A Supplementary Material

We provide here proofs of all the results from the main text.

Proof of Theorem 1]

Proof. We will prove the result by contradiction.

Suppose there is some é € F such that the optimal solution assigns J*(€) > 0 and J~ (é) > 0. Then
we note that
min{J*(e),J (&)} > 0.

N
Consider an alternate solution (.J*, J~) such thatV e € F,

J(e) = {J*(e)a ife=¢

a

JT(e) ifee B\ {ée}’
= J(e)—a ife=¢é
J = .
() {J— (e) ifec B\ {é}
Clearly, (j +J ~) is feasible for (I). Moreover, it achieves a lower value of the objective than the
optimal solution (J T, J ™). Therefore, (J T, J~) cannot be optimal. O

Proof of Theorem 2]

Proof. We introduce non-negative Lagrangian vectors a and 3, respectively, for the constraints
Ft < cand —c < F't. We consider the terms in the objective that depend on ¢

gty =t"(p1 —po) + o' (Ft—c)— BT (Ft+c).
The gradient Vg(t) must vanish at optimality, so
pi—po+F (a—pB) =0.
The first part of the theorem follows immediately by defining n = 8 — «. A closer look at (T)) reveals
thatp = J— — JT is, in fact, the net flow along the edges e~ from ().

Now, we prove the second part. By definition, in order for an edge e to be active, at least one of
e and e~ must be active, i.e., we must have J T (e) + J~(e) > 0. On the other hand, Theorem
implies that at least one of J*(e) and J~ (e) is O for each e € E in the optimal solution. Combining
these facts, we have that for any active edge e, exactly one of e™ and e~ is active, i.e., exactly one of
the inequalities J*(e) > 0 and J~ (e) > 0 must hold. This immediately implies, by complementary
slackness, that exactly one of «(e) or 5(e) is 0. Thus, for any active edge e, either the lower bound or
the upper bound on F't*(e) in the constraints —c(e) < F't*(e) < ¢(e) must become tight. Therefore,
we must have Ft*(e) € {£c(e)}.

Proof of Theorem 3|

Proof. Note that since at least one coordinate of e is strictly greater than 0, the feasible region is
non-empty, and consequently, a unique projection exists. We introduce variables & € R and 3 € R% ,
and form the Lagrangian

Liw,af) = slle =yl ~a(@o ) 1 - 1) -~ §Tod.

We now write the KKT conditions for the optimal solution z. For each j € [d], we must have

rj—y; —ae;—Bieg = 0
Ejl‘j Z 0
Bi = 0
Gjl‘jﬁj = 0
d
Additionally, > ez; = 1.
j=1
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Clearly, for j € [d] £ {1,2,...,d},e; =0 = x; = y;. Therefore, without loss of generality we
assume in the rest of the proof that €; > 0 for all j. Then we can immediately simplify the KKT
conditions to

x;—y;—oe; —pPieg = 0 (10)
z; > 0 (11
B = 0 (12)
d
ey o= 1 (14)
j=1

>0
We note that >Ogﬁj :0@% + e > Ogyj/ej > —a , whereas
>0
xj:O@yj—i—aej:—ﬂjej%yj—l—aej SO%yj/ej < —a.
€

This shows that the zero coordinates x; correspond to smaller values of y; / ¢;. Thus, we can sort the
indices j in non-increasing order based on the ratio y; /¢, reorder x according to the sorted indices,
and find an index ¢ € [d] such that z; > 0 for j € [¢] and O for £ < j < d. Without loss of generality,
we therefore assume that

T1 2 %o...220>0=2p41... =24, and
y1/€1 2y2/62... Zyd/ﬁd. (15)
We then have from (14) that
d ¢ ¢
L= gz = Y oy = Y ¢y +ag)
j=1 j=1 j=1
¢
1— €Y
— a= 124 . (16)

‘ 2
> j=1€;
Thus, our task essentially boils down to finding the number of positive coordinates ¢. We now show

that ‘
(1 -7 &)
ﬁ >0

szax{je[d]
i=16

First consider j < ¢. Then y;/¢; > —a for j € [¢]. Noting that ¢; > 0 for all j and using (T6), we
must have

Yi T ¢

(1 — Z{Zl Giyz’)

i+ € ,
Yj T J 2
i=1"1
J
€:
_ J i=1 z
- j 2 (yj - § €zyz>
i=16

which has the same sign as

J 2 J
T o
Yj 721: Lh1-D e
J i=1
V4

' ¢
= Yj Liad + Z €yi +1— Zﬁ'yi

€.
J ‘—j+1 i=1

— lll‘i‘ZQy;“v‘aZG

=741

J 1
= <?+O¢>Z€?+ Z €; <Z€Jz+a)
J i=1 i=j+1 v
> 0.
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Now consider j = £. Since y¢/e¢; > —a and ¢, > 0, we have yy + aep > 0. Thus

1- j— €Y 1-— @_ €:Us
yj+€j%fl;yz) = ye+64%
i=1 € Yol €

= yo+ae > 0.
Finally, we consider £ < j < d. We note that

(130 i)

Yj T i 2
i=1%
i2 J
€5 €5
J =1
= = 2<yj : l+1*E €iyi>7
.
i=1% J i=1
which has the same sign as
i e J
ij;“ +1— E €Y
€j ©
i=1
Jo2 ¢ J
_ i=1% 4
A L €Y
J i=1 i=0+1
i ¢ J
= yjil:‘l ‘ +OZZ€% - Z €:Yi
J i=1 i=0+1
Yj : ! Yi Y
= <j—|—oz>§ ef—&- E 63(;_1)7
€ i=1 i=04+1 G ¢

< 0,
by leveraging the sorted property in and the fact that y; /e; < —a for j € [£].

(1= >71_ i)

Therefore, we have shown that y; + G 5 0 for all j € [¢], and at most O for
i=1%

<j<d. Algorithmimplements this procedure, and that proves its correctness. The O(d log d)

time complexity is due to the cost of sorting the indices j € [d] based on y; /€. O

Proof of Theorem 4|

Proof. Recall the formulation (6)):

A
min max ¢ (p1 ©€— + Z||pl)? .
eE e (p1 po) 2||Pl||
p1OeeA(V) =
¢(et,p1)
Making the constraints & explicit, we get
min min max €t,p . 17
ee{0,1}1V1 pLeRVI t€Tr. o(e 1 71) {an

el 1<k p1OeEA(V)

Note that for any fixed € (a) {51 € RIV! | (51 ® €) € A(V)} is convex, and Tr,. is convex and
compact, (b) ¢(e, t, p1) is continuous, and (c) for every fixed ¢, (e, ¢, -) is convex in py; while for
every fixed p1, ¢(e, -, p1) is linear (thus concave) in ¢. Therefore, invoking the Sion’s minimax
theorem [60]], we can swap the order of min and max within the parentheses in (I7)), and obtain

min max min e, t, p1 . (18)
ccf0,1}V! t€Tre prerlV] ot )
e 1<k p1OeEA(V)
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We introduce Lagrangian variables v € RLV‘
0=p®cand (b) (p1 ©®€)T1=1toget
®(e,t,p1,1,¢) £ ¢let, p1) +C(pLO€) 1 =1) =" (h1®¢) . (19)

Applying the optimality conditions, we note for any fixed pair (¢, t), the corresponding optimal pq
must satisfy

and ¢ € R, respectively, for the simplex constraints (a)

851 (I)(E,t,[)l,l/,C) = Oa

whereby
- t—v)®e+ (e
o (U, o0)
Plugging in p; from into (T9)), we thus have the following equivalent dual formulation for
min max max M(e, t,v, Q) ,
66{0,1}"/‘ tETF,n VGRLY',CGR
e 1<k
where 1
M(et,v, Q) = SollE—v+ @ —tTp — . 21

Invoking the first order convex optimality condition for constrained optimization, the € obtained from
relaxation of (6) is optimal if and only if

0 € {0, max max M(e, t,v,¢) + N, (22)
t€Tre yerlY! cer

(4)

where N is the normal cone of the relaxed constraints

&= {ce "

€'l Sk} .

Now we note that for any vector z;, we can write © © € = D(e)x, where D(e) is the diagonal matrix
corresponding to e. Also, since € € {0, 1}V, we get D(¢)" D(¢) = D(e). Thus, for any x, we have

lz @ €l = [[D(e)z]|* = (D(€)x) " D(e)z = 2" D(e) ' D(e)z =z D(€)x .
In particular, we can simplify ||(t — v 4+ (1) ® €||? in when we set z to t — v + (1. The

theorem statement then follows immediately from 22)) by representing N at the integral point €* and
leveraging the non-negative dual parameter associated with the constraint € ' 1 < k. O

Proof of Theorem 3

Proof. We will use the shorthand /1, for p1(v), and likewise for indexing ¢, v, and e. Using (20),

I (t—v)©®e+ (e _ (t-v+Q
pl( ) >< ) )QG

Therefore,
B t—v+(1 t—v+(1 ~
pOe=— tzvtdl Oede = ‘— tzviel ©e = p1, (23)
A A
since € € {0, 1}V!. We write one of the KKT conditions for optimality
p1OedGrY = ppoOrv = 0.
We consider the different cases. Note that for v € V, using 23], we have
t’U v
fro > 0 = 1y =0 = fy, = — e (24)

A
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and

v =0 = (ty —vu+Qey, = 0 = vye, = (t, + )y - (25)
But since v, > 0, and €, € {0, 1}, we note that v,¢,, > 0. Then, by 23)), we have
t'U v ~
ey >0 = 7# <0 = jro. (26)

Combining (24) and (26)), we can write

t'u v
/3111 = max{_(—i;\g)ea O} = %max{_(tv + C)v 0} ’ 27
since €, > 0 for all v € V and A > 0. Therefore, we get p; = § Ory,wherer = — (t+ (1),

and r is computed by setting the negative coordinates of r to 0.

Moreover, since p1 © v = 0, we can eliminate v from (I9) and write (T7) as

A
. tT ~ Mz 2 ~T1 -1
min max max (P1 — po) + 2||p1|| + ¢(py )

Substituting for 1 from (27), we obtain the following equivalent problem

T
. T 1 T T
min max max — —(e@®r7r + —r,(e®Or -t —
€&, t€Tr. CER A ( +) 2\ + +) po =<
. —Li T T
= min max max ——e€ (r 2r—r -1 -C,
€€E, t€Tp,e CER 2 (r+ ©( +) o=

which can be written as

min max ma, - — 2 —tTpy —
€€}, tETF),(c Ceﬂ? 2\ ol o=
Vi1 >0
. 1 2 T
= min max max — — €T — t —
€€E), tE€Tp,. CER 2 Z v pPo—¢
vity, <—(¢
1
= min max max — — €y (t 2 _tTpy—
€€, t€Tr,c CER 2\ o(te +0) Po=¢
vity, <—(¢
1
= min max ma - — €, (T 2 20t — g t —C.
g tETF),(c CEH? B3\ ( v( vt C) + va,v) vP0,v ¢
vity, <—( vity>—(
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