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This document provides additional material to the main paper called Generalized Sliced-Wasserstein
Distances.

1 Algorithm Pseudocodes

In Algorithms[T]and 2] we provide pseudocodes for the overall algorithm.

2 Non-negativity and Symmetry of the GSW and max-GSW Distances

We prove that the GSW and max-GSW distances satisfy non-negativity and symmetry, using the
fact that the p-Wasserstein distance is known to be a proper distance function [1]. Let i and v be in
Pp(9).

2.1 Non-negativity

We use the non-negativity of the p-Wasserstein distance, i.e. W, (11, v) > 0 for any p, v in P,(£2), to
show that the GSW and max-GSW distances are non-negative as well:

P

GSW, (1. 1,) = (/Q Wf(glﬂ(.,G),gL,(.,H))de)

> (/Q (O)pd9>; —0

max-GSW,(1,,1,) = errel%x Wy (QI#(~7 0),G1,(-, 0))

= Wp (gIN(’ 9*),ng('7 9*))
>0

where 0* = arg maxycq, W, (GI,(-,0),G1,(-,0)).

2.2 Symmetry

Since the p-Wasserstein distance is symmetric, we have W, (i, v) = Wy, (v, ).

*Denotes equal contribution.
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Algorithm 1 GSW Distance

input {z; ~ I,}N,, {y; ~ L}, orderp,
number of slices L, defining function g
Initialize d = 0
for! =1to Ldo
Sample 6; from €2y uniformly
Compute &; = g(z;,0;) and §; = g(y;, 6;) for each i
Sort Z; and §; in ascending order s.t. &[] < Ziny1) a0 Yjin] < Uj[nt1]
d=d+ 1 0y &) = Giim”
end for,
output d» ~ GSW,(1,,1,)

Algorithm 2 Max-GSW Distance

input {z; ~ L}V, {y; ~ Iv}é‘v:l’
order p, defining function g(z, 0)
Randomly initialize 6 € Q)
while 6 has not converged do
Compute &; = g(x;,6;) and §; = g(y;,0;) for each i
Sort z; and g; in ascending order s.t. T[] < Zj[pi1) A0 Yjin) < Tjin+1)

0= Pgoj(omm(ve(% SN i) — Gim]7), 0))

0
end while
Sort &; and g, in ascending order

N, .
d= 5 Yo |ite) = Gigull”
output d» ~ max-GSW,(I1,,1,)

In particular, we can write for all 8 € Qy:

Wp(glu(ve)’gll/(79)) = Wp(gll/(79)7g]u(70)) ’ (1)

51»15%2)9( Wp(glu('v 9)’ gIl/('v 0)) = 61)2%2); WP(QIV<7 9)’ gIM('v 9)) 2)

The symmetry of the GSW and max-GSW distances follows from Equations (T)) and (2) respectively.

3 Proof of Proposition 1

Proof. The non-negativity and symmetry are direct consequences of the fact that the Wasserstein
distance is a metric [1]]: see the previous sections.

We prove the triangle inequality for GSW),, and max-GSW,,. Let p1, po and pz in P, (£2). Since the
Wasserstein distance satisfies the triangle inequality, we have, for all € Qy,

Wp(gzm ('7 9), gIM3 ('a 9)) < Wp(gIm ('7 6)7 gI#z ('7 9))
+ WP(gIM2 (', 6)? gIM3 ('7 9))



Therefore, we can write:

GSWy(Tn. I,,) = ( [ W5<gfm<~,e>7gfu3<-7e))de)

<(/ (W01 (0). 6L, 0)

+ Wp(91u2(~79),g1#3<-70)))%9)

=

< ([ we(61,,0.0.61,.¢.0na0)°
Qg

+ ( Wg<gluz<79)aglu3(,9))d9> ! (3)
Qo

where inequality follows from the application of the Minkowski inequality in LP(£2g). We
conclude that GSW,, satisfies the triangle inequality.

Let 0* = arg maxycq, W, (GZ,, (+,0), G, (-, 0)); then,

max-GSW, ( 11 #3) = (Iilé%l)g( Wp(glul('vo)agzus('ve))

= Wp(gzm ('7 0*)v gI/ts ('7 0*))
< Wp(GZy, (+507),GZ,,(+,07))
+ WGy, (-, 60%), 6L, (-, 07))
< OHGI%Z): Wp(gIﬂl ('7 0)7 gzﬂz('ﬂ 0))
+ Inax Wy (G1,,(-,0),G1,,(-,0))

< max- GSW ( #1, )+max GSW, ( H2 ,us)

So max-G'SW), also satisfies the triangle inequality.

Since Wp(u,u) = 0 for any u, we have GSW,(1,,1,) = 0 and max- GSW (Ilt I,) = 0. Now,
for almost all

GSW,(1,,1,) = 0 or max-GSW,,(I,,,I,,) = 01is equivalent to GI,,(-,0) = GI,,(-,0)
0 ¢ Qg Therefore GSW and max- GSW are distances if and only 1f GL,(., ) =GI,(-,0) implies
= v, i.e. the GRT is injective. O

4 Implementation Details

The PyTorch [2] implementation of our paper is available hereﬂ Here we clarify some of the
implementation details used in our paper. First, the ‘critic iteration’ for the adversarial training,
and the projection maximization for the max-GSW distances, were set to be equal to 50. For all
optimizations, we used ADAM [3]] optimizer with learning rate [ = 0.001 and PyTorch’s default
momentum parameters.

*https://github.com/.../GSW/



We used 3 x 3 convolutional filters in both encoder and decoder architectures. Encoder architecture:

x € R28x28 Convig — LeakyReLUy o
Convig — LeakyReLUg o
AvgPools

Convsy — LeakyReLUy o
Convsy — LeakyReLUy o
AvgPools

Convgs — LeakyReLUy o
Convgs — LeakyReLUy o
AvgPools — Flatten
F(Ci98 — LeakyReLUy 2
FCQ

1

A

Decoder architecture:

z € R? FCi98 — LeakyReLUj o
FCi24 — LeakyReLUy o
Reshape(4 x 4 x 64) — Upsamplesy
Convgs — LeakyReLUy o
Convgs — LeakyReLUy o
Upsamples

Convsy — LeakyReLUy o
Convsy — LeakyReLUy o
Upsamples

Convig — LeakyReLUy o
Conv;

N

5 Generative Modeling via Auto-Encoders

We now demonstrate the application of the GSW and max-GSW distances in generative modeling.
We specifically use the recently proposed Sliced-Wasserstein Auto-Encoder (SWAE) [4]] framework,
which penalizes the distribution of the encoded data in the latent space of the auto-encoder to follow
a prior samplable distribution, p. More precisely, let {x,, ~ p X}fyzl be i.i.d. samples from px,
d(x,7) : X = Z and ¢(z,vy) : £ — X be the parametric encoder and decoder (e.g., CNNs) with
parameters 4 and vy, respectively. Then SWAE’s objective function [4] is defined as:

wlflvl}p Ez[e(z, Y(d(x,70), Vo)) + ASW (Pg(a,v,) P2) S
where ) is the regularizer coefficient for matching the encoded distribution to pz. Here, we substitute
the SW distance in Equation (@) with GSW and max-GSW distances. Specifically, we encode the
MNIST dataset [5] into the encoder’s latent space and enforce the distribution of the embedded data
to follow a specific prior distribution, e.g. the Swiss Roll distribution as shown in Figure[I] while we
simultaneously enforce the encoded features to be decodable to the original input images. Since the
latent dimensionality is small in this case, we can apply the polynomial defining functions, without
needing to apply the neural network-based one.

We ran the optimization in Equation (@) with GSW distances, which we denote as GSWAE, with
linear, polynomial degree 3, and polynomial degree 5 and their max versions. The results are shown
in Figure 2]
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