A Sketch of analysis for Theorem 1]

Additional notations: Before proceeding to our analysis, we introduce some technical
notations for stochastic processes: Let (F;) denote the natural filtration (collection of
o-algebras) associated to the stochastic process, that is, the data stream (X?). Then by
the update rule of Algorithm for any ¢, W¥, P?, and A? are all F;-measurable, and
G € Ft.

A.1 A roadmap of analysis
On a high level, proving Theorem|I]is done in the following steps:
In section We show that if the algorithm’s iterates, wt, stay inside the basin of

attraction, which we formally define as event G, G; := {A? <1 —7,Vi < t}, thena
suitable transformation of the stochastic process (A?) forms a supermartingale.

In section[A.3] Using martingale concentration inequality, we show that provided a
good initialization, it is likely that the algorithm’s outputs W*, ... W stay inside the
basin of attraction.

In section We show that at each iteration ¢, conditioning on G;, A**! < BA! for
some (3 < 1 if we set the learning rate 7 to be a properly chosen constant.

In section We iteratively apply this recurrence relation to prove Theorem

A.2 A conditional supermartingale

Letting M; := 1g, , exp (sAi), Lemma shows that (MM,),>1 forms a supermartin-
gale.

Lemma 1 (Supermartingale construction). Suppose Gy holds. Let C* and Z be as
defined in Proposition[2] Then for any i < t, and for any constant s > 0,

E [1g, exp (sA™1) | 73]
<1g, , exp (sA" (1 —2n" ' X\er + (n"T1)2CTIN) + 282 (T2 Z)?) .

The proof of Lemma [I| utilizes the iteration-wise convergence inequality in Prop. [2]
of Section[A4]

A.3 Bounding probability of bad event G;

Let Gy denote the good event happening upon initialization of Algorithm[I] Observe
that the good events form a nested sequence of subsets through time:

GoDG D...G:D ...



This implies that we can partition the bad event G into a union of individual bad events:

gtc - ngl (gzl \ gz) )

The idea behind Proposition E] is that, we first transform the union of events above
into a maximal inequality over a suitable sequence of random variables, which form a
supermartingale, and then we apply a type of martingale large-deviation inequality to
upper bound P (Gy).

Proposition 1 (Bounding probability of bad event). Suppose the initialization condition
in Theoremholds. Forany d > 0,t > 1, and i < t, if the learning rate 0 is set such
that

2A\T \/51}
(£ Ing(b+ [IZ*]|F)2 +b(k+1)A1)" b ’

n' < min{
ThenP (G) <9
Proof Sketch. For i > 1, we first consider the individual events:

G \Gi=Gi1NGi ={Vj<i, N <1-7}n{A">1-71}
For any strictly increasing positive measurable function g, the above is equivalent to
Gio1\Gi ={g(A") > g(1 —7) and Vj <i, g(A7) < g(1—7)}

Since event G;_1 occurs is equivalent to {1g,_, = 1}, we can write
Gio1\Gi ={9(A") > g(1—7) and Vj < i, g(A7) <g(1—7), and 1g, , =1}

Additionally, since for any j' < j, G; D Gj, thatis, {1g, = 1} implies {1, = 1},
we have

Gi-1\Gi
={g(A") > g(1 —7)and Vj < i, g(A) < g(1—7),1g,_, =1,1g, = 1,Vj’ <i—1}
={lg,_, g(AY) > g(1 — 1) and Vj < i,1g, , g(A7) < g(1 —7), and 1g, =1}
C {lg,_, 9(A") > g(1 — ) and ¥j < i, 1g, , g(A7) < g(1 1)}
So the union of the terms G;_1 \ G; can be upper bounded as
Ui_1Gi-1\ Gi C
Uima{lg,, 9(A") > g(1 —7),1g,_, g(A) < g(1 —7),V1 < j <1}
U{Lg, g(A") > g(1 - 7)}

Observe that the event above can also be written as

{ Supt]lgi71 g(AL) > g(l - T)} :

1<i<



We upper bound the probability of the event above by applying a variant of Doob’s
inequality. To achieve this, the key step is to find a suitable function g such that the
sequence _
Ig, g(AI)v 1g, g(A2)7 ool g(Al)’ s
forms a supermartingale. Via Lemma we show that if we choose g(z) := exp (sx)
for any constant s > 0, then
E [1g, exp (sA™1) |F;] < 1g,_, exp (sA) , (A1)

provided we choose the learning rate in Algorithm [T]appropriately. Then a version of
Doob’s inequality for supermartingale (2| p. 231) implies that

E []lg0 exp (sAl)]
exp (s(1 —1))

b

P <s1l;p 1g, , exp (sA’) > exp (s(1 — T))> <

Finally, bounding the expectation on the RHS using our assumption on the initialization
condition finishes the proof. O
A.4 Iteration-wise convergence result

Proposition 2 (Iteration-wise subspace improvement). At the t + 1-th iteration of
Algorithm([l} the following holds:

(VI) Let C' := kb + 2n'b? + (n*)%b3 . Then
E [tr(U*P")|F] > tr(U*PY) 4 2T A AY (1 — AY) — (" T2 CHH N AY

(V2) There exists a random variable Z, with
E[Z|F]) =0 and |Z| <2(b+ |X*||r)VA?
such that

tr(U* P > tr(U*PY) 4+ 20" TIN AN (L — AY) 4+ 20T Z — (P TH20TH N A

Proof Sketch. By definition,
tr(U* P = (U (W) T (WL (W T =Lty |
where by the update rule of Algorithm /]
W = Wt 4 gttt T
We first derive (V1); the proof sketch is as follows:

1. Since the rows of W are orthonormalized, one would expect that a small
perturbation of this matrix, Wt+l, is also close to orthonormalized, and thus
WL (W) T should be close to an identity matrix. Lemma [2| shows this
is indeed the case, offsetting by a small term F, which can be viewed as an
error/excessive term:



Lemma 2 (Inverse matrix approximation). Let k' be the number of rows in W,
Suppose the rows of Wt are orthonormal, that is, W (W*)T = Iy . Then for
Wi = Wt 4 gttt (ptH )T e have

(W WD ™= (1= M)
where \1 (E) is the largest eigenvalue of some matrix E, and A1 (E) = (n'+1)2||rt+1]|2||st+1]|2.

This implies that

tTU*(Wt+1)T(Wt+1(Wt+1)T)_1 Wt+1
> (1= (2 P s P e (U (W) T

. We continue to lower bound the conditional expectation of the last term in the
previous inequality as

E [tr(U* (WY TWYF] > tr(U*P) + 20" (U* PPE* (1, — PY))
. The last term in the inequality above, tr(U* P*3*(I; — P")), controls the im-

provement in proximity between the estimated and the ground-truth subspaces.
In Lemma 3] we lower bound it as a function of A:

Lemma 3 (Characterization of stationary points). Let X* be of rank k, and
't :=tr(U*P'S*(I; — PY)),
Then the following holds:
(a) tr(U*P') = tr(U*) implies that T* = 0.
(b) Tt > A\ A1 — AY).

. Finally, combining the results above, we obtain (V1) inequality in the statement
of the proposition.

(V2) inequality is derived similarly with the steps above, except that at step 2, instead
of considering the conditional expectation of tr(U* (W) TWH1) we explicitly
represent the zero-mean random variable Z in the inequality. O

B Proofs for Proposition [I]

Pr()ofofProposition Recall definition of G;, G; = {Ai <1-7Vi<t}. We
partition its complement as G; = Uﬁzlgi_l \ G;. Fori > 1, we first consider the
individual events:

Gia\Gi=Gi 1NG={A">1—-7In{Vj<i, AT <1-7}

For any strictly increasing positive measurable function g, the above is equivalent to

Gio1\Gi = {g(A") > g(1 —7) and Vj < i, g(A7) < g(1 - 1)}



Since event G;_1 occurs is equivalent to {1g, , = 1}, we can write
Gie1\Gi = {g(A") > g(1 —7) and Vj < i, g(A)) < g(1—7), and 1g,_, =1}

Additionally, since for any j' < j, G; D Gj, thatis, {1g, = 1} implies {1, = 1},
we have

Gi-1\ G

={g(A") > g(1 —7)and Vj < i, g(A) < g(1 —7),1g,_, = L1g, = 1,vj <i—1}
= {lg,_, g(A") > g(1 —7) and Vj < i,1g,_, g(A7) < g(1—7), and 1g, =1}

C {]lgi—l g(Ai) > g(l - T) and V] < iv ]193'71 g(Aj) < g(l - T)}

So the union of the terms G;_; \ G; can be upper bounded as

Ui_1Gi1\ Gi C
U§:2{19i71 g(Al) > g(]' - 7)7]1gj—1 g(AJ) < g(l - T)7V1 S] < Z}
U{lg, g(A") > g(1-7)}

Observe that the event above can also be written as

{ sup 1g, , g(A") > g(1—7)}.
1<i<t

Now we upper bound P ({sup, <;<, 1g,_, g(A%) > g(1 — 7)}) by applying a martin-
gale large deviation inequality. To achieve this, the key step is to find a suitable function
g such that the stochastic process

Lg, g(A"),1g, g(A%),..., 1g,_, g(A"), ...

0

is a supermartingale. In this proof, we choose g : R — R+ to be g(x) = exp (sx) for
s = ﬁ In %
By LemmalT]
E [1g, exp (sA™") | 7]
<1g, , exp (sA* (1 —2n" T X\er + (n"T1)2CTI Ay ) + 28 (0" T2 Z)?)
<1g, , exp (sA"(1— 2" \pr + (" T)2CT Ay ) exp (s*(n"T)28(b + [|£¥]| )2 AY)

A
=1g, , exp (SN<1 — 20" I\ + (" TH2CTINL + s(TH)28(b + |12 F) )

Since we choose the learning rate in Algorithm [T]such that

i1 < 2)\k7' 2/\kT
b(k+ 1A + 2= In (b + [|Z*]|p)? b(k + DA +8s(b+ ||X*]|r)?

n (B.2)

And since ! < %, it can be seen that

CHY = kb + 2018+ ()0 < bk + 1) ®B.3)



Combining Eq (B-2) and (B.3), we get
_27]i+1>\k7__’_( z+1) Cz+1)\ +S( z+1)28(b+ ”E*”F)Q

Therefore, . ‘
E [1g, exp (sA™1)|F;] < 1g,_, exp (sA)
Thus, letting M; = 1g, , exp (sA?), (M;);>1 forms a supermartingale. A version of
Doob’s inequality for supermartingale (2, p. 231) implies that
P(Gf) =P (Ui=1Gi-1\ Gi)

<P (Sup 1g, , exp (sA") > exp (s(1 — T))) =P (sup M; > exp (s(1 — T)))

i>1 i>1
E [M;] _ E [1g, exp (sAl)]
~exp(s(l—7)) exp (s(1 — 7))
We bound the expectation as follows: By Inequality [B.4] of LemmalT]

exp (s5%) T, < exp (5 A% = 20 Mel1 = ) = 2012 + (PO 0" )
Taking expectation on both sides,
[llgo exp (SA )]

< exp (s <AO(1 — 20" \e(1 =A%) + (nh)2CM A AO) E [exp (s(—2n'2))]

< exp (s (A0(1 —2n' A\ (1 =A%) + Cl)\lAO)) exp ( "?1Z)?)
)
>

where the second inequality holds by Hoeffding’s lemma (using the same argument as
in Lemma , and the third and fourth inequality is by the fact that A° < (1 — 7) holds
by our assumption. Finally,
E []lg0 exp (sAl)}
exp (s(1 - 7))

since we set s = ﬁ In

< exp (sA0<1 o At 4+ ()2CM A + (Y285 + 1271 ) )

Sexp<s(17)<12n1)\k7+( D20\ + s(nH)28(b+ |1 2% || ) )

<exp(

<exp(—s(l—7)) <9,

S|

B.1 Auxiliary lemma for PropositionT]
Proof of Lemmal[l} By V2 of Proposition 2] for * with rank ,
tr(U*PY) > tr(U*PY)



k
2n'tt Z Ae(1 —uy Piug)(uj Plug — Z (1 — ) Pluy,)) + 20Tt Z
m#L
( z+1) Cz+1tr(z* o E*Pz)
From this, we can derive

k
At < Ab — 277i+1 Z >\E(1 o UZPtUZ)(l . Az) o 277i+1Z + (niJrl)QCiJrl)\lAi

<A =2 TNt (UF = UFPH) (1= A%) = 29" Z + (T2 CHIN AT
— At _ 2ni+1)\kAi(1 _ Ai) _ 2ni+1Z + (ni+1)20i+1/\1Ai
= A'(1 =2 A (1 = A%)) = 29" Z 4 (PO A

This implies that for any s > 0,
exp (sA""!) < exp (s (Ai(l — 2N (1 = AY)) — 20T 7 + (ni+1)20i+1A1Ai)>
Multiplying both sides of the inequality by 1g,, we get
exp (sAiH) 1g,
< exp (s (Ai(l — 2N (1 — AY) — 21 Z + (ni“)?c*”l)\lAi)) 1g, (B.4)

We can further upper bound the RHS of Inequality (B:4) above as

exp (8 (Ai(l — 2N (1 — AY)) — 29" Z 4 (Pt C”‘l)\lA’)) 1g,

< exp (s (Ai(l — 2 INeT) = 29T Z 4 (pTTh) 2O A >) 1g,

< exp <$ <Ai(1 — 2" INeT) = 2" T Z + ()20 N)> 1g, ,

< ﬂgi71 exp (S (Ai(l — 2ni+1)\k7') ( 1+1) CH—l/\ Al )) exp (8( _ 2ni+1Z))

The first inequality is due to the fact that “{1g, = 1} implies {A® < 1 — 7} and the
second inequality holds since G; C G;_1 . Incorporating this bound into inequality (B-4)
and taking conditional expectation w.r.t. F; on both sides, we get

1g, E [eXp (SAH'l) |.7-"l] =E [exp (sAi'H) 1g, |.7:i]
<1g,_,exp (s (Ai(l — 2N T) + (20N A1>) [exp (s( - 277i+1Z)) |.7-'l]

Now we upper bound E [exp (s( — 27" ™ Z)) | ;] : Since

2tz < 2yt (—2) < 29"t Z],



and 4 '
E [2sn"t(=Z)|F;] =E [2sn"T'Z|F;] =0,

by Hoeffding’s lemma

32(477i+1 |Z|)2

E [exp (250" (—=2)|F;)] < exp ( 3

> — exp (252(ni+1)2|Z|2) .
Combining this with the previous bound, we get

1g, E [exp (sA™) |F]
<1g,_,exp (s (Ai(l — 2T INT) + (ni+1)20i+1)\1Ai>) exp (2s*(n'T1)?|Z)?)

O

C Proofs for Proposition 2]
Proof of Proposition[2] We consider
E [trU* P F] =E [trU* (WY T (W WY DT F

Since U* is positive semidefinite, we can write it as U* = ((U*)'/2)2. By the proof of
Lemma|2]

(W WD 0= (= )2 21T *) T
Letting V := W1 (U*)1/2, this implies that
VT W W T~ = (1= 2 2 ) e |V = 0

That is, the matrix on the left-hand-side above is positive semi-definite. Since trace of a
positive semi-definite matrix is non-negative, we have

tr(VIWHH WY T TW) > e (VL= (02252 V)
By commutative property of trace, we further get

tT(U*(Wt-H)T[Wt+1(Wt+1)T]—1Wt+1) _ tr(VTWt-i-l(Wt-i-l)T)—lV)
> tr(VT (L= ()2 2 s P V)
— (1 _ (nt+1)2||,rt+1H2||St+1||2)tT(U*(Wt+1)TWt+1)

Taking expectation on both sides, we get
E [trU*Pt—i-l |]:t} Z (1 _ (nt+1)2||7‘t+1||2”5t+1||2> E [tT(U*(Wt+1)TWt+1)’ft]
Now we in turn lower bound E [tr[U* (W) TWHL]| F,] . First, we have

(Wt+1)TWt+1 _ (Wt + nt+13t+1(Tt+1)T)T(Wt + ’I’}t+18t+1(7“t+1)T)



_ Pt + nt+1,’,t+1(8t+1)—rwt + nt+1(wt)—rst+1(,,,t+l)7 + (nt+1)2||st+1||2Tt+1(,rt+1)T
This implies that
E [tr[U* (W) TWH|F] = tr(U*E [(WHTWF])
= tr(U*P") + 0" e (B [U*r T (") T R ] W)
—|—77t+1t’/‘(]E [U* (Wt)TSt+1(7,t+1)T|]:t])
+(77t+1)2 E [Hst—i-l HQtT(U*rt—f—l(rt-&-l)T”]_-t}
> tr(U*P') + 0 r (U E [P (s T | R W)
+77t+1t7“(U* E [(Wt)TSt+1(Tt+1)T ’]:t])
> tr(U*P') + 20 1 er (U E (W) T (r ) T | F)

the second to last inequality follows since we can drop the non-negative term, and the
last inequality holds since the tr(A) = tr(A") for any square matrix A. Since

E [ (r")T|F] = WH(E" - 2*P),
we have
trU*E [(WH) T s (et T|F] = trU*(P'S* — P'S*PY).
By Lemma[3]

trU*E (W) Ts" ™ () TR ]
= trU*(P'S* — P'S*P)
k
> Z Ni(1 — ) Plug)(u] Plu; — Z [1—u, Pluj))
i=1 J#ijE[k]
Then we have,

E [tr[U* (W) TWH|F] > tr(U*PY)

k
+277t+1 Z )\1(1 N u;-rPtui)(u;-rPtui _ Z [1 — U;Pt’U,j])
i=1 JF#4,5€[K]

Now we can bound E [trU* P'+1| 7] as:

E [tT(U*(Wt+1)T[Wt+1(Wt+1)T]71Wt+l) |]_—t]
> E [tT(U*(Wt+1)TWt+1)’]_—t] —E [(nt+1)2||rt+1”2‘|st+1 HQtr[U*(Wt-i-l)TWt+l] ’]:t]
k
> (U P + 20 SN — u] Plug) (] Plu;— S 1 —u] Pluy))
i=1 J#i,J€[K]
—E [ PSP (W) TWHD| R (C5)



Note that the second term in the inequality above can be lower bounded as:

k
Z Ni(1 = w, Plug)(u] Plu; — Z [1- ujTPtuj])

i=1 j#i,5€k]

k
=Y Ml —u] Plu)(> u) Pluj — (k- 1))

i=1 J€E(k]

k
=3 N1 —u Plu)(1— A") > \AY (1= A

Since k¥’ < d, and rows of W are orthonormal, we get
[s"HH[2 = [[WEXHHH2 < X
Similarly, [|7¢T1|? < || X**+1||2. Therefore,
||St+1 ||2tT(U*(Wt+1)TWt+1)
S HXt+1H2 (f’)"U*Pt + 2nt+1tTU*Tt+1(Xt+1)TPt + (nt+1)2”8t+1” t?”U* t+1 t+1 >
— ||Xt+1||2 <tTU*Pt 4 277t+1(Xt+1)TPtU*T,t+1 4 (nt+1)2||st+1||2( t+1 U* t+1>
< X ? (trU*Pt + 20 X2 4 (2| ) ||7“t“||2>
S ||Xt+1||2 <t’l“U*Pt 4 277t+1||Xt+1||2 + ( t+1 ||Xt+1||4>
On the other hand, we have
E |-+ 2] F] = tr(Z* — S PY)

Thus, the quadratic term (quadratic in n**1) in Eq (A7) can be upper bounded as
E [ )2 P s P (W TW R
< FPCE [P R] = (T2 Cotr (BT — 2R PY)
where
Cg = max || X|[* (trU™ P* + 20" 1| X" + (| X%)?)
< max || X1 (k + 20" X + (" THIX]%)?)
— kb4 25102 1 ()2
Note that by our definition of C**1,

Ct+1 — kb+ 2nt+1b2 4 (nt+1)2b3

10



We get that
E [(nt+1)2”rt+1H2||St+1||2tr<U*(Wt+1)TWt+1)‘]_-t] S Ct+1<77t+1)2t7"(2* _ E*Pt> )

Since
MU =Y = \U*

We have

(I—PYHYT\U*(I— P = (I—-P) 8" (I-PY
= (I — PY)"\U*(I — PY)

Note that the projection matrix satisfies (I — P*) T = (I — P*) and (I — P*)(I — P?) =
(I — P?). This implies that

MtrU*(I — PY) > tr5*(I — PY) > AtrU*(I — PY) (C.6)
Finally, plug the lower bound in Eq. (H.7) completes the proof:

E [tr(U* P Y| F] > tr(U*PY) + M AN (1 = AY) — (T2 \tr (U (1 — PY))
> tr(U*PY) + A\ A1 — AY) — (pt )20 AT

The inequality of the statement in Version 2 can be obtained similarly, by setting
Z =2 (tr(U*(Wt)TstH(rtH)T) -E [tr(U*(Wt)TstH(rtH)T)‘]ﬂ )
Itis clear that E [Z|F;] = 0. Now we upper bound |Z|: Since
tr(U*(Wt)T8t+l(Tt+1)T) — t?”U*PtXt+1(Xt+1)T(I _ Pt)
we get (subsequently, we denote P by P, X! by X)

2| = |2tr(U*PX X (I — P)) — 2tr(U* PS*(I — P))|

= 2ftr(XX T — £)(I ~ P)U*P| < 2\/|XXT — 5|31 - P)U*P|}
We first bound ||( — P)U*P||%,
I(Z = PYU*P|[% < |[(I - PYU*|[% = tr(U* — U"P)

where the first inequality is due to the fact that P is a projection matrix so that norms
are at best preserved if not smaller; the second inequality is also due to the fact that
both U* and I — P are projection matrices, and thus (I — P)(I — P) =1 — P and
U*U* = U*. Now we bound || XX T — ¥*||%:

[XXT =22 =tr(XXT —29) (XX - %%

11



= [1X]1* = 2X TS X + |55 < X + 1271

where the last inequality is due to the fact that 3* is positive semidefinite, that is, for
any x, we have x Xz > 0. Finally,

7] < 2/ IXXT = S* 2T - PYU*P|%

< 21X + |5 [2)tr (U — U*P)
<2IX|17 + [Z* ) VAL < 2(b+ [|ZF[|p) VA
The third inequality is by the following argument: for any a > 0,b > 0, we have
a“ + < a-+ b, Letting a = an = r leads to the inequality.
va? + b2 b, Letting X]||? and b Y*||F lead he inequality O
C.1 Auxiliary lemmas for Proposition 2]
Proof of Lemma[2}
Wt+1(Wt+1)T — (Wt + nt+1st+1(,rt+1)T)(Wt + nt+18t+1(rt+1)T)T
_ (Wt)(Wt>T =+ nt+18t+1(Tt+1)T(Wt)T
+nt+1WtTt+1(st+1)T + (nt+1)2||7,,t+1||2st+1(8t+1)T
_ Ik-’ + (nt+1)2||7,t+1||25t+1(8t+1)T

where the last equality holds because W* has orthonormalized rows, and '+ is orthog-
onal to rows of W¢. Let

E — (nt+1)2 ||7,,t+1 ||28t+1 (8t+1)T .
Note that E is symmetric and positive semidefinite. We can eigen-decompose E as
E=QAQ"

where () is the eigenbasis and A is a diagonal matrix with real non-negative diagonal
values, with A1; > Ao, >, ... Ap/ys, corresponding to the non-decreasing eigenvalues
of E. Then

Iv +E) 7' = (QQT +QAQT) ™ = QU + A)'QT,

Since Iy + A is a diagonal matrix, for any ¢ € [k'], we have

1
>1-Ay>1-Ap

I+ A =
(I + N T A, 2

This implies that the matrix
QI +MN)'— (1 - A1) ]QT
is positive semidefinite, that is,

QU +MN)'QT = Q1 — M) QT = (1 — An) i

12



Thus,
(W WYY = (Iy + B) ™' = (1= App) I

Finally, we compute the largest eigenvalue of E, A1 (E) := Ay:

A(E) = max y By = max () |r Ty s (s Ty)
= (I e (5 0)® = () s
This completes the proof. O

Proof of Lemma[3] We first prove statement 1. Since U* is symmetric and positive
semidefinite, we can write it as U* = ((U*)'/2)2. So we have

tr(U* — U*PY) = tr(U*(I — P"))
= tr((U")Y?(1 = PY)(I = PHYU*)"?) = | (I = PHYU)"?|I%

Therefore, tr(U*) = tr(U* P') implies that
tr(U” = U"P") = ||(I = PHU") [l = 0

which implies
(I-PHYU"HY*=0

where “0” denotes the zero matrix. Thus,
It = tr(P'S* (I — PHYU*) = tr(P'S*(I — PHY(UNY2(U*)Y?) =tr0=0.
Now we prove statement 2. First, we upper bound tr(PtX* PtU*):

Kk kK Kk
tr(P'S PU) = tr (3D D > Nilwp, wi) (wa, ) (wg, uj)wpu )

p=11i=1 gq=1 j=1

=Y N DD (wp i (wp, ) > (wg, i) (wg, uj)
( Jj p q
AT Py
i J
Note that by Cauchy-Schwarz inequality,
(u] Prug)? = (uf P'(P")Tuy)® < | Pruil || PPy )|* = (u) Pug)(uj Ptuy)
On the other hand, for any ¢ and j # i since u; L u;, we have
al Pruy = ul'ug —ul (1= P'yu; =~ (1~ Py

we have

(u] Pruy)? = (u] (I = PYyu;)? = (u] (I - PYY(I — P'yu,)?

13



< = POyl (1 = Py 2
= (lull* = I-P*wal®) (e I* = 1P 1%)
= (1 —u) Phu;)(1 — u, Pluy)

where the inequality is by Cauchy-Schwarz inequality, and the third equality is by
combining orthogonality of projection P? and Pythagorean theorem. This implies that

tr(P'S*PUU Z)\ Z (u; Ptuj)?
_Z)\ (u; Ptu;)? +ZA Z (u; Ptu;)?

i VED)
< Z Ai(u] Plu;)? + Z)\ Z (1 —u Plu;)(1 — uTPtuj)
i VED)
Next, we expand tr(P'S*U*):
tr(P'S*U*) = tr(U*P'Y*) = tr( Zul ] Pt Z)\ U u

= Z Z Nju] Pluju uj = Z Aiu; Plu;
i g

Combining the upper bound on tr(P*X* PtU*), we get,

tr(P*S*U*) — tr(P*S* PIU Z)\ ;] Plu; — tr(P'S* PYU¥)
> Z )\iu;rPtui — Z )\i(u;rPtuZ Z A Z TPtul u;-rPtuj)
i 4 4 VE)
= Z)‘i(l — ] Plu;)(u; Ptu; — Z[l - u;-rPtuj])
i j#i

Recall that N
A=k —tr(U"P) =k - ul Plu;,
i=1

Therefore, the last term in the inequality above can be further lower bounded by
AL At(l — At) . O

D Proof of Theorem [1]

Proof of Theorem([l] Since by our assumption, A° < 1 — 7, for any 6 > 0, and since
we choose the learning rate such that

2T \/571}
Sl )2 +bk+ )N b

n < min{—

14



we can apply Propositionto bound the probability of bad event, Gf as P (GF) < §. By
V1 of Proposition (and let C*+! be as denoted therein),

E [tr(U*P")|F,] > tr(U*P') + 20" T A AN (L — AY) — (12O IN AT
Rearranging the inequality above and adding k to both sides,
E[A™F] < A' =2 AN L — AY) 4 ()OI AT
_ At <1 . 2nt+1)\k(1 o At) + (nt+1)20t+1>\1> ,
Multiplying both sides of the inequality above by 1g¢,, we get

E [At+1|]_-t] 1g, < At (1 _ 277t+1)\k(1 — At) + (nt+1)20t+1)\1) 1g, ,

Since G; is F;-measurable, we have
E [A"™ 1g, |F] =E [A"HF] 1g, ,

When 1g, = 1, we have 1 — A? > 7. Therefore,
E [AtJrl ]lg,, |ft} S At <1 o 2nt+1>\k7_ + (nt+1)20t+1>\1) ]lg,,
< A (1 — ot + (nt“)QCt“/\l) 1g,_,

where the last inequality holds since G; C G,_;. Taking expectation over both sides, we
get the following recursion relation:

E[AT1g,] <E[A'1g, ] (1 — ottt + (nt“)ZCt“Al)

We further bound 1 — 2n**ir ), + (p!t1)2Ct1 ), . First, note that since we require

nitl < 7/\12(’;;3) , we get
. N S S S
M(k+3) = (E+3) " k+3~ 4
and
O™ =b(k + 200 + (" T)%0?) < b(k +1).
Thus, we get

1—2n" A + (" T)2C A < 1= 20" + ()20(k + 1)\
Since our requirement of 7! also implies that

t+1 2)\k7'
T b(k+ 1)\

15



it guarantees that
0<1—2n"tr g+ )Y2(k+1DA . < 1
For any t, define o := 2nt7Ax — (n')2b(k + 1)\ , we have
E[A™ 1 1g,] <E[AM1g, ] (1 - oY),
Recursively applying this relation, we get
E[A"™1g,] <IIIH(1—a")E[A' 1g,]

Also note that
Al 1g, < (1- al)AO,

Therefore, _
E[A" 1g,] < T (1 —a')A”

Since for any = € (0, 1), it holds that In(1 — ) < —x; we get

t
Hle(l - ai) < exp (— Za’)
i=1

Plugging in the value of a’s, we get

t

E[A'lg, ,] <exp <_ > (277i7>\k — (n")b(k + 1)/\1>>

i=1
Again, by our requirement on learning rate, we have for any ¢

AT ALT
b(k+3) — Mbk+1)

¢
<
77 — Al
Thus, ‘ 4 .
20t Ak — ())?b(k + 1)A\; > n'tA, >0
Since we choose a constant learning rate 7, this implies that

t

E [At ]lgtfl] < exp (— Zm‘)\k> = exp (—tnTAg)

i=1
Finally, since 15, < 1g, ,, we get
E[A'1g,] <E[A'lg, ] < exp(—tnrhr)

Combining this with the definition of conditional expectation, we get

t t
E[A'lg] E[A'lg] _ 1

t o
E[a%G,] = P (G 1-6 ~1-9

exp (—tnTAg)

where the first inequality is by our upper bound on the probability of bad event Gf.
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E Canonical (principal) angles between subspaces

Definition 1 ((author?) (8)). Let £ and F be d-dimensional subspaces of RP with
orthogonal projectors E and F. Denote the singular values of EF* by s1 > sp -+ >.
The canonical angles between £ and F are the numbers

0r(E,F) = arcsin(sy)
fork =1,...,d and the angle operator between £ and F is the d x d matrix
O(&, F) = diag(b1,...,04) .

subject to
lzll = llyll = La™a = 0,9y = 0,i=1,... .k~ L.
The vectors {x1,...,xm} and {y1, ..., ym} are called the principal vectors.

Proposition 3. Let € and F be d-dimensional subspaces of RP with orthogonal projec-
tors E and F. Then The singular values of EF~ are

815,82, ++.,84,0,...,0.

And
| sin O, F)lIz = |EF||% .

F Random initialization guarantee

Lemma 4. For any matrix U* = Zle u;ul, where u;’s have unit-norm and are
orthogonal to each other. Suppose the entries of W° & R¥ %4 gre drawn i.i.d. Jfrom
N(0,1). Let P(W?) be the orthogonal projection matrix into the subspace spanned by

We. Then with probability at least 1 — 2k exp (—(e? — e®)k' /4) — kc/lj;l,

/

tr(U*P(W°)) >

)

Proof. Let Apin(A) and A\pax (A) denote the smallest and largest eigenvalue of a real
symmetric matrix A, respectively. We have P(W°) = (Wo)T(We(We)T)~twe.
Since the matrix W"(WO)T € RF' XK g real, symmetric, and positive definite w.p. 1,
there exists orthogonal matrix Q € R¥ **" and diagonal matrix A € R¥ ¥ such that

(WO(WO)T — QAQT
where diag(A) = [\1,. .., Aw], the positive eigenvalues of (W°(W?)T. Therefore,
(o) —aaer
This implies that

o o\T'\—1) _ !
Amin(«w we)”) )— Amax (W (W?)T))

17




(It is possible that W ¢ is rank deficient. But in this case, we can still define the pseudo-
inverse of (W°(W°)T) to be of form

ATV 0
Q[g O]QT

where A has the positive eigenvalues of A. And we can proceed similarly by only
considering Apin0fA4. ). Forany t > 0,

]P’( mm(((WO(W") )~ >< 7 ! )z]P’()\max(Wo(W")T)>d+td)

(14+1¢)
P (A7) > C51)

Note that

d
8W0 (wo)T g sl where x; ~ N(0, I1,)

&\H

Thus, we can view SW°(W®)T as the sample covariance matrix of E [z;2] | = Ij.
By Corollary 2.1 of (4), we get

A — A 1k 1 ki
Pl —>t ===
( A1 - d(>\1t) d/\%t2
where A\ = Amax(Ii) = Land \i = Anax (SWO(WO)T), by = (E [|[zial v |3 — X3])V/2,
and y; is the eigenvector corresponding to A\;. Note that since y; can be any unit vector
in R*', for any random vector x;, we can choose y; = ey (in fact, since Gaussian

distribution is rotation-invariant, xiTyl has the same distribution for any y; on the
unit-sphere), and

E [[lzizf y1ll3] = E [(27 e1)* [l = E [27]|2:]
We define .
=7} for Z; ~ N(0,1),
j=1
That is, Y (m) is a random variable drawn from Chi-squared distribution with degree

of freedom equal to m. Let Y7 ~ Y (1), Yo ~ Y (k' — 1) be drawn independently from
two Chi-squared distributions. We have

k' —1

E o} |al?] =B | Z{ + 27 Y Z7 | =E[Y?] +E[V1Y3]
j=1

=E[Y?]+EM]E[Yo] =34k —1=Fk +2

Then k2 = E [||lzizl y1]|3 — A}] <=F +2—-1=F +1,and

A1 — A 1K +1
Pl——>t) <=
( A1 - —d t?

18




Thus,

d+dt A1 — A1 LK +1
° ° < _— > < —
IP’<max(dW(W)) y >_1P>< ™ _t>_d =

Therefore

P (i (72092 ) <

Now, we lower bound tr(U*P(W°)):

!
1 K1
1+t)) = d2

tr(U*P(W°)) Zu WO (Wewo) ")y~ weu,

Thus, with probability no less k/tl s
1 k 1 Kk
tr(U*P(W?)) > T Wo\T WOy, = 112
(0 POV) 2 gy S VW2 = ey 3 Il

Now, by the norm-preserving property of the random Gaussian matrix W° (e.g., see
Theorem 1.2 of (3)), w.p. at least 1 — 2k exp (—(e? — £3)k//4), for all u;, i € [k],

Weus 3] > K (1)

This implies that, w.p. at least 1 — 2k exp (— (> — %)k /4) — KL,

tr(U*P(W°)) > Kk(1—e)

d(1+1t)
0

Proof of Lemmall] For any i, tr(U*P(W?)) = Eé' l(w;)TU*wg, where w; are rows
sampled from the last iterate of the previous epoch, W ;. Each row has equal probabil-
ity to be drawn, so for all /,

ki—1

B [(w)U"we] = 1 3 () U = L tr (0" POVT ).

m=1

Hence,

ki
Eftr(U*P(W?))] = ki ZE [(IUE)TU*“M] = kki tT(U*P(Wz;Cl))a
=1

i—1

where the expectation is taken over the randomness of uniform row-sampling operation.
Now taking expectation again over the randomness of Matrix Krasulina completes the
proof. O
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G Full-rank extension: proofs of Theorem 2|

In this section, we follow the same proof structure as that of Theorem [T]and adapts it to
show linear convergence of Algorithm I]in the general full-rank case.

G.1 Extension of Prop.[]]

Proposition 4 (Extension of Prop . Fixany (0 < 6 < é Let learning rate schedule
in Alégorigh bent = t+ct0' Suppose W° is initialized such that A° < 1*7Tfor some
7€ (0,1). [

. 1 di > {64Bc2 ln% 1)

c> —"—— . an > max{———2,1}.

T (A — Ag1)T ? (A°)?

then P (Ui>1Gi—1 \ Gi) < 6.

Proof. For simplicity of notation, for any i, we let E;[e*2'] := E[e*® 1g,_,]. By

Lemma3] for any s > 0,

v - 2 2.2
Ei{e*®'} < ]Ei{es{(l—%ml 1}eXp< scB s B >

G2y +i)
sc2B n s2c2B
to+1)2  (to+14)?

< Ei_l{es(l)Ai_l}eXp <(

where s = s(1 — @) Similarly, the following recurrence relation holds for
k=0,...,:

(k+1) pi—k—1

N (k) 2B (k)\2 2B
S(k) i—k s S C S C
Ei—r{e® 2} <Ei_ggn e (s7) >

}MP(@ﬁd—kP+f%+i—m2

where s(°) := s, and for k > 1, s®) .= TTF_, (1
that VB > 0,k > 1,

- m)s(o). Note (see, e.g., (1))

3 B
to+ (i—t+1)

to-i-l'—k-i-l)ﬁs

s =T, (1 to+1i

)s < (
Since the bound is shrinking as [ increases and 8 = 2¢(A\ — Ag+1)T > 2,

s 4s

s(k) to+i—k+1 -
(to+i—Fk)2 = (to+1)2

(to+i—k)2 — to+i

)2

Repeatedly applying the relation, we get

i—1
i i 4sc®2B 4s%c*B
Ei sA < s A0
ey < e | D (G e gt

k=0
to+1
to +1

4
< exp (s( PA® + (s¢®B + 52023)2)

(to +14)?
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Then we can apply Markov’s inequality, for any s; > 0,
P(Gi-1\Gi) =P (A'lg,_, >1—7) <P(A'lg,_, > 2A°)

i E [esiAi 1c. } N
=P(1 eszN > es,,on < Gi—1 B Ei[es/ ]
= Gi—1 = €Si2AO = eSiQAO

Combining this with the upper bound on E; eSiN, we get

P (Gi-1\ Gi)
< exp (_Si (AO(Q - (%)B) —(B+ SlB)(f:lc:ZZ)2>>

< exp (‘si (AO —(B+ siB)(fjfi?Q))

since i > 1. We choose s; = x In (”1) with A =
Recall that we choose

64Bc%1In i
5

to Z max{w, 1} y

Since § < = we have t, > ?‘gf)z = 1630 . Note that

CA(to +1) N 2In(i +1)%/6 - At +i) | In(i+t,)"/d
4Bc? A - 4Bc? A
Consider the function A | 4/6
_ Ay ny
f(y) - 4BC2 A

and its derivative
A 4

! [ —— [E—

f/(y) is smaller than zero whenever y > 16B° . And when y = 1GBC In i 5. f(1) <0.

Thus, for our choice of ¢,,

A(t, +1)
145 <28 < “IBZ
which implies that
4c?i 4c?
2A — (B Z‘B*>2A B B - > A
(B+s )(t +1)2 (B+s )to+z_
and hence,
L, 04?2 )
P(G;_ N <ealn—=HF)A_—__~
(G \G) < e (i +1)2

Finally, we have

P(Ui>1Gi—1 \ Gi) < Z (Gi-1\Gi) <



G.2 Auxiliary lemma for Prop. |

Lemma 5 (Supermartingale construction: full rank case). Let k and b be defined as in
Eq R4), and n' := 5 for ¢, 1o > 0. Suppose Go holds.

Let B := max (8(1) +1Z*F) 3k, (kb + 2cb? + 02b3> A1(d — k)) ,

ﬁ = 26(/\k - >\k+1)7'
Then for any i < t, and for any constant s > 0,
E [1g, exp (sA™") | F]

6 2 2 2
B ¢ .
z‘+1+to)+8(z’+1+to) 5 G

<1g, ,exp (sAi(l —

Proof. By Prop[j]
tr(U* P > e (U*PY) + 20T (A — Apg) AT (1 = AY) 4 2911 Z
—(tH2CT S (I - P)
> tr(U*PY) + 20" (A — Mg 1) AN (1 — AY) 42T Z
( z+1) Cerl/\ (d—k‘)
Then we get
AN =2 (O = M)A = 20 Z 4 (2O (d - k)
= AY(1 = 20" (A = Mgg)7) = 207 Z 4 (2O N (d - k)

Following the same argument as in Lemmal[T] we get

E [1g, exp (sA™) | 7]
<1g, ,exp (sA"(1 =20 (A\g — Neg1)7))
(s(n

x exp (s(n'T)2CTIN (d — k) 4+ 25*(n'T1)?|Z)?) .

Since by definition,

Ci+1 = kb+ 2,'7i+1b2 + (ni+1)2b3 S kb+ 2771b2 4 (n1)2b3

c
< kb+2 b 2y’
= ot 1+4, +(1+to)

We get
i+1 )< 9_ ¢ 2 € 233 _ 1< B
C* ™ A (d k‘)_(k‘b+ 1+tob +(1+to)b A(d—k) <

On the other hand, since

12 < 2/ |XXT 7|2 — PYUP[ < 20/ (1X 1t + |+ 3)er(U* — U*P)
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<2(|X[° + |15 l7)Ver (U = U*P) < 200+ ||I=7 | r)VE
We get
22> <8(b+ |=°|Ir)%k < B,

Plug this into the bound on expectation completes the proof. U

H Full-rank extension of Prop. 2|

This section extends Prop. 2| from rank-k to the full rank case as stated below.

Proposition 5 (Iteration-wise subspace improvement: full rank case). At the t + 1-th
iteration of Algorithm[I] the following holds:

(VI) Let Ct := kb + 2n'b® + (n*)?b> . Then
E [tr(U* P F] > tr(U*P)
+20 T (\g — App1) AN (L — AY) — (" TH2CH e (25 (1 — P))
(V2) There exists a random variable Z, with
E[Z|F] =0 and |Z| <2(b+ |2 p)VA!
such that
tr(U*PTY) > tr(U*PY) 4 20T (A — Aep1) AN(1 — AY)

+2 17 — (1P (271 - P))

Proof of Proposition[5] The proof is similar to proof of Proposition[2] with modification
of Lemma(6|and the variance term in Eq.[C.6] We consider

E [trU* P 7] = E [trU* (W T (W WY DT R

Since U* is positive semidefinite, we can write it as U* = ((U*)'/?)2. By the proof of
Lemmal[2]

(Wt+1(Wt+1)T)71 - (1 _ (T]tJrl)QHTtJrl||2||St+1||2)1k/
Letting V := W+ (U*)1/2, this implies that
VI [WE W) T (1= )2 2 2) 1 |V = 0

That is, the matrix on the left-hand-side above is positive semi-definite. Since trace of a
positive semi-definite matrix is non-negative, we have

tr(VIWHL WYY > 0 (VT (1 — (T2 2] s 2 V)
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By commutative property of trace, we further get
tT(U*(Wt+1)T[Wt+1(Wt+1)T]71Wt+1) _ tT(VTWt+1(Wt+1)T)71V)
> tr(VT (L= ()2 s ) V)
= (1= ()2 R B U (W) T
Taking expectation on both sides, we get
E[trU"PHIF] 2 (1= ()24 2l P E [tr(U (W) TW)| 7]
Now we in turn lower bound E [tr[U* (W) TW!H1]| F,] . First, we have
(Wt+1)TWt+1 _ (Wt + nt+18t+1(Tt+1)T)T(Wt + nt+18t+1(rt+1)T)
_ Pt + 77t+17“t+1(8t+1)TWt + 77t+1(Wt)TSt+1<’r‘t+1)T 4 (nt+1)2||8t+1||2Tt+1<’r‘t+1)T
This implies that

E [tr[U* (WY)W F] = tr(U*E (W TWHF))
= tr(U*PY) + 0" e E [U (s TR W

+’I7t+1t7‘(]E [U* (Wt)TSt+1(Tt+1)T ’]:t])

O PR [l P (U ) TR

> tr(U*P') + T rU*E [P (s TR W

+77t+1t7“(U* E [(Wt)TSt+l(Tt+1)T |~Ft])

> tr(U*P') + 20" er (U E (W) T (r ) T | F)

the second to last inequality follows since we can drop the non-negative term, and the
last inequality holds since the t7(A) = tr(A") for any square matrix A. Since

E [T (TR = Wi(Er — =P,
we have
trU*E [(WH T s (r"t) T F] = trU*(P'S* — P'S*P).
By Lemmal6]
trU*E [(W) s () T F] = trU*(P'S* = P'S*PY) > (A — A1) A (1 — AY),
Then we have,
E [tr[U* (W) TWH|F] > tr(U*PY) 4 2(Ax — A1) A (1 — A"

Now we can bound E [trU”‘P‘”r1 |]-"t} as:

E [t?"(U* (Wt+1)T [Wt-i-l (Wt+1)T]—1Wt+1) |]:t]

>E [W‘(U* (Wt+1)TWt+1)’]:t] —E [(nt+1)2||7“t+1||2“$t+1 H2t7“[U* (WtJrl)TWtJrl] |-7:t]
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> tT(U*Pt) + 2()\k: — )\k+1)At(1 — At)
—E [P s P (WD TWEY | F] HDT)

Since k < d, and rows of Wt are orthonormal, we get
s LI = WX < X
Similarly, ||r*T1]|? < || X**1||2. Therefore,
||St+1 ||2tT(U* (Wt+1)th+1)
S th—i-l H2 <t7‘U*Pt + 2nt+1trU*rt+l(Xt+1)TPt + (nt+1)2”8t+1||2t’l"U*7"t+1(’l"t+1)T

=[x (”U*Pt + 20 X TP 4 (2P T

< X (Wpt 2 XL (R P 2

N N N~

< IX (U7 P 2R 4 2

On the other hand, we have
E [|[r*+ 2] F] = tr(Z* — S PY)
Thus, the quadratic term (quadratic in n**!) in Eq (H.7) can be upper bounded as

E [(nt+1)2||Tt+1||2||St+1||2tT(U*(Wt+1)TWt+1)|]:t]
< (UtJrl)ZCéE [||Tt+1‘|2’ft] _ (’r]tJrl)QCgtT’(E* _ E*Pt)

where
Co = max || X|[* (trU™ P* + 20" 1| X|* + (| X%)?)
< max | X* (& + 20" THIX? + (0 X1%)?)
= kb + 2102 4 (" +1)203
Note that by our definition of C*+1,
Chi= kb + 2010 + (n"1)%0°
We get that
E [(nt+1)2”rt+1H2||8t+1||2tT(U*(Wt+1)TWt+1)‘ft] < Ot ()2 (St — BFPY)
Finally, plug this bound in Eq. (H.7) completes the proof:
E [tr(U*P"T1)|F]
> tr(U"P') + (v — Aep1)A (L= AY) — ()20t (27(1 - PY))
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The inequality of the statement in Version 2 can be obtained similarly, by setting
Z=2 (tr(U*(Wt)TstH(rtH)T) —E [tr(U* (W) s () 1| F] )
Itis clear that E [Z|F;] = 0. Now we upper bound | Z|: Since
tr(U*<Wt>TSt+l<rt+1>T) — t?"U*PtXH_l(XH_l)T(I _ Pt)
we get (subsequently, we denote P! by P, X‘*! by X)

|Z| = |2tr(U*PXX (I — P)) — 2tr(U*PS*(I — P))|

=2tr(XX" —%*)(I - P)U*P| < 2\/HXXT — %I — P)U*P| %

We first bound ||(I — P)U*P||%,

I(I = P)U*P|% < ||(I = P)U*|[f = tr(U” — U*P)

where the first inequality is due to the fact that P is a projection matrix so that norms
are at best preserved if not smaller; the second inequality is also due to the fact that
both U* and I — P are projection matrices, and thus (I — P)(I — P) = I — P and
U*U* = U*. Now we bound || XX T — ¥*||%:

[XXT =2 % =tr(XXT -2 (XX —%%)
= || X[ = 2X TEX + [IZ|fF < X+

where the last inequality is due to the fact that * is positive semidefinite, that is, for
any z, we have x X > 0. Finally,

2] <2/IXXT — 3| ~ P)U*P|[3

<2 (IX[ + [ |2)tr (U* — U*P)
< 2(|XIP + 127 [[F) VAT < 2(b + |57 ) VA
The third inequality is by the following argument: For any x > 0,y > 0, we have

Va2 +y2 <z +y, Letting 2 = || X||? and y = ||X*|| r leads to the inequality. O

H.1 Auxiliary lemmas for Proposition 5

Lemma 6 (extension of Lemma [3| to full-rank case). Let ¥X* be of full rank, and
It = tr(U*P'S*(1; — PY)), Then the following holds:

1. tr(U*P?) = tr(U*) implies that Tt = 0.
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2. Tt > (A — A1) A1 — A,

Proof of Lemmal[6] We first prove statement 1. Since U* is symmetric and positive
semidefinite, we can write it as U* = ((U*)'/2)2. So we have

tr(U* — U*PY) = tr(U* (I — P))
= tr((U*)"/2(I — P")(I = P)(U*)"/?) = |(I = P")(U*)"?|I%

Therefore, tr(U*) = tr(U* P') implies that
tr(U* —U"P') = ||(I - PY(U") |7 =0

which implies
(1= PYU")2 =0

where “0” denotes the zero matrix. Thus,
It = tr(P'S* (I — PYU*) = tr(P'S*(I — PY(UNY2(UNY2) =tr0 =0,
Now we prove statement 2. Let
d
k= Z Niugul and Xy, = Z )\jujuf,
j=k+1

We can decompose ¥ as
=30+ 35,

and we get

It = tr(U*P'S% (Id — PY) + tr(U PS5 (I — PY))
= tr(U pt (Id — Pt)) —tr(U* PtE”;th)

which is by the fact that

tr(U*P'SE,) = tr(P'S:,U%) =0

tr(U*P'S%,(Io — PY) = tr(U*PY Y Nugu! (I — P*))

i<k
= Atr(U*Plugul (Ig — PY)) =Y Miltr(u! P'u;) — tr(U* Plugu] PY)]
i<k i<k
= Ntr(uf PY(I = U*)P'w) = Ntr((I = U*)Phu)" (I = U*) Pluy)
i<k i<k

Therefore, each term tr(ul P*(I — U*)Ptu;) is non-negative, and we have

Nitr(ul PH(I — U*)Ptuy) > Aptr(ul PH(I — U*)Ptu;)
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Implying that

tr(U"P'S%y (I — PY) = A Y tr(u] PY(I — U*)Plu,)
i<k

= \ptr(PY(I — U*)P'U¥)

On the other hand,

tr(U*P'S5,PY) = tr(U* P M\juju] PY)

>k
= Z Ajtr(U* Plujul P) = Z Ajtr(u] PPU* Pluy)
i>k >k
= Atr((U*Phuy) U Phuy) <Y Apatr((U*Pluy) U Pluy)
i>k i>k
= Mey1 D tr(u] PU*Phuj) = Ngyatr(PPUL, PPU*) = Apyatr(PH(I — U PPU™)
>k

where the upper bound holds because the terms tr((U* Ptu;)TU* Ptu;) are non-
negative, and the last equality is by Lemma[7] Thus,

I > (A — Ny )tr(PY(I — U*)P'U)

Finally, we apply the result in Lemma [3| to lower bound tr(P(I — U*)P'U*): In
Lemmal[3] it was shown that

tr(PEL, (I — P)U*)

Z Z /\1(1 — uZTPtui)(uzTPtui - Zj#i[l — U?PtUj])
i<k

If we set all eigenvalues Ay, ..., Ay in X<y to be 1, then ¥%, becomes U*. So by the
inequality above, B

tr(P*U*(I — PHU*)

> Z(l - u?Ptul)(u?Ptul - Zj;gi[l - U?PtUJD
i<k
= A"(1- A"

Also since

tr(P'U*(I — PYU*) = tr(P'U*U*) — tr(P'U*P'U*) = tr(P'U*) — tr(P'U*P'U*)
= tr(P'U*P") — tr(P'U*P'U*) = tr(P'U*P'(I — U")),

So we get

T > (Ax — Aps)tr(PH T — US)PIU*) > (A — Aes1)AL(1 — AY)
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Lemma 7 (Matrix equality). Let UZ,; := Zf:kﬂ wul, and U* = Zf<k ujul such
that {uy, ..., uq} forms a orthonormal basis of R%. Then U%, =1 — U*.

Proof. To prove that UL, = I — U*, we only need to find an invertible matrix R and
show that
U, R=I-U"R

Then it implies that

Uy =U:RR'=(I-U*)RR "= (I-U")

Note that {u1, ..., uq} forms a orthonormal basis, so letting
T 1 ul'y
R=|u ... ug| andz=1{ ... ],
ool ugy

we have RRT = RTR = I. Let M,; denote the i-th column of matrix M, then

0, for : <j
(ULLR)wi ZUJUJ uz{ Z,_]

= u;, for i >j
And
e S )
i<k v
Thus, UZ, R = (I — U*)R, which finishes the proof. O

H.2 Proof of Theorem 2|

Proof. By our choice of learning rate and the initialization condition, the conditions in
Proposition @ holds for any ¢ > 4, we apply it and get

P(gt) 21757

This proves the first statement. In contrast to the proof of Theorem [T} by Prop. 5] the
recurrence relation in the general case (that is, without low-rank assumption) is

trU*P' > 1g, ,(tr(U*P'"™1)
+20 (A\e — M) AT = AT 420 7 — (nh)2CHrE* (I — P))

This implies that

AP AT =2 (= M) AT = AT 4 20" 2 4 ()20 A (d - B)
< Atfl o 277t()\k o )\k+1)At71(1 o Atfl) 4 277tZ + (nt)2B]

We can multiply both sides by indicator variable 1, ; and get

g, A" <1g, ,[A7" = 27" (A = Aps)ATHA = AT +20'Z + (') B]
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< ]]'gt—l At_l - 2’7t(>\k - )‘k?+1) ]lgt71 At_lT + QntZ]lgt—l +(77t)2B]19t71
<lg, , A =2 (A — M) Bg,_, AT T+ 20 Z + (') B

where the second inequality holds since G;_1 holds implies that A? < 1 — 7. Let 3 be
defined as in Lemmal[3] this implies that

B c
)+ (

to +1 to+1

]lgt—l A < ﬂgt71 At_l(l - )QB + 277tZ

Taking expectation, we get

E[]lgt—l At] < E[]lgt—l Atil](l - toi t) + (t j_ztBo)z
<Elto,, a0 - )+ S0
We subsequently denote by E;[] := E[1g,_, -] for convenience. So the above inequality
can be re-written as
Ei[A"] < Eeq[A1)(1 - toi t) + 0 fi)z

Since by our choice of parameter ¢ in the learning rate, 5 = 2(Ap — Ag+1)7C > 1, we
can apply Lemma|]by letting u; < Eq4¢, [A**°] (we temporarily change the notation
E¢[A"] to Eyyy, [AT] to match the notation in Lemmal8), t « ¢, +t, a « 3, and
b+ c’B

to+1 ’B t,+2 1
EAY < (T a0 C2 (et Zyen
to+t+1 B—1"t,+1 to+t+1
Also, since (A — A\gr1)7¢ > 1,8 —1> (A — Ags1)7¢, and 8 > 2. Thus
to+1 ’B to+2 1
Et[At} < (;)QAO c + )BJrl
to+t+1 Ak — Apr1)7C to + 1 to+t+1
—( to+1 )2 o cB to+2)5+1 1
to+t+1 (A = Apg1)7T to +1 to+t+1
Finally, note that
E[A]
E [AYG,] =
[ | t] P(gt)
1 to+1 4 cB to +2 1 1
< A° + B+ )
71—5{(to—|—t+1) (Ao — A1) T t0+1) t0—|—t+1}

O

Lemma 8 (Lemma D1 of (I))). Consider a nonnegative sequence (uy : t > t,), such
that for some constants a,b > 0 and for all t > t, > 0, uy < (1 — $)us—1 + t%. Then,
ifa>1,

t,+1 b 1 ot 1

< a 1
b (t+1)ut°+a—1(+to+1 P
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