A efficient implementation of ” Bounded Bandit UC-O-REPS”

As described in the paper, the algorithm needs to perform the following steps in each episode (while
maintaining confidence sets throughout the algorithm),
Qrs1 = argming(q, 1) + D(qlla.) (1)

= i D(q||Ges1). 2
qi+1 argquf(l}\l}’i(t)) (qllGe+1) (2)

The confidence sets are maintained like in the original UC-O-REPS algorithm, and step can be easily
solved by setting G 1(x, a,2') = qi(x, a,z")e~"(®:2) for every (x,a,2’) € X x A x Xi(z)+1- Thus, we need to
describe an efficient implementation to step . This step can be reformulated as the following constrained
convex optimization problem:

miHD((JH@tH)
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An explanation to this formulation can be found in [4].

Now we will derive the solution to this problem using Lagrange multipliers. First we write the Lagrangian
with X, B, p, u, i~ , ¢ as Lagrange multipliers. Notice that we omit the non-negativity constraints, which we



can justify since the solution will be non-negative anyway.
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Let (z,a,2") € X x A x Xj(z)4+1 and consider the derivative with respect to e(z,a,z’).

oL
Oe(z,a,7) = —pt(z,a,2") — p~(z,0,2") + p(z, a)
So setting the gradient to zero we obtain
wz,a) = M+ (z,a, xl) +u (2 a, xl)

Thus, we can discard p(z,a) to obtain an equivalent Lagrangian. Notice that this way we also get rid of the
e(x,a,x’) variables.
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Now we consider the derivative with respect to g(z,a,z’). We denote B(x¢) = B(xr) = ¢(xo) = ¢(xr) =0 to
avoid addressing the edge cases explicitly.

__oL Ing(x,a,2') —InG1(x,a,2") + A\ + B(z) — B(2') — c(z)
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We define the following value function v and error function e parameterized by u, ¢ and 3, and an estimated
Bellman error.

U#(x7 a, '1:/) = :ui(‘ra a, JU/) - ,U+(SU, a, .17/)
Pl a,2") = ('t (2 a,2") + p (2, 0,2"))eyn) (x,0) + B(a') = B(z) + e(z)

BY(x,a,2") = e(x,a,2) +v(z,a, ') — nly(z,a,2") — Z Py (ylx, a)v(z, a,y)

YEXk(x)+1
So the derivative becomes
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Setting the gradient to zero and using the explicit form of G;41(x, a,x’) we obtain
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We can use the first constraint to discover that Ay is a normalizer for every Kk =0,...,L — 1, i.e.
!
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r€EX, a€A T €EX 1

so defining ZF(v,€) = ¥y x, Cuen ey (@, .2 )"0 e obtain

. 1, B,c
B (@ a)

qt($7 a, xl)
Ztk($) ('UIL, 6#7576)

3)

qt+1 (l’, a, .’E/) =

Now to find g, ¢ and p we consider the dual problem. Substituting ¢;41 back into £ we obtain the following
dual problem.

L—-1
i = = — E(yh ettsBhe _ q !
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So after ignoring constants we observe that

k M uﬁc _
By puy ¢p = arg “215%021112 v e a;{ (4)
x

This a convex optimization problem with only non-negativity constraints (and no constraints about the
relations between the variables), and therefore can be solved efficiently using iterative methods.

Thus we have shown that step can be implemented efficiently by solving (4)) which is a convex optimization
problem with only non-negativity constraints, and then using the result to compute ¢;41 as described in

(3)-

B pseudo-code for ”Bounded Bandit UC-O-REPS”

Algorithm 1 Bounded Bandit UC-O-REPS Algorithm
Parameters: state space X, action space A, time horizon 7', minimum reachability parameter «, opti-
mization parameter n and confidence parameter 4.

Initialization:

start first epoch: (1) + 1

initialize visit counters V(z,a,2’) € X x A X Xyz)41: Ni(z,a) < 0, Ni(z,a,2") < 0
initialize in-epoch visit counters V(x,a,2) € X x A X X410 ni(x,a) < 0,n1(z,a,2") <0
initialize first policy V(z,a) € X x A: m(a|z) ﬁ

initialize first occupancy measure V(x,a,2') € X x A X X410 q1(2,a,2") < m

fort=1to T do

traverse trajectory U®) = (xét)ﬂét) xg) 17a(Lt) 1,x(L)) using policy 7
L—1
observe losses £;(U®)) = {é (gc](ct)7a§:))}k

0
update in-epoch counters Vk =0,...,L — 1:

nl(,‘)(azff ), alg )) 0 (x,(f), a,(f)) +1

t
ni (@), a e f]) iy (), af 2f]) +1
if (z,a) € X x A, nyy)(v,a) > Nip)(z,a) then
start new epoch: i(t + 1) « i(t) + 1
initialize epoch counters V(z,a,z’) € X X A X Xpzy41: i1y (2, @) <= 0,141y (2, a,2") <=0
update total counters V(z,a,2') € X x A x Xy(g)41:

Ni41) (2, a) < Ny (2, a) +niq) (7, a)
Nig+1)(7, a, ') + Niw (2, a, x') + nie) (T, a, x)

Nii41) (w,a,z")
max{1,N;11)(z,a)}

compute transition estimate V(x,a,z') € X x A X Xp(z)41: Pi(t+1)(x’|x, a) <
else

continue in the same epoch: i(t 4+ 1) < i(t)
compute policy for next episode: giy1, 741 < Comp-Policy(X, A, T, o, n,d, g, Pi(t+1)7 Ni(t41) L, (U®Y)




Algorithm 2 Comp-Policy Procedure
Input: state space X, action space A, time horizon 7', minimum reachability parameter a, optimization
parameter ) and confidence parameter §, previous occupancy measure g, transition function estimate Pl-(t)7

visit counters N;(;) and obtained losses ft(U(t)).

compute loss function estimate:

Li(z,a) . )
ét(x, a) — {(h(m@)’ if (xa a) cU

0, otherwise

compute confidence set size parameter:

iy (x,a) = 2[Xp(z)+1/In TpfSHA'
i\ d) = max{1, Ny (z,a)}

define functions:

v (x,a,2") = p(z,a,2") — pt (2, a,2")
etz a,2’) = (u(z,a,2") + p (,a, z))eiwy (z,a) + B(z") — B(x) + c(x)
BY¢(x,a,2') = e(x,a,2) + v(x, a, ') — nly(z,a,2') — Z Py (ylz, a)v(z, a,y)

YEXk(2)+1

ZF(v,e) = Z Z Z (a2 )eB @)

X, a€Ax' €X 4

solve optimization problem:

L-1
Bt pie, e = arg  min Z In Zf (0", %) — a E c(x)
B,1>0,c>0
k=0 z€X
compute next occupancy measure V(z,a,z’) € X x A x Xy ) 1:
ol Pt Btict ’
Qt(x; a,x’)eB (z,a,z")

/
z,a,2) =
CIt+1( ) ZZC(I) (/Ultt7 ekt ,Buct)

compute next policy V(z,a) € X x A:

/
7rt+1(a|x) = Zx/exk(w)+l Qt+1((E,a7£L' )
ZbGA Zmlexk(m)+1 Qt+1(1'7 b’ fl}',)




C pseudo-code for ”Shifted Bandit UC-O-REPS”

Algorithm 3 Shifted Bandit UC-O-REPS Algorithm

Parameters: state space X, action space A, time horizon T, perturbation parameter p, optimization
parameter 7 and confidence parameter 4.

Initialization:
start first epoch: (1) + 1
initialize visit counters V(z,a,2’) € X x A X Xyz)41: Ni(z,a) <= 0, Ni(z,a,2") < 0
initialize in-epoch visit counters V(xz,a,2) € X X A X X410 ni(z,a) < 0,n1(z,a,2") <0
initialize first policy V(z,a) € X x A: m1(a|z) ﬁ
initialize first occupancy measure V(z,a,2') € X x A X X410 q1(z,a,2") < m
fort=1to T do

traverse trajectory U(*) = (1'(()t), a(()t), e ,x(Ltll, a(Ltll, :Cg)) using policy 7y

t OINGN G
observe losses £,(U®")) = {Et(xk sap’) .
-0

update in-epoch counters Vk =0,...,L — 1:

6 (¢ t) (¢
ni (@) ) ni (@) a”) + 1
t @) (t t @) (t
niy (2 0 oLy i (o) 0 2,) +1
if I(z,a) € X x A, nyy)(7,a) > Nyy)(z,a) then

start new epoch: i(t + 1) < i(t) + 1

initialize epoch counters V(x,a,z) € X x A X Xp(z)41: i1y (2, a) < 0,n5041) (2, 0,2") < 0
update total counters V(z,a,z') € X x A x Xy(z)41:

Ni41)(, a) < Ny (x,a) 4+ 1 (z, a)
N1y (z,a,2") < Ny (2, a,2") + ny)(z, a,2")

compute transition estimate V(z,a,2’) € X x A x Xyy41: Pisr)(@|z, a) < mafo(lﬁvlv)((::é )a)}

compute perturbed transition estimate V(z,a,2") € X x A X Xj(z)41:

. p
Bl @'z, a) < (1= p) Py ('], a)

+ [
| X k()1

else
continue in the same epoch: (¢t 4+ 1) < i(t)

compute next episode policy: g441, 711 < Comp-Policy(X, A, T, ‘7”|, 1,0, ¢, 151.*(t+1)7 Ni+1), L (UM)Y)




D general claims about occupancy measures

Lemma D.1. Let P be a transition function and let 7w, be policies such that ||w(-|x) — 7(-|z)|1 < v for
every x. Then, the following equations hold,

Y laP (@) =g @)) < Y0 Y a7 (@ a) = ¢PF(x,a)] ()

reX ze€X a€A
Yol (@)~ " @) = Y > laPT(@aa!) P (e (6)
rzeX acA r€X a€A ' €Xp(x)11
YoX0 > d(@ad) =" (w02 <Y g7 (@) — ¢ (@) + Ly (7)
z€X a€A ' €Xp(z)41 reX

Proof. First of all notice that,

Z\q” —¢"T (@) =D 1> ¢ (@,0) = ¢"F (@) <Y g7 (@, 0) — ¢ (2, a)].
T a z,a

Now notice that,

> laP (@ aa’) = " (@a,2") = Y |77 (@ a) P |2,a) = ¢ (2,0) P |2, )

z,a,z’ z,a,z’
= > P@'|z,a)l¢""(x,0) — ¢"7 (2, 0)]
z,a,z’

= Z 1P (x,a) — ¢P7 (2, 0)| Z P2 |z, a)
= 1d"(@,a) — ¢"7(x,a)|.

Finally we have that,
;IQP’”(%G)—Q (x,a)| —Zlqp” m(alx) — ¢"7 ()7 (alz)]
| < Z " () (alz) — ¢"7 (x)m(al2)| + [¢77 ()7 (alz) — g7 (2)7 (alx)|
= Z (al2)lg"" () = ¢ (2)| + ¢"7 (2)| 7 (alx) — 7 (al|z)]
—ZMP” )—q" |Z alz) + Y ¢"7(2) Y Ir(alz) - 7(alx)|
SZIqP’”w - IJquP’r V=Z|qp’:(x)—qP”?($)l+LV~

O

Lemma D.2. Let 7 be a policy and let P,P be transition functions such that |P(-|z,a) — P(-|z,a)|, < v



for every x,a. Then, the following equations hold,

> 16" (@) =" @)] = 3 3 1" (@,0) "7z, a) ®)

zeX z€X acA
S S wa) - wal < SN S P (@) — P (2,a,0)) (9
zeX a€A z€X a€A ' €Xp(a)+1
ZZ Z |qP’”(:c,a,x')—qP (v a,2")| < ZZ|qP”xa —qF T(x,a)| + Lv (10)
r€X a€A ' €Xp(a)41 ze€X a€A

Proof. First of all notice that,

;mp’”(x,a)—q (2,a)] —ZW m(alz) — "™ (z)r(alz)|
| fzw — ¢"" () |x(al)
= Z l¢"" () — 47 (x)] Z m(alx)
—ZW )= "7 ()],

Now notice that,

Z |qP77T('/I;7a> - qPVTr(xaa/)| = Z | qu77r(xaa7xl) - qP’Tr(xaaﬂxlﬂ S Z ‘qP77T<x7a/a Z‘/) - qp7ﬂ<x7a/7 l‘/)‘
T,a

x,a x/ z,a,r’
Finally we have that,

Z ‘qp’ﬂ($7aﬂx/) - qP’Tr('T7a7‘r/)| = Z |qP7ﬂ(xva)P(xl|x7a) - qP’”(x,a)]B(x’|x,a)|

z,a,z’ z,a,z’
< > 14" (@, a)P@'le,a) — ¢77 (w,0) P |2, a)
z,a,x’
P, / P, (]
+ > g7 (@, a) P2z, a) — ¢" 7 (2, 0) P2’ |2, a))|
z,a,r’

S g (2, a) — g7 (x,0) Y Pa|x, a)
T,a !
+3 " (@,0) Y |P(a'|,a) — Pz, a)]

<> la""(@,a) = ¢" 7 (2, a)| + Lv.

E distance between occupancy measures

Lemma E.1. Let P be a transition function and let w,7 be policies such that || (-|x) — 7 (-|x)|1 < v for every
x. Then, for every k=0,...,L —1

)

D 1a" () = ¢ ()| < kv

TrEXk



Proof. by induction on k. For kK = 0 we have that

> a7 (@o) = 4”7 (x0)| = 1¢"7 (w0) — 4" (wo)| = [1 = 1| = 0.

zo€Xo

Assume that the claim is correct for every s < k and prove for k.

> 1g" (@R) " ()| =

xR €Xp
=31 > " (@horan 1) Plakler—1, ar1) — 77 (@po1, ar—1) P(aklor—1, ap-1)
T |Tr—1,0k—1
< Z Z P(xgler—1, ar-1)|q" " (2e—1,ax-1) — ¢77 (wp_1, ax_1)|
Tk Thk—1,0k—1
= Z g7 (r1, ak-1) — ¢77 (w1, ap—1)| ZP($k|xk—laak—1)
Th—1,0k—1 Tk
= > e @) m(akalrio1) — ¢ (w1 R (akoa|oroa)|
Thk—1,0k—1
< > e @) m(arlreo1) — ¢ (k1) R (akoaoro)|
Thk—1,0k—1
+ Y ¢ @R (ko) — ¢ (@) F (o |i)]
Tl—1,0k—1
= Y " (aon)Im(ar—1lzro1) — 7 (ap—1|zr-1)]
Tk—1,0k—1
+ Y Aaralee0)le" @k1) — ¢ (@)
Tg—1,0k—1
=Y ¢"(@ro1) Y Im(an—1|zr-1) = Fap—1|zr-1)]
Th—1 Ak —1
+ ) g7 (@hor) = P (k)] Y Fan—a|zro1)
Trp—1 ap—1
<> @)+ D 1P (@) — 67T (@)
Tr—1 Tr—1
<v+4+(k—1v=Fkv
where the last inequality follows from the induction hypothesis. O

Corollary E.1. Let P be a transition function and let w,7 be policies such that |7(-|x) — 7(-|z)|1 < v for

every x. Then, i
lg"™™ ="y < O(L?v)



Proof. We use Lemma and Lemma to obtain,

lg"™ = "%l = Y 1" (@ 0,2") — 77 (2,0,2")]

z,a,z’

<D " (@) = ¢"T (@) + Ly
zeX

L-1

=3 3 1aPen) — P ()| + Lo
k=0 4, €Xy
L-1

< Z kv+ Lv < L?*v+Lv = O(LQI/).
k=0

O
Lemma E.2. Let w be a policy and let P,P be transition functions such that |P(-|z,a) — P(-|z,a)|; < v for
every x,a. Then, for everyk=0,...,L —1,

> 1g" (@) — "7 ()| < kv

xR €Xg

Proof. by induction on k. For kK = 0 we have that

S 16" (@) — 4" (w0)| = 17 (x0) — 477 (o) = 1~ 1] = 0.
o€ Xo

Assume that the claim is correct for every s < k and prove for k.

> 1" (wr)—¢" T (an)] =

zrEXk
=> | > @ ar ) Plarleir, an1) — ¢ (ko1 ap1) Pag|oro1, ax-1)
Tk |Tk—1,0k—1
< Y e @k, a1 Plaklro, ako1) — ¢ (o1, k1) Plaklag 1, ax-1)|
LTk—1,Ak—1,Tk
< Y e @k, ak) Plaklako, ako1) — ¢77 (@ro 1, ap1) Plagloior, axo1))|
Lr—1,0k—1,Tk
+ Y e @k, a0 Plakloro, ako1) — ¢ (o1, ak 1) Plaklee 1, ar-1)|
Tk—1,0k—1,Tk
= Y " @rr,ak1) Y IP@klrrot, k1) — Plagleg1, ax-1)]
Tk—1,0k—1 Tk
+ Z l¢" (wr—1, ar-1) — ¢7 7 (h1, a-1)) Zp(wk\xk—hak—ﬂ
Tp—1,0k—1 Tk
<v > M@ ae)+ Y 10 @k ak-1) — ¢77 (ko1 k)
Tkp—1,0k—1 Tk—1,0k—1
_ P Iy -
=+ S 0P (o) — P (@) S v+ (b= Dy = ky
Th-1
where the last inequality follows from the induction hypothesis. O
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Corollary E.2. Let 7 be a policy and let P,P be transition functions such that |P(-|x,a) — P(-|z,a)|, < v
for every x,a. Then,

lg"™ — " 7|ly < O(L?v)
Proof. We use Lemma and Lemma to obtain,

la™™ = a" 7l = D 1" (@, a,a') = g7 (@, a,2)

z,a,x’

< 3 167 (@) - ¢" ()| + L

zeX

L-1 i
=Y > 1" (@) — ¢ ()| + Ly

k=0 Ikexk
L—1

< Z kv + Lv < L?v + Lv = O(L*v).
k=0

F proof of Lemma 6.3

Since the original UC-O-REPS algorithm is performed with respect to the sequence of loss functions {ft}le
and the set of occupancy measures A, (M), we can use the regret analysis of UC-O-REPS to obtain the

following with probability of at least 1 — § (with probability of at most § we can bound it as & and then
|| \

setting § = XAl eliminates this term),
- - D(ala:)
Z Pome —q by | <E D g — Gear b) | + + = (11)
t=1 t=1 N
Using the exact form of G;41 and the fact that e* > 1 + x, we get that
(jtJrl(xv a) > qt(xva) - ﬂ(h(% a)gt(xva)
and therefore
T R rT R
E Z(qt *(jt+1a£t> SU]E qut<xaa)€f(x7a)‘|
t=1 t=1 z,a
<nE Zthfca ;E(x a)]
Lt=1 z,a
<nE Zzgt(x,a)]
t=1 xz,a
— E Z]E Zﬁt:ra’U LUt 1>]
E (z,a LIAIT
o Pﬂ't t Pﬂ't o n
[ Y ] =[S | - AT
Lt=1 z,a t=1 xz,a

11



where in the last inequality we used the fact that ¢*™ € A,(M,t), and therefore ¢7*™ (x) > « for every
x. For the second term, D(qq|lq1)/n, we use the fact that the unnormalized KL divergence is the Bregman
divergence associated with the unnormalized negative entropy defined as follows,

R(q) = _qlx,a)Ing(x,a) - q(z,a).

z,a

Now from standard arguments we obtain

D(qllq1) < R(q) Z Z q1(z,a)

zeX a€A

L-1

Zln|Xk||A\ < Lln X ”A‘.

ai(w,a) ~

Putting these two bounds together completes the proof.
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