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A Appendix
This appendix provides the proofs of the theoretical results for the main document.

A.1l Proof of Theorem 1
First, we presents some Lemmas to facilitate the proof of Theorem 1.
Let (Z, E) be an independent copy of (Z, R). We denote
ARR) =E [(Z—Z)(Z—Z)WR,R . (1)

Let P be the projection onto the central space Sg| with respect to the inner project a - b = aTb, and
let Q = Iy — P. Further, define two quantities

C=2I;—AR,R) and G=E(C)>.
Lemma 1. Denote span(G) the column space of matrix G, then Ssavg = span(G).

Proof of Lemmall] Follow the Theorem 2 in [4] and notice E(ZZT) = I, the matrix G can be
re-expressed as

G =2FE [E*(ZZ" — 14|R)] + 2E° [E(Z|R)E(ZT|R))
+2FE[E(ZT|R)E(Z|R)| E [E(Z|R)E(ZT|R)] .
First, let v be a vector orthogonal to Ssavg. We have E(ZT|R)v = 0 and [I; — var(Z|R)jv = 0
)

almost surely. Therefore, G;v = 0 for ¢ = 1,...,6. This implies that v is orthogonal to span(
and hence span(G) C Ssavg.

On the other hand, let v be a vector orthogonal to span(G). Then, vTGv = 0 implies
VTE [E*(ZZT — 14|R)|v =0 2)

and
VTE[E(ZT|R)E(Z|R) E[E(ZIR)E(ZT|R)]v = 0, 3)
almost surely.

The second equality implies that E(ZT|R) = 0 almost surely. Furthermore, Using the fact that
E(ZZ") = Iy and E(ZZT|R) = var(Z|R) + E(Z|R)E(ZT|Y), the first inequality can be re-
expressed as
0 =v"E [var(Z|R) — I v
+oTE|(var(Z|R) — 1) E(Z|R)E(Z \R)] v
+vTE[E(Z|R)E(ZT|R)(var(Z|R) — I)] v
[

+0TE [E(Z|R)E(ZT|R)]* v
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The second to fourth terms are 0 since E(ZT|R) = 0. Thus the first term must also be 0, almost
surely, implying . that v 1l Ssavg. We complete the proof by showing that Ssavg C span(G).

O

Lemma 2. Suppose the Assumption I (a) and (b) hold. Denote span(G) the column space of matrix
G, then Ssave = span(QG).

Proof of Lemma[2] By Lemma 2.1 of [5] and Propsition 4.6 of [, (Z, R) 1L (Z, R) implies that
Z 1 Z(R,R),Z 1L R|[Rand Z 1L R|R. Thus A(R, R) can be re-expressed as
A(R,R) =E(ZZ"|R) — E(Z|R)E(Z"|R)
—E(Z|R)E(Z"|R) + E(ZZT|R)) @
Let v be a vector orthogonal to Sgjy . By assumption (a), E(vTZ|PZ) = T PZ for some o € RA.

Multiply both sides by Z Pa: and then take unconditional expectation to obtain v Pa = aTPa = 0.
Thus E(vTZ|PZ) = 0.

By Assumption 1 (a) and (b), E [(vTZ)?|PZ] = ¢+ E*(vTZ|PZ) = c, for some constant c. Take
unconditional expectations on both sides to obtain ¢ = vTv. Thus E [(vTZ)?|PZ] = vTw.

Because R 1L Z|PZ, we have
E(WTZ|R) = E[E(WTZ|PZ|R)] =0,
E[(vTZ)*|R] = E{E[(vTZ)*|PZ]|R} = vTv.

Substitute the above two lines into 4], we have
vTA(R, R)v = 200,
which implies vTGv = 0. Then, we have span(G) C Sgjw -

O

Lemma 3. Let G be a symmetric and positive semi-definite matrix which satisfies span(G) C Sgjw .
Then, span(G) = Sgyw iff vTGv > 0 for all v € S, v # 0.

Proof of Lemma 3] Suppose that span(G) is a strict subspace of Sgjy,. Then vTGv = 0 for any
v # 0, v € Sgyw © span(G). Conversely, for span(G) = Sgyw, v € Sgw, v # 0, we have
v € span(G), and hence vTGv > 0. O

Proof of Theorem 1. We first show that span(G) = Sgjw. G is symmetric and positive semi-

definite according to its definition. Also, Lemma shows span(G) C Sgjw under Assumption 1 (a)
and (b).

Let v € Sgjw, v # 0. Without loss of generality, we assume ||v|| = 1. Then
vTGv =vTE [C(I4 — v0T)Clv + E [(vTCv)?]. 5)

Because I; — vuT > 0, the first term on the right hand side of (3)) is nonnegative. By Assumption 1

(c), vTA(R, E)v is non-degenerate. Therefore, vTCv is non-degenerate. Then, by Jensen’s inequality
and notice E(C) = 0,

E[(vTCv)?] > [E(vTCw)]* = 0. (6)

Then, by Lemma and Lemma we complete the proof by showing Ssave = span(G) = Sgjw .
O
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A.2 Proof of Theorem 2

Proof of Theorem 2. Suppose Assumption 2 holds. By applying Theorem 3 and Proposition 3 in
[2], we arrive at

- - -
1€1 — &1lloo < [oax & — &illoo

< C1d™32 (14| Zsave — Bsavilleo + 72| Zsave — Ssavell2)

< Cyrtd™?||SgavE — EsavE |l masx, @)

where C and C5 are some positive constants.
It can be shown that
SsavE — TsAvE
17~ ~
= 1[G -1 = (%1 - L) + (B2 = 1% = (% - L)?]

4

17 ~ N . N
= 1 |Er+ 2 -2 S -2 + B2+ T2 - 200) (B2 - )]

Then,

|EsavE — ESAVE||max

1 ~ ~ ~ ~
7 LNE 421 = 22)(E1 = 20l + 182 + Bz = 20)(S2 = 2l lna]

IA

IN

17 ~ - N N
1 [||E1 + 31— 21421121 — Z1llmax + |Z2 + B2 — 214|2]| X2 — EQHmax:| (8

Follow the classic asymptotic result in univariate OLS and use the union bound, we have

a logd a logd
||El - Eleax - Op( g ) and HEQ — EQ”max = Op( g

)- €))

n
Then, we bound the first operator norm in (8) as

1S1 + B1 — 2142

= |21 — By + 28, - 20,

<IE1 = Sille + 211 — Lall
< d||1 = 1 |lmax + 2/ 1 — L2

d?logd
= 0, =2%) + 0,(Va), (10)

where the second term of the last equality is due to |21 ||z = O,(v/d) derived from Assumption 2.
Similarly, we have

~ d?logd
1S + Xo — 214l|2 = O, ng + V). (11)

By plugging (9), (I0) and (TT) back to (7), we conclude the proof by showing

> logd log d
1€1 — &1lloo = O, (' | 2% 4 Va2ET),

n n
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A.3 Proof of Theorem 3
We will work on the space of probability measures on X C R¢ with bounded pth moment, i.e.

Py(X) = {M € P(X) : inf 2P du(x) < oo} .

The following Lemma follows the Theorem 5.10 in [6]], which provides the weak convergence in
Wasserstein distance. Hence we omit its proof.

Lemma 4. Let X C R? be compact, and pun,, i € P(X). Then i, — p if and only if Wy (pin, 1) —
0.

—~ n 1/p
Denote W (X,Y) = (711 ; le; — ¢*(mi)|p> , the empirical Wasserstein distance with true

OTM ¢*(+). The following Lemma follows the Theorem 2.1 in [3] guarantees that /W; (X,Y)isa
consistent estimator of W(ps, p,). We refer to [3]] for its proof.

Lemma 5. Under Assumption 2 (a) and (b), W; (X,Y) converges almost surely to Wo(pg, py) as
n — oo.

Proof of Theorem 3. Notice that, we can decompose the empirical Wasserstein distance as

W, (¢ (%), X)

= {W, (693, X) = w, (6920, X) } + {3, (69920, X) = W, (6720, X) } + W, (4°(x), X)

=h + L+ 1.
First, under Assumption 2 (a) and (b) and with Lemma 5] one can show that I; converges to 0 almost
surely as n — oo.
For any k > 0, denote AW = X[E+1] _ Xk Then, we have
Al = (o0 (xMgy) - XM )
= (Y& — XMg)ef
= (Y - XMee], (12)
where the second inequality used the fact that ¢(¥) (+) is the OTM between X¥¢, and Y&y
Therefore, by taking the vector norm to both sides or (I2)), we have
1A o = [1(Y = XM)grel 2
= Tr{gf(Y - XM)g,)
= XY = XM
= Al — X 4 Al
> X2 {IY = X — At}
M

)\2

> N {2 At |
k+1

AT,
In other words, we have

)‘% 1 Ai 1
185750 < =5 1AM < =G AP, - for k>0,
k 0

According to Theorem 2, )\, is a consistent estimator of the leading eigenvalue of YXgayg in the kth
iteration. Also, according to Theorem 1, A\ is upper bounded by the kth eigenvalue of 3, almost
surely. Then, under Assumption 2 (c), we have \;/\; converges to 0 as d — oo and k > Cd for
some C' > 0. This implies | AF*+1||; — 0 as d — oo and k > Cd.



g0 Then, Lemmaldguarantees that I, weakly converges to 0 as d — oo and k > C'd and hence completes
g1 our proof.
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