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Abstract

A basic question in learning theory is to identify if two distributions are identical
when we have access only to examples sampled from the distributions. This
basic task is considered, for example, in the context of Generative Adversarial
Networks (GANSs), where a discriminator is trained to distinguish between a real-
life distribution and a synthetic distribution. Classically, we use a hypothesis class
H and claim that the two distributions are distinct if for some h € H the expected
value on the two distributions is (significantly) different.

Our starting point is the following fundamental problem: "is having the hypothesis
dependent on more than a single random example beneficial". To address this
challenge we define k-ary based discriminators, which have a family of Boolean
k-ary functions G. Each function ¢ € G naturally defines a hyper-graph, indicating
whether a given hyper-edge exists. A function g € G distinguishes between two
distributions, if the expected value of g, on a k-tuple of i.i.d examples, on the two
distributions is (significantly) different.

We study the expressiveness of families of k-ary functions, compared to the classi-
cal hypothesis class H, which is £ = 1. We show a separation in expressiveness
of k + 1-ary versus k-ary functions. This demonstrate the great benefit of having
k > 2 as distinguishers.

For k > 2 we introduce a notion similar to the VC-dimension, and show that it
controls the sample complexity. We proceed and provide upper and lower bounds
as a function of our extended notion of VC-dimension.

1 Introduction

The task of discrimination consists of a discriminator that receives finite samples from two distribu-
tions, say p; and ps, and needs to certify whether the two distributions are distinct. Discrimination has
a central role within the framework of Generative Adversarial Networks [12], where a discriminator
trains a neural net to distinguish between samples from a real-life distribution and samples generated
synthetically by another neural network, called a generator.

A possible formal setup for discrimination identifies the discriminator with some distinguishing class
D = {f : X — R} of distinguishing functions. In turn, the discriminator wishes to find the best
d € D that distinguishes between the two distributions. Formally, she wishes to find d € D such tha

E [dx)] - E [d(x)]

r~p1 r~p2

E [d*(z)] - E [d"(2)]| —e (D

r~p1 r~p2

> sup
d*eD

"Note that with such d at hand, with an order of O(1/¢®) examples one can verify if any discriminator in the
class certifies that the two distributions are distinct.
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For examples, in GANS, the class of distinguishing functions we will consider could be the class of
neural networks trained by the discriminator.

The first term in the RHS of eq. (I) is often referred to as the Integral Probability Metric (IPM distance)
w.r.t a class D [17]], denoted IPMp. As such, we can think of the discriminator as computing the
IPMp distance.

Whether two, given, distributions can be distinguished by the discriminator becomes, in the IPM
setup, a property of the distinguishing class. Also, the number of examples needed to be observed
will depend on the class in question. Thus, if we take a large expressive class of distinguishers, the
discriminator can potentially distinguish between any two distributions that are far in total variation.
In that extreme, though, the class of distinguishers would need to be very large and in turn, the
number of samples needed to be observed scales accordingly. One could also choose a “small" class,
but at a cost of smaller distinguishing power that yields smaller IPM distance.

For example, consider two distributions over [n] to be distinguished. We could choose as a distin-
guishing class the class of all possible subsets over n. This distinguishing class give rise to the total
variation distance, but the sample complexity turns out to be O(n). Alternatively we can consider the
class of singletones: This class will induce a simple IPM distance, with graceful sample complexity,
however in worst case the IPM distance can be as small as O(1/n) even though the total variation
distance is large.

Thus, IPM framework initiates a study of generalization complexity where we wish to understand
what is the expressive power of each class and what is its sample complexity.

For this special case that D consists of Boolean functions, the problem turns out to be closely related
to the classical statistical learning setting and prediction [22]. The sample complexity (i.e., number of
samples needed to be observed by the discriminator) is governed by a combinatorial measure termed
VC dimension. Specifically, for the discriminator to be able to find a d as in eq. (IJ), she needs to
observe order of @(6%) examples, where p is the VC dimension of the class D [5,22].

In this work we consider a natural extension of this framework to more sophisticated discriminators:
For example, consider a discriminator that observes pairs of points from the distribution and checks
for collisions — such a distinguisher cannot apriori be modeled as a test of Boolean functions, as the
tester measures a relation between two points and not a property of a single point. The collision test
has indeed been used, in the context of synthetic data generation, to evaluate the diversity of the
synthetic distribution [2]].

More generally, suppose we have a class of 2-ary Boolean functions: G = {g : g(z1,22) — {0,1}}
and the discriminator wishes to (approximately) compute

sup| E  [g(zi,a2)] = E g(a,22)]) . 2)

9€G |(z1,22)~p3 (z1,22)~p3

Here p? denotes the product distribution over p. More generally, we may consider k-ary mappings,
but for the sake of clarity, we will restrict our attention in this introduction to k = 2.

Such 2-ary Boolean mapping can be considered as graphs where g(x1, z2) = 1 symbolizes that there
exists an edge between x; and x5 and similarly g(x1,x2) = 0 denotes that there is no such edge.
The collision test, for example, is modelled by a graph that contains only self-loops. We thus call
such multi-ary statistical tests graph-based distinguishers.

Two natural question then arise

1. Do graph-based discriminators have any added distinguishing power over classical discrimi-
nators?

2. What is the sample complexity of graph—based discriminators?

With respect to the first question we give an affirmative answer and we show a separation between the
distinguishing power of graph—based discriminators and classical discriminators. As to the second
question, we introduce a new combinatorial measure (termed graph VC dimension) that governs the
sample complexity of graph—based discriminators — analogously to the VC characterization of the
sample complexity of classical discriminators. We next elaborate on each of these two results.



80
81
82
83

84
85
86
87

88
89
90
91

92
93
94
95
96

97
98
99

100
101

102
103
104
105
106

107
108

110

111

112
113
114
115
116
17

118
119
120
121
122
123

124
125
126
127
128

129
130
131

As to the distinguishing power of graph—based discriminators, we give an affirmative answer in the
following sense: We show that there exists a single graph g such that, for any distinguishing class D
with bounded VC dimension, and €, there are two distributions p; and p, that are D—indistinguishable
but g certifies that p; and po are distinct. Namely, the quantity in eq. (2) is at least 1/4 for G = {g}.

This result may be surprising. It is indeed known that for any two distributions that are e—far in total
variation, there exists a boolean mapping d that distinguishes between the two distributions. In that
sense, distinguishing classes are known to be universal. Thus, asymptotically, with enough samples
any two distribution can be ultimately distinguished via a standard distinguishing function.

Nevertheless, our result shows that, given finite data, the restriction to classes with finite capacity
is limiting, and there could be graph-based distinguishing functions whose distinguishing power is
not comparable to any class with finite capacity. We stress that the same graph competes with all
finite—capacity classes, irrespective of their VC dimension.

With respect to the second question, we introduce a new VC-like notion termed graph VC dimension
that extends naturally to graphs (and hypergraphs). On a high level, we show that for a class of graph-
based distinguishers with graph VC dimension p, O(p) examples are sufficient for discrimination
and that Q(,/p) examples are necessary. This leaves a gap of factor ,/p which we leave as an open
question.

The notion we introduce is strictly weaker than the standard VC—dimension of families of multi-ary
functions, and the proofs we provide do not follow directly from classical results on learnability of
finite VC classes [22}[5]]. In more details, a graph-based distinguishing class G is a family of Boolean

functions over the product space of vertices V: G C {0, 1}V2. As such it is equipped with a VC
dimension, the largest set of pairs of vertices that is shattered by G.

It is not hard to show that finite VC is sufficient to achieve finite sample complexity bounds over 2-ary
functions [9]. It turns out, though, that it is not a necessary condition: For example, one can show
that the class of k-regular graphs has finite graph VC dimension but infinite VC dimension. Thus,
even though they are not learnable in the standard PAC setting, they have finite sample complexity
within the framework of discrimination.

The reason for this gap, between learnability and discriminability, is that learning requires uniform
convergence with respect to any possible distribution over pairs, while discrimination requires
uniform convergence only with respect to product distributions — formally then, it is a weaker task,
and, potentially, can be performed even for classes with infinite VC dimension.

1.1 Related Work

The task of discrimination has been considered as early as the work of Vapnik and Chervonenkis in
[22]. In fact, even though Vapnik and Chervonenkis original work is often referred in the context of
prediction, the original work considered the question of when the empirical frequency of Boolean
functions converges uniformly to the true probability over a class of functions. In that sense, this
work can be considered as a natural extension to k-ary functions and generalization of the notion of
VC dimension.

The work of [9, [8]] studies also a generalization of VC theory to multi-ary functions, in the context
of ranking tasks and U-statistics. They study the standard notion of VC dimension. Specifically
they consider the function class as Boolean functions over multi-tuples and the VC dimension is
defined by the largest set of multi-tuples that can be shattered. Their work provides several interesting
fast-rate convergence guarantees. As discussed in the introduction, our notion of capacity is weaker,
and in general the results are incomparable.

GANs A more recent interest in discrimination tasks is motivated by the framework of GANS,
where a neural network is trained to distinguish between two sets of data — one is real and the other is
generated by another neural network called generator. Multi-ary tests have been proposed to assess
the quality of GANs networks. [2] suggests birthday paradox to evaluate diversity in GANs. [19]
uses Binning to assess the solution proposed by GANSs.

Closer to this work [[15] suggests the use of a discriminator that observes samples from the m-th
product distribution. Motivated by the problem of mode collapse they suggest a theoretical framework
in which they study the algorithmic benefits of such discriminators and observe that they can
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significantly reduce mode collapse. In contrast, our work is less concerned with the problem of mode
collapse directly and we ask in general if we can boost the distinguishing power of discriminators via
multi-ary discrimination. Moreover, we provide several novel sample complexity bounds.

Property Testing A related problem to ours is that of testing closeness of distributions [3} [11]].
Traditionally, testing closeness of distribution is concerned with evaluating if two discrete distributions
are close vs. far/identical in fotal variation. [11], motivated by graph expansion test, propose a
collision test to verify if a certain distribution is close to uniform. Interestingly, a collision test is a
graph-based discriminator which turns out to be optimal for the setting[[18]. Our sample—complexity
lower bounds are derived from these results. Specifically we reduce discrimination to testing
uniformity [[18]. Other lower bounds in the literature can be similarly used to achieve alternative
(yet incomparable bounds) (e.g. [7] provides a Q(n?/3 /e3/*) lower bounds for testing whether two
distributions are far or close).

In contrast with the aforementioned setup, here we do not measure distance between distributions
in terms of total variation but in terms of an IPM distance induced by a class of distinguishers. The
advantage of the IPM distance is that it sometimes can be estimated with limited amount of samples,
while the total variation distance scales with the size of the support, which is often too large to allow
estimation.

Several works do study the question of distinguishing between two distributions w.r.t a finite capacity
class of tests, Specifically the work of [14] studies refutation algorithms that distinguish between
noisy labels and labels that correlate with a bounded hypothesis class. [21] studies a closely related
question in the context of realizable PAC learning. A graph-based discriminator can be directly turned
to a refutation algorithm, and both works of [14} 21]] show reductions from refutation to learning.
In turn, the agnostic bounds of [14] can be harnessed to achieve lower bounds for graph-based
discrimination. Unfortunately this approach leads to suboptimal lower bounds. It would be interesting
to see if one can improve the guarantees for such reductions, and in turn exploit it for our setting.

2 Problem Setup

2.1 Basic Notations — Graphs and HyperGraphs

Recall that a k-hypergraph g consists of a a set V, of vertices and a collection of non empty k—
tuples over V: E, C V¥, which are referred to as hyperedges. If k = 2 then g is called a graph.
1-hypergraphs are simply identified as subsets over V. We will normally use d to denote such
1-hypergraphs and will refer to them as distinguishers. A distinguisher d can be identified with a
Boolean function according to the rule: d(z) = 1iffz € Ey.

Similarly we can identify a k-hypergraph with a function g : V¥ — {0, 1}. Namely, for any graph g
we identify it with the Boolean function

1 (v1,...,u) € By

g(vl,...,vk):{o

else

We will further simplify and assume that g is undirected, this means that for any permutation
7 : [k] — [k], we have that

I(Vr(1), Vr(2)s - - 5 Vn(k)) = (V15 - -+, Vk)-

We will call undirected k-hypergraphs, k-distinguishers. A collection of k-distinguishers over a
common set of vertices V will be referred to as a k-distinguishing class. If k = 1 we will simply call
such a collection a distinguishing class. For k > 1 we will normally denote such a collection with G
and for k£ = 1 we will often use the letter D.

Next, given a distribution P over vertices and a k~hypergraph g let us denote as follows the frequency
of an edge w.r.t P:

Ep(9)= E _[g(vin)]=P"[{(vi,...,vi) s (Vi,..., Vi) € Bg)}],

Vi~ PF
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where we use the notation v .; in shorthand for the sequence (v1,...,v¢) € Vt, and P¥ denotes the
product distribution of P k times.

Similarly, given a sample S = {v;}!"; we denote the empirical frequency of an edge:

1 up,...,ug) € E,: Vi, u; €5
Es(g) = — S glu) = {(w k) mkg }

uy. €Sk

As a final set of notations: Given a k-hypergraph g a sequence vi., where n < k, we define a
k — n—distinguisher gy, as follows:

Gvr (Wrik—n) = (V1 Vi, W1, W),

In turn, we define the following distinguishing classes: For every sequence vi.,, n < k, the
distinguishing class Gy, is defined as follows:

Gvin ={9v1, 19 €6} 3)

Finally, we point out that we will mainly be concerned with the case that |V| < co or V = N.
However, all the results here can be easily extended to other domains as long as certain (natural)
measurability assumptions are given to ensure that VC theory holds (see [22] 4]).

2.2 IPM distance

Given a class of distinguishers D the induced IPM distance [17], denoted by IPMp, is a (pseudo)—
metric between distributions over V defined as follows

IPMp(p1,p2) = sup [Ep, (d) — Ep,(d)| = sup
deD deD

E [d)] - E [d(@v)]|.

v~p1 v~p2 ‘

The definition can naturally be extended to a general family of graphs, and we define:

E [g(vir)] = E [g(VLk)H‘

Vig~ph Vik~ph

IPMg (p1,p2) = sup |Ey, (9) — Ep, (9)]| = sup
geg geg

Another metric we would care about is the tofal variation metric. Given two distributions p; and po
the total variation distance is defined as:

TV(p1,p2) = sup Ip1(E) — p2(E)|

where E C V101} goes over all measurable events.

In contrast with an IPM distance, the total variation metric is indeed a metric and any two distributions
p1 # p2 we have that TV (py, p2) > 0. In fact, for every distinguishing class D, IPMp < TVE]

For finite classes of vertices V, it is known that the total variation metric is given by
1
TV(p1,p2) = 3 Z@:} lp1(v) — p2(v)].
v

Further, if we let D = P()) the power set of V we obtain
IPMpy)(p1,p2) = TV (p1,p2).

2.3 Discriminating Algorithms

Definition 1. Given a distinguishing class G a G-discriminating algorithm A with sample complexity
m(e, ) is an algorithm that receives as input two finite samples S = (S1, S2) of vertices and outputs
a hyper-graph gé € G such that:

2we use the notation f; < f» to denote that for every z,y we have fi(z,y) < fa(z, y).
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If S1, Sa are drawn IID from some unknown distributions p1,p2 respectively and |S1|, |S2| > m(e, §)
then w.p. (1 — §) the algorithm’s output satisfies:

‘E;Dl (g?) - EP2 (g£)| > IPMg(pl,pQ) - ¢

The sample complexity of a class G is then given by the smallest possible sample complexity of a
G-discriminating algorithm A.

A class G is said to be discriminable if it has finite sample complexity. Namely there exists a
discriminating algorithm for G with sample complexity m(e, ) < oo.

VC classes are discriminable For the case & = 1, discrimination is closely related to PAC learning.
It is easy to see that a proper learning algorithm for a class D can be turned into a discriminator:
Indeed, given access to samples from two distributions p; and p, we can provide a learner with
labelled examples from a distribution p defined as follows: p(y = 1) = p(y = —1) = % and
p(-ly = 1) = p1, and p(-|]y = —1) = py. Given access to samples from p; and ps we can clearly
generate [ID samples from the distribution p. If, in turn, we provide a learner with samples from p

and it outputs a hypothesis d € D we have that (w.h.p):

1 1
[Ep, (d) — Ep, (d)] = 2[5 E lyd@)]+3 E yd(z)]|
(z,y)~p1 x{1} (z,y)~p2 x{—1}
=2 E [yd(2)]|
(z,y)~p

=2(1 = 2p(d(z) # y))
> 2(1 = 2(minp(d(z) # y) +¢€))

= max(2 E d(z)| — 4e
mox(2] B yd(x)| — 40

= max [y, (d) ~ By, (d)| — de
=IPMp(p1,p2) — 4e

One can also see that a converse relation holds, if we restrict our attention to learning balanced labels
(i.e., p(y = 1) = p(y = —1)). Namely, given labelled examples from some balanced distribution,
the output of a discriminator is a predictor that competes with the class of predictors induced by D.

Overall, the above calculation, together with Vapnik and Chervonenkis’s classical result [22]] shows
that classes with finite VC dimension p are discriminable with sample complexity O(e%) The
necessity of finite VC dimension for agnostic PAC-learning was shown in [1]. Basically the same
argument shows that given a class D, €2(%) examples are necessary for discrimination. We next
introduce a natural extension of VC dimension to hypergraphs, which will play a similar role.

2.4 VC Dimension of hypergraphs

We next define the notion of graph VC dimension for hypergraphs, as we will later see this notion
indeed characterizes the sample complexity of discriminating classes, and in that sense it is a natural
extension of the notion of VC dimension for hypotheses classes:

Definition 2. Given a family of k-hypergraphs, G: The graph VC dimension of the class G, denoted
gVC(G), is defined inductively as follows: For k = 1 gV C(G) is the standard notion of VC dimension,
i.e, gVC(G) = VC(G). Fork > 1:

gVC(9) = max{gVC(Gu)}
Roughly, the graph VC dimension of a hypergraph is given by the VC dimension of the induced

classes of distinguishers via projections. Namely, we can think of the VC dimension of hypergraphs
as the projected VC dimension when we fix all coordinates in an edge except for one.

3Recall that the VC dimension of a class D is the largest set that can be shattered by D where a set S C V is
said to be shattered if D restricted to S consists of 2!%! possible Boolean functions.
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3 Main Results

We next describe the main results of this work. The results are divided into two sections: For the first
part we characterize the sample complexity of graph—based distinguishing class. The second part is
concerned with the expressive/distinguishing power of graph—based discriminators. All proofs are
provided in appendices [B] and [C]respectively.

3.1 The sample complexity of graph-based distinguishing class

We begin by providing upper bounds to the sample complexity for discrimination

Theorem 1 (Sample Complexity — Upper Bound). Let G be a k—distinguishing class with gVC(G) =
p then G has sample complexity O(’LLQ2 log 1/9).

Theorem [I]is a corollary of the following uniform convergence upper bound for graph-based distin-
guishing classes.

Theorem 2 (uniform convergence). Let G be a k—distinguishing class with gVC(G) = p. Let
S = {v;}", be an IID sample of vertices drawn from some unknown distribution P. If m =

Q(‘%2 log 1/6) then with probability at least (1 — &) (over the randomness of S):

Slép|ES( 9) —Ep(g)] <e

The proof of theorem [2]is given in appendix [B.I] We next provide a lower bound for the sample
complexity of discriminating algorithms in terms of the graph VC dimension of the class

Theorem 3 (Sample Complexity — Lower Bound). Let G be a k—distinguishing class with gVC(G) =
2— klog k

p- Any G-discriminating algorithm with accuracy € > 0 that succeeds with probability 1 — =——,

Vo ) samples.

must observe at least ) (2%362

We refer the reader to appendix for a proof of theorem 3] Our upper bounds and lower bounds
leave a gap of order O(,/p): As dicussed in section [2.3] for the case & = 1 we can provide a tight
6(£% ) bound through a reduction to agnostic pac learning and the appropriate lower bounds[[1].

3.2 The expressive power of graph-based distinguishing class

So far we have characterized the discriminability of graph-based distinguishing classes. It is natural
though to ask if graph—based distinguishing classes add any advantage over standard 1-distinguishing
classes. In this section we provide several results that show that indeed graph provide extra expressive
power over standard distinguishing classes.

We begin by providing a result over infinite graphs (proof is provided in appendix [C.I))
Theorem 4. Let V = N. There exists a distinguishing graph class G, with sample complexity
m(e, §) = O(loge%/é) (in fact |G| = 1) such that: for any 1-distinguishing class D with finite VC

dimension, and every ¢ > ( there are two distributions p1,ps such that IPMp(p1,p2) < € but
IPMg(p1,p2) > 1/2

Theorem 4] can be generalized to higher order distinguishing classes (see appendix [C.2|for a proof):
Theorem 5. Let V = N. There exists a k-distinguishing class Gy, with sample complexity

m(e, ) = O(M) such that: For any k — 1-distinguishing class Gy_1 with bounded sample
complexity, and every € > 0 there are two distributions pi, pa such that IPMg, _, (p1,p2) < € and

IPMgk (pl,pg) > 1/4

Finite Graphs We next study the expressive power of distinguishing graphs over finite domains.

It is known that, over a finite domain V = {1,...,n}, we can learn with a sample complexity of
O(% log1/6) any distinguishing class. In fact, we can learn the total variation metric (indeed the
sample complexity of P(V) is bounded by log |P (V)| = n).

Therefore if we allow classes whose sample complexity scales linearly with n we cannot hope to
show any advantage for distinguishing graphs. However, in most natural problems n is considered to
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be very large (for example, over the Boolean cube n is exponential in the dimension). We thus, in
general, would like to study classes that have better complexity in terms of n. In that sense, we can
show that indeed distinguishing graphs yield extra expressive power.

In particular, we show that for classes with sublogarithmic sample complexity, we can construct
graphs that are incomparable with a higher order distinguishing class.

Theorem 6. Let |V| = n. There exists a k-distinguishing class Gy, with sample complexity m(e,0) =
2
O(%le/é) (in fact |G| = 1) such that: For any € > 0 and any k — 1 distinguishing class G, if:

IPMg, , = €- IPMG,

then gVC(Gy_1) = Q(5/Tog n).

The proof is given in appendix We can improve the bound in theorem 6] for the case k£ = 1 (see
appendix [C.4] for proof).

Theorem 7. Let |V| = n. There exists a 2-distinguishing class G, with sample complexity m(e, ) =
O(loge%/é) (in fact |G| = 1) such that: For any € > 0 and any distinguishing class D if:

IPMp = € - IPMG
then gVC(D) = Q(e2 logn).

4 Discussion and open problems

In this work we developed a generalization of the standard framework of discrimination to graph-based
distinguishers that discriminate between two distributions by considering multi-ary tests. Several
open question arise from our results:

Improving Sample Complexity Bounds In terms of sample complexity, while we give a natural
upper bound of O(pk?), the lower bound we provide are not tight neither in d nor in k and we provide

a lower bound of Q(W\/ﬁk)) This leave room for improvement both in terms of p and in terms of k.

Improving Expressiveness Bounds We also showed that, over finite domains, we can construct
a graph that is incomparable with any class with VC dimension (€% log n). The best upper bound
we can provide (the VC of a class that competes with any graph) is the naive O(n) which is the VC
dimension of the total variation metric.

Additionally, for the k-hypergraph case, our bounds deteriorate to £2(e2/logn). The improvement in
the graph case follows from using an argument in the spirit of Boosting [[10] and Hardcore Lemma
[L3] to construct two indistinguishable probabilities with distinct support over a small domain. It
would be interesting to extend these techniques in order to achieve similar bounds for the £ > 2 case.

Relation to GANs and Extension to Online Setting Finally, a central motivation for learning the
sample complexity of discriminators is in the context of GANSs. It then raises interesting questions as
to the foolability of graph-based distinguishers.

The work of [6] suggests a framework for studying sequential games between generators and
discriminators (GAM-Fooling). In a nutshell, the GAM setting considers a sequential game between
a generator G that outputs distributions and a discriminator D that has access to data from some
distribution p* (not known to G). At each round of the game, the generator proposes a distribution
and the discriminator outputs a d € D which distinguishes between the distribution of G and the true
distribution p*. The class D is said to be GAM-Foolable if the generator outputs after finitely many
rounds a distribution p that is D—indistinguishable from p*

[6]] showed that a class D is GAM—foolable if and only if it has finite Littlestone dimension. We then
ask, similarly, which classes of graph—based distinguishers are GAM-Foolable? A characterization of
such classes can potentially lead to a natural extension of the Littlestone notion and online prediction,
to graph-based classes analogously to this work w.r.t VC dimension
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A Prelimineries and Technical Background

A.1 Statistical Learning Theory

We begin with a brief overview of some classical results in Statistical Learning theory which
characterizes VC classes. Throughout we assume a domain X and a hypothesis class which is a
family of Boolean functions over X: H C {0, 1}%.

Theorem 8. [Within proof of Thm. 6.11 in [20]] Let H be a class with VC dimension p then

E [SUP IEs(h) —ED(h)|] s \/W

S~D™ |heH
Recall that a class H has the uniform convergence property, if for some m : (0,1)%? — Nif P is some
unknown distribution and S = {z;}7*, is a sample drawn IID from P such that |.S| > m(e, ¢) then
w.p. (1 — d) (over the sample S):

> h(w) — E )] <

The following, high probability analogue of theorem|§] is also an immediate corollary of Theorem
6.8 in [20f}

Corollary 1. [Within Thm 6.8 [20]] Let D be a class with VC dimension p. There exists a constant
C > 0, such that:

Let p be a distribution with finite support over V. Let S be an IID sequence of m elements drawn
from p, and denote by pgs the empirical distribution over S. If m > C ’H'l(zigl/é then w.p. (1 —96)
(over the random choice of S) we have that

IPMp (p, ps) = sup [Ep(d) — Eps (d)]| < €
deD

A.2 Closeness Testing for Discrete Distribution

The problem of testing the closeness of two discrete distributions can be phrased as follows: Given
samples from two distributions p; and ps the tester needs to distinguish between the case p; = ps
and the case that ||p; — p2|l1 > €. We will rely on the following result due to [18]] (see also [[7] for
discussion).

Theorem 9. Given € > 0 and access to samples from distributions py and po over [n] any algorithm
that returns with probability 2/3 EQUIVALENT if p1 = pg and returns DISTINCT if

lp1 — pall1 > € must observe at least X (\/n/€?}) samples.

We note that [[7] gives a slightly better lower bound, of  (max(n3/4/e%/3, \/n/€?)). However, our
proofs exploit other processes that exploit concentration inequalities, and it will be simpler to focus
on rates of order O(1/¢?).

“Note that Theorem 6.8 is stated for 0 — 1 loss, however considering a distribution with constant lable yy = 0
we can reduce the result for the loss £(h, z) = h(z)

10
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B Sample Complexity —Proofs

B.1 Proof of theorem[2]

Theorem 2 (uniform convergence). Let G be a k—distinguishing class with gVC(G) = p. Let
S = {v;}, be an IID sample of vertices drawn from some unknown distribution P. If m =

Q("eiz2 log 1/0) then with probability at least (1 — §) (over the randomness of S):

sup [Es(g9) —Ep(g)| <€
g€eg

Fix a k—distinguishing class G with graph VC dimension p. As in the standard proof of uniform
convergence for VC classes, we first prove the statement in expectation and then apply Mcdiarmid’s
inequality to prove the result w.h.p. Specifically, we will use the following Lemma (whose proof is

given in appendix [B.1.T):

Lemma 1 (Uniform Convergence in Expectation). Let G be a k—distinguishing class with gVC(G) =
p. Let S = {v;}[| be an IID sample of vertices drawn from some unknown distribution P. Then,

k\/4+ plog(2em/p) = k(k—1)
E sup |E —E < +
Sipm g€g| s(9) p(9)l] < o

We next proceed with the proof of theorem [2] assuming the correctness of lemmal[I] Define

F(S) = Sup Es(g9) —Ep(g)l,

Let S = (v1,...,v,) be asample and S’, some sequence that differ from .S only in the i-th vertex
then we will show that:

2k
IF(8) - F($) < = @

Once we show eq. holds, the result indeed follow from Mcdiarmid’s inequality and lemma
8k? (4+plog(2em/p) + 2Kk%1/6
= =

Specifically if we assume that m > then we obtain from lemma(l|that

in expectation:

E sup|Es(g9) —Ep(g)] <
S~D™ geg

NN e)

me2
Applying Mcdiarmid’s we obtain that with probability at least (1 — e~ s+? ), over the sample S:
€
F(S) = E[F(S)] =sup|Es(9) —Ep(g9)l — E sup|Es(g) —Ep(g)| < 5.
S 9€g S~D™ geg 2
Noting that m > 816215751/6, we obtain that with probability at least (1 — )

€
F(S)=sup|Es(9) —Ep(g)| < E sup|Es(9) —Ep(g9)|+ 5 <e
geg S~D™ geg 2

We are thus left with proving that eq. (4} holds.
For an index % and m > 4, let us denote by 7; ,,, all k-subsets of indices from {1,...,m} that include

i and we let m—; ,, be all k-sequences that do not include 7. Given a set S of size m let S; 4 all the
k-subsets of S that include v; and let S; _ be all the k-subsets that do not include v;. Next, denote

1
Lo(o)= o 20 90wy
(i15eesik ) €T m

And similarly
1
Ls, _(9) = mk Z IC TR L O

(3150 ) ET =i m

Then, let S and S’ be two samples that differ on the i-th example. Specifically assume that v; € S
and v; € 5. Note that S; — = S _. Then:

11
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424
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427

428

F(S) = F(S") =sup[Es(g) — Ep(g)| — sup |Es/(9) — Ep(g)|

geg geg
=sup|Ls, , (9) + Ls, _(9) —Ep(9)| —sup|Ls: , (9) + Ls; (9) —Ep(9)|
geg geg ’ ’
< Sup |Ls, 1 (9) + Ls,_(9) =Ep(g) = (Ls; , (9) + Ls;_(9) —Ep(9))]
ge '
=sup|Ls, , (9) — Ls; , (9)|
geg ’
= Sup |LSi‘+ (g)| + |Sup |LS: +(g)|
geg geg ’
< 15+l Si4l
— mk mk
mk — (m — 1)k
=2—
m
=2-2(1—- =)k
( m)
< QE
m

We are thus left with proving lemmalT}

B.1.1 Proof of lemmalll

The proof of the statement follows by induction. The case £ = 1 is the standard uniform convergence
property of VC classes, and it follows from theorem

We next proceed to prove the statement for k, assuming it holds for £ — 1. We begin by exploiting
trinagular inequality and together with adding/substracting terms:

sup [Es(9) — En(g) @

S~Dm Lgeg

1 1
= E |swEs(9)-—— > Eg. . (0)+—= D Egv..(v)-Ep)
S~D™ | geG m Vig_1€8k-1 " m vig_i1eSk-1 "

1
< E —
= SNI[%)"L EIEIIQ) ‘ S(g) mk—1 Z Iggvl:k—l(v)l

Vig—1€Sk-1

1
m Sup‘ﬁ Z Egvl:k—l(v) _]ED(g)|
S~D geg m vlzk,leskfl v

*k

We next bound the two terms

12
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435

437

Bounding *

1 1 1
sE‘nm SUb | %=1 Z Ez:gvl:k_l(v)—W Z Egv., ,(v)
_geg Vig_1ESk—1 ves et
S B 1 Z sup ! Zd(v) Ed(v)
- m k—1 —_ _
b " Vig—1€SF1 d€Gvyp_y m ves v

% > d(v) - Ed(v)

veS

= E E sup
S~D™ [ vigp~Ugk—1 d€Gy,,

where we denoted by Ugx—1 the uniform distribution over k-tuples from .S. The expectation in the last
expression is thus taken w.r.t a process where we pick m elements according to d and then partition
them to m — k + 1 elements and to a sequence vy.;—1 of distinct element. This process is equivalent
to simply choosing m — k + 1 elements according to D, and then picking & — 1 new elements, again,
according to D. We thus continue and write:

k—1
1 1
= E E su — d(v) + — d(v;) —Ed(v
Dkt (v it Legvfl_lm; )+ 5 2 dv) ()ﬂ

1 1
sup \% Z d(v) — Igd(v) T Zd(viﬂ]
i=1

E E
SDmkHL (v, V1)~ DL d€Gv, 11 vES

Note that the quantity % >~ d(v;) is dependent on Gy, , _,, namely these are random sampled choices
that depend on our choice of distinguishing class. To bound their effect we next add and subtract
auxiliary random variables uy, . .., ug_; sampled IID according to D:

% > d(w) + L E > _d(u) ~Ed(v)

S~Dm=ktL (vq,...,vip_1)~Dk-1 [degvl:kl

_ sup k—1
ves M (u,e 1)~ DR Y
) 1 k—1
_ E d(u;) + — d(v;
m (uq,...,uy)~D* Z ( ) m ; ( ) ‘|
1
< E E sup E d(v)| — E[d(v)]
S~Dm—k+1 (vy,..., Vg—1)~Dk—1 €0y, 4 (a1, upy )~ DE=L T ’UGSU{;' U1} :
) k—1
m (u1 ..... uk)NDk Z ’L—Zl)
1 2k
< E E E sup >, ) —E[E))| |+
(a1, DE S DR (Vi Vi)V DR dEGyy o (TG00 ’ "
Renaming uy,...,u; and vy, ..., v; we can write:
1 2k
E E E sup o ), d(o) —E[@)) ||+ o5
(W1, up)~DF | SvD™F (vy, vy 1)~DF-L Ldegy, | T veS/U{ui,...,ux} : "
2k
N T T T L a1
(ViyeeyVE)~DE | SvD™ =k (ug,.up—1)~DRL | deGy,, | vESU(V1,..., Vi) : "
1 2k
- E E | sw > dv) ~EdE)|| +
(ur,...;up—1)~DF=1 S~D™ | deGy, , | mveS Y "

13



438 Finally we apply. theorem Recalling that gVC(Dy, ., _,) = p, and that the sequence S is drawn
439 IID independent of the choice u;.;_1, we obtain for every fixed (uy, ..., ux)

1 44 \/plog2em/p
E sup — d(v) — Eld(v <
s e | Z; (v) ~ E[d()] ] —
Bounding **
E sup Z Egvl:k—l(v) - E Egvl:k—l(v)

S~D™ | geg mk—1 v Vik—1 v

Vig—1€Sk-1

1
< su v)— v
,IE:SNEDM geg mk—1 Z ng:k—l( ) V1:1571 ng;l«—l( )

Vig—1€Sk—1

1
=E E |[sup|—= § G(Vi, .o, Vik—1) — E gu(Vi...,Vi_1)
v S~Dm mk—1 v
Y Vig_i€Sh—1 1:k—1

1
=E E sup |——— Vi,...,Vie_1) — E Vi...,Vi_
v S~bm gECE, mk_l v1:k¥€$mg( b ok 1) Viik—1 g( ! Tk 1)

440 We now use the induction hypothesis: Note that G, is (k — 1)-distinguishing class with gVC(G,) = p
441 for every choice of v. Thus, fixing v:

E Sup | —p— E g(vi,.. o, vig—1) — E og(vi...,vE—1)
S~Dm 9g€Gy m Vl,kfleskfl Vik—1

(k—1) (4 + \/plog(Qem/p)) k(k — 1)
< +
B V2m m

442 Continuing the proof With the aforementioned bound on the terms * and ** we now obtain

* 4 ook <

4+ +/plog2em/p 2k (k=1 (4 + v plog(?em/p)) k(k—1)
\/% + m + \/% + m
k (4 + \/plog(Qem/p)> (k+ 1)k
- +
V2m m

443 B.2 Proof of theorem[3]

444 Theorem 3 (Sample Complexity — Lower Bound). Let G be a k—distinguishing class with gVC(G) =

—klogk
a5 p. Any G-discriminating algorithm with accuracy € > 0 that succeeds with probability 1 — 2 < =,
446 must observe at least ) ( 27‘,@62) samples.

447 To prove theorem 3| we will in fact prove a stronger statement: We will show that it is not only hard
448 to compute a g € G as required, but in fact it is even hard to determine if such g exists vs. the case
449 that p; = po.

450 Specifically let us call an algorithm A a testing algorithm for G with sample complexity m(e, §)
451 if A receives IID samples from two distributions p; and ps of size m(e,d) and returns either
42 EQUIVALENT or DISTINCT such that w.p. (1 — §):

453 e If p; = po the algorithm returns FQUIVALENT .
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o IfIPMg(p1,p2) > € the algorithm returns DISTINCT
Theorem 10. Let G be a k—distinguishing class with gVC(G) = p. Any testing algorithm A with

g—klogh
3

% examples for any § <

sample complexity m(e, ) must observe §)
Clearly, theorem [3]is a corollary of theorem[I0] Indeed if A is a discriminating algorithm for G with
sample complexity m(e, §) we can apply it over a sample of size m(e/3, ) to receive (w.p. 1 — J) a

graph g s.t.
€

IPM (p1,p2) < [y, (9) — Epalg)| + 5.

With an additional sample of size O( log u 192 1/9) we can estimate IE,, (9) — Ep, (g)| within accuracy €/3,
and verify if IPMg(p1, p2) < e The test will then output EQUIVALENT if |Ep, (9) —E,,(9)] <

. It thus follows that, for sufficiently small 6 m(e, §) > Q( VP ).

27k3 ¢2

We proceed with the proof of theorem[I0}

B.2.1 Proof of theorem [10]

The proof is done by induction. For the induction, we will assume a more fine-grained lower bound.
We will assume that there exists a constant C' so that for every n < k — 1, if m,, (¢, d) is the sample
complexity of a n-distinguishing class then:

Vb P
mn(ea 5) Z C’(n + 1)'225L:1 6j2 . 62 - Q 27n362 . (5)

C > 0 will depend only on the constant for the lower bound for testing if two distributions are distinct
or e-far in total variation, as in theorem 9}

We start with the case & = 1.

k = 1 The case k = 1 follows directly from theorem[9] Let D be a class with VC dimension p. by
restricting our attention to probabilities supported on the shattered set of size p, we may assume that
|[V| = p and that D = P(V). Note then, that for the IPM distance we then have

IPMp(p1,p2) = TV (p1, p2).

theorem [9]immediately yields the result.
the induction step We now proceed with the proof assuming the statement holds for £ — 1.
By assumption gVC(G) = p. Fix v € V such that gVC(G,) = p. For every ¢ € (0,1) and
distribution p denote

p? = qd, + (1= q)p. (6)
We next state the core Lemma we will need for the proof:

Lemma 2. Let G be a family of k-hypergraphs and p1, ps two distributions. Assume that for some
v € V we have that:

IPMg, (p1,p2) > €.
Let p? and pd be as in eq. @for our choice of v € V.

Then for some value q € {0, -1} we have that,

P ka'
€
IPMg (p{, p5) > 237

We deter the proof of lemma 2] to appendix [B.2.2] and proceed with the proof of the induction step.
Let us denote §;, = 2-%1°8% and denote ¢, = 9—3k?,

Let A be a testing algorithm for G with sample complexity m(e, §) as in theorem We can now
construct a testing algorithm for G,, with sample complexity

i 1(e8) = (k1) - mere, 7).
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4g7  as follows: Run the testing algorithm A on pairs of distributions (p1, p2), (pl/ 7p;/ k), ooy (phpd),

488 each on its own fixed sample of size m(cye, ) If the algorithm returns DISTINCT for any of
g0 these tests, output DISTINCT , else output EQU IVALENT .

490 We now show thatif p; = pg the algorithm outputs w.p. (1 —0) EQUIVALENT : Indeed, since
491 p1 = po, we have that p = pl for all ¢: Applying union bound we have that w.p. (1 — J) the
492 algorithm indeed outputs EQUIVALENT .

493 On the other hand, if IPMg, (pl, p2) > € we have by lemma [2] I that for one of the distributions
94 (p1,pd), IPMg(pi,pd) > ce, in particular the algorithm will output DISTINCT with probability
495 (1 — §). Overall we constructed a testing algorithm for G,, with sample complexity (k + 1)m(cye, 2)

. o—(k—1)log(k—1) . .
496 Since 0y < g1t follows from the induction step

(k + )m(cke, %) = mg—_1(€, 0)

> C#
T RI2EnIion? 2
497 Reparametrizing we obtain

)
m(e,—) > C VP
k (k +1)1250-16n° . 2
498 B.2.2 Proof of lemmal[2l
499 Denote
Ad(p1,p2) = E gv,v,v,...,0,u1,...,Up_n)— E gv,v,v, ... 0,0, .., Ug—p)
111:n,N;D’f7" %,_/ u1:an§7" %,_/
n times n times

s00 One can show that

k _
IPMg(p1, p3) = sup ‘Z (n) q"(1—q)* " A% (p1,p2)
g

= sup
9eg

k
(1 —q)"AY(p1,p2) + ka(1 — q)" ' A (p1,pa2) + (n> (1— )" "AY(p1,p2)
n=2
:sulg)}Ag(pl,pz)Jrkq (A (p1,p2) — Af(p1,p2)) + ¢*py(9)]
ge

501 where py(q) is some k — 2 degree polynomial in ¢ whose coefficient depend on g and p; and po. We
s02  next apply the following claim

503 Claim 1. Let f( ) = ap + a1q + ¢*p(q) where p(q) is some k — 2 degree polynomial. then for some
-1} we have that | f(qo)| > 12

so4  value qo € {0, + 2 o

7k’k’.

505 Proof Sketch. We provide a full proof for this claim in appendix [D.1] In a nutshell, claim ] follows
s06 from the equivalence between norms in finite dimensional spaces. Indeed, the mapping

(ag,...,ar) — (pa(l//f),pa(2//€), s ,pa(l))7
507 where p,(z) = > a;z* is known to be a non-singular linear transformation induced by the appropri-
sos  ate Vandermonde matrix (specifically. V; ; = ((i —1)/k))?~1). Letting Ayi,, be the smallest singular
509 value of the matrix V, we know that |Va||2 > Amin|lall2. where a is the vector of coefficients of the
510 polynomial p,.

s11 Finally, we exploit the relation in R¥1: ||z < |lz[|2 < V& + 1||z||oc. We can, thus, relate the
stz max norm of the coefficient vector ||al/oc > |a1] to the maximum value max;eo,... x} > a;(i/k)’ =
513 ||V al| to obtain

VTS VETT o
jar| < Jlaflz < AinllVall2 < Valo = S—— max > a;(i/k)
)\mm /\mm 1€{0,....k}

16
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It remains only to lower bound the singular values of V/, this is done in the full proof in appendix [D.T]

With claim [I|in mind we prove the result as follows: First, suppose that for some g € G we have
that [k(Af(p1,p2) — AY(p1,p2)| > §. In this case, applying claim [I] with ag = Af(p1, p2) and
a1 =k (AY(p1,p2) — A{(p1,p2)) and p = p,, we obtain that there exists a value ¢ = j/k such that
IPMg(pi,p3) > 53

23k2 °

On the other hand, consider the case that |k(A§(p1,p2) — A{(p1,p2)| < § forany g € G, by
assumption we have that |Af(p1,p2)| > €, for some g € G. Hence |A§(p1, p2)| > €. By definition
of Ay we have that for ¢ = 0 we obtain that: IPM¢ (p{, p3) = [E(p]) — E(p3)| > 5.

C Expressivity — Proofs

C.1 Proof of theorem [

Theorem 4. Let V = N. There exists a distinguishing graph class G, with sample complexity
m(e,d) = O(loge%/é) (in fact |G| = 1) such that: for any 1-distinguishing class D with finite VC
dimension, and every ¢ > (0 there are two distributions pi,ps such that IPMp(p1,p2) < € but
IPMg(pl,pg) > 1/2

As stated, the class G will consist of a single graph g. The graph ¢ is going to be a bipartite
graph. We thus, divide the vertices into two infinite sets: V) and Vs the elements of V; will be
indexed by Nie. V; = {v1,vs, -} and we index the elements of Vs, with finite subsets of N
Vo = {va : A C N,|A|] < oo}. Next we define g so that an edge passes between v; € V; and
va € Vo iffi € A.

Let D be a distinguishing class with finite sample complexity, in particular gVC(D) < oco. Denote
gVC(D) = p. Let Dy be the restriction of D to V;: Note that gVC(D;) < p.

Next we make the following claim:
Claim 2. There are two distributions, q1 and qo, supported on V; so that

IPMDl (pl,pg) < €.
and yet q1 and q2 have disjoint support.

Proof. To construct two such distributions, choose a set S C V; of size m large enough (to be
determined later). Then, randomly choose two samples .57 and S5 out of .S (uniformly), each of size
O(%). Then, by theoremwith some constant probability we have that IPMp (ps, , ps) < €/2 and
similarly IPMp(ps, ps,) < €/2 . Taken together we obtain that IPMg (ps, , ps,) < €.

Also, if S is sufficiently large (say, of order O(’:—z)), we would have that w.h.p S; NSy = 0. Thus, let
q1 = ps, and g2 = pg,. O

With claim 2] we proceed with the proof. Let ¢; and g2 be as in claim 2] Let A be the support of ¢1,
and define p; to be a distribution p; = 184 + $¢1 and similarly we define p» = 164 + ¢o. We then
have

1
IPMp(p1,p2) §IPMD(Q1,QQ)

1
= §IPMD1 (Q17 QQ)

< €.

On the other hand, note that for p; the probability to draw an edge from g is at least 1/2 (indeed if
v1 = v4 and ve # v4 drawn from ¢ then g(vq,v2) = 1. On the other hand, the probability to draw
an edge from ps is 0. It follows that

IPMg (p1, p2) >

| =

17
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C.2 Proof of theorem

Theorem 5. Let V = N. There exists a k-distinguishing class Gy, with sample complexity

m(e, ) = O(W) such that: For any k — 1-distinguishing class Gj,_1 with bounded sample
complexity, and every ¢ > 0 there are two distributions pi, ps such that IPMg, | (p1,p2) < € and
IPMg, (p1,p2) > 1/4.

The construction is similar to the case k = 2. We again divide the vertices into two infinite sets V;
and V5. Again, the elements of ; will be indexed by N, and the elements of V5 are indexed by finite
subsets of N. Vo = {v4 : A C N, |4] < o0}.

We define the hyper graph gy, to be a (undirected) graph that contains a hyperedge (vi,, ..., vi,_,,v4)
whenever {4y ...,ix_1} C A.

Next, as before we construct two distributions with distinct support such that IPMg(p1,p2) < e.
This is done similar to the proof of theorem[d] Specifically:

Claim 3. Let G be a k — 1-distinguishing class defined on Vy. There are two distributions, q1 and qs,
supported on V), so that
IPMQ (p17p2) < €.

and yet q1 and qo have disjoint support.

The proof is a repetition of the proof of claim where we draw S; and S5 to be order of O(%),
and again invoke theorem 2]

As before, then, given a class G of k£ — 1-hypergraphs we take two distributions g; and ¢ as in
claimand if A is the support of ¢;, we take p; = %5% +(1- %)ql and let py = %5% +(1- %)QQ.
Then, we can show that IPMg (p1,p2) < €. On the other hand, the probability to draw an edge from

gris k - %(1 — %)kfl > el according to p1, but the probability to draw an edge from ps is 0.

C.3 Proof of theorem

Theorem 6. Let |V| = n. There exists a k-distinguishing class Gy, with sample complexity m(e, 0) =

O(M) (in fact |G| = 1) such that: For any € > 0 and any k — 1 distinguishing class Gy if:

IPMgk71 >~ ¢ - IPMGy

62

then gNC(Gr—1) = Q(1=1ogn).

The proof is similar to the proof of theorem For simplicity, let us assume that |V| = n + logn.
This will not change the results up to constants.

Given n + logn vertices we partition them into two sets V;, of size logn and V,. We index
the elements of V; as {v1,..., v, } and we index the elements of Vs with subsets of [logn.
We then consider a graph ¢ that contains only hyper-edges of the form (v;,,...,v,_,,va) iff
{il, - ,ik_l} € A.

Next, let G be a distinguishing class with gVC(G,_1) = p, and let m(e, ) = O <p€i;) be an
upper bound on the sample complexity of classes of graph VC dimension p.

We claim that if logn > m?2(e/8,0.99) then there are two distinct distributions q;, g2 over [logn],
with disjoint support such that IPMg, (¢1, g2) < €. The proof is done as in claim

Indeed, we draw IID, and uniformly, two random samples S; and Ss from {1,...,logn} of size
m(e/8,0.99). One can show that w.p 1/4 we have that S; N Sz are distinct, also we have w.p 0.98
that IPMg (ps, ps,) < €/8 and similarly IPMg(ps, ps,) < €/8. Taken together we obtain that with
positive probability ¢; = ps, and g2 = ps, have disjoint support and IPMg(q1,¢2) < §.

As in theorem , let A be the support of g; and consider a distribution p; = %61, L= %)ql and

similarly py = £0,, + (1 — %qg. One can show that IPMg (p1,p2) < § but the probability to draw
an edge from g according to ¢; is at least 1/4, while it equals 0 if we draw edges according to ps.

18
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To conclude, we showed that if logn > m?(e/8,0.99) then IPMg, < eIPMg. In other words, if
IPMg, > €-IPMg then logn < m?(e/8,0.99).

2
p=0Q (kzx/logn) .

C.4 Proof of theorem[7]

Theorem 7. Let |V| = n. There exists a 2-distinguishing class G, with sample complexity m(e,0) =
O(loge%/é) (in fact |G| = 1) such that: For any € > 0 and any distinguishing class D if:

IPMp > € - IPMG
then gVC(D) = Q(e*logn).

The proof is similar to the proof of theorem ] but we will use an improved upper bound on the size of
S which we next state (see appendix [C.5]for a proof):

Lemma 3. Let D be a class with gNC(D) = p over a domain S. There exists a constant ¢ > (
(independent of D and d) such that if |S| > ¢+ 6% log®(d/€?), Then there are two distributions q, and
qa2, supported on S such that:

1. q1, and q2 have disjoint support.

2. IPMD(ql,QQ) < €

The graph g is constructed as in theorem[d] Let V' be a set of vertices of size n + logn, let V; be a
set of size logn and we index its elements with {v1,...,va,. .., Ulogn }. We let Vs include all other
elements and we index them via subsets of [log n]. The graph is again constructed so that vs € Vs
has an edge to v; € V) iff i € A. As before, we make the graph bipartite, i.e. both V; and V, are
independent sets.

Now suppose logn > ¢ log? 6%. By lemmawe have that there exists aset A C {1,...,logn}, a
distribution p; and p, where p; is supported on A and ps is supported on its compelement so that
IPMg(p1,p2) < €. As before we construct ¢; = dvg + (1 — &)py and g2 = dvg + (1 — §)p2. One
can verify that IPMg(q1,g2) < € but IPMg, ., (q1,¢2) > 3. Thus, if IPMg, > €-IPMg, , then

logn < c% log? 6%. In turn d = Q(e2 log n).

C.5 Proof of lemma[3

First w.l.o.g we assume that the constant functions are in D (i.e. 0 and 1).

We want to choose a constant ¢ so that if |S| > c%‘} log2 3—;1, then we have ln‘QS\‘S’| > %. Fix such
¢> 0, and let H,,, = {sign(}_;~,(2d;(v) — 1)) : d; € D} and denote H = H 3 15} Note that

H| < |D| IS

22 1n|S| >
< |9 Sauer’s Lemma

_ 2psloge 11’12 ‘Sl
< 2!91
It thus follows that there exists f ¢ M. Let f be such and define a matrix M = {0, 1}!51*IPI 5o that

= b AT

0 else
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Now suppose that for some distribution g over S, for every d we have that By [d(v) = f(v)] < 3421
Then, defining ¢; = ¢(+|f(v) = 0) and ¢2 = ¢(-|f(v) = 1) yields the desired result. Indeed,
1 1
sup [Eq, [d] — Eg,[d]] = sup 2[SEq, [d] — SEqg,[d]]
deD deD 2 2

> sup 2|q(f(v) = 1)Eq, [d] — ¢(f(v) = —1)Eq,[d]| =4 max {I1 —q(f(v)

deD ye{1,—-1} 2
sup2| E yd(v)| —4e
deD  (v,y)~q
= sup 21 — 2q(d(v) # f(v))| — 4e
deD
> 8e.

We now wish to prove that indeed, such a q exists. Suppose, otherwise: That for any distribution ¢
over S we can find d such that E,~q[d(v) = f(v)] > 1 + L. This can be rephrased in terms of a
value of a minimax game as follows:

1
T
Mg < = —¢,
(L5 i Ma < 5 =
Where A(S) denotes the set of distributions over S. It is well known ([L6]], thm 2), that for any game
defined by any matrix M with ¢ columns, there exists a strategy for the row player that chooses

uniformly from a multiset of 12“720 and achieves e-optimiality.

In | S|
2¢2

In our setting, this translate to a uniform distribution p, supported on
{dl, ...,dw s such that
2¢2

distinguishers

62
g L) # 1) <
d;

| —

, this contradicts the fact that f ¢ M.
We thus obtain that there exists a distribution g over S so that for every d € D > g(v)[d(v) #

f)] > % — €
D Additional Proofs

D.1 Proof of claim[I]

Consider the Vandermonde Matrix V' € My, q 41 givenby V; ; = (121 )jfl. Our first step will
be to lower bound the smallest singular value of V. In turn, we will obtain a lower bound on the
maximum value over the coordinates of the vector Va. The proof can then be derived from the

identity: (Va); = Zfill a; (%)]

Let Ay < A2 < ... < Ag41 be the singular values of V. To bound the smallest singular value, A\;, we
first observe that A\ 1— the highest singular value is bounded by £ + 1. To see that A, 11 < k + 1,
observe that for any vector ||al| < 1 we have that

[[Vals < k+ 1max |V, j|la;| < k+1.

Next, using the formula for the determinant of a Vandermonde matrix, and the relation det(V) =
[T i, we obtain:

k+1
1T il = [ det(V)
i=1
- 1 i —Jjl
1<i<j<k+1 k
k(k—1)logk
> 27 2
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645 Taken together we obtain

k(k—1)logk
9— ( 2) og
/\min Z k+1
Hizz Ai
_k(k—1)logk
2
> G
k+1

> 2—k(k—1) log k—k log(k+1)
_ 2—k2+klogk/k+1

> 2721@2

s46  Finally, for any polynomial p = 3~ a;q’ with coefficient |a;| we have that ||al|; > |ai|. We thus
647 obtain,

) 1 )
maxp(—-) > -2
() 2 ey 2 )
1
= Va
\/m” I

1
Atllall2

vk+1

9—2k*—1/2log(k+1)

>
- k+1
Z 273k2|a|1

>

a|1
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