A Proof of Algorithm Properties

In this section, we study several important properties of gradient descent algorithm (GD) and
Nesterov’s accelerated gradient algorithm (NAG), which have already been summarized in Table 1 of
Section 3. To simplify the presentation, we shall focus on quadratic minimization problems as in
Section 2 and estimate the sharp dependence on the iteration number k.

More precisely, in the subsequent analysis, we shall fix the constants L > ;1 > 0 and assume the
objective function is in the function class Q,, 1, which contains all p-strongly convex and L-smooth
quadratic functions on R?. Then, for any given f € Q,, 1, the eigenvalue decomposition enables
us to represent the Hessian matrix of f, denoted by @, as Q = UAU T, where A is a diagonal
matrix comprising of the eigenvalues ()\Z-)f=1 of @ sorted in ascending order, i.e., p < A; < ... <
Ag < L,and U € R%*>4 jg an orthogonal matrix whose columns constitute an orthonormal basis of
corresponding eigenvectors of (). Moreover, we shall denote by I; the d x d identity matrix, and by
|| A]|2 the spectral norm of a given matrix A € R?*4.

We start with the GD algorithm. Let f € Q,, 1, s > 0 be the stepsize, and z¢ € R? be the initial
guess. For each k € N U {0}, we denote by x4 the k + 1-th iterate generated by the following
recursive formula (cf. the output y;41 of GDy in Section 3):

Tr1 = ok — sV f(p). 21

The following theorem establishes the convergence of Eq. 21 as k tends to infinity, and the Lipschitz
dependence of the iterates (x})xren in terms of the stepsize s (i.e., the sensitivity of GD). Similar
results can be established for general u-strongly convex and L-smooth objective functions.

Theorem A.l1. Let f € Q, 1 admit the minimiser x* € Re, zy € R? and for each s > 0 let
(73)kenu{oy be the iterates generated by Eq. 21 with stepsize s. Then we have for all k € N, ¢g > 0,

s,t € [co, MJ%L] that

27 = a2 < (1 = sp)*llwo — a1z, ok — @il < Lk(1 = co) Mt = slllwo — "2 (22)

Proof. Let @ be the Hessian matrix of f and (\;)%_, be the eigenvalues of (). By using the fact
that Vf(z*) = 0 and Eq. 21, we can obtain for all £ € NU {0} and s > O that 2} — 2* =

(Ly = sQ)(xf_y — 2%) = (Lo — 5Q)* (w0 — o).
Since the spectral norm of a matrix is invariant under orthogonal transformations, we have for all
s € [co, ] that

[Ta — sQll2 = [|Lg — sAll2 = max |1 — s\;| = max(|1 — spul,[1 - sL])
i=1,....d (23)
<1-—spu.

Hence, for any given k € N U {0}, the inequality that ||z§ — z*||2 < (||[Iq — sQ||2)"||z0 — z*||2
leads us to the desired estimate for ||z} — 2*||2)kenu{o} -

Now let ¢, s € [co, ;27 ] be given, by using the fact that [La} = k(Ig — sQ)* ' Q(zo — 2*) for all

s > 0, we can deduce from the mean value theorem that

laf — bl < ( sup ;ixz||2)|t—s|

re(co, i)

s( sup /f(ﬂd—TQ||2)k1|Q||2|$0—33*||2>t—3|
€(

€0 55r)

k—1
<k ( sup Hd—TQ||2> Lit — sll|lzo — x¥]|2,
€l

r Co,w%]

which along with Eq. 23 finishes the proof of the desired sensitivity estimate. O

The next theorem shows that Eq. 21 with stepsize s € (0, M%] is Lipschitz stable in terms of the
perturbations of f. In particular, for a quadratic function f € Q,, 1, we shall establish the Lipschitz
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stability with respect to the perturbations in the parameters of f. For notational simplicity, we assume

zo = 0 as in Section 3, but it is straightforward to extend the results to an arbitrary initial guess
d

zg € R%.

Theorem A.2. Let zg = 0, for eachi € {1,2} let f; € Q,, 1, admit the minimizer z** € R? and

satisfy V fi(z) = Q;x + b; for a symmetric matrix Q; € R*< and b; € RY, for each i € {1,2},
s > 0 let (xi,i)keNu{o} be the iterates generated by Eq. 21 with [ = f; and stepsize s, and let

M = min(||z*||2, |2*?|]2). Then we have for all k € N, cg > 0, s € |co, MJ%L} that:

1 _
27,1 — 27 2ll2 < ;(1 — (1= sp)") + sk(1 — sp)* | M| Q1 — Qall2

+ = (1= (1= s)")||b1 — ba 2

1
W
Proof. Let us assume without loss of generality that |22z < [|2*||2 and ¢y < ;H%L We write

dry = xj | —xj , foreach k € NU{0}. Then, by using Eq. 21 and the fact that V f1 (z) = V f1(y) =
Q1(z — y) for all z,y € R?, we can deduce that 6o = 0 and for all k € NU {0} that

k
Sxpsr = (Ig — sQ1)dzk + e = > (Lo — sQ1) ex—i,

i=0
where e, = —s(V f1 — V f2)(} ,) foreach k € NU {0}. Note that it holds for all k € NU {0} that
lexllz2 < s[l(V.fr = V) (xR 2)ll2 < s (1Q2 — Qall2l|2k 12 + b1 — ball2)
< 5([1Q2 = Qzll2(lla™ll2 + [l o — 2 %[l2) + [1b1 — b]2)
< 5([1Q2 — Qzll2(lla™ [l + (1 = sp)*llzo — a™l2) + [[br — be|l2).

where we have applied Theorem A.1 for the last inequality. Thus for each & € N, we can obtain from
Eq. 23 and zg = 0 that

[zk]l2 < Z (I — sQ1ll2)"llex—1—ill2
=0

k—1
(1= sp)"s[(1+ (1= sp)" 17|27 2]|Q2 — Qallz2 + [1b1 — ba]|2]

=0

1 — . * *

Lt L= (1= sp)") + k(1 — sp)* 1| min(lz* 4|2, [|2*?]}2)|Q2 — Q2|2

1
+ 7(1 — (1 — S/L) )||b1 — bQHQ.
which leads to the desired conclusion due to the fact that M = min(||z* |2, [|[*2||2). O

We now proceed to investigate similar properties of the NAG algorithm, whose proofs are more
involved due to the fact that NAG is a multi-step method.

Recall that for any given f € Q,, 1, initial guess z¢ € R? and stepsize s > 0, the NAG algorithm
generates iterates (T, Yx)kenu{o} as follows: yo = o and for each £ € NU {0},

1—/us
=y — sV £ (i), - VI et — k). 2
Tho1 =Yk — SVF(Wk), Yrt1 = Thy1 + g \/m(ffkﬂ xy) 24

Note that 241, yi+1 are denoted by yi+1, zr+1, respectively, in Section 3.
We first introduce the following matrix Rnag,s for Eq. 24 for any given function f € Q, r, and

stepsize s € [0, ﬁ}:

Ruscs = ((1 +Bla—5Q) —u(l - scz)) (25)
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where 35 = 7 Qﬁ and @ is the Hessian matrix of f. The following lemma establishes an upper
bound of the spectral norm of the k-th power of Rnag,s, which extends [18, Lemma 22] to block
matrices, a wider range of stepsize (s is allowed to be larger than 1/L) and a momentum parameter
Bs depending on the stepsize s.

1
Lemma A.l. Let f € Q. 1, s € (0, 3L+u] Bs = 1+\/C and Ryyc,s be defined as in Eq. 25. Then
we have for all k € N that | Rp,. ,lla < 2(k + 1)(1 — /us)".

Proof. Let Q = UAUT be the eigenvalue decomposition of the Hessian matrix ) of f, where A is a
diagonal matrix comprising of the corresponding eigenvalues of () sorted in ascending order, i.e.,
0<pu<A <...< A < L. Then we have that

L () | G B S [ G ]

d

which together with the facts that any permutation matrix is orthogonal, and the spectral norm of a
matrix is invariant under orthogonal transformations, gives us the identity that: for all k € N,

T <<1+ﬂs><ﬂdsA) /as(ﬂdsA))’“
NAG,s |12 I; 0

=1,...

= max [Tz, (26)
2

where T ; = ((HBS)U’S)‘” ’55(1’”‘1')) foralli=1,...,d.

Now let s € (0, 3L+u] andi = 1,...,dbe fixed. If 1 — sA\; > 0, by using [18, Lemma 22] (with
a=u,B=1/s,h=1—s\ and Kk = B/a = 1/(us)), we can obtain that

k/2
IT5 s < 206 + 1) (Lﬁ( i) <2+ D Vi)
We then discuss the case where 1 — s\; < 0. Let us write TS’fi = (a’” b ) for each k € N U {0},
then we have for all k£ € N that

ar = (14 Bs)(1 = sAi)ag—1 — Bs(1 — shi)ex—1, ¢k = ag-1,

b = (1+ Bs)(1 — sXi)br—1 — Bs(1 — sA\i)d—1, di = b1,
with a; = (1 4 Bs)(1 — sX\;), by = —8s(1 — s\;), ¢4 = 1 and d; = 0. Since the conditions
1—s)\; < 0and s < SL‘i_ imply that \; > % > 3L+“ > u, we see the discriminant of the
characteristic polynomial satlsﬁes that

4(1 — 8/\1)

A= (14 B)*(1 = shi)* = 4B:(1 = s\) = (1+ yms)?

which implies that there exist l1,l2,13,l4 € R such that it holds for all ¥ € N U {0} that a;, =
L 4 LRt and by = P 4 1Pt with 7y = (EPAUSA)EVA —L b
—s25 s = - and ly = . Thus, by letting p; := max(|7.|,|7_|), we have that
] = |57 < (k4 1)pk and [by| = |(—mpm) 550 7 | < kpf T for all
ke NU{0}.

Now we claim that the conditions 1 — s\; < O and 0 < s < ﬁ
pi < 1—/pus < 1. In fact, the inequality s < 3L+ gives us that us < 3L+

that 85 = W\/% > 0. Hence we can deduce from 1 — s\; < 0 that vA > (1 + 8,)(s\; — 1) and
sAi — 1+ /(shi — 1)s(\; — ) < sL—1++/(sL—1)s(L — p)

S(:u’ - )\1) >0,

imply the estimate that

< 1, which implies

[ < 7| <

1+ /us - 1+ /us
Note that 2 — (u + L)s > 2 — 4&71[? > 0, we see that

pi <1 — s < |7 | <1— /s <= sL—1++/(sL—1)s(L —p) <1—pus

= (sL—1)s(L—p) < (2~ (u+L)s)?
— (us—1)(BL+p)s—4) > 0.
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Therefore, we have that max(|ay|, |bx|, [cxl, |dx|) < (k4 1)(1 — \/@s)*, which, along with the
relationship between the spectral norm and Frobenius norm, gives us that ||TF,[ly < ||TF;||r <
2(k+1)(1— /ms)*, and finishes the proof of the desired estimate for the case with 1 — s\; < 0. O

As an important consequence of Lemma A.1, we now obtain the following upper bound of the error

(llzx — 2*||2) ken for any given objective function f € Q,, 1, and stepsize s € (0, ﬁ}

Theorem A3. Let f € Q, 1 admit the minimizer * € R% x, € R% s € (O,ﬁ] and

(23, Y} ) kenu{oy be the iterates generated by Eq. 24 with stepsize s. Then we have for all k € NU{0}
that

i r =213 + llzg — 213 < 81+ k)*(1 = V/is)* [lwo — 273

Proof. Forany f € Q, 1, and s € (0, ﬁ], by letting 3 = ;%, we can rewrite Eq. 24 as
follows: z§ = xo, 25 = o — sV f(zo) and for all k € N,

1'2—&-1 = (1 + ﬂs)xz - Bsxk—l - SVf((]. + 55)1'2 - 6sxk—1)a (27)
which together with the fact that V f (z*) = 0 shows that

i, —x* xy —x* i —a*
k+1 - R k _ Rk 1
( xz _ 117* ) NAG, s (xil _ I* NAG, s xg o SU*

where Rnag,s is defined as in Eq. 25. Hence by using = = 29 — sV f(x) and Theorem A.1, we
can obtain that

i r = 2" l13 + ll2g — 27113 < BN 3 (1125 — 213 + [l — 27[13)
< || RRiag,s132ll0 — 213,
which together with Lemma A.1 leads to the desired convergence result. O

Remark A.1. It is well-known that for a general u-strongly convex and L-smooth objective function
f, one can employ a Lyapunov argument and establish that the iterates obtained by Eq. 24 with
stepsize s € [0, 7] satisfy the estimate that ||z), — 2*||3 < %(1 — /115)*||zo — 2*||2. Here by taking
advantage of the affine structure of V f, we have obtained a sharper estimate of the convergence rate
. . 4

for a wider range of stepsize s € (0, m]

We also would like to emphasize that the upper bound in Theorem A.3 is tight, in the sense that the
additional quadratic dependence on k in the error estimate is inevitable. In fact, one can derive a closed-
form expression of RY, AG,s and show that, for an index ¢ such that the eigenvalue J; is sufficiently

close to i, the squared error for that component is of the magnitude O((k+/is + 1)2(1 — /us)*).
We then proceed to analyze the sensitivity of Eq. 24 with respect to the stepsize. The following

theorem shows that the iterates (21, yx ) renugo} generated by Eq. 24 depend Lipschitz continuously
on the stepsize s.

Theorem A4. Let f € Q,, 1, admit the minimiser x* € RY, 2y € RY, and for each s € (0, ﬁ]
let (x3, Yy} ) kenu{oy be the iterates generated by Eq. 24 with stepsize s. Then we have for all k € N,
co > 0andt,s € [co, ﬁ] that:

4
ok~ atll < (22004 8+ gtk 106+ 5) (/£ +20) ) (1= Vit = sllao - o”]
0

Proof. Throughout this proof we assume without loss of generality that cg < s < < 3 L‘fw. Let @

be the Hessian matrix of f, for each r € [¢g, ﬁ] let 8, = };%, and for each k € N U {0} let

dxy, = x}, — x5 . Then we can deduce from Eq. 27 that 6zg = 0, 21 = —(t — s)V f () and for all
k € N that

Thp1 — Thpr = (14 Bo)ay, — Beag— — tVF (1 + Bz — Brag_y)]
— [(T+ Bo)zy — Bswi—g — sVF((L+ Bs)xy — Bsmi_q)],
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which together with the fact that V f(z) — Vf(y) = Q(x — y) for all x,y € R? shows that

(r22) = (522,) + (5)
with RNag,: defined as in Eq. 25 and the following residual term
er = [(1+ By — Bizi—y — tV (1 + Be)xy — Bewi—1)]
— [+ Bs)wp — Bswiy — sVF((1+ Bs)xp — Bsi_1)].

Hence we can obtain by induction that: for all k£ € N,

) 6 i
( 3533'221) RNac.t ( xl) ZRNAGt (ek ) : (28)

Now the facts that V f(z*) = 0 and V2 f = @ gives us that
ex = (Br = Bs)(ak — wimr) — V(L + Bo)ag — Bei 1) + sVF((L+ Bs)ap — Bswi—y)
= (B = B ((wk — ") — (21 — ") —tQ((L + Be) (), — 2") — Be(@iy — 27))
+5Q((1+ Ba)(wh — 27) = Balwy_1 — 27))
= [(5t —Bs) = (t+ 18 — s — 555)@] (v} — ") — [(5t — Bs) — (tBr — 555)@] (rh_y — ).
Note that one can easily verify that the function g; (r) = 3, is \/M—Lipschitz on [co, ﬁ], and

the function g2 (r) = r3, is 1-Lipschitz on [0, ﬁ] Moreover, the fact that f € Q,, ;, implies that
||Qll2 < L. Thus we can obtain from Theorem A.3 that

Jeells < (\F +2L) 6= slllek — "2 + (\F +L) £ = slllwk = 2"l
Co €o
1% s * s *
< <\/;+ 2L) [t — 8|\/2(||33;C — a3+ ey —2*|3)

< <\/§+ 2L> |t — s|4(1+ k) (1 — /us)"||lwo — 2*|2.

This, along with Eq. 28, Lemma A.1 and s < ¢, gives us that
k—1

\/Il5wk+1||%+ll5wkllg < | BRac.ll2llszllz + D I RRag.ilzllex—ill2

=0
<2(1+k)(1 = Vub)*|t = s|L]|zo — "2

k—1
+ ) 201+ i)(1 - Vub)’ (, /Cﬁ + 2L) [t —sl4(1+k —i)(1 — /ps) " ||lzo — %2
=0 0

= (2L(1 +k)+ gk(k +1)(k+5) <\/g+ 2L>) |t = s|(1 = /s)*||lzo — 2% |2,

which finishes the proof of the desired estimate due to the fact that s > cg. O

The next theorem is an an analog of Theorem A.2 for the NAC scheme Eq. 24, which shows that the
outputs of Eq. 24 with stepsize s € (0, ﬁ] is Lipschitz stable with respect to the perturbations of
the parameters in f.

Theorem A.5. Let zg = 0, for each i € {1,2} let f; € Q,, 1. admit the minimizer %t € R and
satisfy V fi(x) = Q;x + b; for a symmetric matrix Q; € R*™< and b; € RY, for each i € {1,2},
s > 0 let ($Z7i)k€Nu{0} be the iterates generated by Eq. 24 with f = f; and stepsize s, and let

M = min(||z*?||2, [|2*2||2). Then we have for all k € N, s € [co, 3L+u] that:

ot = atalle < |2 (1= (0= i) + 52 0 ) a0y - Qe
2
o (1= (1= yus)) b — b2
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Proof. Let us assume without loss of generality that ||2*2||y < ||2*||2. We first fix an arbitrary
s € |eo, ﬁ] and write 0z, = xj; — x} 5 for each k € NU {0}. Then, by using Eq. 27 and

the fact that Vfi(z) — Vfi(y) = Qi(z — y) for all z,y € R?, we can deduce that dzy = 0,
dz1 = —s(Vfi — Vf2)(zo) and forall k € N,

ox ox e ox Ch_
( aﬁi?) = Rwna.s (5sz) + (d“) = i, ( 1) + ZRNAGS ( : ) @

where Rnag,s is defined as in Eq. 25 (with Q = (1) and the residual term ey, is given by
e, =—s(Vfi—Vi)((1+ Bs)xi’z —Bsxh_12) VEEN.

Note that, by using Theorem A.3 and the inequality that z + y < /2(22 4 y2) forall z,y € R, we
have for each k € N that

lerllz = sll(@1 — Q2)((1 + Bs)af o — Bswi_12) + (b1 = b2)ll2
< 5@ = Q2ll2(lla™?ll2 + 2l 5 — 2™ 2ll2 + 2g_1 o — 2™2[|2) + s][b1 — D22
< s1Q1 = Qalla(llz™?[l2 + 2llwk o — ™22 + 2k 1 5 — 2™ [l2) + s][b1 — bal2
< 5@ = Qzll2(lla™?[l2 + 8(1 + k) (1 — v/15)* zo — 272 12) + s1by — ba 2.

Hence we can obtain from Eq. 29, Lemma A.1 and g = 0 that

k—1
\/||6zk+1ll% + (102513 < 20k + 1)(1 = /us)* |62 |2 + Z 2(j + 1)1 — /s) llex—;ll2
k—1
2(k + 1)(1 — y/ms)"s[lby = balla + > 205 + 1)(1 — \/5) [s]b1 — ba 2
=0
+5(|Q1 = Qal2(1 +8(1+ Kk — j)(1 — /us)* ) [[a™2|2]
k k—1
<253 (G + 1)1 = aEs) by — balla +25 Y [+ 1)(1 — /sy
j=0 j=0

+8(j + (A +k =) (1 — Vis) J|Q1 — Qall2 min(||z* |2, [l2*2]|2).
Letp = 1—,/us € [0,1), then we can easily show for each k € NU{0} that (1—p) Zfzo(j—kl)pj =
Zf o P’ —p" 1, which implies thatzk,o(j—k 1)(1—/us)! < M . Moreover, we have
that 3%~ =0 G4 k—j) = w for all £ € N. Thus we can snnphfy the above estimate
and deduce for each k£ € N that
2 2
ol 2 (1= (1= Vi) o = bl + |2 (1= (- v

k(k + 1) (k
4 SRR D(k+5) ) \/E)k} 1Q1 — Q2|2 min(||z* |2, [|2*2[|2).

3
Moreover, the condition that s < ﬁ < % implies that ||0z1]2 = s||b1 — ba||2
% (1 —(1—/ms)) ||by — bz|l2, which shows that the same upper bound also holds for [|6z1]]
and finishes the proof of the desired estimate. O
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B Approximation Ability

Lemma 4.1. (Faster Convergence = Better Approximation Ability). Assume the problem setting
in Sec 2. The approximation ability can be bounded by two terms:

inf  sup Plyg <opp 2 inf sup P -Q" +M inf Cvg(k, ). 11
$€®,0€0 o e%* 6.0 = TbH QEQQ*EZ* Qo — Q%[ F nt g(k, ¢) (11)
——
approximation ability of the neural module best convergence

Proof. Foreach¢ € ®,0 € ©, Q* € QF,

ly0(z,b) = ||A1g)(Qo(x), b) — 0pt(Q*(x),b) |2 (30)
< [|a1g%(Qo(x), b) — 0pt(Qs(z), b) |2 + [|0pt(Qo(x), b) — Opt(Q* (), b)|l2 (31)
< Cvg(k, 0)||A1g}(Qo(x), b) — 0pt(Q* (), b)[|2 + [|Qa(x) b — Q" (x) b2 (32)
< Cvg(k,¢) - M + || (Qo(m) ™" — Q*(x) ") b2, (33)

where in the last inequality we have used the facts that the initialization is assumed to be zero vector,
ie., Alg)(Qp(x),b) = 0, and that M > sup,c x pe 0pt(Q* (), b). Note that the independence

of (x,b) and the fact that Ebb" = oI imply that

Ep|| (Qo(x)™" = Q*(x)~") blI3 (34)
=Tr (Qo(=) ™ = Q" (x)™") " (Qo(x) ™" = Q" (=) )03 1) (35)
= 0| Qo) " — Q*(w)”ll% (36)
=03 [Qo(x) ™' (Qo(x) — Q" (x))Q" (x) || % 37)
< p o7l Qo) — Q" (@)l (38)
Therefore, we see from Holder’s inequality that
Ep|| (Qo(2)™" — Q" (2) ") bll2 < p%0u]| Qo (@) — Q" ()| - (39)
Collecting all the above inequalities, we have
Plyg < Cvg(k,¢) - M +opu™*P||Qo — Q" |- (40)
Taking supremum over Q*, we have
sup Plyg < Cvg(k,¢)- M +opp™2 sup P|Qp — Q| F. 41
Q*eQ* Q*eQ~

Taking infimum over ¢ and 6, we have

f P€<kaM “2inf sup P|Qy — Q*||p. (42
¢E<1Dn9€®Q§1é%* o0 < inf Cvg(k, ) - M + opp aléleQ?lé%* Qo — Q|| r (42)

O

Lemma 4.2. (Faster Convergence = Better Representation of QQ*). Assume the problem setting
inSec 2. ThenV¢p € ®,0 € ©,Q* € QF it holds true that

PlQo — Q*||F < 0, °L* (/P34 + M - Cvg(k, ¢))*. (12)

Proof. Let us assume without loss of generality that Pﬁiﬂ = ¢ for some ¢ > 0. For any € X,
b € B, we have

lo.0(x) > [|0pt (Qo(x), b) — Opt (Q"(x),b) [|2 — |[ALey (Qo (), b) — Opt (Qo(x), b) |12

> [|Qo ()"0 — Q*(x)~"bll2 — Cvg(k, d)[[0pt (Qo (), b) |12 (43)

> Qo) ™6 — Q*(2)7'bll2 — M - Cvg(k, ¢). (44)
Rearranging the terms in the above inequality, we have

1Qo(x)™"b — Q" () ~'bll2 < ly.o(x) + M - Cvg(k, 9). (45)
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By Eq. 37 and the inequality that ||AB||r < ||A||2||B||r for any given A € R™*" and B € R"*",

we have that

Eb||Qo(x) "0 — Q" (z)~'bll3

= 03 [|Qo(®) " (Qo () — Q" (2))Q" () "I

> §||Q9(w)—Q*(x)||%
1Q*(2)]13]|Qa()|

which implies that,
1Qo(z) — Q" ()| % < 0y, 2L*Ep || Qo () ~'b — Q" () 'b]3.
Combining it with Eq. 45 and the fact that (P&Zg’g) < pyg? b.oo WE have
P|Qo(x) — Q*(2)||F < 0, 2L P(Ly9 + M - Cvg(k, ¢))?
=0y 2L4 (P&Z) 0 + (M . CVg(k7 ¢))2 + 2(M : CVg<ka ¢))P€¢'79)
<0, °L* (e + (M - Cvg(k,$))* + 2(M - Cvg(k, ¢))V/E)
=0, °L* (Ve + M - Cvg(k, (b))

which completes the proof.
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C Generalization Ability

In this section, we shall prove the following result, which is a refined version of Theorem 5.1.

Theorem C.1. Assume the problem setting in Sec 2 and let v > 0. Then for any t > 0, with
probability at least 1 — e~¢, the empirical Rademacher complexity of Kl]?-c(r) can be bounded by

R, 0% (r) §\f2dn7%51ab(k:) (\/(\/; + MCvg(k))2Ci(n) + Ca(n,t, k,r) + 4>
+ Sens(k)Bsg,
where

Cy(n) = 2160; 2L* log N'(n" 2, £g, Ly(Py))

68 B2t
Co(n,t, k,r) =

+ 7QOBQERn€SC(rq)> log N'(n=2,0g, Ly(P,)),

rq = oy "L*(/T + MCvg(k))*, £8°(rg) = {llQo — Q*llr = 0 € ©,P|Qo — Q|3 < 74},
Bg = 2L/d, and By = %Sup¢l7¢26¢' [¢1 — ¢all2-

Furthermore, for any t > 0, the expected Rademacher complexity of él]?c(r) can be bounded by

ER,('2(r) <\/2dn" 7 Stab (k) (\/(\/; + MCvg(k))2Ci(n) + Ca(n,t) + Cs(n,t) + 4)
+ Sens(k)Bg,
where

Ci(n) = 2160, >L*log N,

=l 45 2880 768 B2
Ca(n,t) = (1 + 3Bge "\/log Ng + \/EBQ 1ogNQ) %BQ logNg +t - € log N,
_ 360

C3(n,t) = 1QBQ€_t 10gNQ + ﬁBQ logNQ,

and Ng = N'(n"2,0g, Lo,).

In order to prove Theorem C.1, we first prove the following theorem, which reduces bounding the
empirical Rademacher complexity of £/2°(r) to that of ¢/3°(r,), and plays an important role in our
complexity analysis.

Theorem C.2. Assume the problem setting in Sec 2. Then it holds for any v > 0 that
R, 0'2(r) < V2d Stab(k) R, 0S¢ (ry) + Sens(k) Ba, (55)

withrq = oy 2L*(\/r + MCvg(k))2, £8°(rq) = {|Qs — Q*||F : 0 € ©,P||Qs — Q*||% < 74} and
Bq:. = %Sup¢1,¢2€{> ||¢1 - ¢2||2'

Proof. Let k € N be fixed throughout this proof. We first show that the loss ¢, ¢ is Stab(k)-Lipschtiz

in Qg and Sens(k)-Lipschitiz in ¢. For any (x,b) € X x B, by using the triangle inequality and the
definitions of Stab(k, ¢') and Sens(k), we can obtain the following estimate of the loss:

lo.0(®) — Lo o ()]

= |[[A1g5(Qo (). b) — 0pt(Q*(2), b) |2 — [|ALlgf, (Qu (), b) — 0pt(Q* (2), b) ]

< ||A1gg(Qs (), b) — Algg (Qor (), b) |2

< ||A1gg, (Qo(x), b) — Algf (Qo (), b)|l2 + [[ALgg(Qo(), b) — Algg, (Qs(x), b)2
< Stab(k, ¢')[|Qo(x) — Qo (2|2 + Sens(k)||¢ — ¢'||

< Stab(k)[|Qo(x) — Qo (2|2 + Sens(k)||¢ — ¢'||2-

(56)
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where we write Stab(k) = sup ¢ g Stab(k, ¢) for each k € N.

We then establish a vector contraction inequality, which is a modified version of Corollary 4 in [21]
and Lemma 5 in [22]. Note that the empirical Rademacher complexity of élﬁc can be written as:

n—1
1
R gloc( ) 7]E Supza'lgcﬁ /] :I:Z) = nEUlzn—lEUn sup Z Ji&b’g(ibi) + Un£¢79($n), (57)
®,0 4 8.0 =4

where the supremum is taken over the parameter space {((b, 0):ped,0c0O, Péiﬁg < r}.
LetU,_1(¢,0) = Z?;ll oily.g(x;) for each (¢, ). We now assume without loss of generality that

the supremum can be attained and let
¢1,01 = arg S;lg (Un=1(0,0) + Ly 0(xn)),

2,00 = arg sup (Un—1(0,0) — Ly 0(y)),

since otherwise we can consider (¢1,67) and (42, 02) that are e-close to the suprema for any € > 0
and conclude the same result. Then we can deduce from Eq. 56 that

n—1

E,, sup Z oilg.o(x;) + onlyo(xn)
.9 =1

n—1(01,01) + Lo, 0, () + Un—1(d2,02) — Lgy.0, (1))

| /\

1
;U
= %( 1(¢1,01) + Un—1(¢2,02) + (£g, 0, (@) — Ly, 0,(20)))
;( 1(¢1,01) + Un—1(¢2,02)) + %(Sfab(k)HQel (@n) — Qo, ()2 + Sens(k)||¢1 — d2l|2)
1

1
< §(Un—1(¢1; 01) + Un—1(¢2,62)) + §Sl‘ab(k)||Q01 (Tn) — Qo,(n)||F + Sens(k)Bs,
where By = %sup¢17¢2€<1> [¢1 — d2ll2.
Foreachx € X, 0 € ©®and 1 < j, k < d, let Qék(m) be the j, k-th entry of the matrix Qg (). The
the Khintchine-Kahane inequality (see e.g. [21]) gives us that

1
E,, bglpz ogilye(x;) < 3 (Un=1(¢1,61) + Up—1(¢2,62)) + Sens(k) Bo (58)
1

=1

+ §Smb(k)\/§Een

> ek (Qé;’“(m - Qé;’“(scn)) ‘ (59)
gk

where €, = (egik)?, x— are independent Rademacher variables. Hence, if we denote by s(e,,) the
signof 32, , el ( 7 (@) — ?,Zk(mn)) and by Q*7** () be the 7, k-th entry of the matrix Q*(z),
then we can obtain that

E,, sup Z oily.o(x;)
?s

9 =1

< Een% KUM(@, 01) + Stab(k)v/2s(€n) > emgf(wn)>

7.k
+ (Un_l((bg, 0y) — Stab(k)V/2s(e,) Z eﬁ;’ng’f(mn)ﬂ + Sens(k)Bo
7,k
- ]Een% KUM(@, 01) + Stab(k)V2s(en) Y 4 (QBF (@a) = Q9 (wn)) )
7.k
+ (Un_l(qbg, 02) — Stab(k)V/2s(€n) > _ el (ng(mn) - Q*j’k(xn)) )} + Sens(k)Bg.

Jik
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Then by taking the supremum over (¢, §) and using the fact that o,, is an independent Rademacher
variable, we can deduce that

E,, sup Z oily.o(xi)

¢7 i=1

< e, 5 [sp (001(600) + 50600 VBs(e) St (@) — @422 )

57,2
gk

+ sup (Unl(qb, 0) — Stab(k)V2s(e,) Z bk <Q{9k(:cn) — Q*j’k(a:n)) )} + Sens(k)Bo

&0 ik

=E.,E,, |:sup (Un_l(qﬁ, 0) + Stab(k)v/20,, > _ e (ng’“(mn) - Q*j’k(a:n)) ﬂ + Sens(k) B
¢.,0

Jik

)

=E., [sup (Un1(¢7 0) + Stab(k)\/éz el k (Qék(wn) — Q*j’k(mn)) )] + Sens(k)Bg,
.k

where we have used the fact that ), ehk (Qg’k (x,) — Q"% (x,,)) is a symmetric random variable
in the last line.

By proceeding in the same way for all other o,,_1,--- , 01, we can obtain the following vector-
contraction inequality:

E, supZm&, o(x;) <V2Stab(k)E,, [supzz Jik (Qﬂ M) — Q*]k(mn)ﬂ

0 =1 i=1 j,k
+ nSens(k)Bs.

The first term on the right-hand side can be bounded by using the Cauchy-Schwarz inequality as
follows:

(60)

supzz (@ @) - QI (@)
i=1 j,k

n
rnBern [0 00 Y P (@ (@a) - Q7 (=)
0 =1 Gk

(61)

nEer., supZm SR 3105 (@) - Q7R (a2
e ik .k

=Eo,., Ee,., SUPZUzd”QG (xn) — Q*(wn)||F1

i=1

=dE

T1:n

SgngiHQe(mn) - Q*(mn)||F] .

Therefore, bounding the Rademacher complexity of él]f-’c(r) reduces to bounding the Rademacher
complexity of the space of functions ||Qgy — Q*||r. Recall that the supremum is taken over the
parameter space where (¢, ) € ® x O satisfies Péi)g < r. Note that Lemma 4.2 implies that,

* — 2
PllQp — Q|5 < rq =0y *L* (Ve + M - Crg(k, )" (62)
Hence, by defining the following function space:
68°(rg) = {l1Qo — Q*llr : 0 € ©,P[|Qo — Q"% < g}, (63)

we can conclude the desired relationship between R, ¢('2°(r) and R, ('$°(r,) from the inequalities
Eq. 60 and Eq. 61.

O
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With Theorem C.2 in hand, we see that, for each > 0, in order to obtain the upper bounds of
Ry, 0% (r) in Theorem C.1, it suffices to estimate R,,('5°(r), i.e., the Rademacher complexity of the

function space £3°(r).

The following theorem summarizes the estimates for the empirical and expected Rademacher com-
plexity of the local class élé’c, which will be established in Propositions C.1 and C.2, respectively.
Recall that, for any given ¢ > 0, a class of functions F and pseudometric || - ||, the covering number
N (e, F,| - ||) is defined as the cardinality of the smallest subset F of F for which every element of
F is within the e-neighbourhood of some element of F with respect to the pseudometric || - ||.

Theorem C.3. Assume the problem setting in Sec 2. Letr > 0, ry = oy, *L*(\/r + M Cvg(k))?
and 0'5°(rq) = {||Qo — Q*||r : 0 € ©,P||Qo — Q*[|% < r¢}. Then for all t > 0, we have with
probability at least 1 — e~* that

Rnflé’c(rq) < n"2 KC& (n)(v/r + MCvg(k))* + Ca(n, t, k, r)) + 4] , (64)
where
Ci(n) = 2160; 2L log N'(n" %, £g, Lo(Py)),
T68BAt . .
Ca(n,t, k,r) = < + 72OBQERn€50(rq)> log N (n™2,0g, La(Py)),

and Bg = 2LV/d.
Moreover, for all t > 0, we have that

ERnﬂgc(rq) < n"2 {(Cl (n)(vr + M'Cvg(k))2 + Cg(n,t)> + CO3(n,t) + 4|, (65)
where

Ci(n) = 2160, *L*log N,

_ 4 2 768 BZ
Ca(n,t) = <1 + 3Bge "\/log Ng + \/—%BQ 1ogNQ> %BQ log N +t - € log N,
_ 360

C3(n,t) = 12Bge™"\/log N + %BQ log N

and Ng = N'(n" 2,40, L.
We first establish the estimate for the empirical Rademacher complexity Rnﬁé’c(rq), ie., Eq. 64 in
Theorem C.3.

Proposition C.1. Assume the problem setting in Sec 2. Let Bg = sup (g z)coxx ||Qo(z) —Q*(z)||F,
and for each r > 0 let 1o and ('3°(r) be defined as in Theorem C.2. Then we have that

Ral8°(ry) < & (1 +3Bg \/log./\f(ﬁ, 012 (r,), LQ(pn))) . (66)
Moreover, for all t > 0, it holds with probability at least 1 — e~ that
Rol8°(ry) < i (1+3C(rg 1)y /log N (J5. £8°(ry). La(Pn) ) (67

2
16BQt
3n

with the constant C(rq,t) = (3% + + 5BQERn€l§C(rq))l/2-

Proof. The classical Dudley’s entropy integral bound for the empirical Rademacher complexity gives
us that

. 12 [
Ro8°(ry) < inf <4a = /a Vg N (e, 08°(r,). L(P)) de) . (68)
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Observe that all functions in El"c(rq) take value in [0, Bg], which implies for all ¢ > B, that,
N (e, 05¢(rq), L2(Py)) < N (e, élQ"C(rq),Loo(Pn)) = 1 and consequently the integrand in Eq. 68
Vamshes on [Bg, 00). Hence we have that

R, 0\5° < inf 4o+ —= v log N (€, £18(rq), La(Py)) de
nQ(rq)—olgo 0‘+ og N (e, rq) 2(Pn))

_\/» \F/BQ\/Iog/\/'eﬁlcrq) Ly(P)) de

4 12 1
< ﬁ + %BQ IOgN(\/ﬁvggc(rq)v LQ(P’YL))7

where we used the fact that (e, £15°(r), L2(P,)) is decreasing in terms of € for the last inequality.
This proves the estimate Eq. 66.

In order to establish the estimate Eq. 67, we shall bound the empirical error P, ||Qp — Q*||% with high
probability. Let us consider the class of functions £135 (1) = {[|Qa—Q*||% : 0 € ©, P||Qs—Q*||7 <
74}, whose element takes values in [0, B2 ). Moreover, we see it holds for all |Qy — Q* % € ZlQOS (rq)
that P||Qq — Q* ||} < B2 oPllQe — Q ||F < Bérq Hence, by applying Theorem 2.1 in [16] (with
F= ﬂloc(rq) a=0,b= BQ, a=1/4and r = Br,) and the Cauchy-Schwarz inequality, we can
deduce that, for each t > 0, it holds with probability at least 1 — e~* that

2B2r t 13t
PallQo — Q%1% < P|Qo — Q*|3 + ER W85 (rg) + || —2L + B2

Q3n
5 Bt 13t
< “ER, (S 44 % 4 B2
et 5 (r )+ 5 T +Bo5,-
37«q . 163Qt
BoER,, ¢'5° .
5 +5Bq R, E (Tq) + n

Consequently, we see it holds with probability at least 1 —e ™" that, N (e, £$°(rq), L2(P,)) = 1 for all
€ > C(rq, t), with the constant C(r,, t) defined as in the statement of Proposition C.1. Substituting
this fact into the integral bound Eq. 68 and following the same argument as above, we can conclude
Eq. 67 with probability at least 1 — e ™. O

Now we proceed to prove the estimate of the expected Rademacher complexity ER,Légc(rq), ie.,
Eq. 65 in Theorem C.3.

Proposition C.2. Assume the same setting as in Proposition C.1. Then it holds for any r,t > 0 that

ER,£9°(r,) < n [(c1 (n, ) (s/F + MCvg(k))? + Ca(n, t)) L Cy(nt) + 4] ST

where C1(n,t), Ca(n,t) and Cs(n,t) the constants defined as in Eq. 72, Eq. 73 and Eq. 74, respec-
tively.

Proof. Let r,t > 0 be fixed throughout this proof. Since it holds for all ¢ > 0 and n € N that
N(e Eloc(rq) Ly(P,)) < N(e,€g, Ls), we can deduce from Proposition C.1 that

ERy(8°(ry) < 4 (143[Clrg, )1 = ™) + Boe ']\ log N (5. Lo, L) ), (70)
with the constants By and C(r,, t) defined as in the statement of Proposition C.1.

The above estimate gives an implicit upper bound of ]ERnflé’c(rq) since C'(rq,t) also involves
ER,('5°(r4). Now we shall introduce the notation N3 = N (ﬁ, lg, L) and derive an explicit

upper bound of ER,,¢!$°(r,). By rearranging the terms in Eq. 70 and using the definition of C (rq,t),
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we can obtain that
Vi . 2
TIlanégC(rq) —1-3Bge™" /log N

3 16B2t
<3(1-— e_t)\/<rq + © 4 SBQERHESC(TQ)> log N§5.

(71)

2 3n

We shall assume without loss of generality that ]ERHESC (rq) > % (1 + ?)BQe’t1 /log Ngj) , since

otherwise we have a trivial estimate that ER,,05°(ry) < 4n~ 3 Ay, with A} = 14+3Bge", /log NG
Then by squaring both sides of Eq. 71 and rearranging the terms, we get that

TR~ (%

+ AT —9(1— e ")?Azlog NG <0,

Ay +45(1 — e )2 Bg logN5> IERnEZQ"“(rq)

2
1684t

with the constant Ay = 3% + =

. This implies that

8 [nA A
ER, (!5 (ry) < - {\/Zl +45(1 — e ")?Bglog N + ([\/Z L1 45(1 — ¢7")?Bglog N3]

n - 2
-3 [AT —9(1 — e ")%A, 10g./\/5]> ]
_1 360 _ n 360 _ n2
=n"2 {4/11 + %(1 — e ")’Bglog N§ + ([4141 + %(1 — ¢ ")?Bg log N5
1
3
—16[A? —9(1 — e ")%A, 10g]\/5]> } .
Hence, for each ¢ > 0, by introducing the following constants
Ci(n,t) =216(1 — e ")0, 2L log N5, (72)
360 _ 12 ., T68B2 "
Ca(n,t) = [441 + \/ﬁ(l — e ")?Bglog N§] ™ — 1647 +t(1 — e t)2TQ log N
- 45 2880
o —t —t\2 n —t\2 n
- 2768Bé
+t(l—eh) log N2, (73)
0
Cs(n,t) = 12Bge™" Jlog N5 + %(1 — ¢ ")?Bglog N5, (74)

with Bg = sup(p z)coxx [1Qo(x) — Q*(x)|lr < 2v/dL and NG = N(ﬁJQ,Lw), we can
deduce that

2

Nl=

ER,(§¢(ry) < n™~ Kcl(n, t)(v7 + MCvg(k))? + Cy(n, t)) + C3(n,t) + 4} .
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D RNN as a Neural Algorithm

We denote by RNN’(; a recurrent neural network that has & unrolled RNN cells and view it as a neural
algorithm. It has been proposed in [19] to use RNN to learn an optimization algorithm where the
update steps in each iteration are given by the operations in an RNN cell

Y1 < RNNcell (Q,b,y;) := Vo (Wrho (WL . W20 (Wiy, + Wagy))) - (75)

In the above equation, we take a specific example where the RNNcell is a multi-layer perception
(MLP) with activations 0 = RELU that takes the current iterate yj, and the gradient g, = Qyy, + b
as inputs.

(I) Stable Region. First, we show that when the parameters satisfy ¢, = supg [|[V|2||W] +

WiQll2 Hf:z [W!||2 < 1, the operations in RNNcell are strictly contractive, i.e., ||yrr1 — Yx|l2 <
collye — Yr—1l2-

Proof. By definition,

[ier = wille = [Vo (Who (WH" - W20 (Wys + Wigi)))
— Vo (Wre (WEL W20 (Wyk—1 + Wigi—1))) |2
< Vllallo (Who (WE - W20 (Wiys + Wags)))
—o (Whe (WEL W20 (Wiyk—1 + Wagk-1))) |2

Since the activation function o = RELU satisfies the inequality that ||o(x) — o(2')||2 < || — ©'||2
for any x, ', we have

[yrs1 — gill2 < VI Whe (WEL e Wa (Wiyy, + Wagr))
~Wkho (WL_1 Wi (Wllyk—l + Wzlgkfl)) 2.

Similarly, we can obtain

Yk+1 — Yrll2

< VW2 W]l (Wi ys + Wagr) = (Wiys—1 + Wage-1) [l2
= [VI2IW 5z W2 2| (Wi + QW3) (yk — Y1) ]2

VWl - W22 WY+ QWa ll2llye — yr-1ll2

< collyr — yr—1ll2-

Therefore, if ¢4 < 1, then the operation is strictly contractive. O

(II) Stability. We shall show the neural algorithm RNN’;5 has a stability constant Stab(k,¢) =
O(1 — ¢§) (see the definition of stability in Sec 3).

Proof. Let us consider two quadratic problems induced by (Q, b) and (Q’,b’), and denote the
corresponding outputs of RNN’;5 as yp = RNN’;(Q, b) and y;, = RNN(’;(Q’, b).

L ' L
Denote ¢if = ||VI|2| W} + W3Qll2 Ty W2 ¢§ = [[VII2IW + W3Q'||2 T2y W2, and
ég = [V |2l Wal2 T/, [[W* 2. First, we see that

k

k ~ —
lyillz < cFllyi-1llz + ésllbllz < (c§)*llyollz + ésl1bll2 Y (cF)

=1 (76)

éplblla(1 = (c§)") c¢,||b||2

Q
1,% lfcd)
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Similar conclusion holds for y;,. Then, by following a similar argument as that for the proof of the
stable region, we can deduce from yo = y, that

lye — Yl

< VW2 W32 l(W) + WEQ)yp—1 — (W) + WEQ ) y) 1 + Wi (b—b')|2

<V I lWE 2 - W2 (W] + WEQl2llyk-1 — yi_1ll2 + 1Q — Ql2IWE 2l ys_1 ]Iz
+ [ WE2ll(b = b)]12)

LI
< Gllynr = i ll2 +&l1Q — Q2 ¢ + sl — ¥

¢

Q\k / 162 ) R nie
< (eg)"lyo — yoll2 + o 1Q = Q'llz + 24— b'll2 | D (7))
1—¢
¢ i=1
¢ ||b'||21—< > L ()
- 1Q = @ll2 + éo————[|b — |
“C% T -}
Therefore, the stablhty constant is of the magnitude O(1 — c’(;) O

(ITI) Sensitivity. We now proceed to analyze the sensitivity of the neural algorithm RNN® as defined
in Sec 3. Note that the strong non-linearity in the RNN cell and the high-dimensionality of the
parameter space significantly complicate the analysis of the Lipschitz dependence of RNN’;7 with

respect to its parameter ¢ = {W, W, W2 ... WL V1. To simplify our presentation, we shall
assume the parameter ¢ are constrained in a compact subset ® of the stable region, and show the
neural algorithm RNN’;5 has a sensitivity Sens(k) = O(1 — (infgeq cy)*). A rigorous sensitivity
analysis of RNN with general weights is out of the scope of this paper.

Proof. Let the range of parameters ® is a compact subset of the stable region, such that for all ¢ € ®,
cs = supg |V ||| Wi + W3 Qll2 TT/s W2 < co < 1 for some constant c. Let ¢, ¢’ € ® be
two given sets of parameters. For each k € N, we denote y;, = RNN’;(Q, b) and y,, = RNNf;, (Q,b)
the outputs corresponding to the parameters ¢ and ¢, respectively. Then we have that

lyr — Ygll2 = [[RNNcelly(Q, b, yr—1) — RNNcelly (Q, b, y;_y)ll2
< ||RNNcelly(Q@, b, y;,_1) — RNNcelly (Q, b, y)_1)2
+ ||RNNcell,(Q, b, yx—1) — RNNcelly(Q, b, y;_1)ll2
< |IRNNcelly(Q, b,y 1) — RNNcelly (Q, b,y _1)ll2 + collyr—1 — yi_1 2
If there exists a constant K, independent of k, ¢, ¢', such that
[RNNcelly(Q, b, gy 1) — RNNcelly (@, b, yy—1)ll2 < K[é — ¢'l2, (77

then we can obtain from y, = y;, that

lyk = ykll2 < vlld = &ll2 + collyr—1 — Y12

k k
. 1—c
<Ko=l cit =1 CZKHszs —¢||2-
=1

The fact that ¢4 < ¢o < 1 for some constant ¢ implies that the magnitude of sensitivity is O(1 —
(inf¢,eq> C¢)k).

Now it remains to establish the estimate Eq. 77. Foreach k € N, ¢ = {W} WL, W2 ... Wl v}
and [ = 2,--- , L, we introduce the notation

fé) =W (Wlfl - W2o (Wllyk + nggk)) ) (78)
with f§ = Wiy + W3 gi. Then we have foreach I =1, - - , L that

l

16Nz < TT W11z (W1 + W3 Qllallykllz + W2 ll2]1bll2) = cillyellz + bl (79)
j=2
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with the constants ¢; := (Hé.:2 W) WL + W3Qll2, & := (Hi‘:z [W7|12)|W3]l2 for all
l=1,..., L. Then by induction, we can see that

1£5 = folla = IWFa(£571) = Wha(f5 )2
<WE =W 5 e+ IWE I 57 = 57

SIS = Wl 74+ I (15 = Wl 7

W ol £ fﬁr%)

L L
( II ||Wﬂ'||2) W= W £+ (H ||Wl||2) TN
=2

=141

<

L
=2

Thus we have that

IRNNcelly(Q, b, yr) — RNNcelly (Q, b yx)llz = [Va(f5) — Vo (fi)l
<V =V'2llf 5l + V275 = £

L L
<V = V' all 5 e + ||V||2[Z( 11 ||WJ|2)||W1 WA

1=2 Nj=I+1
L
= (TLW ) 17d = s3]
1=2
Furthermore, we see that
1f = Frlla = (W + Wy Q)ys + Wb — (Wi + W3 Q)yi + W5 b2
< Wi = Wit (W = W3hQllallykllz + Wy — W3t|12[|b]2
< Wi = Witlllyellz + Wy = W3 (I1Q1l2llywll2 + [1bll2),
from which we can conclude that
|RNNcelly(Q, b, yi) — RNNcelly (Q, b, yi)|l2

L L
<NFENIV — V] + 3 [vnz( II IIWjIIz>||f’71II2] W

=2 j=l+1

L
" ||V||2(H ||Wl||2) [nwf W el + 12— W@l el + B]2)]
=2

Note that we have assumed that the set of parameters ® is a compact subset of the stable region
and (Q,b) € Side x B are bounded, which imply that for all ¢, ¢’ € ®, the corresponding outputs

(Yx)ren and (y;,)ken are uniformly bound, and hence | 1, [|2 is bounded for all kand I = 1,..., L
(see Eq. 79). Consequently, we see there exists a constant K such that Eq. 77 is satisfied. This
finishes the proof of the desired sensitivity result. O

(IV) Convergence. For the convergence of RNN*, we can only give the best case guarantee. It is easy
to see that with the following choice of ¢, RNNZ; can represent GD*:

V=I[,-1, Wl=[-1", W{=|-sl;sI]", W'=TIfori=2,---,L. (80)

Therefore, for the best case, RNN’;) can converge at least as fast as GD’;.
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E Experiment Details

Here we state the configuration details of the experiments.

o Convexity and smoothness. They are set to be i = 0.1 and L = 1, respectively.

e Dataset. 10000 pairs of (x,b) are generated in the following way: 10000 many « are
uniformly sampled from [—5,5]'0 x U5%°, where U5*® denotes the space of all 5 x 5
unitary matrices. Each input z actually is a tuple & = (24, U, ) where 2z, € [—5, 5]** and
U, is unitary. 10000 many b are uniformly sampled from [—5, 5]5. These 10000 pairs are
viewed as the whole dataset.

e Training set S,. During training, n samples are randomly drawn from these 10000
data points as the training set. The labels of these training samples are given by
y = 0pt(Q"(z), b).

e More details on Q*(xz). As mentioned before, each « is a tuple * = (z,Uz). Then
we implement Q*(x) = Udiag([g*(2x), 1, L])U, , where g* is a 2-layer dense neural
network with hidden dimension 3, output dimension 3, and with randomly fixed parameters.
Note that in the final layer of g*, there is a sigmoid-activation that scales the output to the
range [0, 1] and then the range is further re-scaled to i1, L]. Finally, g* (24 ) is concatenated
with [y, L] to form a 5-dimensional vector with smallest and largest value to be y and L
respectively. This vector represents the eigenvalues of Q* ().

e Architecture of QQy. (Qp has the same form as Q*(x), except that the network g* in Q*
becomes gg in Qg. That is, Qp () = Udiag([ge(zx), i, L])U, . Here gy is also a 2-layer
dense neural network with output dimension 3, but the hidden dimension can vary. In the
reported results, when we say hidden dimension=0, it means gy is a one-layer network.

For the experiments that compare RNN’; with GD’; and NAG’;, they are conducted under the ‘learning

to learn’ scenario, with the following modifications compared to the above setting.

e Dataset. Instead of sampling (x, b), here we directly sample the problem pairs (Q, b).
Similarly, 10000 pairs of (@, b) are sampled uniformly from S iOLX 10 [~5,5]10.

e Architecture of RNN’(Z. For each cell in RNN* | it is a 4-layer dense neural network with hidden
dimension 20-20-20.

For all experiments, each model has been trained by both ADAM and SGD with learning rate searched
over [le-2,5¢e-3,1e-3,5¢e-4,1e-4], and only the best result is reported. Furthermore, error bars are
produced by 20 independent instantiations of the experiments. The experiments are mainly run
parallelly (since we need to search the best learning rate) on clusters which have 416 nodes where on
each node there are 24 Xeon 6226 CPU @ 2.70GHz with 192 GB RAM and 1x512 GB SSD.
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