } (from the SOS proof) are small, then from the Minkowski’s inequality,

Yico IEg {(’yi - B, v>2m} will also be small. To make this hold, it is sufficient to impose that

whenever {z;}._, are such that Iﬁf [(zi, v>2m} < 1 for all pseudo-distributions £ over the unit
i=1

n
sphere, then Y (z;, %>2m is also small. This, however, is not efficiently imposable, but there is a
i=1

standard SOS way of relaxing this, which is to require > IEQ [(zi, %>2m] to be small whenever
i=1

n
> Ee, [28%™] =sos T for all pseudo-distributions {(;(z;)}/-,, where T is the identity tensor of the
i=1

appropriate dimension.
no. —~ 2m n o
Therefore, we need to find {7;};_, such that ) E [<6i — Yis v> ] and Y E, [<Zi, %>2m] are
i=1 i=1
small whenever »_ ]Eg [Z;@Qm} =sos Z for all pseudo-distributions ¢ over the unit sphere, and
i=1

(G, .
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Algorithm 5 Basic clustering relaxation [435, Adaptation of Algorithm 1]
1: Input: {@}ie[n], {¢; € [0,1]};_,, m € N, multiplier A > 0, threshold " > 0.

2: Define 7;(7v4, €, () = vag KBZ — Vi V>2m} + )\Ezwci |:<7i7 Zi>2m:|'

3: Find {77}, such that > ¢;7; (7}, &, ;) < 2T, for all £ over unit sphere, and
i=1

for all {¢;}7, satistying 3 E¢, [25%™] <s0s Z.
=1

4: Orelse, find £*, and {C;‘}?Zl such that V {'Yi}?:p > cimi(vi, 5, ¢) > T
i=1
s: Output: {7} |, or {&* {¢;} .

If there is no solution that makes the desired quantities small, then from duality there must exist
pseudo-distributions £*, and {¢;"};-_, such that the objective cannot be small for any choice of {~;};_;.
Since elements in {7;};_, are independent of each other in the objective for a fixed £ and {¢;};-,, and

~ ~ 2m
the objective can made small on the good set G, therefore we can look at min., E¢- K Bi — 7, v> ]

or min,, EC;‘ [(zi, 7)2’”} if they are large for any 7 € [n]. Such tasks can be removed and the process
can be repeated. It is shown in [45] that the procedure after a finite number of iterations can remove
all the outliers and eventually the sum of the desired quantities can be made small.

Algorithm 6 Outlier Removal Algorithm [45] Adaptation of Algorithm 2]
1: Input: {Bl} il B >0,m €N, pyin, and p > 0.
1€(n
2: Initialize ¢ = 1,, and set A = pinn(B/p)*".
3: while true do R
4:  Run Algorithmwith {Bi}iem)s € A, and threshold I' = 4(nB2m + Ap?™ ) pmin) to obtain

(v ¥y or {€{¢ iy -

5. if {77}, are obtained then

6: Output: {/}! |, ¢

7. elseif {&*, {¢}!, } is obtained then

8: 77 min, 7(7,€,¢) Vi € [n], as defined in Algorithm [3]
9: ci < ¢i(1— 77/ max;epy Tj’-") Vi€ [n]

10:  end if
11: end while

Algorithm [6|uses a down-weighting way of reducing the weight of possible outlier tasks, and [43]
show that the re-weighting step down-weights the outlier tasks more than the tasks in the ¢-th set.
They also show that the returned {~y;};-_, constitute a good clustering such that one of the clusters is
centered close to some true mean w; for some j € [k].

Algorithm [7]repeatedly uses Algorithm [6] on re-centered data to find the individual clusters. The set
S obtained in Algorithm 7]is almost entirely a subset of one of the true good sets. After obtaining
M centers from Algorithmwe can re-consolidate the sets into k£ new sets {Cg}]gzl (by merging

together all S; whose means are within distance B 'ﬁ;llr{ " /4.), and can shown to obey the desired

guarantee using [45, Theorem 5.4.].

H Proof of Lemma for robust clustering

We use [45, Theorem 1.2], to analyze Algorithmwith input {fJT @ = % 23:1 Vi, jIAJTxZ-, j}

fort =ty andn = ng.

1€[n]
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Algorithm 7 Algorithm for re-clustering {v; }\_; (45l Adaptation of Algorithm 3]
Input: Dy = {{(xi ;. Yij)}jeitu bicinu): Us B = 0.m, k € N, pryin. and p > 0.

1:

2: Initialize R = p, set W = {0}, and 3; « (1/tz) S02, UTx; ju; ; forall i € [n]

3: Pfinal < @(Bpmllrfm), M = |—4/pmin-|

4: while R > pgna do

50 b+ 1

6: forw’ € I;V do

7: Let {717, ¢® be the output of Algonthm@wnh {B; — W'}, B, pmin. R as input.
8: b+—b+1

9:  end for o
10:  Let{C; } ", be the maximal covering derived from {%J)}z 1j=1> {cW }j:l

—_
—

W {w) } where w; is the mean of points in C; V j € [M]

122 R+ C/(\/RBpmllr{m +B ;}I{m>

13: end while
14: Output: W, {C¢})" |

Algorithm 8 Estimating {7‘?}5:1
~ 1k
1: Input: Dy = {{(%i:Yi.i)}jelen) biclnu]» {Webp_y. & > 0.6 € (0,1)

2: for ¢ € [k] do
_ ~\2 .
3 i ty > jeltn] (yij — %, ;W) foralli € C
4 if o > 0 then
5: F? <—Univariate_Mean_Estimator<{r? Z} c ,Q, 5) [ [50]]
) ieCy

6 else

1
T T ey 2T

i€Cy

8: endif
9: end for

10: Output: {ﬁ}jzl

Theorem H.1 ([45, Theorem 1.2]). Suppose {IAJT@ S Rk} can be partitioned into sets

i€[n]
{gg}jle U H, where H is the set of outliers, of size an. Suppose |G| = npy, and has mean
wy, that its 2m-th moment M2m(gg) =om B. Also suppose that & < ppin/8. Finally sup-

pose the separation A > C’SepB/p]mm with Csep, > Cy for a universal constant Cy. Then Al-

gorithm|7| runs in time O((nk)©™) and outputs estimates {v~v2}§:1 such that

OB (a/Bmin + C2m)' ™1™,

6w =

It shows how the accuracy depends on the choice of m and the SOS proof of an upper bound

B. We will show that if B = p\/2mC/t then the SOS proof holds, in which case the condition
A > CsepB/ 5-/™ in Theorem translates into

pmln

- 2mC p? Csch
— A2 ~2/m'

min

(70)

Further, to get H\ij - IAJTWJ-H = O(A) we need
2

1
2mCp? 1 < a )2_’"
t> -max{ ——, [ =—— . 71
~ A2 { C’;lég 2 Pmin ( )
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Combining the two conditions, we finally get

2mCp? C2, 1 a \2w
t 2> A max{ 52/71:1 om0\ 5 . (72)

. Pmin
min sep

We are left to show that SOS proof exists for the choice of B = py/2mC'/t. The following lemma,
whose proof is in gives
o (T (Bi=8).v) " Zom P2 IVI3" (2m)" = < (2m)
1€G,

13
tTVL ( )
for all ||v||, < 1 with probability at least 7/8 for all £ € [k].

Lemma H.2 (SOS proof exists with high probability). Givent > 2m, for m,t € N, there exists a
constant C' > 0 such that for any £ € [k], and npy > (km)®(™) /§, with probability at least 1 — §, it
holds that

1

m
1 mC"
npe

S{OTG = Bv) o 22 IV 2y

1€G,
forall v € RF.

From [42] Proposition D.7.] we have that if n = (2 (;‘)i,k) , then Prnin > Pmin/2 with probability at

least 7/8. To further simplify the conditions, note that & < Pyin/8, and fix Csep, = O(1), then we
simply need

2

t> %. (74)
pmin AQ

Using a median of means algorithm from [49, Proposition 1] and [33} [18]], by repeatedly and

k

independently estimating M = Q(log 3 ) number of estimates, {{W;(Z)} } we can compute
=1

j=1
the improved estimates { w, € Rd}le by applying back U that satisfy

[%; = 007w <A viem (75)

2
With the assumption that

HﬁﬁTWj — W]H 5 A
2
and Equation (73)), we have
15 = will, < [ = 00w, |+ |00 w; —wy| s (76)
2 2

We next show a bound on the error in estimating 7.

~ 4
Proposition H.3 (Estimating 7). If ng = Q) (m) we can estimate rf as F? satisfying

7§ —rf| < TngQ (77)

with probability at least 1 — 6, for all ¢ € [k] using Algorithm where r} = ||wy — Wg||§ + 82, if
ag =0 A2\/§p12mn )
p? log(AétH )

Proof. Define 17, = t5' 377 (i —wixi;) ~ %XQ(tH) for all i € Cp,¢ € [k]. Since

we compute r; for each cluster C; independently, the maximum corruption in the /-th cluster is
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bounded by a7 /pg. Using Corollary E we can compute an estimator using Algorlthml 8l that given
&y = g /pe corrupted samples, returns 77 for all £ € [k] satisfying

~ log(1/a log(1/a
|T€ — T[} = O % * QO - ax Og( /aZ)7 Og( /QE)
t ti
— o2 M log(pe/aH)7 log(pe/amr)
P ty ty
o o st/
De Vig
when ngpy = ﬁ(%) = 5(5—2‘%) for all ¢ € [k]. Using the fact that
14 H
1
ﬂl > ¢ a = alog— <3
log 5 e~ 1 «
for v, B € (0, 1), we have that for oy < C 2A1 \Ti for some C' > 0.
o8 A2ty
A2
2 2 2
r;—ry|l=71;" (78)
| L Z| L 502
with probability at-least 1 — §, when ngy = ﬁ(ﬁ) O

H.1 Proof of Lemma[H.2|for Sum-of-Squares proof yx

We combine the following Proposition[H.4|and Lemma[H.§]to yield the desired SOS proof.
Proposition H.4 (see the proof of Lemma 4.1 in [35]). Let Z; = % Z;:1 YijXij — Bifori € G If
npe > (km)®U™ /§Y ¢ € [k), then with probability at least 1 — 6,

> (03P = B ({9 am §IVIE"

i=1

Proof. We show in Lemmathat the distribution of %Zi is 2m-explicitly bounded with variance
proxy 1. In the proof of Lemma 4.1 in [35]], it is shown that for a 2m-explicitly bounded distribution,
given n > (km)®(™ /§ samples, with probability at least 1 — § (Fact 7.6 in [33]),

tm - 2m 2m 1 m
om <Z<Z¢,v> - E{(Zi,v) }) =2m EHVH% ;
i=1
which implies the propositions. O
Fact H.5 (Claim A.9. in [26])). Let o7 = ||3]13 4 0. For any v € R?, we have that
gy (VB o (VT lvlary o
2 2
where Zy, Zy ~ N(0,1) and Zy, Z5 are independent.

We say that polynomial p(v) *= ¢(v) if p(x) — g(«) can be written as a sum of squares of polynomials.

We write this as p(v) =2, ¢(v) if we want to emphasize that the proof only involves polynomials of
degree at most 2m.

Fact H.6 (Basic facts about SOS proofs).

o (vTB) =5 |VIIIBI12 (Cauchy-Schwarz),
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® D1 =y P2 2m, 0, and q1 =, @2 Zm2 0 = P1P2 =y tme Q162

Definition H.7. A distribution D over R with mean p € R? is 2m-explicitly bounded for m € N, if
Vi < 2m, we have

_ i ) N\i/2 7
RS SR NGO

for variance proxy o € R.

Lemma H.8. Given thatt > 2m, for m,t € N, there exists a constant C > 0 such that
t 2m
1 2m 2m m Cm
E E;yixi_ﬁvv Sam p "IV (2m) T
i=

Proof.
E Ki 22:1 yix; — B, V>2m]
s ¢ (o))
_ Z?:o (21;1) (vTﬁJrgVHzUy)i (VTB*QVHQ%)Qm_i M; Moy, —;

T 2m—2i T 2m—21i T 5\2 2 2 @
) 4 - } B)"— :
=", (211%) <(V ﬁ+!v|l2ﬂ‘;) + (V B gv\bﬂ./) ) <(V ) 4|V|2".;) M; Ma,,,_;

X2 ()
t 9’

3

where S,

SN O.D) {(1 Y25 - 1))1.

First, notice that

2 2

2m — m—2i—2j5
221 2m .9, Z( ) Tﬁ) (||VH2Uy)2 2i—2j

<om—2i 221 2m22m 2@Hv||gm 21p2m72¢

_ ||V||§m—2ip2mf2i' (79)

2m—21 2m—21
(vTﬁ+ ey T (vTﬁ— vy "

The SOS order hold by the fact that (vTﬁ)2 =2 [1BI31v]I3 =2 o2|v|3 and Fact Secondly,

notice that
Ta\2 2,52 g i . o
<(V 5) vl ) =23 (D) T8 (vl

i=o
=i 27" ||v]3'p*

=i [IVI[3'p* (80)

Combining Equation (79) and Equation yields

t 2m m
1 m m 2m
E <t Z;yixi - B7V> jZm p2 ||V||§ Z:O ( i >MiM2m—i

Fact H.9. Given that t > 2m, it holds that

M; < 262iii/2/ti/2 7
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Proof. By Bernstein inequality, Z;Zl(Z 2 — 1) is a combination of sub-Gaussian with norm © (/)
and sub-exponential with norm (1) with disjoint supports. Hence

i

t .
1 (¢ i/2 24,4
Le[[sozz -y | g2t re

t* 5 t*
j=1
. 2
_ ei%(ti/Z +elit/?)
,Lz/2 vii/Q
— vt 1
— e (1 te ti/2)
2i 1
< 2e Zti/z' O
Applying Fact gives
1 t 2m om
e S B
i=1
for some 0 < C' < €5, This concludes the proof. O

H.2 The distribution of yx is {2(d)-Poincaré

We show that even for the simplest parameter setting where the regression vector 8 = 0, and the
noise has variance 1, the distribution of yx is Poincaré with parameter 2(d), and thus applying the
result on Poincaré distribution from [45]] naively would only yield trivial guarantee.

Remark H.10. Suppose x ~ N(0,1), y ~ N(0,1), and function f(z) = |/z||3. Then Var|f(z)] =
(2d+6) E[|[V/ (2) 3]

Proof.

Var[f(z)] = E[y*|x]3] - E[s*Ix3]
=3d(d +2) — d*
= 2d? + 6d.

Since V f(z) = 2z, we have
E[IVf(2)]3] = E[4y?||x]3] = 4d.

Hence

Varlf(z)] = 5(d+ 3 E[IV7()]3] =

Remark H.11. The choice of m can be made from t appropriately by considering the analytical
2

inverse map. For any c > 0, if y = and x = %ﬁ’m‘“), then it is clear that the

tA
2CP2 108,'(1/Pmm)’
2 " .
condition t > c - —7— - &5, can be written as y > e /x, or —1/y > (—x)e™". Therefore, this

condition is satisfied when

21 1 min 21 1 min
ng( Z) (13 Y S o2g(2/1p <1/) ) 1)
_W71 (_ cp OtgAQ Pmin ) _WO (_ cp OtgA2 Pmin )

ift > 2ec- Z—Z log ﬁ’ where Wy and W_, are the Lambert W functions.
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Algorithm 9 Classification and robust estimation
1: Input: data Do = {(Xi,j, yi,j)}
2: compute for all ¢ € [nps]

i€npa],jEltr2]’ {Cé’ {i/f’ ﬁ}fe[k]’ a>0,0¢ (0’ 1)'

.1 ~\2 ~
hi <= arg min — Z (yi,j - ijwz) +trologry
Le k] 2’/"£ j€ltra]

Ch, = Cn, U{(%05,90,5)} 72,
compute for all ¢ € [k],
w¢ < Robust_Least_Squares(Cy) [ [26, Algorithm 2]]

1 ~ \2 .
’I“ZZ- — 1t Zje[tm] (yw — XIJ-W@) forall i € Cp

AN A

7. 5 eUnivariate_Mean_Estimator<{r,?i} . ,a,é) [ 1501
) ieCy

8 Pe < [Cel/nL2
~ ~y ~\k
9: Output: {Cs, W¢, 57, De},_,

I Proof of Lemma Classification and robust estimation

Lemma L1 (Lemma A.15 in [42]). Given estimated parameters satisfying |w; — w;||, < A/10,
(1 — A?2/50)72 < s? + ||w; — WZ”; < (1 + A?/50)72 for all i € [k], and a new task with
tout > @(10g(k/5)/A4) samples whose true regression vector is = wp,, Algorithm @predicts h
correctly with probability 1 — 0.

Since the set G contains ny, i.i.d. samples from our data generation model, by the assumption that
nrs = Q <$> =0 (%M) and from Proposition it holds that the number of tasks such

Pmin€3tr2
that 8 = w; is nrap; > %n L2p; with probability at least 1 — §. Hence, with this probability, there
exists at least nyop; /2 i.i.d. examples in G for estimating w; and sf Lemma guarantee that our
algorithm correctly classified all the tasks in G, which implies that there are at least (p; /2 — ap2)nra
uncorrupted tasks, and at most azon o corrupted tasks, and hence the corruption level is at most
o /352;:22)71 < 4‘;‘:2 since ara < pmin/4. We can apply robust linear regression algorithm to each
cluster separately, and the error of the algorithm is bounded by the following lemma.

Lemma L2 (Robust Linear Regression, Lemma 1.3 in [26]). Let S’ be an a-corrupted set of
labeled samples of size )((d/a?) polylog(d/(aT))). There exists an efficient algorithm that on

input S’ and o > 0, returns a candidate vector 3 such that with probability at least 1 — T it holds
B8], = 0tvatog(1/a))

For a single regressor i € [k], Lemmaimplies that for any € > Q (% log(p;/c Lg)), given that
nratrap; > ﬁ(d /€?), it holds that with probability 1 — &, our estimation satisfies

||\/7\\/'Z — Wi”g S €S;.

Using Corollary we have that our robust variance estimator guarantees that
22 2 - 2
8 — (Sz + [[w; _Win)‘ <

€ 9 ~ 2

€
S 2

79

tro
with probability 1 — 4. Taking a union bound over k regressors, we have that for any ¢ >
Q( - log(pmin/a)) , given that

Pmin

npa > ﬁ()
tL2pmin62
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for all ¢ € [k], our estimators satisfy

|W; — will5 < es;, and

€ 2 .
s; . (Applying Corollary |J.3)
T 3

2 2
|5 —si] <

By Proposition[J.6] it holds that

3log(k/9)
nr2

< min{pmin/loa €p; tLQ/d} + ara.

|pi — pi] < pi +ars

The condition on e can be converted in to a condition on ay by the fact that é > ta =
B

alog é < Bfor «, 8 € (0,1). This completes the proof.

J Proofs of technical lemmas and remarks

J.1 Auxiliary Lemmas

Fact J.1 (e-tail bound for distributions with bounded second moment). Suppose random variable z
with probability density function p(-), satisfies E|2%| < o, then for any event € with P[€] > 1 — ¢,
it holds that

[E[z] — PE] E[z[€]] < Veo.

Proof. Notice that
[E[:] - PIE]E[=[€]
=[P[E] E[=[€]]

‘/O:Oll{z € £)zp(2)dz

g\// ]l{zeé_‘}p(z)dz-/ 22p(z)dz  (Using Cauchy—Schwarz)

< eo. O

Proposition J.2 (Matrix Bernstein inequality, Theorem 1.6.2 in [[70]). Let S+, ..., S, be independent,
centered random matrices with common dimension dy X do, and assume that each one is uniformly

bounded E[S;| = 0 and ||Si|, < LVEk=1,...,n

Introduce the sum .
Z:=) S
k=1

and let v(Z) denote the matrix variance statistic of the sum:

v(Z) = max{HE[ZZT] HQ’ HE[ZTZ] ||2}
Then
Plil, > 1 < (@ + dexn{ =2
forallt > 0.

Corollary J.3 (Robust mean estimation of chi-square distribution). Let G = {x;}!'_, where each

x; is drawn independently from a scaled chi-square distribution 072X2 (t) for t € N. Suppose

S = (G\ L)UE where |L| < en and |E| < en. Assuming that n = Q(%), the trimmed mean
estimator define in [50] takes S as input and output an estimate 52, with probability 1 — 6, that

satisfies
5o 0 (Uzemax { log(1/¢) _ [log(1/e) })
t t '
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Proof. We show the corollary by applying Theorem 1 in [50] to the chi-square setting. First we
bound the £(4e, X) term in [50, Theorem 1]. For a zero mean random variable X, define quantile

Qp(X) =sup{M € R : P[X > M] >1—p},
and £ (e, X) is defined as
E(e, X) =max{E[|X[1{X < Q.o } |, E[|X|1{X > Q1_c2}] }.

where we denote QQ,,(X ) by @, simply. Let X = Z5 — 1. Note that under chi-square distribution for
x;, for small €, we can assume (). < 0 and Q;_./» > 0. By Bernstein’s inequality, we have that
for any u > 0,

T . 2
PH; — 1’ > u} < 2exp(—ctm1n{u ,u})
If log(2/€) < ct, let uc = \/log(2/€)/ct such that 2 exp(—ct min{uZ, u. }) = €. We have

BIXILX 2 Quopl] = [ FIX > ulau

:/ue IP’[XEu]du—f—/OOIP’[XZz]dz

Otherwise, let u, = log(2/¢)/ct such that 2 exp(—ct min(u?, u.)) = €. Then,

E[X[1{X > Qi_.}] = /oo P[X > u]du

€

:/u_ [qu}du+/:oIP[XZu]du
)

2 (—ct
— exp(—ctu
p p €

o stlfa)

P
< €U+

t

Combing the two term we get

Quepp(X) =0 (6 - { og(1/e) \/@ })
E(4e, X) = Qr_e)a(X) = O(ﬁmax{log(tl/e)7\/@}>.

The variance of X is bounded as

which implies

o% :Var[%—l] :(’)(1).

Hence, with the assumption that n = (NZ(l /€?), Theorem 1 in [50] guarantee to estimate o2 with error

2o _,, <€ max{ log(1/e) [log(1/e) }) -

o2 t t
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Proposition J.4 (Trimmed mean estimator for distributions with bounded variances (see, e.g. Propo-
sition 2.2 in [63])). Suppose a multi-set S = {x;};_,, 0 < € < 1/8, satisfies S = (G \ L) U E,
|E| < €|G|, |L| < €|G|, and set G satisfies

1
@ Zﬂ?i—ﬂ S\/E
z, €G
1
@ Z(xi—,u)ggl
z;, €G

Let R be the set containing the lower and upper 2e quantiles from S, then set S = S\ R =
(G\ L") U E' satisfies
1
5 2

x;, €S’

< 18V/e,

Proof. The result is well-known. We provide a proof here for completeness. First note that all
the datapoints in E that exceed the e-quantile of G must lie in R. By Chebyshev’s inequality,

|Tl:\ Y wica ]l{|9cl —pl > \/g—f— \ﬁ} < e. Therefore |x; — p| < \/g—i— Veforall z; € E'. Second,
since |L'| < be, by Fact the mean of G \ L' lies within /72 of . Finally, the difference
between g and the mean of (G \ L") U E’ is bounded by

1 1 1 10¢
i ul < E' \/> G\ L
P u_S,(| I/ +va+IG\ L] 156)
< 18y/e (Assuming that e < 1/8) . O

Proposition J.5 (¢; deviation bound of multinomial distributions [[74]). Letp = {p1,...,pr} be a
vector of probabilities (i.e. p; > 0 for all i € [k] and Zle p; = 1). Let x ~ multinomial(n, p)
follow a multinomial distribution with n trials and probability p. Then given n > 2klog(2/d)/a?
with probability 1 — 6,

1

—X—Pp
n

<«
1
Proposition J.6 (/. deviation bound of multinomial distributions, Proposition D.7 in [42]). Let
p = {p1,--., Pk} be a vector of probabilities (i.e. p; > 0 for all i € [k] and Zf:l p; = 1). Let
x ~ multinomial(n, p) follow a multinomial distribution with n trials and probability p. Then with
probability 1 — 6, for all i € [k,

b

‘ 3log(k/d)
—= n (2]

Hlx_pH < /31og(k/6).
n - n
foralli € [k].

Fact J.7 (Gaussian 4-th moment conditions). Let v, u, and w denote three fixed vectors, we have

which implies

2 2
E { T T }: 2|2 + 2(u, v)?
1 B (6707 (0707 = - w13 + 200.v)

T N\3/..T . 2
2 B 6T ] =8IV - v

3 XNAI/E(O,I) [(UTX) (VTX) (WTX)2:| = ||W||§<u, v) + 2(u, w) (v, w)
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K Outlier robust principal component analysis

We provide comparisons of Algorithm 2]to state-of-the-art baselines, in both theory and numerical
experiments.

K.1 Theoretical comparisons

Comparisons with [75]. Outlier-Robust Principal Component Analysis (ORPCA) [75] 128 [76]
studies a similar problem under a Gaussian model. For comparison, we can modify the best known

ORPCA estimator from [75] to our setting in Proposition , to get a semi-orthogonal U achieving
Hz - ﬁfﬂzﬁfﬂ” = 1% = Pu(D)||, + O(a2[Pu(D)[l, + vka'/*) . (82)

We significantly improve in the dominant third term (see Eq. (3))).

This is due to our double filtering in Algorithm 3] which guarantees that we remove more corrupted
examples than uncorrupted examples. On the other hand, ORPCA estimator in [[75] uses a single
filter that removes a single example per iteration. The removed example is a corrupted one with
probability at least v € (0, 1). This filter runs for ©(na/7) iterations to ensure that the corrupted
examples are sufficiently removed (remaining corrupted examples only contribute to y-fraction of
the second moment). However, this filter also remove roughly a © («/~y)-fraction of good examples.

Under our setting, this causes a ©(«/+) multiplicative error and ©(k+/«/) additive deviation by
Lemma[D.5] part 3. This achieves

Tt[U'SU] > (1-6(y+a/y) Tr[Pu(Z)] - O(Vk\/oz/’y) ;

for any v > 0. Setting v = v/« gives Eq. (82), following a similar line of analysis as in

Comparisons with filters based on the second moment of z;’s. Popular recent results on robust
estimation are based on filters that rely on the second moment [24, |66]. One might wonder if it is
possible to apply these filters to z;’s to remove the corrupted samples. Such approaches fail when
n = O(d), even when x; are standard Gaussian; this is immediate from the fact that the empirical
second moment of z;’s does not concentrate until we have n = O(d?) uncorrupted samples.

Comparisons with robust mean estimation [17]. Another approach is to use the existing off-the-
shelf robust mean estimators, such as [[17]], directly to estimate the second moment matrix 32 € R4xd,
as remarked in [64]. However, the application of [[17, Theorem 1.3] does not take advantage of the

spiked low-rank structure of 3. This results in a larger sample complexity scaling as n = fvl(d2 /)
to achieve the following bound similar to Eq. (3).

|=- 007007 | == - PuD)|. + OwkVa[Z]2) (83)
Remark K.1. Given a € (0, 1/3) fraction corrupted tasks, there exists an algorithm [17] that can
k ) ~
robustly estimate the matrix M = Y p;w;w | withn = Q (% log %), and time O (nd? /poly(«)).
j=1

The algorithm returns M that satisfies
M =M, 5 p*Va

with probability at least 1 — § for § € (0,1).

K.1.1 Proof of robust mean estimation for the second moment in Remark [K.1]

From the definition of ﬁ,

M= (2n) " Y (BB + BPBT), (34)
i=1
which is the empirical mean of the matrices BZ-(U @(2)1‘ + Bi@)@l)—r. Let us consider the d?-length

)T

vectors m;, and m; constructed by unrolling the matrix B}l)ﬁ , and 3;3; respectively. Then
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(2n)~'B Y_ m; will be the unrolled vector corresponding to the matrix M where B := I, + Py,
i=1

2 d? - . . . .. .
and Py € RY *?" is the permutation matrix corresponding to the transposition of d x d matrices.
The covariance matrix of the samples Bm is therefore

BE[mm']B - Bmm'B, (85)

and its norm is bounded by

|E[mm"] —mm’|,. (86)

Returning back to the matrix notation, we therefore essentially need to bound the operator norm of

the covariance tensor of the samples Bi(l) BZ»(Q)T, where ; = w; with probability p;. This can be
bounded as

I JURGN 2
sup E |Tr {A(ﬁi(l)ﬁl@—r — M)] }
[ Allp=1PXy |

= sup E
Allp=1*~P*¥ L

IAfp=1~Pxy]

= sup E
[ Allg=1~P>y |

(7

— sup E _(BfQ)TAﬁgl))z(Tr[AM])Q]
(
(

< sup E _EfQ)TABfl))Q—(ﬂiTAﬁi)Q] sup 1E{(Tr[Aﬁiﬂj])Q—(Tr[AM])ﬂ

[Alp=1"~PXY] I Allg=1~P

<E| sup E [(ﬁi@)TA@(I))Z — (ﬁ:Aﬂzf‘ zH
P Afp=12Y
+ swp E[(Te[agis]])" - (r[AM])?] (87)
| Allp=1"~P

Considering the first term of Equation , where for a fixed ¢, we compute the inner expectation

2T A 3W\ _ (5T A g2
Ey[(ﬁi ABY) - (8 Aﬁl)}
= E [BTABVBITATE® — 5T ABST AT

_ AE) |: [5(2)TAB ﬁ 1)TATﬁ(2) 5:AﬁzB:ATﬁz Bi(l) }] (88)
gL XY

Define the PSD matrix B := AB B 1)TAT and note that its expectation is

1)~ 1 2
AFBYTAT] < A((l ; t)ﬁzﬂ? " ”tI) AT

2
- (1 + 1>Aﬁi@TAT + %AAT 89)
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from which we get

x,y

E |:(Bi(2)TAB\i(1))2 - (BZTA/&)Q]

— E |E[B*TBA® - 57 A8ATAT Bf”H
B\i(l) | %Y

—E Tr[B E [@”Bf”m ~ BT ABBTATS,
B‘i(l) L X,y

< & [n[B(1+1)as + 2] - srassTaTs
AL

-k ( )BTB@ 2T ]] BT ABBTAT B

=<1 + 1),6’; ((1 + 1>ABﬂTAT - ":AAT>m

2 2
S| (14 JABSTAT + S AAT] - T ABATATS

2
(1+t ]EA@) 2( )J(AAT ATA)&+§\|AH§

2 1 p? 1 ot
:<t+42>IyA@ﬂT (1+>O}WIAATm]+1&WJATA@D4-ﬂnAﬁ
2 2p pt
<(2+ & )aranznas+ 2 (14 3 JIARAIE + £ 1AL
3,0 4p*  p*
-t * t * t2
:8% (90)

Plugging back Equation (90) in Equation (87) we get

4

sup E {Tr [A(@”Bf” — M)r} < p? + sup E [(Tr[AﬂiﬁiT])z — (Tr[AM])Z}

Alp=1"~P*Y [Alp=1i~P
§§+ﬁ
<pt
= |BE[mm'|B - BmmﬁMb<p Q1)

Using [[17, Theorem 1.3.], we finally get that the robust mean estimate M of M can be computed
using n = Q(%z log g) independent tasks in time O (nd?/poly(«)), and satisfies

M =M, < [[M - M, < O(p*Va) 92)

with probability at-least 1 — ¢ for 0 € (0, 1) using [17, Algorithm 2].

Lemma K.2. Let 3 € R? be the true model for a task which gets to observe t samples X € R**%,
and provides labels y ~ N(Xﬁ, aQIt) where y; € R is the label for x; ~ N'(0,1,). The estimator
for B would be B = 1 Xy, and will satisfy

2 2
+ o
T, 1Bl

E[BT] - 567 = 188 T (93)
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Proof.
1

B=:X"y
t
1 1
= ;XTXB + EXT& (where € ~ N (0,0°1;))
~ 1 1
— [-fB= (tXTX—Id>,8+ nge
Letz := B— 3, then
E[z] =0, and

.
((1XTX — Id)ﬁ + 1XT€> (<1XTX — Id>6 + 1XT€> ]

2
- %Id T tiQ]E[XTmeXTx] — 887

E[ZZT] =E

1 1 )
= ;(Hﬁlli +02)Id+ gﬂﬁT (Using Fact[I7)) (94)

completing the proof. O

K.2 Experimental comparisons

We demonstrate the comparison between Algorithm 2] and HRPCA by considering a distribution
class. Consider the distribution of the uncorrupted samples x € R¢ to be as follows:

e 1 ~N(0,1.1),
e xo=2z 11/ V1.1, where z is an independent Rademacher random variable,
e x3.0 ~N(0g_2,14_2),

and « is the corruption level. We sample n > 5d/« points from this distribution. Note that
3 :=E[xx"] =1+ 0.1leje; . The adversary then corrupts a point x with probability c as

x' [0 2221 x3.4],

where 2’ is an independent Rademacher random variable.

We run Algorithm [2| and HRPCA, on the above described setup by choosing d = 10, a €
{0.005,0.01,...,0.025}, K = 1, and n = 10*. To evaluate the performance of both the algo-

rithms, we compute the variance captured: Tr [[AITZIAJ} , where U € R%*¥ is the output of either

algorithms. We also compute the best oracle solution which is Tr[U,} £U,, | where U,, € R™** is

the top k singular vector matrix of f}n = % S x;x; where {x;};_, is the original uncorrupted
sample set. Notice that this estimator is the optimal subspace estimator in the absence of extra
structural assumptions about the subspaces.

We demonstrate the variance captured, the number of corrupted points left, and the number of
uncorrupted points removed by the algorithms in Figure 2] A random guess of the subspace will
capture roughly variance 1. The oracle estimator has variance ~ 1.0886. The best rank-1 subspace
is spanned by e; whose captured variance is 1.1. We show the average performance of Algorithm
2 over 100 independent trials. The HRPCA algorithm is very slow since one need to pick the best
subspace from the n/2 iterations while each iteration requires eigen-decomposition once. Thus we
only take the average over 10 trials, which is enough to see the trend of its performance.
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