Supplementary Material

Proofs

Proof of Lemma 2.1
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Proof of Lemma 3.1

Proof. Consider a Bernoulli trial Z(t), with

Z(t) = H Ithmaz(a:?,m?)'
k=1

Therefore

p(Z(t) = 1) = [ [1 = u@" o (maz (et~ k)] -
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Also note from Lemma 2.1,
Ve, ) = T [1 - we (max(zf~, 257))] .
k=1

Hence, we have V" (i, j) = p(Z(t) = 1). V (i, ) can be rewritten as V (i, j) =
ﬁzg/il Z(t,). Therefore, V(i,7) denotes the sample mean of the Bernoulli
trial Z(t) with samples Z(t1), Z(t2), -, Z(tm). We know that sample mean of
a Bernoulli trial is unbiased and a sufficient statistic for p(Z(t) = 1). Hence,

V (4, j) is the minimum variance unbiased estimator of p(Z(t) = 1) [Duda and Hart, 1973].
0

Proof of Theorem 3.2

Proof. For ease of notation, we prove the theorem assuming continuous p479¢(.)
(check footnote!)

1For cumulative distribution functions that are not left continuous, we can replace
ptarget(z) by pterget(z=) at points of discontinuity.



For convenience assume m;; = max(z;,x;). Further we know that
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Dgs is popularly known as Kolmogorov-Smirnov distance [Kolmogorov, 1933,
Smirnov, 1948]. Therefore, we have
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Now using Massart’s Inequality [Dudley, 2014], Pr(Dxs > €) < 2e2M¢,

Therefore the statement of theorem follows by choosing € = %. O
Proof of Theorem 3.3
Proof. We first note that
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We prove this theorem by giving a bound for Rz Do ‘V”“e(i,j) — V(’L,j)‘

From the proof of Lemma 3.1, V(u j) denotes the sample mean of i.i.d. Bernoulli
random variables with V"“¢(4, j) being the expected value. Hence, by the Ho-
effding inequality

Pr(|VIue (i, 5) — V (i, §)| > &) < 2e~2M%°



Now, we can use the union bound and the fact that [V*"¢(i,j) — V(i,7)| =
[Viree(g,i) = V (5, )| to get
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Now letting ¢’ = dmax; ; |l;l;], we use inequality (1) to obtain the required
result. O

Gradient Boosting with V' matrix

In the gradient boosting framework introduced by Friedman [Friedman, 2001],
the estimate g; of y; is mathematically modeled as follows:

K
§i=> felw), fueF (2)
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where K is the number of trees, f is a function the functional space F and F is
the set all possible Classification and Regression Trees (CARTSs). The objective
function to be optimized is given by

n K

obj =Y Uyi @) + D Q) (3)
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However, in this loss function the samples x; are assumed to be independent. In
a realistic scenario, samples may not be independent, for example, the samples
may be derived from different races and genders giving rise to implicit bias in
the training dataset. To encounter this, we can have a loss function that takes
into account the associations between different loss function. This is tackled by
using a V-matrix which also measures the distance between the sample points.
Formally, the objective or loss function is given as follows:
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Note we use Vj; to denote V (4, 7) here. The proof below deals with a special
case when 1(y;, y;, 9, 95, Vij) = (yi — 9:)(y; — 9;)Vij-

Proof
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fi(x) and Q(f;) are defined as follows:
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where w is the vector of scores on leaves, ¢ is a function assigning each data
point to the corresponding leaf, and T is the number of leaves. The complexity
Q(f:) is given by
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Taking partial derivative of 0bj®*) with respect to w; gives us

T
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Eq. (14) can be rewritten as:

Dw* =U.

where w* is the optimal w, D is a T' X T matrix with

Dij =Cij+Cji, j#1

yi, and I; be the set of all z; that belong to leaf j, i

(14)

(15)



D;; =2C; + A
or in other words
D =C+CT + \I, I:identity matriz
Also note that DT = D. U is a T x 1 vector with
Ui=—(Ai + By).

If D is invertible, then
w* = D 'U. (16)

The obj® function from Eq. (10) can be rewritten as:
1
obj® = —wTU + wTCTw + ix\wTw. (17)

For w = w*, obj¥) denoted by obj* is given by:
obj* = U (D YU +UuT(D~H)TCcTD U
1
+ §AUT(D_1)TD_1U +~T + constant
— _UT(DT)_1U+ UT(DT)—lcTD—lU
Lyt 11 (18)
+ 5)\U (D*)""D™ U + ~T + constant
=-U"D'U+U"D'C"D'U
1
+ §AUTD_1D_1U 4+ ~T + constant

When V;; = Vj;, obj* in Eq. (18) above can be further simplified. Note that,
here CT = C which implies

or = %[D—)\I]. (19)

Plugging CT from (19) above in Eq. (18), we get
obj* = —%UTD_IU +~T + constant. (20)
Egs. (18) and (20) provide a metric to evaluate the goodness of the ¢-th tree in

the gradient boosting algorithm.
Note: V;; = Vj; also implies that A = B.
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