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1 Proof of Lemmal[ll

Since the objective function ¥,; is convex with respect to (u, v), the set of optima of problem (3) is
non empty. Introducing two dual variables A € Rl and 3 € R} for each constraint, the Lagrangian
of problem (3)) reads as

L, 0,0, 8) = =\ 1) + 28 (8, L) + 1] B(u, 0)1yy — (su ) = (=) = (") = (B, e")
First order conditions then yield that the Lagrangian multiplicators solutions A* and 3* satisfy

VL w* v\ %) = e o (Kev* — X)) — k= 0y,
and V, 2 (u*, 0", \*, %) = ¢ @ (K Te* — B) — % ~0,
which leads to
N =Ke" —kpoe” and 8* =K' e* —v @ ke’

Foralli = 1,...,n we have that e% > <. Further, the condition on the dual variable A} > 0 ensures
that e = = and hence i € IEﬁ,{. We have that \* > 0 is equivalent to % r;(K)e" > ru; which is
satisfied when £2r;(K) > ;. In a symmetric way we can prove the same statement for evi.

2 Proof of Proposition[]]

We prove only the first statement (7)) and similarly we can prove the second one (8). For all i € I ,,
we have e > £ or el = <. In one hand, if evi > £ then according to the optimality conditions
A¥ = 0, which implies e* Z;nzl Kije¥s = k. In another hand, we have

m m

sC . 5C \C SF
et min K;; g eV < el g K;je’ = ky;.
i,J ; .
Jj=1 Jj=1

mo V% V¥ C | _
We further observe that 3.7 €™ =3 .., € + 3 550 € > enlo x| +erlJZ | = enm.

Then max @
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max e < ————25
i€l meKin
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Analogously, one can obtain for all j € J, .

max o7 < PFGELn Y

(D

J€Je —  neKuyn
Now, since K;; < 1, we have
m m
et E e’i > ek E K;je’n = kp,;
Jj=1 Jj=1

Using (1), we get

m
v _ Z Z < maXjelen Vi g |
Zeﬂ eV + eV €H| H|—|— neK o | Eﬁ|

j=1 jEJE K ]EJG
Therefore,
e o € y Kming,_ .
min e% > — Er T .
i€1e 1 K Eli(m — mb) + #mb
min

3 Proof of Proposition 2]

We define the distance function ¢ : Ry x Ry — [0, 00] by o(a,b) = b —a+ alog($). While g is not
a metric, it is easy to see that p is not nonnegative and satisfies o(a, b) = 0 iff a« = b. The violations
are computed through the following function:

n

dQ(fY’ﬂ) = Zg('ylvﬂl)a fOI"}/,ﬁ S RT_QL-

=1

Note that if -y, 3 are two vectors of positive entries, d, (7, 3) will return some measurement on how
far they are from each other. The next Lemma is from [1]] (see Lemma 7 herein).

Lemma 1. For any ~, 8 € R, the following generalized Pinsker inequality holds

Iy = Bl < /701 A 181 do 3, B)-

The optimality conditions for (u*¢, v*°) entails

se _ et ZJ 1K”ej7 ifi € I, 4, _ ) Rk ifi € I, @)
Hi <y Kye, ifie I8, Sy Kye, ifie IS,
and
s e S Kije't, if j € Je s, _ [ € T 3)
J en Yl Kijet, ifj e JS,, er Yl Kije, if j e JB,.
By (2), we have
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Now by (8], we have in one hand
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On the other hand, we get
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Finally, by Lemma T] we obtain

mpmax; V;
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Following the same lines as above, we also have

Npk Max; f; .
v — v*||3 <mper maxp; + 7(m —my) [ —————— + (n — np)e? — min v,
roq mein J
2
m —myp + 1) max; v; mp(max; v;
—|—max1/jlog(( ) j Vi 22(2 ].J) )
j Npk Kmin Mingey, |, i nnpe* k2K, minger, . p;

To get the closed forms (9) and (I0), we used the following facts:

Remark 1. We have log(1/K". ) = 7||C||s/n, for every r € N. Using @), we further derive:
e = O((mnK3;,) ™), 5 = O(y/m/(neu Kuin)), 67" = O(/n/(mKuincw). (/)* =

O(m3? )N/ i (€ )*2), and (er) =% = O(03/2 | /MK minci)-
4 Proof of Proposition 3|

We first define K a rearrangement of K with respect to the active sets /. e, and J¢ ,as follows:

IN{: K(IE,N,JE,N) K(IE,N,JEW)
Kae, g Kae

5&75 )

T

Setting /i = (u;_, ,pye ) 2= (vj v )" and for each vectors u € R™ and v € R™ we set

U= (uITm,uITE N)T and 0 = (v}gﬁ,v;‘gﬁ) . We then have
e o(u,0) = 1) B, 0) 1, — kfi 40— k1070,
and B
(u,v) =1 B, 0)1,, — o' 4 -0,
where

Let us consider the convex function
(i1, 0) = (1, B(@t,0) 1) — (kit, B(&, ) 1,,) — (710, B(&*,5%) T 1,,).

Gradient inequality of any convex function g at point x, reads as g(x,) > g(x) + (Vg(z), z,
x), for all x € dom(g). Applying the latter fact to the above function at point (u*, v*) we obtain

(L, B&, 5%) 1) — (k0, B(&, 5%) 1) — (k7 20%°, B(8%°, 6%) T 1,,)
— ((Ln, B, 6%) 1) — (K05, B0, 5%) L) — (7165, B(0, %) "1,,))
< — 0, (1 — K) B, 0)1,,) + (0% — 0%, (1 — k=) B, 0°) T1,,).
Moreover,
W (0, 0%) = W, 0%) = (Ln, B, 6%) 1) — (50, B0, 6°)1n) — (710%, B(0, 9*)1,))
— (A, B, ) 1) — (0%, B(0, 9°) 1) — (6%, B(0, ) T1,,))
(K — &%, B3, 0%) Ly, — f1) + (k7 20% — &%, B(&*, ) "1, — D).
Hence,
W (u, %) — (0" )+ (Lo, B(@*,5*) 1)
— (0%, B(&, 5°) 1) — (8%, B(4*,5%) T 1,,))
— (R — 0 B, 0 Ly, — f1) — (5710% — 0%, B(&,5%°) "1, — )
<@ =0, (1= B) B, 6%) L) + (0 — 6%, (1 — k1) B(0, ) T1,,)

+ (Lo, B, 5%) L) — (w0%, B(G€,0%)1,,) — (k710 B(@*,5) T 1,,)).



Then,
W, (W, 0%) — W(ur, v*) < (& — &%, (1 — &) B(&C, 0%)1,,) + (8% — 0%, (1 — kD) B(&*,5°) T 1,,)
+ (Lo, B, 9%) 1) — (w0%, B(G,0%)1,,) — (v710%, B(@*, %) T1,,))
+ (R — &%, B8, 8%) 1y, — 1) + (k710% — &%, B(&, SC)T1 2)
— (L, B(@*, 9 1) — (@, B(@, 6) 1) — (0%, B(&°,8°) " 1,)),
which yields
W, (W, 0%) — W(ur, v*) < (ki — &5, B(&, %) 1y — f1) 4+ (5710 — 0, B2, 6%) T 1,, — 1)
+ (1 — &)@, B(G*,5°)1,,) + (1 — &7H)(0%, B(&*, )T 1,).
Applying Holder’s inequality gives
U, (0%, 0%) — U, 0*) < ||Ri — 05| oo | B(&, 5)1,, B(&<,5*) 1, —
1= R, B, 5%) 1) + |1 — &7 (0%, B(&*,0) T 1,,)
W — u*Hoo + |1 = R[] oo ) [| B, 5°) Ly, — fl]1
+( + 1= w8 o) | B(@, ) "1,
1= R[(@, B, 6%) 1) 4 |1 — 671 (0%, B(&*,5%) T 1,,)
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where, in the last inequality, we use the facts that |k4* — + |1 — &|||7*]] o

and [|5~10% — 0% || oo < + |1 = k71|2%]| oo - Moreover, note that

(L=l =il g {15 1 - (0 0L, = gl = 14 = gl
[0% = 0*[loo = [0 = v*]|o0) IB(@s, )71, — V||1 = | B(u*,v*) "1, — v = [[v* — v

Then

W (u,v%) = U, 0%) < (o = ufloo + 11 = Kll[u*floo) 1 = il
+ (Il = v lloo + 1= 57 0" o) [0 = v]la
+ 1= w17 + |1 = w70, %)
< (' = wlloe + 11 = &lllw]loo ) 114 = pilln
+ ([0 = v*lloo + 11 = 57 [0 loo ) [ = vIla )
+ 11 = sl ool + 11 = &7 0™ oo 121

Next, we bound the two terms ||t — u* || and [|v¢ — v*||oo. If 7 € IC | then we have

E,R?
, me1 Krjev;
)~ = 108 (S )|
" Zj:l mLs
() ) Krjev;
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Kby
<| ma<x (vj —log(—— i )|
Kol
< [l = log(~ =)o
2

).

. E
< [|v* = 0] oo + log( =
Cuv

Z;l]

where the inequality (x) comes from the fact that 5,

K iy K,;e¥i
log | & @, )| <
Zj:l K, jelvi

< maxi<j<n b L Vaj,b; > 0. Now, if
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If s € JC, then

sc *l _
s Vs| =

v

Vs
IOg(EK/) - IOg( Zn K €u: )
i=1 s

(50
log | max —-

1<i<n
nkKe
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< fJu* — ¥+ log( -
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nv
If s € J. . then

sc *‘ _
|vs sl

R K et
1 L=l <
o (o) <

Therefore, we obtain the followoing bound:

K Zznil K”'ev; S sc *
MAPCTE Sl | I - .
on (S )| € 1o -l

* N9 * SC * SC 77162 * N9 mez
el — o [0* — 0% oc} < mae { o+ 0]+ log( ), o e + o+ los( )}
Cuv Cuv
nVm)e?
< 2l oo + 107l + e + ] + 1og (LLT))

nz

(&)

Now, Lemma 3.2 in [4] provides an upper bound for the ¢, of the optimal solution pair (u*, v*) of
problem (2)) as follows: ||u*||cc < A and ||[v*|lo < A, where

vV
(F5)- ©)

nv

A= LCHOO + log
n

Plugging (B and (6) in @), we obtain

‘ . s nVm)e?
Ve (0, 0%) = W(u*,v*) < 2(A+ Ju*]loo + [[0°]| o + log (7( ) ) (I = plly + 1 = vil1)
inz
+ 11 = Kl (ool Ml + 1% = pll1) ©)

11 = w7 ([0 ool 11 + 1% = vll1).
By Proposition[T] we have

SC € 1 SC
[[u5| oo < log (; v m) and [|v*°||oc < log (ek V nEKmin)
and hence by Remark ]
5]l = O(log(n'/*/(mKmin)* *e}})) and [[u*|loe = O(log(m*/(nKumin)*/*cii")).

Acknowledging that log(l/Kfnin) = 2||C|o0 /1, We have
Cllso nVm)?
)) = (’)(L I + log (7( ) ))

7/2
n nmcu{,

SC SC nvmsQ
At [0 oo + [0 ]loe + log (Y™

mz

Letting Q; := |1 — &] (lu* o[l *[11 + [l = pull1) + 11 = &7 ([0 [[ o[ + [ = v]|1) . We
have that

||CV||Oo 1 SC SC - SC SC
= O (75, 108 (rriogrs)) (1= w4 1 = ) 1 = 70+ = = o))

_ 1C]] oo (n\/m)2 —14)[, 8 -1
‘O((n“Og(nmcz/f))('1"‘”'““”1*'1‘“ vl +11 = &) + 1= x71))).



Hence, we arrive at
U, (u,0%) = U, 0*) = O(R(|p — g%l + [lv = v*[[1 + wi))-
O

To more characterize w,, the following lemma expresses an upper bound with respect to #1-norm of
p¥and 5.

Lemma 2. Let (u*,v*) be an optimal solution of problem (0)). Then one has

Il = () (— L)) )
vV nKminC;UJ A /nmCNVKmin Vv anmin

and
c mMp/T ny n—"np
I |\1=O(in + (m = my) o)) ©
vV M minCpuy ‘/nmCMVKmin NIMA min
Proof. Using inequality (8)), we obtain
o= w4+ D uf
i€le i€l
Bl i+ 3 (X Kuyed +en 3 Ky)
£,K K ) v
i€l JE€Jew jeJs,

my maxjejm l/j

@ ,
< wlli (= o) T (m = my)e?).

nkKnin
Using Remark [I] we get the desired closed form in (8)). Similarly, we can prove the same statement
for ||v*¢]|1. O

5 Additional experimental results

Experimental setup. All computations have been run on each single core of an Intel Xeon E5-2630
processor clocked at 2.4 GHz in a Linux machine with 144 Gb of memory.

On the use of a constrained L-BFGS-B solver. It is worth to note that standard Sinkhorn’s
alternating minimization cannot be applied for the constrained screened dual problem (6). This
appears more clearly while writing its optimality conditions (see Equations (2)) and (3 ). We resort
to a L-BFGS-B algorithm to solve the constrained convex optimization problem on the screened
variables (6), but any other efficient solver (e.g., proximal based method or Newton method) could
be used. The choice of the starting point for the L-BFGS-B algorithm is given by the solution
of the RESTRICTED SINKHORN method (see Algorithm [I), which is a Sinkhorn-like algorithm
applied to the active dual variables. While simple and efficient the solution of this RESTRICTED
SINKHORN algorithm does not satisfy the lower bound constraints of Problem (6). We further note
that, as for the SINKHORN algorithm, our SCREENKHORN algorithm can be accelerated using a GPU
implementatiorﬂ of the L-BFGS-B algorithm [3]].

Comparison with other solvers. We have considered experiments with GREENKHORN algo-
rithm [2] but the implementation in POT library and our Python version of Matlab Altschuler’s
Greenkhorn cod were not competitive with SINKHORN. Hence, for both versions, SCREENKHORN
is more competitive than GREENKHORN. The computation time gain reaches an order of 30 when
comparing our method with GREENKHORN while SCREENKHORN is almost 2 times faster than
SINKHORN.

"https://github.com/nepluno/1bfgsb-gpu
https://github.com/JasonAltschuler/Optimal TransportNIPS17
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Algorithm 1: RESTRICTED SINKHORN

1. set: f, = ek c(KIEmJEcﬁ),fU =ex (K g, )5

2. fort =1,2,3do
e K

e,mrde,
Yiew .

t
v® « )
K v
(t) K Fo.
u’ Isﬁ,i,JE,,iU+fua

REIc x

ult) BVIOHE

Ru"’fv;

L u <+ u(t),:) —v®);
3. return (u(®) v®)
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Figure 1: ALoumwsowy : Running time gain for the toy problem (see Section l as a function of the
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data decimation factor in SCREENKHORN, for different settings of the regularization parameter 7.
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Figure 2: Accuracy of a 1-nearest-neighbour after WDA for the (left) toy problem and, (right) MNIST).
We note a slight loss of performance for the toy problem, whereas for MNIST, all approaches yield

the same performance.
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can note that a slight loss of performances occur for larger training set sizes especially for 1-nearest-
neighbour. Computational gains increase with the dataset size and are on average of the order of
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Figure 4: OT Domain Adaptation on a 3-class Gaussian toy problem. (top-left) Examples of source
and target samples. (top-right) Evolution of the accuracy of a 1-nearest-neighbour classifier with
respect to the number of samples. (bottom-left) Running time of the SINKHORN and SCREENKHORN
for different decimation factors. (bottom-right). Gain in computation time. This toy problem is a
problem in which classes are overlapping and distance between samples are rather limited. According
to our analysis, this may be a situation in which SCREENKHORN may result in smaller computational
gain. We can remark that with respect to the accuracy SCREENKHORN with decimation factors up to
10 are competitive with SINKHORN, although a slight loss of performance. Regarding computational
time, for this example, small decimation factors does not result in gain. However for above 5-factor
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Figure 5: OT Domain adaptation MNIST to USPS : (top) Accuracy and (bottom) running time
of SINKHORN and SCREENKHORN for hyperparameter of the ¢, ; regularizer (left) A = 1 and
(right) A = 10. Note that this value impacts the ground cost of each Sinkhorn problem involved
in the iterative algorithm. The accuracy panels also report the performance of a 1-NN when no-
adaptation is performed. We remark that the strenght of the class-based regularization has influence
on the performance of SCREENKHORN given a decimation factor. For small value on the left,
SCREENKHORN slightly performs better than SINKHORN, while for large value, some decimation
factors leads to loss of performances. Regarding, running time, we can note that SINKHORN is far
less efficient than SCREENKHORN with an order of magnitude for intermediate number of samples.
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Figure 6: OT Domain adaptation MNIST to USPS : (left) Accuracy and (right) running time of
SINKHORN and SCREENKHORN for the best performing (on average of 10 trials) hyperparameter £, ;
chosen among the set {0.1,1,5,10}. We can note that in this situation, there is not loss of accuracy
while our SCREENKHORN is still about an order of magnitude more efficient than Sinkhorn.
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