Improved Regret Bounds
for Bandit Combinatorial Optimization*

Shinji Ito! Daisuke Hatano
NEC Corporation, The University of Tokyo RIKEN AIP
i-shinji@nec.com daisuke.hatano@riken. jp
Hanna Sumita Kei Takemura
Tokyo Metropolitan University NEC Corporation
sumita@tmu.ac. jp kei_takemura@nec.com
Takuro Fukunaga* Naonori Kakimura®
Chuo University, RIKEN AIP, JST PRESTO Keio University
fukunaga.07s@g.chuo-u.ac. jp kakimura@math.keio.ac.jp

Ken-ichi Kawarabayashi®
National Institute of Informatics
k-keniti@nii.ac.Jjp

Abstract

Bandit combinatorial optimization is a bandit framework in which a player chooses
an action within a given finite set A C {0,1}¢ and incurs a loss that is the
inner product of the chosen action and an unobservable loss vector in R? in each
round. In this paper, we aim to reveal the property, which makes the bandit
combinatorial optimization hard. Recently, Cohen et al. [8]] obtained a lower
bound Q(+/dk3T/logT) of the regret, where k is the maximum ¢;-norm of
action vectors, and 7' is the number of rounds. This lower bound was achieved
by considering a continuous strongly-correlated distribution of losses. Our main
contribution is that we managed to improve this bound by Q(vdk3T') through
applying a factor of /log T', which can be done by means of strongly-correlated
losses with binary values. The bound derives better regret bounds for three specific
examples of the bandit combinatorial optimization: the multitask bandit, the bandit
ranking and the multiple-play bandit. In particular, the bound obtained for the
bandit ranking in the present study addresses an open problem raised in [§]. In
addition, we demonstrate that the problem becomes easier without considering
correlations among entries of loss vectors. In fact, if each entry of loss vectors is an
independent random variable, then, one can achieve a regret of O(v/ dk2T'), which

is \/E times smaller than the lower bound shown above. The observed results
indicated that correlation among losses is the reason for observing a large regret.
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1 Introduction

This paper is aimed to investigate the bandit combinatorial optimization problem defined as follows:
A player is given a finite action set A C {a € {0,1}% | |la||; = k} and the number T of rounds for
decision-making. In each round ¢t = 1,2,...,T, the player chooses an action a; from A. At the
same time, the environment privately chooses a loss vector {; = [ly1, ..., 0T € [0,1]%, and the
player observes the loss £, a; incurred by the action a;. The goal of the player is to minimize the

expected cumulative loss E[Zthl ¢/ a;], where the expectation is taken with respect to the player’s
internal randomization. The performance of the algorithm is measured in terms of the regret R

defined by Ry = max,e 4 E [23:1 O ar -, é;a] .

In this study, we focus on the minimax regret, the worst-case regret attained by optimal algo-
rithms, which can be expressed as Ry := minagorithm Max (637, C[0,1)¢ Rp. The minimax re-
gret can be bounded from above by designing algorithms. The current best bound is Ry =
O(\/dk3T log(ed/k)), as reported in a number of papers [2; 6} [7; [10; [12]. However, lower bounds
of the minimax regret can be proven by constructing a probabilistic distribution of loss vectors for
which any algorithm incurs a certain degree of regret. To obtain a lower bound, Audibert et al. [2]
constructed a probabilistic distribution of loss vectors for which arbitrary algorithms incurred a regret
of Q(Vdk?T), and they conjectured that this bound was tight, i.e., R = O(Vdk2T). Recently,

however, Cohen et al. [8]] presented the lower bound of Ry = Q(+/dk3T/ log T), which rejected
the above-mentioned conjecture, and thereby, they have decreased the gap between the upper and

lower bounds to O(+/log(ed/k)log T') consisting of logarithmic terms only.

The input distribution constructed by Cohen et al. [§] to derive the lower bound has the unique
characteristics that cannot be found in previous studies, such as lower bounds for a multi-armed
bandit [4]], a combinatorial semi-bandit [6} 205 23] and a combinatorial bandit [2]. In previous studies
on lower bounds, only binary inputs and an arm-wise independent distribution were considered,
i.e., l1,. .., are mutually independent {0, 1}-valued discrete random variables. Such inputs
were proved to result in tight lower bounds for multi-armed bandits [4] and combinatorial semi-
bandits [2; [20]. In contrast to these studies, Cohen et al. [8] introduced loss vectors following a
continuous distribution over [0, 1] and having a strong correlation among d entries. Furthermore,
the lower bound obtained in Cohen et al. [8] includes a 1/+/log T term, which does not appear in
the other lower bounds for bandit problems. In addition, they applied the obtained lower bounds to
special cases, such as the multitask bandit and the bandit ranking problem. However, their results
are restricted to the problems under certain parameter constraints, and consequently, the task of
identifying the tight bounds for some important special cases, including the problem referred to as
bandit ranking with full permutations, were left open.

Such characteristics corresponding to the input distribution defined by Cohen et al. [§] lead to the
following research questions:

Q.1 Isthe 1/+/logT factor in the lower bound given by Cohen et al. [8] redundant or inevitable?

Q. 2 Does the continuous distribution of loss vectors make the problem essentially harder than the
discrete (binary) distribution? If we restrict our consideration to the loss vectors in {0, 1},
then the player can see the number of good arms (i € [d] s.t. l;; = 0) in the chosen arms S,
which may, or may not, be more informative than actual values.

Q. 3 Does the correlation of loss among different arms make the problem essentially harder than the
arm-wise independent loss?

Q. 4 Can we obtain tight lower bounds for the special cases such as the bandit ranking problem with
full permutations resolving the open question in [8]?

2 Main Results

Our main results can be interpreted to answer the above four questions. First, we improve the regret
lower bound obtained by [8] to Q(v/dk3T'), by applying a factor of v/log T, as shown in Table
These bounds can be proven by constructing a distribution of strongly-correlated losses using binary
values. We apply the bounds to the three specific examples of bandit combinatorial optimization



Table 1: Regret bounds R for bandit combinatorial optimization.

Assumption | Upper bound by Algorithms [ Lower bound
Q(\/dkT/log T) by £, € [0,1]4
O(+/dk>T log [ A]) ([Eg]\)/’ /logT) by £; € [0, 1]
No assumption _ 3
= O(\/dk3T log(ed/k)) Q(VaRT)

: , by ¢, € {0,1}¢
(6} and [71 (Theorems ﬁfanﬁi[f}

O(\/dkT log | A|log T)

Q(Vdk2T) by ¢, € {0,1}4
Independent losses = O(y/dk?T log(ed/k)log T) ([é]) ) by £ € {0,1}
(Algorithm [T]and Theorem [3}

that have high practical importance: the multitask bandit problem, the bandit ranking problem
(Theorem [I)), and the multiple-play bandit problem (Theorem 2). This result provides answers to
Q. 1 and Q. 2 outlined in Section|lf The 1/+/log T factor in the lower bound is redundant, and the
difference between continuous-valued and discrete-valued losses does not have a large impact on the
hardness of the problem. This observation also addresses Q. 4, an open problem outlined in [8].

The multitask bandit problem [7;[8]] is a bandit framework in which the player tries to solve k instances
of the n-armed bandit problem. This is a special case of the bandit combinatorial optimization with
d = kn and

A=<{ac{01}¢ Z a;i=1 (Felk]) . (1)

i=(j—1)n+1

In the bandit ranking problem or online ranking problem [13] with bandit feedback problem, the goal
of the player is to find a maximum matching in the complete bipartite graph K, ,, with d = kn edges,
where k € [n]. The set of all maximum matchings can be expressed as follows:

Jjn k
A=<aec{01}* S a=1GeE), D ai-n <1GEM) P @
i=(j—1)n+1 i=1

Considering these problems, we obtain the following regret lower bound.

Theorem 1 (multitask bandit, bandit ranking). Suppose that A is defined by (1) or @) and n > 2.
There is a probability distribution D over {0,1}? for which the following statement holds: If ¢,
is drawn from D for t = 1,...,T independently, the regret for any algorithm satisfies E[Rr] =

Q(min{Vdk3T, k3/*TY}), where the expectation is taken with respect to the randomness of (.

Considering the bandit ranking problem, the previous work [8] demonstrated the lower bound of

Q(\/dk3T/1og T) under the assumption of n > 2k, and the full-permutation case (k = n) was left
as an open problem, as mentioned in the conclusion of this research work. Theorem [I]answers to this
open problem: Even if £ = n, the minimax regret is of Ry = ©(Vdk3T) = O(VKST), ignoring
a v/log k factor. Theorem |I|can also be extended to the online shortest path problem [3]], by the
standard reduction from multitask bandit to the online shortest path. See e.g., [8]] for details of the
reduction.

The multiple-play bandit problem [[7; [16} 18} 23] is another bandit framework in which the player
can choose arbitrary k arms from a set of d arms in each round. This problem corresponds to

A= () = {a e {0,137 Jlaf}, = k}.

Theorem 2 (multiple-play bandit). Suppose that A = ([Z]). There is a probability distribution D
over {0, 1} for which the following holds: If {; is drawn from D fort = 1,..., T independently, the
regret for any algorithm will satisfy E[Rr] = Q (min {(%)Qm, d;dkkg/‘lT}), where the
expectation is taken with respect to the randomness of {;.

The above lower bound means that Ry = Q(Vdk3T) for T = Q(dk®/?) and d = Q(k). It should
be noted that existing works [2} 8} [20] provided weaker lower bounds only for the case of d > 2k,



while those provided in the present study are valid for general d and k. The proof of Theorem [2|is
presented in Appendix [C]

A basic idea for proving a nearly tight bound is to construct an environment, where all entries of ¢;
are strongly correlated between each other; this concept has been introduced by Cohen et al. [8]]. If
losses are strongly correlated, the observed value ¢, a has a larger variance. For example, the variance
is of order k if all entries are independent, while it can be of order k2 if all entries take the same value.
When the observed values é;r a have larger variance, the KL divergence among the values for different
actions a is small, which implies that no algorithm can detect “good” actions properly. Cohen et al.
[8]] constructed such an environment by means of normal distributions, which improve the lower
bound by O(v/k) factor. However, their proposed bound includes a redundant (log 7')~'/2 factor
due to the unbounded support of normal distributionsm We note that their technique has been used
recently for proving a lower bound for bandit PCA [17], which includes a redundant (log T)_l/ 2
factor too, for the same reason as the above.

To shave off the (log T)’l/ 2 factor, in this paper, we introduce a novel class of discrete distributions
over {0, 1}%, so that entries of loss vectors are bounded and strongly correlated. To make the losses
correlated, we consider d Bernoulli distributions that share the parameter, by which the observed value
has a large variance of O(k?). However, it is not a straightforward task to set “good” actions in this
approach. The previous work [8]] simply decreases the mean parameter in the normal distribution to
set “good” actions, but it does not work as it causes large KL divergences between “good" actions and
the others in our distribution. In the present work, we adjust the parameter of Bernoulli distributions
carefully with the intention of ensuring small KL divergence, which allows improving the regret
lower bound successfully. The idea outlined in the present study can be used to improve the idea of
[8]] even considering other problems.

Second, we show that the correlation among losses is the reason of observing a large regret. In fact,
if each entry of loss vectors is an independent random variable, then one can achieve a regret of

O(V/dk2T) as below, which is v/k times smaller than the lower bounds in Theorems|1|and [2} This
provides the answer to Q. 3: The correlation among losses makes the problem essentially harder, as

the minimax regret bound becomes larger by a factor of (:)(\/E)

Theorem 3 (smaller regret bound for the arm-wise independent loss). There exists an algorithm

that achieves E[Rt] = O(\/dk2T log T log(ed/k)) for T = Q(d?), under the assumption that (,
follows a distribution of mutually independent d random variables in [0,1], i.i.d. fort =1,2,...,T.

This upper bound is nearly tight; Theorem 5 in [2] implies that any algorithm suffers E[Ry] =

Q(V/dk2T) in the worst case under the same assumption as in Theorem By combining this result
and Theorem 3] we obtain the following corollary:

Corollary 1. Under the same assumption as in Theorem[3] the minimax regret in the bandit combi-
natorial optimization is of order © (v dk>T'), where we ignore logarithmic factors in d and T.

To prove Theorem [3] we analyze regret upper bounds for stochastic linear bandits, which are
generalization of the bandit combinatorial optimization with stochastic environments. In stochastic
linear bandits, a player is given a finite set A C R? of d-dimensional vectors. In each round, the
player chooses a; € A and receives loss L; = Ta, + 1¢, where 1) is the noise, which is assumed to
be conditionally a-subgaussian. We also assume that sup,, ;e 4 2*T(a — b) < L. We observe that
bandit combinatorial optimization with the assumption defined in Theorem [3]is a special case of

stochastic linear bandits with o = v/k/2 and L = k.
For stochastic linear bandits with o = 1 and L = 1, Lattimore and Szepesvéri [19] provided an

algorithm that achieves R = O(4/dT log M“%'T) This upper bound, however, does not directly
lead to Theorem 3] because their bound holds only for the case of & = 1 and L = 1; If we directly

! To keep £; in the bounded region [0, l]d with high probability, the variances of normal distributions need to
be maintained sufficiently small, which makes the KL divergence large.

% Although the original statement in [2]] does not include the independence assumption, we can confirm that
it is satisfied in their proof.

3 In their book, the proof is left for the reader as an exercise.



apply their result, we obtain Rt = O(4/dk?T log M“TOgT) = O(V/dk>3T) by multiplying losses by
1/k. This is Q(\/E) times larger than the bound provided in Theorem
To mitigate this issue, we modify their algorithm, so that we can perform a more refined analysis for

the case of arbitrary o and L. The differences between our Algorithm[I] given in Appendix and
Algorithm 12 in [[19] are summarized as follows:

e They deal with only the case in which the noise 7; has a bounded variance, i.e., « = 1. To
deal with the case for a general o, we modify the definition (BI)) of T}, in their algorithm.

e They assume that the suboptimality gap max, e 4{¢* " (¢ — b)} is bounded by 1. To handle
properly the changing suboptimality gaps, we modify the definition of ¢, in their algorithm.

e They basically consider maximization problems, while we consider minimization (This doe
not result in essential differences).

We demonstrate that Algorithm[I]achieves the following regret bound:

Theorem 4. For any input parameters § > 0 and 1 > 0, with a probability of at least 1 — 9, the
output of Algorithm([l|satisfies

T
/ logT | 2do® . 2
max Y "' (a; — a) < 9ay/dT log A/ log +L g log A + (L +¢&1)d>. 3)
acA P} ) €1 )

Theorem@]means that the upper bound L of ¢* T a; does not affect the leading term of the regret upper
bound, however, « does affect. By substituting o = NG /2 and L = k with the bound in Theorem@
we obtain Theorem 3

3 Related Work

Bandit combinatorial optimization was first introduced by McMahan and Blum [21] and Awer-
buch and Kleinberg [S]. They proposed the algorithms achieving the regret of O(T?’/ 1) and
O(TQ/ 3), respectively, ignoring dependence on d and logarithmic factors in 7. Algorithms with
improved regret bounds have been proposed in several papers [2; 6} [7; [10]. These algorithms achieve

Rr = O(\/dk®T log(ed/k)) in our problem setting. Recently, computationally efficient algorithms
achieving the sublinear regret have also been introduced in [[7; 9; [12} 225 [14].

With regard to lower bounds in the bandit combinatorial optimization, Audibert et al. [2]] showed that
Ry = Q(Vdk2T), and consequently, they conjectured that this lower bound was tight. However, the
recent work by Cohen et al. [8]], rejected this conjecture showing that Ry = Q(+/dk3T/logT).

Combinatorial semi-bandit optimization is a variant of bandit combinatorial optimization, in which
the player can observe not only the total loss E; ay, but also the entry ¢;; for each chosen arm ¢ € 5.
This problem was introduced by Gyorgy et al. [11] in the context of the online shortest path problem,
i.e., they considered the case in which A is a set of all subsets of edges constructing a path in a given
graph. For general action sets A C ([Z])’ Audibert et al. [2] proposed an algorithm achieving the
regret of O(v/dkT'), and showed that it is minimax optimal, i.e., there is an action set A C ([z}) such
that Ry = Q(v/dkT). With regard to the multiple-play bandit problem, i.e., the case of A = ([Z]) ,
with semi-bandit feedback, Uchiya et al. [23] showed that Ry = Q(+/dT), but it remained open
whether this bound was tight, until the recent work by Lattimore et al. [20] provided the proof that
Ry = Q(VdkT).

The study on stochastic linear bandits was introduced in the work by Abe and Long [[1]. They and
Auer [3]] considered the case of finite action sets that can change every round. Bandit combinatorial
optimization with a stochastic environment can be seen as a special case of stochastic linear bandits
in which the action set is included in ([g]) and does not change in every round. Auer [3]] introduced a
technique of dividing rounds to achieve Ry = O(1/dT (log(]A|T log T))?3) under the assumption
of bounded loss. We remark that a similar technique is used in Algorithm[I] Moreover, a similar
technique was used for spectral bandits considered by Valko et al. [24], in which they eliminated
inappropriate arms over several phases.




4 Lower Bounds

In this section, we provide proofs for Theorems[T]and [2] First, we revisit the proofs presented in
the previous work: Theorem 5 in [2]] and Lemma 4 in [§]], which provide the regret lower bounds
of the order Q(v/dk2T') and Q(1/dk3T/log T') for multitask bandits, respectively. From the proofs
provided in the related work, we can observe that regret lower bounds can be derived from upper
bounds on KL divergences determined by distributions of loss vectors. Second, we construct a
distribution of loss vectors, so that the corresponding KL divergence is small enough. Combining
these two results, we obtain Theorem [I| which provides an improved lower bound for multitask
bandits. Finally, we extend the proof for multitask bandit to prove Theorem 2] for multiple-play
bandits.

4.1 Proof idea used in the previous work

This subsection revisits the proofs for regret lower bounds for multitask bandit, given in [2] and [S8].
We note that, from Yao’s minimax principle, it suffices to construct a probabilistic distribution of ¢;,
such that in expectations, any deterministic algorithm suffers large regret.

In both proofs, the probabilistic distribution of the loss vectors is defined as follows. First, it is
necessary to set a parameter £ > 0, which is to be optimized later. For a* = [a},...,a}]" € {0,1}4,
a probabilistic distribution D~ over R4 is defined such that ¢ ~ D, satisfies

1
E [l]=<-—¢a] 4
WE [&:] =3 )
for each i € [d]. More concretely, [2] define D, such that the i-th entry of the vector follows the
Bernoulli distribution of parameter % — eaj, independently. Cohen et al. [8]] define D,- such that

the ¢-th entry is equal to % — ea} + Z, where Z follows the normal distribution N (0, 0?). We can
confirm that these two definitions satisfy {@). The environment picks a* € A uniformly at random
before the game begins, and then, in round ¢t = 1,2, ..., T, generates a loss vector ¢; following D~

i.i.d. It should be noted that A4 is defined by (I) here.

We analyze the regret bounds for these loss vectors. Let S* = {i € [d] | af = 1}, and a; be the
action chosen by the player in round ¢. Let us define V; to be the number of rounds in [T] in which
the player suffers a loss for the i-th entry of loss vectors, i.e., N; = |{t € [T] | a;; = 1}|. Then, from
@), the regret Ry satisfies

T T
E Rr] > E Cay =y tla*| =¢ | kT — E N | .
- ER- I TR >, B,

t=1 t=1 i€s*
&)

From (3)), to obtain a lower bound on Ry, it suffices to bound > icg+ NVi. To obtain a bound on NV;,
we use the following lemma:

Lemma 1. Let D and D' be the probability distributions over [0, 1]%. Then, we have

[N;] — E [NV;]

T
<T E KL Te||a) O } 6
1o D P Y = Z l: (at ||(lt ) ( )

4,4, (D) [(~D.I'~D'

Sor any deterministic algorithm, where A;(D) represents the probability distribution of the outputs of
the algorithm in round t for the inputs 1, (s, . .., {1 following D independently.

This lemma follows from Pinsker’s inequality and the chain rule for the KL divergence. For details,
see, e.g., Lemma A.1. in [4].

Lemma [T] defines a connection between bounds on NN; and upper bounds on KL divergences of
specific distributions. To provide a bound on N; by means of Lemma(I] Audibert et al. [2] and Cohen
et al. [I8] used specific properties of their distributions. We observe that their arguments are focused
on the fact that their distributions of loss vectors satisfy the following condition regarding the KL
divergence:

acA aac{0,1}, a'a—aTa=1, 0"~ Dy i~ D,

—  KL((*Ta||[fTa) < Cpe? for a constant Cp depending on {D,, }. (7)



Intuitively, the precondition of (7)) means that the discrepancy with respect to the expected loss is at
most e. In fact, a* " a in (7)) corresponds to “goodness of action a" for the loss vector £ ~ D+, because
the expected loss for action a is equal to k/2 — ea* " a from (@). Consequently, ¢'a —a*a = 1
means that the expected loss for D, is smaller than one for D; by €.

We can show that, if (7)) is true, then Lemmaimplies that if ¢* follows a uniform distribution over
A defined by (T), we obtain E [Yies- Ni| <k (g +Tey/ ZTC’D) . Therefore, if we
a* ly,....0p~Dgx

set ¢ < /d/(16CpkT), we obtain E [>;cs- Ni| < 3KkT /4, and consequently, we

a* ly,....0p~Dg*
obtain E[Rp] > d“TT from (3). The main observation of this subsection is summarized as follows:
Observation 1. Suppose a family {D,- | a* € {0,1}¢} of distributions with a parameter ¢ <

\/d/(16CpkT) that satisfies @) and {@). If A is given by (1) with n > 2, then we have a regret
lower bound of E[Rr) = Q(ekT).

4.2 Construction of the probabilistic distribution

The goal of this subsection is to construct a family { D, | a* € {0,1}?} of distributions such that (@)
and (7) are satisfied with Cp = O(1/k?). From Observation 1| such construction leads to a regret

lower bound of E[Rr| = Q(Vdk3T) for the multitask bandit problem, thereby, proving Theorem

The proposed probabilistic distribution of loss vectors is defined as follows. Let us set a parameter

e € [0,2716], which is to be optimized later. For a* = [a},...,a}]T € {0,1}%, let D, be a
distribution of £ = [(1,...,£4]" € [0,1]¢ generated in the following way:
(i) Draw ug from a uniform distribution over [0, 1]. €)

(ii) Draw b; from a Bernoulli distribution of parameter (1/2 + 2ca}).

I ‘ . o 0,1/2] ifb; =1,
(iii) For ¢ € [d], draw u; from a uniform distribution over { (1/2,1] ifb; =0,
(iv) Let ¢; = 1 if u; > ug, and otherwise, ¢; = 0.

We can confirm that (@) holds for this D,«. In fact, step (iv) means E[¢{;] = Prob[u; > w], and as
ug follows the uniform distribution over [0, 1] and u; € [0, 1], we obtain Prob&[ui > ug| = Efuy.
Moreover, from steps (ii) and (iii), we obtain E[u;] = % Prob[b; = 1] + 3 Prob[b; = 0] =
1(3 +2ea}) + 2(3 — 22a}) = 3 — ca}, which means that (@) holds.

Let us show that (7) is satisfied with Cp = O(1/k?). As D, is a distribution over {0,1}4,
¢* " a takes values from {0,1,...,k} forany a € A and ¢* ~ D,-. Fori = 0,1,...,k, define

P(i) = Prob[¢*Ta = 4] and P’ (i) = Prob[{Ta = i, where * ~ D, and { ~ D. Then, from the
definition, the KL divergence can be expressed as follows:

k vy k ro ;
KL alliTa) = -3 P(i)log = @ __ 3" Pi)log (1 n P<Z>P(>>
=0 i=0

P(i) P(i)

e (PO =PG) (P =P\ s (P'G) = PG))
;P(l)< P(i) 2( P(i) ) 22w

where the inequality comes from the fact that log(1l + z) > z — 222 for |z| < 1/2 and

|P'(i) — P(i)|/P(i) < 1/2 holds and the last equality holds, as we have Zf:o P(i)w =

Zf:O(P’(i) — P(i)) =1 — 1 = 0. Thereby, it suffices to bound (P’ (i) — P(i))?/P(i) for deriving
an upper bound on the KL divergence. We can then show that P(i) = Q(1/k) for all 7. Indeed, if
¢ = 0, then we have P (i) = 1/(k + 1); as Prob[¢;; = 1] = Prob[u; > uo] from the definition (§)
of Dy, and as each u; is a uniform random variable over [0, 1] under the condition of ¢ = 0, we have

IN

K
1
P(i) = Prob Zﬂtj =i| = Prob [ ug is the (i 4 1)-th smallest among {u;}}_, | = T

j=1

* The statement | P’ (i) — P(i)|/P(i) < 1/2 comes from e < 276, See AppendixE]for details.



where the last equality comes from the fact that ug, u1,...,ug are i.i.d. random variables. Even
if ¢ > 0, we show in Appendixthat for e < 2716, P(3) is sufficiently close to k%rl to have an
order of Q(1/k). Thus, we have P(i) = Q(1/k) foralli = 1,...,k and € € [0,2715], and hence,
KL(¢*Tal|{Ta) = O (k Sk (PG — P(i))Q). Finally, by proving | P'(i) — P(i)| = O(¢/k?),
we obtain the following lemma:

Lemma 2. Let a*,i € {0,1}% and * ~ Dyl ~ Dg. Then, fore € (0,27 and a € {0,1}¢

satisfying ||a||; = kand a"a — a*Ta = 1, we have

KL(¢Ta|[{Ta) =0 <62 + 64) )
k2 k3/2 )"

The complete proof of this lemma is provided in Appendix [A]

4.3 Improved lower bound for the multitask bandit problem

We obtain an improved lower bound for A defined as (T)), by combining Observation[I]and Lemma 2]

From Lemma 2| if ¢ < 2716k~ %, there is a global constant C for which (7) holds with Cp =
(C/k)?. Consequently, setting ¢ = min{270k~%, ;1.\ / %1, we obtain E[Rr] = Q(ekT) =

Q(min{k 3T, Vdk3T}), which provides the lower bound in Theorem for A given by (1), i.e., the
multitask bandit problem. The key point for shaving off the y/log T factor is that our probabilistic
distribution presented in Section 4.2|satisfies (7) with Cp = O(1/k?), while the previous work [§]
does not exceed Cp = O(log T'/k?).

4.4 Improved and extended lower bound for the bandit ranking problem

For the bandit ranking problem, Cohen et al. [8] have identified lower bounds by considering
Uy ~ Dy~ for a* € A, similar to the multitask bandit problem. However, this approach does not
work well for the case of full permutations (i.e., with k¥ = n), and has left an (1/n)-gap between the
lower and the upper bounds, as mentioned in the conclusion of this research work.

We can eliminate this (1/n)-gap by improving the lower bound by a surprisingly simple approach.
In contrast to the probability distribution considered by Cohen et al. [§] that has k& good arms (7 such
that o} = 1), we define the probability distribution with m = [k/2] good arms, i.e., we consider
a* € A’ C {0,1}¢ defined by

, o & 1 (1<j<m) v :

A'=<¢ae{0,1} Z ai =13y (m<j<k) Za(i—l)n+j <1 (je€[n])
i=(—1)n+1 - i=1

(10

Lemma 3. Suppose a family {D,- | a* € {0,1}} of distributions with a parameter ¢ <
\/d/(32CpkT) that satisfies @) and (1). Suppose n > 2 and 1 < k < n. If a* is chosen
from A’ defined by (10), and ¢, follows Dy~ fort =1,2,...,T, independently, then, for the bandit
ranking problem defined by @), any algorithm suffers regret of E[Rr| = Q(ekT).

The proof of this lemma is provided in Appendix B}

The lower bound in Lemma 3]is valid even if k£ = n, while the approach of the previous work [8]
considering a* € A is applicable only to the case of n > 2k. Intuitively, this difference can be
explained as follows: the regret depends on the number of good arms (i € [d] such that a] = 1)
in chosen arms (i € [d] such that a;; = 1). If «* and a, are chosen from A with k = n, and if the
chosen arms (defined by a;) include k£ — 1 good arms, then the chosen arms automatically include
the entire [k] good arms, because a* and a; express edge sets of perfect matchings of the complete
bipartite graph K, ;.. This means that, in this setting, the probability of choosing several good arms
strongly affects that of choosing other good arms, which makes the analysis difficult. However, such
an effect can be reduced if a* is chosen from A’, i.e., a* has only m = [k/2] good arms.

The lower bound in Theorem [T] for the bandit ranking problem, i.e., A given by (2), can be derived in
the same way as in Section This accomplishes the proof of Theorem [I]



5 Conclusion

In this study, we considered the regret bounds of the bandit combinatorial optimization. As a result,
we managed to improve the regret lower regret bounds comparing with those presented in the existing
study [8]] by applying a factor of y/log’l. The obtained lower bounds apply to three practically
important examples of the bandit combinatorial optimization, and are valid under the parameter
constraints milder than those outlined in the existing studies. In particular, the bound for the bandit
ranking obtained in the present study addresses an open problem outlined in [8]]. To shave off \/log T’
factor, we have introduced a novel class of distributions, which could be potentially used to improve
regret lower bounds considering other problems. Moreover, by obtaining a lower regret bound under
the assumption of independent losses, we demonstrated that correlation among losses is the cause of
observing a large regret.

With respect to the bandit combinatorial optimization, we decreased the gap between the upper and
the lower bounds to O(log(ed/k)). We will consider this issue as an open question for the future
research, in which we will aim to improve the gap to a constant factor only.
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A Proof of Lemma 2

Proof. Let x(S) € {0,1}¢ denote the indicator vector of subset S C [d]. Without loss of generality,

we suppose that a = x([k]), @ = x([s]), and a* = x([s] U {k}) for some s € {0,1,...,k —1}. We
then have /T a = 2111 liand (*Ta = Zf 1 Z%. It should be noted that /Taand K*Ta take values in
{0,1,...,k}. Let us denote
P(i) = Prob[{Ta =1], P'(i)=Prob[*"a =i (11)
fori =0,1,...,k. Forj=1,2,...,k, we denote B; = Zgzlbi and B} = Zj 1 b, where b; and
b’ stand for the values b; in (§)) for generating ¢* and A respectively. Let us denote
Q;(i) = Prob[B; = 1], Q(i) = Prob[Bj = 1] (12)
fori =0,1,..., j Let us consider the conditional probability of * " a given By and ug in (§). Given
Brand yg € [0, 3], €*Ta follows a uniform distribution over { By, By, +1, ..., k}. Indeed, we obtain

5 =1 for eachj €I, :={j € [k] | bjy = 1}, as we have u; > % > ug. Because u; for j € I, :=

{j' € [K] | by =0}, and ug follows a uniform distribution over [0, 1] independently, Y jer, U; the
number of j € I, with u; lager than wg, follows a uniform distribution over {07 1,.. oy [Tn]}. As we
have |I,| = By, and |I,| = k — By, itholds that *Ta = 37, ; 05+, ; £ Bk +en b
follows a uniform distribution over { By, By, + 1,. .., k}, given Bk and ug € [0, 3]. Similarly, given
By and ug € [%, 1], * " a follows a uniform distributron over {0,1,..., By} Therefore P(i) can be
expressed as
1 1 1 . 1 1 1
P(i) = Qk()2 k+1+Qk( )5 T s+ Qi — )2 R +Qk() 2 F—ir1
. 1 1 1
+Qk(2)*'.7+Qk(+ )§.i+2 o+ Qr(k )5 Pl
©))
13
Z k—3j + 1 Z Jj+1 (13)
foreach:=0,1,...,k. Simllarly, we obtain
. 1 E Q. (j
Q. (J
- 14
I I s
Therefore, we obtain
. I Q) - ' Qr(j ()
PHE) =P (i) == _— . 15
(&) = P(0) 2 & k—]+1 Z g+1 (15)

From the assumption that & = x([s]), and a* = x([s] U {k}) for s < k — 1, we obtain Qy_1(j) =

—1(j) and Qr(j) = 3Qr-1(j )+%Qk 1(5-1), Q1 (J) = (3426)Qi—1(J)+(3—26)Qr—1(j 1),
and therefore, we have Q. (j) — Q1. (j) = 2¢(Qr—1(j — 1) — Qx—1(j)). By substituting this with
(T3), we obtain

_ Qr-10 — 1) — Qp—1( Qr-10 —1) — Qr—1(J)
(i) = EZ k—j+1 +€Z Jt+1

— ) 1 1 Qr—1(4)
§Qk_1(])(k—j B k—j+1) kil

Qk 1( 1 1
—i—ZQk 1(J <j+2 j+1>

(@) Q) | Qr-1(J Qi
N i+1 k—i+1+z(k—j)( —j+1 ; (j+1) g+2)

11



The last term Zf;l (ﬁkﬁi(lg(&) can be bounded as follows:

k—1 k—1 k—1

Qk— Qr-1(J) k Qr-1(7)
z i+ 1)( J+2 Zo G+10G+2) SPrOb[Bk_1< h”f_z G+D0E+2)

=i j= Jj=k/4]
k—1 .
k Qr-1(7) k 16 21
< Prob |B._1 — E|Br_1] < —— —_— < - — <
< Pro |:k1 E[Bj-1] < 8}—'—42 /At D) exp( 32)+k2*k2’
Jj=lk/4]
where the third inequality comes from the fact that E[B;_1] > 3(k8_ 1) , and the fourth inequality comes

Qr-1(4) < 28

from Hoeffding’s inequality. In a similar way, we can demonstrate that Z W <z

Therefore, we obtain

(16)

N 7. <
|1P() P(m—g(‘ i+l k-itl] R

Q’“*iﬁ_l) - 55 O(1/k? + €/k) by outlining that R; (i) := Q?("i(f)l) ~

@ Let us define 5 = }fjg We show that it holds forall j =1,2,...,k—1landi=1,...,7,
such that

Qe-1(i—1)  Qp-1(i) ’ + 212) .

Next, we show that

1j+1—4 N _Jt+1—1
4~ <R <<if—
ﬁ i — 1 (Z) — i
by induction in j. For j = 1, clearly holds. Because (); corresponds to the probability
distribution of 23:1 b;, and b; for k < k — 1 follows the Bernoulli distribution as defined in (@) with
a* = x([s]), Rj+1 can be expressed as follows:
R (i) = Qini(i+1) Qi+ +Q;() _  1+aR(H 1 1+05R;()
’ Qj+1(0) ;Q; (1) +Qi(i =1) oy +1/R;(i—1)  a; 14+1/(ejR;(i —1))
forj =1,2,...,k — 2, where a; =  for j < s — 1 and a; = 1, otherwise. Assuming that (T7)
holds for j = j” and ;s = 3, we obtain

a7

1 14 BRy() <11+ﬁj’“"'_ i+BG +1-4) j+2—i _j+2—i

B1+1/(BR;/(i — 1)) Blttoss  i-1+8(+2-40) = i
1 14BR;(i) >11+”“ 17/ +2—i
BI+1/(BRy(i—-1)) = Bl+ 5 B i

Rjria(i) =

Ry (i) =

which means that (I7) also holds for incremented j = j' + 1. Similarly in the case of a;; = 1, we
can demonstrate that for j = j' implies that holds for j = 5’ + 1. Consequently, holds
forall j € {1,2,...,k—1}andi € {0,1,...,i — 1}. As aresult, we obtain

Qra(i—1)  Qra(i) :le(i—l)‘ 1 _Rkl(i—l)‘
i+1 k—i+1 | i+1  k—i+1 |
SQk_l(il)(iil a (i—li)(kl—il—i—l)’Jr (1;3) (i—];)(kl—il—i— 1)‘)

. 2% 8e
< Qr-1(i—1) ((i+1)(¢_1)(k—i+1) +i—1>

From Hoeffding’s inequality, it follows that for i < |k/4], Qr_1(i — 1) < exp(—k?/32) < 210/k2,

Fori > |k/4], W < 210/k2. Therefore, the right-most-hand side above is bounded

by 2,:; + 8‘562’“711(%1) From this and (T6), we obtain that
213 8 —1(t—1
|P(i) — P'(i)| < ¢ (kQ + 7‘3@’1 i(i )> (18)



Further, from (I3]), we obtain

P(i)ZEZkC?ﬂ*_%ZQkU)E%Z%(]):2 1 1)

From (T8) and (19), |P(i) — P'(i)|/P(i) < 1/2 for e < 27!6. The KL divergence between P and
P’ is bounded as follows:

B
=0

=0
k 213 85Qk—1(l _ 1) 2
2
<4(k+1>g;(k2 10 )
k 2 k ) 9
wwee (S () ()
=0 i=0

226(k + 1) 21652> 25152 21654

2
<8(k+1)e < 1 + 25 2 T gEn

where the first inequality comes from log(1 + =) > = — 2z for |z| < 1/2; the second inequality
comes from Y P(i) = > P'(i) = 1; the third inequality comes from (I8) and (19); the forth
inequality comes from a standard inequality of (z +y)? < 2(x? + 3?); and the fifth inequality comes
from Hoeffding’s inequality and Q1 (i — 1) < 210k~1/2, O

B Proof of Lemma

We begin the proof with introducing notations: there is a one-to-one correspondence between A
defined by (2) and the set of all injection ¢ from [k] to [n]. In fact, given an injection o : [k] — [n],
the indicator vector x(S) € {0,1}¢of Sfor S = {(i — \)n+j | i € [k],j € [n],0(i) = j} is
an element of A. Conversely, for any a € A, there is a unique injection o : [k] — [n] such that
a(i—1yn+; = 1 if and only if j = o(i). Therefore, we can regard each element in a € A as an
injection from [k] to [n]. For outputs a; from the algorithm, let us denote o, : [k] — [n] as the
corresponding injection. Similarly, there is a one-to-one correspondence between A" and the set of
all injection o from [m] to [n]. Let ¢* : [m] — [n] denote the injection corresponding to a* € A'.
Then we have a* = x({(i —L)n+j | i € [m],j € [n],0*(i) = j}) =: b(c*). Let ,,, ,, denote the
set of all injections from [m] to [n].

Aswehave E [([ad] = b e a(i—1)nto~ (i) from (@), the expectation of the regret can be

Li~D g x

expressed as follows:

= ZZE af J(i—1)n+o*(2) D =€ <mT - ZE [N(i—l)n+a*(i)}> ) (20)

i=1

where the expectation is taken with respect to ¢; ~ Do« = Dy,-) for t € [T]. We consider
bounding E [N(;_1)n+o+(;)] by means of Lemma For o* : [k] — [n], let us define V' (c*) :=
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x({(i—1)n+j|ie[m—1],j€[n],0%(i) = j}). From Lemmal[l] we obtain

E  [Nom-n+om)— E E  [Non—tnto(m
U*NU(Em,n)ftNDw*)[ (m=Dnto )] a*~U(2m,n)zt~Db,(U*)[ (m—L)n+to( )}

< E

=~ E Nmfnam_ E Nmfnam
N [Nom—1ynto(m)] [Non-1)n+o(m)]

Ly~ Dy(o+) Le~ Dy (o%)

T

<T E E

T T pr
L y (a; l]a; ¢ )}
o*~U(Sm,n) 1 atNAt(Db/(o*)) ~Db/(g*),z ~Dpy(ox)

T

| m ¥ e |
0 ~U (S n) =7 a1~ AL(Dys (oey) L6~ (o) £ ~Dip(o%)

(af laf 6')} : @
where the first and the third inequalities follow from Jensen’s inequality, and the second inequality
follows from Lemmal|l| Let us consider KL(a; ¢|[a; ¢') for £ ~ Dy 5y and ¢’ ~ Dy (,~), having
fixed o* € X, and fixed a; € A. If @y (;y—1)nto(m) = 1, from the assumption of (7), we
obtain KL(a/ ¢||a/ ¢') < Cpe?. Otherwise, we have KL(a, ¢||a,/ #) = 0 because the probabilistic
distribution of a; ¢ is equal to that of a, ¢'. Consequently, we obtain

T
E { KL (a] t||a; )
=7 at~Ae(Dyoxy) LD (ox) '~ Do)
T
< Prob (@t m-tintom) = 1Cpe? = E  [Num—1)nto(m|Cpe> (22)
;atNAt(Db/(a*))[ t(m—Dnto(m) = 1] et~D,,/<r,*)[ (m—1)n-+a(m)]

Let us define S € R by

Tl B Wen-bnro 23
U*NU(Zm,m,) etNDb/(a*)[ (m 1)7L+ (m)} ( )

Combining the above two inequalities (1)) and (22), we obtain

E E [N(m,l)nJrU(m)] < S+ T4/ Cpe2Ss. 24)
0 U (Smn) Lo~ Di(os)

Then we evaluate S defined by (23). Let o*|[,,,—1) denote the restriction of o* : [m] — [n] to [m — 1],
ie., 0%|pn_1] : [m — 1] — [n] is defined by 0*|},;,—11(i) = o*(i) for i € [m — 1]. Let R'(c*) denote
the range of o*|[,—1). From the definition of &', &’(c*) does not depend on o*, but is determined by
0*|m—1). If * follows a uniform distribution over %,,, ,,, the posterior probability of o*(m) given
0*|[m—1) is a uniform distribution over [n] \ R’(c*). Consequently, S can be evaluated as follows:

S = E E E [N m—1)n+o(m ]
*|fm—1) Le~ Dy (o %y o* (m)~U([n]\ R’ (%)) ( ) )
E E ! N,
- TN 2 (m—1)n+j
o |['m71] etNDb/(o'*) _Hn] \ R (G )| jE[’n]\R/(J*)
[ T
1 T
= E E T At (m—1yntj | < ————, (25)
0*|tm—1] €e~Dyr (5% I[n] \ R'(c*)] gje[n]\zl%’(a*) b Jnts n—m-+1

where the last inequality comes from |R/(ox)| = m — 1, and from a; € A being defined by ().
Combining (24) and (23), we obtain

T CD€2T
E E Nm— n+o(m < + T\/i
*~U(Smon) etNDb(a*)[ (m—=1)nto( )] n—m+1 n—m-+1
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Asweassume k < nandn > 2, wehave n—m+1 = n—[k/2]4+1 > n—[n/2]+1 > max{2,n/2}.

Thereby, by setting ¢ = , /ﬁ, we obtain

T [2Cpe?T T T 3T
Nm—nom <-+TY\ ——=+—-= .
U*NU](EEmm)ZWDEb(U*)[ (m—L)nto( )] - 2 n 2 4 4

For each i € [m] besides m, we can show E[N(;_1)n10(;)] < 2L in a similar way. Then, from this
and (20), we obtain

3T EmT m dkT
] > = ki
ElRr] > e (mT Z ) 1\ 320D 320D 8\/32OD

where the inequality comes from m = [k/2] > k/2, and the last inequality comes from d = kn.

C Lower Bound for the Multiple-play Bandit Problem (Proof of Theorem 2)

For the multiple-play bandit problem, i.e., for A = (1)), Observation 1| does not allow deriving
directly a regret lower bound. In this subsection, we extend the observation to multiple-play bandit
problems.

Let U(X,) denote a uniform distribution over all permutations of [d]. For a permutation o : [d] — [d],
let o([i]) denote the element of {0,1}¢ such that the o(j)-th component is 1 if j € [i], and 0,
otherwise; i.e., o([¢]) is the indicator vector of {o(j) | j € [i]}. If o ~ U(Zq), then o ([k]) follows a

uniform distribution U (A) over A = ([Z]). Consequently, we obtain ~ E E [RT]] =
a*~U(A) L1, bp~Dgx
E E [R7]| . Let us define M (k,4) € R by
O'NU(Ed) él,...,éTwDo([kD
M(k,i)= E E [No)]
o~ U (Sa) |t ~Do(r
Then, we obtain M (k,1) = M(k,2) = --- = M(k,k)and M(k,k+1) = M(k,k+2)=--- =

M (k,d). From (3], the expectation of the regret can be expressed as follows:

[Rr]

k
= (k:T =Y M(k, i)) = e(kT — kM (k, k) = ek(T — M (k, k)).

E E
o~ U(Sa) | €1yeeslr~Doia)) ~

(26)

Let us evaluate M (k, k) considering the difference between M (k, k) and M (k — 1,k). From
Lemmal([l] we have

E Na‘ k)] — E No k
Zl;“sz’\‘Da([k—l])[ ( )] ‘glxn'sz"’Dﬂ([k])[ ( )]

T
<T

E [ KL (a] €| Wm} . 27)
=7 at~A(Do(r—1)) LE~Doe—11)t'~Do((r)) ! K
Let us consider KL(a/ ¢||a/ ¢') for £ ~ D, (1)) and €' ~ Dy (1), having fixed o € ¥4 and fixed
ar € A If a »(1) = 1, we obtain KL(a, ¢||a] ') = O(i + k%;) from Lemma Otherwise, we

obtain KL(a, £||a] ) = 0, because the probabilistic distribution of a; ¢ is equal to that of a, ¢'.
Therefore,

T

(a7 tllay z’)}

E { K
=7 et~ A (Do(p—1))) LE~Doe—1)8'~Do((r)
T

ce\? ce\’
< Prob ar o) =11 — ) = E N, it
Z:;"fNAt(Dauk—u))[ bot =1l ( k ) fla-~¢’T~Do<[k—11)[ ol < k )

t
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From this observation and (27)), we obtain

CeT
— E [Nor)] -

E [No)] — E [No )] 2 PR

L1yl ~Dg(r—1]) L1yl ~Do([x])

Using this inequality, we obtain

M(k—-1,k) - Mk, k)| <E E Nooo] — E N,
| ( ) ( >| o Z17...,€T~Da([k71])[ (k)] Zl,..A,ZTmDU(m)[ (k)] ‘|
CeT CeT CeT
= E E NU S E E Na = Mk — ]-a k )
koo \/51,...,€T~D,([k_1]) [ (k)] k o | L1y fr~Do((-1)) [ (k)] k ( )

where the first and the last inequalities come from Jensen’s inequality. Consequently, M (k, k)
is bounded as M (k, k) < M(k — 1,k) + <L \/M(k —1,k). Similarly, we can also show that
Mk, 1) < M(k—1,1) CET\/M -1, 1 C0n51der1ng that M (k,1) = M (k, k), we obtain
Mk, k) < 8+ %f 3 for ﬁ = min{ M (k — 1, k), M(k —1, 1)} As we have M(k —1,1) =
M(k—=1,2)=---=M(k—1,k—1)and M(k — 1,k) = --- = M(k —1,d),and %, M(k —

i) = E {2?21 NZ} = kT, we have 3 < EL. Therefore, we obtain
o~U(Sa) 1yl ~Do (1)

M(k, k) < kT-FCET\/kf ( +Cy/ 4 ) By setting ¢ = 2~ 16m1n{k: /4 205,/‘”“},

we obtain M (k, k) < T(% + 2=k = M From 26), we have E[Ry] > ¢k(T — M (k,k)) >

ekT (1 — Lik) = TR _ 9o mm{é(dgk)Q\/idkf‘T, CERiT). O

—_

D Upper Bounds

In this section, we provide the proof of Theorems[3] We consider the generalization of the bandit
combinatorial optimization called stochastic linear bandit with the finite number of arms. In this
problem, a player is given a finite decision set .A before the game starts. In each round ¢ €
[T, the player chooses action a; € A. Subsequently, observe loss L; = ¢*"a; + n;, where
¢ is conditionally «-subgaussian given aq, L1, as, Lo, ..., a;—1, Li—1 and ay, i.e., Elexp(An;) |
Fi] < exp(a?A?/2) almost surely, for F; = o (a1, L1, . .., a1, L—1,a;), which is the o-algebra
generated by {a1, L1, ...,a;_1, L1, a;}. We suppose that the suboptimality gap max, pe 4 £* ' (a—
b) is at most L. Considering this problem, we define the regret R/ as follows:

T T T

Ry, = maxZé a; — a) Zﬁ*—rat — géiﬂZE*Ta = Z@*T(at —a"), (28)

t=1 t=1 t=1

where we define that a* € arg min {K*Ta}.
acA

D.1 Algorithm for Stochastic Linear Bandit for the Fixed Finite Number of Arms

We analyze R/ considering the output of Algorithm which is obtained modifying Algorithm 12
in Section 22 of the preprint book by Lattimore and Szepesvdri [19]. The differences between
Algorithm[T]defined in the present study and Algorithm 12 in [19] are the following:

e In the related research, they deal only with the case in which the noise 7, has a bounded
variance, i.e., « = 1. To deal with the case of general o, we modify the definition @]) of
T}, in their algorithm.

e They assume that the suboptimality gap max, pc4{¢* " (a — b)} is bounded by 1. To cope
with changing suboptimality gaps, we modify the definition of ¢, in their algorithm.

e They basically consider maximization problems, while we consider minimization (it does
not result in essential differences).
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Algorithm[T]is controlled by parameters &1 > 0 and ¢ > 0. The algorithm divides rounds into phases:
the k-th phase consists of T} rounds, where T} will be defined later. In each phase, a subset A4, of
action set .4 is maintained. The algorithm chooses actions from .4y, in the k-th phase, and A, does
not change over all rounds in this phase. At the beginning of each phase, the algorithm constructs a
probabilistic measure 75, over Ay, satisfying the following condition:

-1
d(d+1)
T T
max Qb <§ mi(a)aa ) bo<d mlo < =——+1. (29)

This measure always exists for all k. Indeed, as showed by Kiefer and Wolfowitz [13]], if span(.A) =
R?, a maximizer 7 of det(}_,c 4 7(a)aa ") satisfies the following condition:

—1
max b' (Z W*(a)aa—r> by =d. (30)

acA

Even if span(.A) is not equal to R¢, equivalently, if ' = dim(span(.A)) is smaller than d, we can ob-
tain 77 for which the left-hand side of (30) is equal to ', by maximizing det(3", . , 7(a)(Ba)(Ba) ")
for an appropriate matrix B € R *d, Consequently, the left inequality of (29) can be satisfied. Fur-
ther, Carathéodory’s theorem implies that for arbitrary 7 € A4 := {7 : A > Rxo | Y ,c 4 7(a) =
1}, there exists 7’ € A such that

Z m(a)aa’ = Z 7'(a)aa”, ||| < dim(span{aa’ | a € A})+1.
acA acA

The dimensionality of span{aa’ | a € A} is at most d(d + 1)/2, which is the dimensionality of the
linear space of all symmetric matrices of size d. Consequently, the right inequality of 29) can be
satisfied.

The k-th phase consists of T rounds from the (¢, + 1)-th round to the ¢ 1-th round, in which the
algorithm chooses action a € Ay, in exactly Ty (a) rounds for each a € Ay. Here, Ti(a) (a € Ay),
T}, and t;, are defined as follows:

2do’mp(a) | 2/ Alk(k + 1) =
ﬂ(a)z[ o s ] Tkznguax tkzj;Tj, 31

where g, = 27%F1g;. At the end of the k-th phase, the algorithm calculates the least squares
estimator ¢y, of £* by

R tp+Tk t+Tk
b = kal Z ria;  with V= Z Tk(a)aa—r = Z atatT. (32)
t=t+1 a€Ay, t=tp+1

Moreover, A1 is defined by eliminating actions that are not promising as follows:

Ak+1 = {a S Ak

in /] (b—a)>— :
brggiﬂk(b a) > 25k} (33)

The outputs of Algorithm|T|correspond to the regret upper bound in Theorem[d] The proof is provided
in Appendix

D.2 Proof of Theorem[3

In this subsection, we prove Theorem [3|by means of Theorem[d] Suppose that ¢, follows an arm-

wise independent distribution D*, i.i.d. Then, the bandit combinatorial optimization for {/{;} is

a special case of the stochastic linear bandits with £* = E [¢] and n; = (¢; — n*) T a;. In this
fro

problem, the suboptimality gap L = max, pe4 ¢* ' (a — b) is at most k because ¢* € [0,1] and
A C {a € {0,1}¢ | ||lallo = k}. Further, 7, is v/k/2-subgaussian from Hoeffding’s Lemma, as
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Algorithm 1 Algorithm for stochastic linear bandits with the finite arms
Require: A C R? o, 6, e,
1: Set A; = .A,tl =0.
2: fork=1,...do
3:  Letm, € A% be a probabilistic measure over Ay, such that is satisfied.
4:  Define Ty (a), Tk, and tj+1 by BI)
5:  Choose action a € Ay, exactly Ty (a) times, from the (¢, + 1)-th round to the ¢, -th round.
6:  Calculate empirical estimate ¢, of £* by (32).
7
8:

Eliminate arms with a high estimated loss based on (33).
end for

b1, 02, . . ., Ui are independent and [0, 1]-valued random variables. Thereby, applying Algorithm
with L = k, a = Vk/2 and § = §' /2, we obtain

T
20A[log T dk> 2
Rp=> T (a,—a*) < 64\/dk;Tlog WTOg dk P log |5A‘

=1
with probability 1 — ¢’ /2. Moreover, we obtain Ry — R, = O(y/kT log(|.A|/d")) with probability
1— /2. In fact, we have 31, £ (a; —a) — Ry < 3 i — S0 (6 — ¢*) Ta forall a € A,
and from the Azuma-Hoeffding inequality, we have

4|A\ 5 . 4| A 5
Prob [Zm_ — 5 ]§4|A|’ Prob lZ(f —l) a> 1 5 §4\A|'

t=1

+ (k4 16¢1)d*>  (34)

From the second inequality, the probability that there exists a € A such that Z;‘F,l (e —t)Ta >
4|A\

is at most ¢’ /4. Combining this observation and the aforementioned first inequality,
4IA\

we obtain Ry — Ry with probability 1 — §’/2. From this statement and (34), with

probability 1 — &', we have Ry < R/ + 1/ 2kT log 4'(;,4‘ < 664/dkT log Q‘Alol/ogT dkz

(k + 1651)d? < 664/dk2T log 22410eT % log 224 + (k + 16¢1)d>. By setting e, = ©(k) and

O(V/dT), we obtain Ry = \/deTlog(ed log T/kd") + d2k) with probability 1 — ¢’, and
RT = O(kT) with probability §'. Consequently, we obtain E[Rr] = O(1/dk2T log(edlog T /kd")+
d?k + 6'kT) = O(\/dk2T log T log(ed/k)) for T = Q(d%). O

2IAI

E Analysis of the Regret for Algorithm

In this section, we provide a proof of Theorems ] To derive an upper bound of the regret defined by
([28), we first consider a confidence bound for ¢, a. From the standard analysis of confidence bounds
for least squares estimators (see, e.g., [19]), for all b € R4, we have

Prob [|(ék _g*)‘rb| > a\/QbTVklblogMU{gM }-t’““]
2/Ak(E+1)Y )
<exp( 5 = AR+ 1) 35)

From the definitions of V},, T}, and 7, it holds for all b € A;, that

—1

bTVk_lb =b' ( Z Tk(a)aaT> b
ac€ Ay

1

. -1 ) _
. <2da log 2|A|kgk+l)> . <Z m(a)aaT> be (2a210g 2|A|kgk+l)> |

E
k a€Ay




where the first equality comes from (32)), and the first and the second inequalities come from (31]) and
([29), respectively. Combining the above and (33), we obtain

o

* _ g\T > <
Prob[|(£* — £k) b > el Fy, ] < |A|k(k + 1)

for all k and b € A;,. Therefore, we obtain

\ Al &
Prob [3k, 3b € Ay, (¢ = 6) 78] > & < Z A||k Z"H 6 k+1
k=1

In the discussion, hereinafter, we assume that
|(¢" — ) a| <epforallk € {1,2,...} and a € Ay. (36)

Then, for all k = 1,2,..., we have a* € A, because a* € A; = A and @A,I(b —a*) > E*T(b —
a*) — 2y, > —2¢ for all k. Further, we obtain

*T(a—a*) < 8y forall k € {2,3,4,...} and a € Ay. (37)

Indeed, if £*"(a — a*) > 8ej, we can see that @ ¢ Ay in both cases of (i) a ¢ Aj_; and
a € Ag_1: (Das Ay C Ay_1 from the definition (33)) of Ay, a ¢ Aj.—1 implies a ¢ Ay; (ii)assuming
a,a* € Ap_1, 0T (a—a*) > 8¢y = 4}, and (36), we obtain £]_, (b—a) > £*T (b—a)—2ej_, >
0T (a* —a) — 2ep_1 > 2ep_1 forall b € Aj_1, which implies a §§ Ay, from the definition (33) of
Ag.

Let us define k(¢) tobe k € {1,2,...} such that t; < t < ty41. Because ¢t} < t < {41 means

ar € A, we have a; € Ay for all t. Consequently, from (37), we have T (a; —a*) < 8e(y) for
t > 1. Therefore, for T' > T}, we have

T
ZE*Tat—a <LT1+Z€ (ar —a*) S LTy +8 ) exe)

t=to t=to

th(T)+1 k(T)
SLTi+8 Y eney S LT +8 Y Ticy. (38)
t=to k=2

Let us evaluate T}, and ¢, = Z;:ll T;;. From the definition (3T of T}, we have

2da? 2 1 2da? 2 1 1
dgv log |Alk(k 4 1) < T, < dgv log |Alk(k 4 1) n d(d+1) ‘1, (39)
€} é €} 0 2

as Ty, (a) — Qd“igk(“) log 2‘“4““6(“1) € [0,1) for at most d(d+1)/2+1 actions a € Aand Ty, (a) = 0
k
for the other actions. From the left inequality of @), for T" > T, we have

9 . 202k(T)
2a® 2\A|k‘(T)ESk(T) ) o de??HD AT

T>t > Thimy_q > ’
k(T) 2 Lk(1)-1 2 . 822 5

which implies that

—1/2
orr) < £t 8T (1 ZAIKT) L RT) <logy [ 20/ ) <1087 40)
« d 1) « d
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From this inequality and @, we have
k(T)

Z Trem < Z (Qd a2 log 2|Alm(m + 1) N gm(d+2)2)

0 2

512—m+1 08 é 2

SZ( 2da® 2A|k(T)(k(T)+1)+512m+1(d+2)2>

20k(T)
L 2?2 2|A|k(T)ESk(T) +1)
€1

-1/2
< 2aV8dT (log 2'“4|§(T)> -2log HART) + 2e,d?

—+ 2€1d2

4]

2| Ak(T k(T
< 4a\/8dT10g % + 2€1d2 < 16/ dT log % + 251al27

where the first inequality comes from the right inequality of (39), the fourth inequality comes from
the left inequality of (39) and the fact that 2| A|k(T)(k(T) + 1) < (2|A|k(T))?. From the above
inequality and (38)), we obtain

T

ZE*T(at —a*) < LTy + 128/ dT log

t=1

log T
W% + 162,

loeT  4dLa?
< 128a4/dT log A (;)g + €2a logk%| —|—(L—|—16€1)d2.

1
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