Table 4: f corresponding to divergences referenced in this paper.

f-divergence fo(z)
KL rzlogex —xz+1
TV 11—z
X2 2?2 — 27
H? 2(1 — /)
JS (1+x)1og( —) +xlogx

D{f;a’ﬁ > 07 B # % 1_1L |:(1 _A'_xB)E - 2%71(1 +.’17):|

B
(1_55#)_@

a—1

Dfa’ —l<ax<l1 41,4042

A f for divergences considered in this paper

One of the useful properties of f-divergences that we make use of in the proofs of Theorems|[2]and3]is that for
any constant c, replacing f(x) by fl@)+c(z— 1) does not change the divergence Dy. Itis often convenient to
work with fo( ) := f(z) — f'(1)(z — 1) which is decreasing on (0, 1) and increasing on (1, c0) and satisfies
fo(1) =

In Tablelwe list the forms of the function fo for each of the divergences considered in this paper.

B Proofs
B.1 Proof of Proposition ]|

Proposition 1. Let M < N be integers. Then

Dj(Qz|Pz) <ExnoqyDs(QF1P2) < Exun quDs(QF || Pz).

Proof. Observe that Ex ~ Qg = @z. Thus,

D;QzlP2) = [ 1 (EX” () )dpz
<p [r(% 2)
—ExNNPNDf@fZV 2,

where the inequality follows from convexity of f.

To see that Ex~ . py Dy (Q%[|Pz) < JEXMNP;{VDf(ng||PZ) for N > M,letI C {1,...,N}, |I| =
and write

Qb =3 Qux..

iel

Letting I be a random subset chosen uniformly without replacement, observe that for any fixed I, X' ~ P¥
(with the randomness coming from X~ ~ PY). Thus
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1 N
AN
Qz = N ;sz

1
=Es i Z Qzx,
el
=E:Q7
and so again by convexity of f we have that
Exnpy D(QF ||Pz) < ExvErDy(Q%|Pz) @
= Exu Dy (Q7 || Pz) ®)
with the last line following from the observation that X! ~ P¥. O

B.2 Proof of Theorem[]

1
Lemma 1. Suppose that D J? satisfies the triangle inequality. Then for any A > 0,
1

Dy (Qz]|Pz)

Dy (Q¥I1Pz) - Dy (Qz]|P2) < (1 +M)D; (QF11Qz) +

If, furthermore, Exn~ [Df (QgHQZ)} =0 (N—)far some k > 0, then

5 [Ds (@21P2)] - s (@eP =0 (i)

XN NFk/2

1 R
Proof. The first inequality follows from the triangle inequality for D f2 on QY and Pz, and the fact that
2vab < Aa + % for a,b, A > 0. The second inequality follows from the first by taking A = N 5 O

Theorem 1 (Rates of the bias). If Ex~qx [x*(Qzx,Qz)] and KL(Qz||Pz) are finite then the bias
Exw~ [Df(Qg |Pz)] — Dy (Qz||Pz) decays with rate as given in the first row ofTable

Proof. To begin, observe that

where the introduction of the variance operator follows from the fact that Ex ,, [Q(J,\ES)} =1.

For the KL-divergence, using the fact that KL, < X2 (Lemma 2.7 of [2]) yields

E [KL(QY)1P7)] - KL(Q1P2)

IA
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where the first equality can be verified by using the definition of KL and the fact that Qz = Ex~ Qg .

For Total Variation, we have

E [TV (@¥1P2)] ~ TV (@211 < E [TV (Q¥1Q7)]
< J5yE [ (@202
1
-o(7):

where the first inequality holds since T'V is a metric and thus obeys the triangle inequality, and the second
inequality follows by Pinsker’s inequality combined with concavity of v/ (Lemma 2.5 of [2])).

For Dy, (including Jenson-Shannon) using the fact that D}é ? satisfies the triangular inequality, we apply the

second part of Lemmal|l|in combination with the fact that Dy, (Qg |Q Z) <Y(B) TV (Qg |Q Z) for some
scalar ¥ (8) (Theorem 2 of [32]) to obtain

E 21 (@2172)] = D, @211P2) < 0 (55 )

Although the squared Hellinger divergence is a member of the fz-divergence family, we can use the tighter
bound H? (Qg ||QZ) <KL ( )Y ||QZ) (Lemma 2.4 of [2]) in combination with Lemmato obtain

E [ (Q¥11P2)] -1 (QallP2) < O (%ﬁ) :

B.3 Upper bounds of f

We will make use of the following lemmas in the proof of Theorem|2]and
Lemma 2. Let fo(z) = zlogx — x + 1, corresponding to Dy, = KL. Write g(x) = fi*(z) = log*(z).
Forany 0 < 6 < 1, the function

o) o J900) 200 €0,
T 9O +eg' @)+ 9(@) —g(e) @ € [e,00)

is an upper bound of g(x) on [8, 00), and is concave and non-negative on [0, o).

Proof. First observe that hs is concave. It has continuous first and second derivatives:

hs(z) = {g/(e) z €[0,€] B (x) = {2"(35) x €]0,€]

g(x) xz€le,00) x € [e,00)

Note that ¢ (z) = 2% — 22 < 0 for z > e and g”(¢) = 0. Therefore hY () has non-positive second
. . z . J) .
derivative on [0, co) and is thus concave on this set.

2log(x)
x

To see that hs(z) is an upper bound of g(z) for z € [§, 00), use the fact that ¢’(z) = and observe that

log®(6) + 22 —log?(z) = € [5,¢€]

hs(z) — g(x) = {log2(5) +1 z € [e,00) =0

To see that hs () is non-negative on [0, 00), note that hs(x) > g(z) > 0on [§, 00). Moreover, g’'(e) = 2/e > 0,
and so for « € [0, 0] we have that hs(x) = g(d) + 2z /e > g(d) > 0. O
)

Lemma 3. Let fo(z) = 2(1 — \/z) corresponding to the square of the Hellinger distance. Write g(x) =

() = (1 — ﬁ)Q Forany 0 < § < 1, the function

hs (@) = +(z — 1)°

| =

is an upper bound of g(x) on [0, o).
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Proof. For x = 1, we have g(1) = hs(1). Forz # 1,

1 2 12
0< ~(z—1)2—(1— —
<3a-1P-0-—)
-1
— Vo<t -
-7
If x € [4,1) then
1
= Va2 Ve 2 Ve
NE NG
If z € (1, 00) then
1
T =VE e 2 Va2 Vs
7z v
Thus g(z) < hs(z) for z € [4, 00). O
Lemma 4. Let fo(z) = = (1 — xHTa) — % corresponding to the a-divergence with oo € (—1,1).
oa— 2
Write g(z) = f§*(z) = (af1>2 (1: o 1) . Forany 0 < § < 1, the function

a—1 2
4 (5T -1) .
"= ey Y
is an upper bound of g(x) on [4, o).

Proof. For x = 1, we have g(1) = hs(1). Consider now the case that z > ¢ and  # 1. Since 0 < § < 1, we
have that 1 — § > 0. And because (o — 1)/2 € (—1,0), we have that §°5 — 1> 0. It follows by taking
square roots that

9(x) < hs(x)

a—1 a—1
zz —1 62 —1
= d(z) :=
@= T =15
Now, d(x) is non-increasing for > 0. Indeed,
-1 3—a e-1  1l—a a=3
d’ = 1-— 2 2
0= g 1T

and it can be shown by differentiating that the term inside the square brackets attains its minimum at z = 1 and
is therefore non-negative. Since (1 — )% > 0 it follows that d’ () < 0 and so d(x) is non-increasing. From this
fact it follows that d(z) attains its maximum on x € [§, c0) at = ¢, and thus the desired inequality holds. [

Lemma 5. Let fo(x) = (1 4+ x)log2 + zlogz — (1 + ) log (1 + ) corresponding to the Jensen-Shannon

divergence. Write g(z) = f;*(z) = log® 2 + log® (1%) + 2log 2log (1jz) For 0 < § < 1, the function

hs(x) = g(8) + 4log® 2
is an upper bound of g(x) on [§, ).

Proof. Forxz > 1, ;55 €[0.5,1) and so log (li—z) € [~log?2,0). Therefore g(x) € (0,4log®2] for z > 1.

It follows that for any value of §, hs(z) > g(z) for z > 1. f;(1) = 0 and by differentiating again it can be
shown that f§'(xz) > 0 for z € (0,1). Thus fj(x) < 0 and is increasing on (0, 1) and so g(x) > 0 and is
decreasing on (0, 1). Thus hs(z) > g(6) > g(x) forz € [, 1). O

1
Lemma 6. Let fo(x) = — [(1 + xﬁ) 5 _op! 1+ :c)] corresponding to the fg-divergence introduced

2 2 1-5 1_9q 2
in [132)]. We assume B € (%,00) \ {1}. Write g(z) = f5*(z) = (%) [(1 +z7P) P —27
If g € (%, 1), then limy oo g(x) exists and is finite and for any 0 < & < 1, we have that hs(z) =

9(0) + limg o0 g(z) > g(z) for all x € [5, 00).

If B € (1,00), then limy_og(r) and lim,_,o g(x) both exist and are finite, and g(z)
max{lim,_0 g(z), limz— o g(x)} forall z € [0, 00).

IN
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Proof. Forany 8 € (3,00) \ {1}, we have that f;'(z) = ﬁ Lﬁﬂ (1 —|—x_5) } > 0 for z > 0.

Since f3(1) = 0, it follows that f((z) is increasing everywhere, negative on (0, 1) and positive on (1, 00). It
follows that g(x) is decreasing on (0, 1) and increasing on (1,00). 8 > 0 means that 1 + =% — 1 as z — oo.
Hence g(z) is bounded above and increasing in x, thus limz—, o g(z) exists and is finite.

For3 € (3,1), 1 B > 0. It follows that (1 + x’B) 5 grows unboundedly as  — 0, and hence so does

g( ). Since g(z) is decreasing on (0, 1), for any 0 < § < 1 we have that hs(x) > g(z) on (0, 1). Since g(x)
is increasing on (1, co) we have that hs(z) > limz— o0 g(z) > g(x) on (1, 00).

1-8
For 8 € (1,00), % < 0. It follows that (1+2 ”)" 7 — 0asz — 0, and hence lim,—0 g(z)

exists and is finite. Since g(x) is decreasing on (0, 1) and increasing on (1, 00), it follows that g(z) <
max{limg_0 g(x),lim; . g(z)} forall z € [0, 00)

O

B.4 Proof of Theorem 2]

Theorem 2 (Rates of the bias). If Ex~qy,z~pr, ¢ (Z|X)/p"(Z)] is finite then the bias
Exw~ [Df(Qg |Pz)] — Dy (Qz||Pz) decays with rate as given in the second row ofTable

Proof. For each f-divergence we will work with the function fo which is decreasing on (0, 1) and increasing
on (1,00) with Dy = Dy, (see Appendix[A).

a(z|X%)?

T p(z)dz and

For shorthand we will sometimes use the notation ||g(z|X) /p(z)||iQ( ry =
z| X
I GAX) P2 (D3 gy = J L (),

We will denote C' := Ex~q,z~p, [¢*(Z|X)/p*(Z)] which is finite by assumption. This implies that the
second moment B := Ex~q,z~r, [a>(Z|X)/p*(Z)] is also finite, thanks to Jensen’s inequality:

E[Y?] = E[VY*] < VE[Y4].

The case that Dy is the x?-divergence: In this case, using f(z) = 2 — 1, it can be seen that the bias is

equal to
[, (B55"2) arc

Indeed, expanding the right hand side and using the fact that Ex ~ n (2) = ¢(2) yields

g [/ B =20m(0hle) £

XN p?(2)

- & [ H )

- [ (58] (55 -ors

= E [Ds (Q¥11P2)] - Dy (@211P2).

E [Df (lele)] — Dy (Qz||Pz) = K

(6)

Again using the fact that Ex~ §n () = g(z), observe that taking expectations over X” in the right hand size of
Equation|[6|above (after changing the order of integration) can be viewed as taking the variance of G (2) /p(2),

the average of N i.i.d. random variables, and so
5| (255w - [ 1 [(255")
[(2255)

¥ (@x11P2) = 1x* (@211 P2)
1

dP(z)

%
Zﬁ

N

g]% dP(z)

I
Wzl Z-
e

N

IN
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The case that Dy is the Total Variation distance or Dy, with 3 > 1: For these divergences, we
only need the condition that the second moment Ex ||g(z|X)/p(z) Hiz(pz) < oo is bounded.

XN [Dfo (QQHPZH — Dy, (QZHPz)

-»(33)]
<EE KqN(m B ) L ( N<(>))]
<5555 |22l (5))

(i) (i)

where the first inequality holds due to convexity of fo and the second inequality follows by Cauchy-Schwartz.
Then,

0 = g v [ 575

_ 1 a(zX)

AN [ p(z) ]

1 *(zX)] _ 1 HQ(Z|X)

=NRE [ () } NE 2 sy,

— ()=0 (LN .
For Total Variation, f3°(z) < 1, so
(ii)? < 1.

For Dy, with 8 > 1, Lemma@shows that fi(z) < max{lim,—o f§?(x), limy—ee f62(2)} < oo and so
(i3)? = 0(1).

Thus, for both cases considered,

E [0 (@21P2)] - Dr@aip < 0 ().

All other divergences. We start by writing the difference as the sum of integrals over mutually exclusive
events that partition Z. Denoting by ynx and dx scalars depending on N, write

[Ds (@¥11P2)] - Dy (@zIP2)

(8]

(2) ]1{QN(Z><6Nand g(i)gw}sz(z)} @A
B9 (55) 0 (55) 1 gcon s oony P20
xl[0(55) - (55)

1{éN<z>>5N}dPZ(Z)] : ©
Consider each of the terms @ and @ separately.

p(z)
Later on, we will pick §; < n to be decreasing in N. In the worst case, N > 8 will be sufficient to ensure
that v < 1, so in the remainder of this proof we will assume that dn, yn < 1.

17



(A): Recall that fo(x) is decreasing on the interval [0,1]. Since yx,dn < 1, the integrand is at most
fo(0) — fo(yn), and so

(A) < fo(0) = fo(yw).

: The integrand is bounded above by f(0) since dn < 1, and so

< fo(0) x Py x~ {QN(Z) < én and a(z) > ’YN} .

p(2) p(2)

®

We will upper bound P, x v (%): observe that if yx > o, then (x) = W > N — On. It thus
follows that
in(2) —q(2)
P <P —_— > —
Z,XN® > Pz xN {‘ p(z) Z IN ON
e [ 1
iN (2)
Ez Yarx [q;)\’(z) }
- (v —6n)?
1 elE X)) P
N(ywv —6on)? Z | X | p?(2) p*(2)
1 (21 X)
<
e e
VG
N(yv = 6n)?

The second inequality follows by Chebyshev’s inequality, noting that Ex~ qu(iﬁ) = Z Ez; The penultimate

inequality is due to dropping a negative term. The final inequality is due to the boundedness assumption

2 2
O = Ey ||2EX

5 . We thus have that
p?(2)

L2 (Pz)

Ve

@: Bounding this term will involve two computations, one of which (11) will be treated separately for each
divergence we consider.

<E <Q;V((ZZ)) - %) I (‘ZV(S)) Iiaxe >6N}sz(z)] (Convexity of f)
R A C I E—
) (t1)



Noting that Ex q;z(‘))() Zgz; , we have that

H q(=1X)||”
p(2)

La(Pz)

= (1)

IA

p(z) is finite by assumption.

where v B = \/

Lz(PZ)

Term (f1) will be bounded differently for each divergence, though using a similar pattern. The idea is to use the
results of Lemmas in order to upper bound f4?(x) with something that can be easily integrated.

KL. By Lemma there exists a function hs,, () that is positive and concave on [0, c0) and is an upper
bound of f*(z) on [6, 00) with hsy (1) = log?(6n) + %

(t)* = xEN _/féz (q;(zj)) IL{qN(z>>5 }p }
< E / he (QIJ)V(S)) Il{qN<z>>5 }p } (hs 5, upper bounds "% on (d,00))
< X]EN / hsy (é;v(i;)) p(z)dz] (hs, non-negative on [0, 00))
< X]EN -h(;N </ qﬁz)p(z)dz)} (hs, concave)
= hsy (1)
= log®(on) +

Therefore,

Putting everything together,

E. [Ds (Q¥11P2)] - Ds (@211P2)

<@+®+©

log? (6 2

<f0(0)_f0('YN)+f0(0)N(m3Ff5N)2+\/§ %
Nl log?(0n) + 2
:ny—'leog'yN+m+\/E T

19



Taking 6y = ﬁ and ynv = ﬁ

2 1 2
22 | 2 + VC VB log (1\’1/3)+z
~ N1/3 N1/3 08 N1/3 N. L _ N

N2/3

— 21 1 1log® (N) + 2
2-2log2 2logN m+\/§ 1log” (N) + =

=Nz T 3NIB T N3 N

log N
-0 (%)

Squared-Hellinger. Lemmaprovides a function ;s that upper bounds f(z) for x €€ [§, c0).

( p(z (z)
< X]EN / hsy (QIJ)V(S)) p(z)dz] (hs, non-negative on [0, o))
_ 1 NG L\’
= ok b [( 1) ]
s in(2)\’
= 5NXEN}QEZ [( p(2) ) !
11 qn(2) |7
T o + v xv ||| p(2) LQ(PZ)]
< B+1
< on
= (i) =7

and thus
E [Dr (Q¥1P2)] - D (@z11P2)

<®+®+©
< fo(0) = fo(vw) JFfO(O)N(W\\,/?(SN)Q * \/E\/\]/\f?

2v/C BvB+1
=28 + ve 5 + VBVE + .
N(’yN—éN) N(SN

Setting yn = # and n = ﬁ yields

2 2v/C  VBVB+1

~ N1/ T NL/5 + N3/10
1
=0 (W)

a-divergence with o € (—1,1). Lemmaprovides a function hs that upper bounds f'*(z) for x €€
[4, 00).
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11 B[ 57 (55) gy
<E / hisy (q;v((;)) 1ayin >6N}p(z)dz] (hsy upper bounds fZ2 on (6, 00))
<E / hsy (‘ZV((ZZ))) p(z)dz} (hs, non-negative on [0, 00))
(657 1 : _— 2
~ @ ( 12(6n )1)2 ke B (qzjﬂv((z)) N 1) ]
a(55 ) I
@ E 170w —)1>2 52 |(55)
4557 1 ’ P
" g 17(on —)1>2 (1 + & |55 WZ)D

and thus

E [Dr (Q¥11P2)] - Ds (@211P2)
=@+®+0©

o, oWBVITB (57 - 1)
N (yw —6n)? (a=1)(6n = VN

a—1
ot ks k46 2
<kiyy? 4 koyw + + =K
= 1’7N 2N N('YN _ 5N)2 /7N

< fo(0) = fo(yw) + fo(0)

where each k; is a positive constant independent of V.

Setting yn = —2%— and 6y = —L5—

2
N a+5 N a+5

1

yields

Jensen-Shannon. Lemmaprovides a function hs that upper bounds f'*(z) for = € [5, c0).
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2 [ 2 [ gn(2)
(1) _xﬂ%v :/fo (pz))ll{qj\{u)% }P d]
< XI{%V / hsy (q}z)v((;))) ]l{qN< ) s }p d } (hs, upper bounds foZ on (O, 00))
< XH*;V / hsy <l§;v($) p(z)dz} (hs, non-negative on [0, c0))

[y

_ 2 N ON
= 5log” 2 + log ( o + 2log2log 15 on
= 5log” 2 + log® (

_|_

1 1
— | —2log2log ( 1+ —
i) e (145)

< 5log®2 + 5log® < )—I—lOlongog <1+67)
N
1
:5<log( a) log2>
- (TT)S\/glog( %) V5log2
<\flog( > V5 log 2 (since 6y < 1)

= —V5log(dn).

and thus

E [Df (QQHPZ)] — Dy (Qz||Pz)
<@®W+®+0©

< fo(0) = fo(yw) + fo(0) e _ VB5VBlogin

N (yn = 6n)? VN
l-l-’wv) log2vC \/gx/Blog&v
< lo + log(1 + + —
< v log ( S g(1 + ) N (v — 6n)° Wi

Using the fact that yn log(1 + vn) < yn log 2 for vn < 1 and log(1 + vn) < yn, we can upper bound the
last line with

log 27/ C _ \/gx/glog ON
N (yv = 6n)? VN

<y~ (log2 +1) —ynlogyn +

Setting yn = —2- and Sy = —- yields
N3 N3

k ko log N k kylog N
= T T T
N3 N3 N3 N2

()
N3

where the k; are positive constants independent of V.

fs-divergence with 3 € (%, 1). Lemma@provides a function hs that upper bounds f'*(z) for = € [6, 00).
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> ]l{ 41\,((? >6N}p(z)dz} (hs, upper bounds f3* on (Jx, 00))
o

IN
=

IA
%

— — —
>
v 2

2

(
hsy <qN(Z)) p(z)dz} (hs, non-negative on [0, co))
(

Il
7 N

—
| ‘m

=
N———

* (1fﬁ)2 )

2
(noting that % (2 B _1) = limy 00 32 (z) as defined in LemmaH). Thus

E,[Dr (@¥11P2)] - Ds (@z11P2)

X

<@+®+0©
e VB 248 B B—1
< fo(0) 7f0(7N)+f0(0)m + —N2 ( )5

B B C f 248 B B-1
B 1=t Ve £ L( ﬂ ) 551

< 1752 B 6N+f0(0)7N(’yN—5N) i B —5

= kidn + k2 kSélB\;l

Jr
N(yn —6n)?2 VN
where the k; are positive constants independent of V.

Setting yv = —2r and 6y = —1 yields
N3 N3

k1 ko k3
=Tttt
N3 N3 Nz2t73
1
_0 ( 1
N3
O
B.5 Proof of Theorem 3
We will make use of McDiarmid’s theorem in our proof of Theorem [3}
Theorem (McDiarmid’s inequality). Suppose that X1, ..., Xn € X are independent random variables and

that ¢ : XN — R is a function. If it holds that for alli € {1,... ,N}and x1,. .., TN, Ty,

|p(z1,. o, i1, @i, Tig1, -, TN) — G(@1, oo, Tic1, Tir, Tig1, -, 2N)| S iy
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then

—2t2
P(¢(X1,-~7XN) —E¢ > t) < exp <W>

and

—2t?
P(¢(X1,...,XN) —E¢p > —t) <exp | =
ici
In our setting we will consider ¢(X™) = Dy (Qg HPZ).

Theorem 3 (Tail bounds for RAM). Suppose that x*? (Q Zle HPZ) < C < oo for all © and for some constant

C. Then, the RAM estimator D ;(Q% || Pz) concentrates to its mean in the following sense. For N > 8 and for
any 0 > 0, with probability at least 1 — § it holds that

|Ds(@QY11P2) — Bxen [Ds(QF11P2)]| < K - w(N) v/iog(2/9),

where K is a constant and 1(N) is given in Table|2]

Proof (Theorem[3). We will show that Dy (Qg HPZ> exhibits the bounded difference property as in the

statement of McDiarmid’s theorem. Since ¢y (z) is symmetric in the indices of X, we can without loss
of generality consider only the case i = 1. Henceforth, suppose XV, XV " are two batches of data with
Xy * XNll and Xf-v = XNQ for all ¢ > 1. For the remainder of this proof we will write explicitly the
dependence of Q% on XV. We will write Q% (X ™) for the probability measure and gy (z; X™) for its density.

We will show that ‘Df (Qg(XN)HPz) — Dy (Qg(XN,)HPz)‘ < c¢n where cy is a constant depending
only on N. From this fact, McDiarmid’s theorem and the union bound, it follows that:

P (|ps (@¥x)ip2) - B D5 (QEXMIP)| 1)

_ ]P’(Df (QJZV(XN)HPZ) - E D; (QJZV(XN)HPZ) > tor

Dy (Q¥M)IP2) - B s (QEXMIP2) < )

<P (s (QXx)IP2) - B D (QEXMIP) 2 1) +

P(D; (Q¥XMIPz) - E Dy (QF(XM)IPz) < —t)
XN
—2t
< 2exp ( )
Nk
. Nc2
Observe that by setting t = 5o log (5),

the above inequality is equivalent to the statement that for any § > 0, with probability at least 1 —

Dy (@2 0xM1P2) ~ g, Dy (206 1z) | < V6 o (2)

We will show that ¢ < kN ~Y/24¢)(N) for k and /(N depending on f. The statement of TheoremEis of this
form. Note that in order to show that

s (QFXMIIPz) = Dy (QFXN)IIPz)| < e, )
it is sufficient to prove that

Dy (Q¥ (X™)1P2) = Dy (Q¥ (XY)IIPz) < en ®)
since the symmetry in XV XN implies that

Dy (Q¥XM)|IP2) + Dy (QF (XN 1P7) < ew ©

and thus implies Inequality |7} The remainder of this proof is therefore devoted to showing that Inequalityholds
for each divergence.

<C+1

We will make use of the fact that x* (Qz.||Pz) < C = || ql()ff) HL2<PZ)
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The case that Dy is the x>-divergence, Total Variation or D, with 5 > 1:

Dy (Q¥(XM)1P2) - Dy (Q¥ (X)|P2)

- [ (ngp’Z‘ )<z>> - fo <C@3§.f)<z>> 4Pz (2)

</ (gN(z;xN)p(;);N(z;st) P (qw(z;xN)) 4P(2)

p(2)
fo (qANﬁ(;z))(N))

1 <I§N(Z;XN))

an (2 XN) — g (5 XY)
p(2)

(Cauchy-Schwartz)

La(Pz) L2(Pz)

_ H |X1 ( |X1)

;V(H“;éi” o]

s (2537)

p(2)

La(Pz)

Ly (Pz)

La(Pz) ’

q(z|X1)
p(2)

La(Pz)

1 <4N(Z;XN)>

p(z)

L2 (Pz)

IN

By similar arguments as made in the proof of TheoremEconsidering the term (41), ‘
Lo (Pz)

/ (qN(z;xN))’
p(z)

\/Ez f{)2 (%) = O(1) thus we have the difference is upper-bounded by cy = % for some constant k.

The only modification needed to the proof in Theorem 2]is the omission of all occurrences of Ex .
This holds for any N > 0.

All other divergences. Similar to the proof of Theorem 2} we write the difference as the sum of integrals
over different mutually exclusive events that partition Z. Denoting by yx and dn scalars depending on N, we
have that

Dy (QF(XM)|P7) — Dy (QF (X172

- [ (szX)w) - fo <dQ;§Z‘)(z>) aP2(2)

Ao (xN dQy (x’
/f ( 2% )(z)> —Jo <del(3z)(z)> ﬂ{wu)smanaw(z)yw}dpz(z)

AP, dPy

d N dOY N/
/fO <CQZ)()(Z)) - fO <CQZ(P)Z()(Z)> I{M(Z)S(SN andw(2)>,\/N}dPZ(’z)

" (szm(z)) _fo (d%g;)(z)> g, 4740 ©

bp— (2)>6
‘We will consider each of the terms @, and @ separately.

Later on, we will pick yn and dn to be decreasing in N such that 5 < yn. We will require N sufficiently
large so that v < 1, so in the rest of this proof we will assume this to be the case and later on provide lower
bounds on how large N must be to ensure this.

@: Recall that fo(z) is decreasing on the interval [0, 1]. Since yn,dn < 1, the integrand is at most
fo(0) — fo(yw), and so

(A) < fo(0) = foyw)
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.: Since dn < 1, the integrand is at most fo(0) and so

AN N
BB) () 5 gpg 2L
zZ

< fo(0) x Pz{ o
®

We will bound P Z@ = 0 using Chebyshev’s inequality. Noting that

a(z[X1) | 1 q(2]X1)

in(z X)) an(5XN) 1
N p(z) N p(z)

p(2) p(2)

)

and using the fact that % > 0 it follows that

CLgGIXD | 1 gGx)
O =w-x"5 N <

q(z
<~ (yv —0n)N + () < )

— (v — 6n)N < LE2Y)
(yv —on) e

ﬁ(’YN—(SN)N—1<W

where the penultimate line follows from the fact that g(z|X1)/p(z) > 0. It follows that

X S (= 6N — 1}

P@sre { 15

SPZ{'%—1‘>(W—5N)N—1}.

Denote by ¢ (X) = Varz [qf(lj)] =Ez q;gz(‘j) — 1 < C. We have by Chebyshev that for any ¢ > 0,

{2

and so setting t = (yn — dn )N — 1 yields

o*(X) C
PO Oy o N 17 = (o —)N

_ 1)2

It follow that
C

= OGNy

. Similar to the proof of Theorem [2| we can upper bound this term by the product of two terms, one of
which is independent of the choice of divergence. The other term will be treated separately for each divergence

considered.
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_ g (XD (an(EXY .
o /fo ( p(z) ) g ( p(z) > ﬂ{%jmww}dpd :
< / <‘?N(Z;XN) B @N(z;XN/)> fo' <6}N(Z;XN)> H{M»N}dpz(z) (Convexity of fo)

L2(Pz)

p(2) p(2) p(2) o)
( 1X1) —q(21X1) , / ((Gn(2XY)
- o (20 )]1{“;1;?“ o} 112 )
\Xl ( |X1) o ((an(zXY)
< H fo (W) ]l{éN;?;,)(N>>6N} (Cauchy-Schwartz)

La(Pz)

HLz(PZ)

2(C+ 1) 2 qN(Z;XN) (z]z)
—~ \// fo o) IL{ an (XN >6N}p(z)dz (Boundedness of ”q =

p(2)
®

The term @ will be treated separately for each divergence.
KL: By Lemma there exists a function hs,, (z) that is positive and concave on [0, c0) and is an upper

bound of f3*(x) on [6x, 00) with sy (1) = log®(dn) + 2.

X /
@ /h <qN z; )) ]1{4N(Z:XN)>5N}p(z)dz (hs, upper bounds f 2 on (0N, 00))

p(2)

< /th (%) p(z)dz (hs, non-negative on [0, c0))
p(z
an (2 XM)
< AN\ 2 )
< hsy (/ o2 p(z)dz (hs, concave)
- h5N (1)
=log®(6n) + =
— S M 10g2(5N) + =
N
Putting together the separate integrals and setting dy = ﬁ and yv = ﬁ , we have that
Dy (Q¥ X™)1P2) — Dy (QF (XY)||Pz)
=@+®+0©
fo(O)C 2C+1) 2
< fo(0) — + log?(dn) + =
< fo(0) = fo (yw) (v — on)N — 172 N og”(0n)
fo(O)C 2(C+1) 2
=98 — YN 1 + + log*(6n) + =
T = v log N+ N ) N og”(0n)

2 2 2 fo(0)C 20C+1) 4., 2
_N2/3_N2/310g<N2/3>+(N1/3,1)2+ N g log”(N) + 2
2 2 2 9%(0)C  2C+1) [14. 2

< N5 T Nes o8 <N2/3) TN TN §10g (N) + -

ki kelog N ksy/log® N + 5
N2/3 N2/3 N

log N
(k1 + k2 + 2ks) Ng2/3

IN
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where k1, k2 and k3 are constants depending on C'. The second inequality holds if N V8 1> N ;/3

N > (%) % < 4 and the third inequality holds if N > 4

The assumption that i, yn < 1 holds if N > 23/2 and so holds if N > 3.

This leads to Nc¢% = lfj’vgl/év for N > 3.
Squared Hellinger. 1In this case similar reasoning to the other divergences leads to a bound that is worse
than O ( ) and thus Nc3, is bigger than O(1) leading to a trivial concentration result.

a~divergence with o € (

1). Following similar reasoning to the proof of Theoremfor the a-divergence
case, we use the function h;

b
(z) provided by Lemmato derive the following upper bound:

2z Wi

2 1+(C+1)2<5?1—1)

©< C+1)
(@—D~ 1)
S . _ 1 _ 2
etting oy = - and yn = S
Na Na
Dy (Q¥(X™)IP2) = Dy (Q¥ (XY)|Pz)

=@+®+0©

£5(0)C +2(C’+1)2 1+(C+1)2(5NTfl>
((w—0nN-1? N T—a)(—bm)

< fo(0) = fo (yw) +

2y/14(C+1)? 6%1—1
t2fo(0)C 2(C+1) ( v )
< Jo(0) = fo yw) + (t—1)2(yn — 6n)2N?2 + N (1—-a)(1—0dn)
2 fo(0)C 2C +1)4y/TT (C T D)%
< Jo0) = folyw) + 5= 1)2(£(1)v(—)5N)2N2 + 2o ((1—a)) :
<hn® 4 ey + o 7’651)2]\[2 k4i§fvz
kl k‘z k',j k4

= 33 T 4 + 5a—3 T+ 3213
N a+5 N a+5 N a5 N a+5
ki+ ko + ks + ka

IN

N 20(‘1r52
2a+2
where ¢ is any positive number and where the second inequality holds if N a+5 L= 1>X a+ <~ N >
() 20131, Fora € (3,1) we have 2‘2152 € (2,2). If we take ¢ = 100 then N > 1 sufﬁces for any a.

The third inequality holds if 1 — dn > 1 <~ N > 2QT+5 and so holds if N > 3.

The assumption that §n,yn < 1 holds if N > 4% < 8and so holds if N > 8.

Thus, this leads to Nc = —2— for N > 8.
N a5

Jensen-Shannon. Following similar reasoning to the proof of Theoremlfor the c-divergence case, we use
the function hs, (x) provided by Lemmalto derive the following upper bound:

1) 1
@ e C+ -V5log (—) .

ON
. _ 1 _
Setting 6y = ~2E and Yy =

_2_
N2/3°
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Dy (Q¥(XM)1Pz) - Dy (QF (X™)|P2)

=@®+®+O

) fo(0)C 2+ (L
< fo(0) fO('YN)'i'((,YN_éN)N_l)? + N ! g<5N)

1+ fo(0)C 2041 o (L
S’YNlog( S )+log(1+7N)+((7N_6N)N_1)2+ N lg(dN).

Using the fact that log(1 + yn) < 7, we obtain the following upper bound:

0)C 2(C' +1) 1
<A+ 1 —log2) —vynlo + fo + -log | —
<on +n(1 —log2) — yn logn (O~ m)N —1)° N s\ 5y
_ k1 k’z k’g logN k’4 k‘5 logN

T ON4/3 N2/3 N2/3 (N1/3 _ 1)2 N2/3

_ kl kz k3 lOgN k4 k‘s IOgN

T ON4/3 + N2/3 N2/3 (N1/3 _ 1)2 N2/3

k1 kz kg log N 1001€4 k5 log N

IA

N4/3 + N2/3 N2/3 81N2/3 N2/3

log N
(kv + ka + ks + K+ ks) 257
where the penultimate inequality holds if N/ —1 >
the last inequality is true if N > 1.

IA

N1/3
10

& N > (22)* which is satisfied if N > 1 and

The assumption that i, yn < 1 holds if N > 23/2 and so holds if N > 3.

This leads to N = 1‘1)512/13\] for N > 2.

fa-divergence, 8 € (3,1). Following similar reasoning to the proof of Theoremfor the a-divergence
case, we use the function hs,, (x) provided by Lemma@to derive the following upper bound:

2C+1) 8
O="F" 15

248

2728 5y .
. o o

Setting n = 273 and yw = 573>

Dy (Q¥XM)1P2) - Dy (Q¥(XV)|P2)

=@+®+O

fo(0)C B 2H8 a1
< fo(0) — + + L2735 §
< fo(0) = fo (yw) (w — 6N 172 715 N
_ B-1
< B St fo(0)C 4 B %0
f-1 (W =6n)N =1  1-5
kq ko ks
= N2/3 + (N1/3 = 1)2 + NI
k1 100k2 ks
- N2/3 81N2/3 N2ﬂ3+1
ki + k5 + ks
— N2/3
N1/3

where the penultimate inequality holds if N/ —1 > <~ N> (%)3 which is satisfied if N > 1.

10
The assumption that §n, vy < 1 holds if N > 23/2 and so holds if N > 3.

This leads to Nc& = ﬁ for N > 2.
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B.6 Full statement and proof of Theorem [4]

The statement of Theorem [4in the main text was simplified for brevity. Below is the full statement, followed by
its proof.

Theorem 4. For any ,

E [D}'@Y1P2)] = E [Dr (QF1P2))]-

ZM XN

If either of the following conditions are satisfied:

2
i) 72X = p(2), H (q(z\X)) < o0, Ey || 4GX 00
() ( | ) ( ) f Lo (Pgz) X p(2) La(Pz)

2
i) 7 (2] X)) = du( H (q<z\x>) p(2) <00, E p(z) 00
() m (2| )= f q(z|X) L2(Qzx) Sl KTERY L2(Qzx)

then, denoting by 1(N) the rate given in Table we have
Vargu xx [DF(QFIP2)| = 0 (M) +0 ((N)?)
In proving Theorem {4 we will make use of the following lemma.

Lemma 7. For any fo(z), the functions fo(z)? and f"(wim)g are convex on (0, 00).

Proof. To see that fo(x)? is convex, observe that

fo( )? =2 (folz) fo (x) + fo(x)?)

All of these terms are postive for x > 0. Indeed, since fo(z) is convex for z > 0, f§'(x) > 0. By construction
of fo, fo(z) > 0 for x > 0. Thus fo(z)? has non-negative derivative and is thus convex on (0, 00).

dIEQ

2
To see that % is convex, observe that

d2 fO(x)Q - 2 " ’ fO(iU) 2
Sy 2 <f0(:t)fo (@) + (fo(m) - T) ) '

fo(@)?

By the same arguments above, this is positive for z > 0 and thus is convex for z > 0. O

Proof. (Theorem{) For the expectation, observe that

o EX D} (QF|IPz) = E [ E DY (QZFPz)

% -
XV | zM i (2 xN)

_ gn(2)\ _p(2)

E [ps (@21P7)].

For the variance, by the law of total variance we have that

Vargar xn [DfM OY|1Pz) ]

M AM AN
- XI%V VarZAfi'i&[I'fr(zlxN) f (QZ ”PZ) + VarXNEZMi'M'ﬂ(ZIXN)Df (QZ ”PZ)

1
= MXEN Var,,(Zp(N) |: (

) () )] +Varew [Ds (@2177)].

(#7)
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Consider term (47). The concentration results of Theoremimply bounds on (#7), since for a random variable
X,

VarX = E(X — EX)?

:/OOIP’((X—EX)2>t)dt

:/OO]P(|X—IEX|>\ﬁ)dt

It follows therefore that

Vary [Df QZHPZ / 2exp< fV)Qt> dt
=0 (¥(N)?)

where ¢(IN) is given by Table[2]

Next we consider () and show that it is bounded independent of IV, and so the component of the variance due to
this term is O (4 ). In the case that 7(2|X") = p(2),

< E E -f ((j;v(g)ﬂ
- 52 [ (0 (52) ro (29 1)
rrwr gz (2 -1)]

+2/()\|E E [fo (‘ZN(S))Q] Ak oty KQN( ;- 1>2]

<23 [ (55 ] roreg (55 )]
e [o () e [(58

The penultimate inequality follows by application of Cauchy-Schwartz. The last 1nequa11ty follows by Proposition
apphed to D2 and D(,_1)2, using the fact that the functions f&(x) and (x — 1) are convex and are zero at

a(z|X)
p(2)

e | (qf('if))z] “u 2 (7 (L) - ro (52 1))2]
2 | (CB) ] rars e (6521
oo [ (B ] e e (1450 -1)]

< 00

x = 1 (see Lemma|7). By assumption, Ex E,() [( — 1) } < o0. Consider the other term:

=

kﬁ

The inequality follows by Cauchy-Schwartz. All terms are finite by assumption. Thus (i) < K < oo for some
K independent of V.

Now consider the case that 7(z|X”") = ¢n(z). Then, following similar (but algebraically more tedious)
reasoning to the previous case, it can be shown that
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s q(z]X)
+FEE (\/ »(2) \/ )
, a(z1X)\* p(2)
T2\ EE [f( p(2) ) q(zlm]x e <\/ % )

where Proposition |1|is applied to D IHE) and D 22 using the fact that the functions f3(z)/x and

Wz — %)2 are convex and are zero at x = 1 (see Lemma . Noting that
2
X
e r | [ feex) [ a6
Xp(2) p(2) q(z|X)

where the inequality holds by assumption, it follows that

q(z1X)\* p(2)
e [fo( p(2) ) (I(ZIX)]

I
=
~E

[0, o))

o [ p(2)  q(2X)
p(2)

=EE
X p(z) [Q(ZIX)

71}<oo

< 0.
where the first inequality holds by the definition of fo and Cauchy-Schwartz.
Thus () < K < oo for some K independent of N in both cases of 7. O

B.7 Elaboration of Section 2.3} satisfaction of assumptions of theorems

Suppose that Pz is N (0, I4) and Q z|x is N (u(X), £(X)) with X diagonal. Suppose further that there exist
constants K, ¢ > 0 such that ||u(X)|| < K and X;;(X) € [e, 1] for all 4.

By Lemma it holds that x> (Qz‘z, Pz) < oo forall z € X. By compactness of the sets in which p(X)

and (X)) take value, it follows that there exists C' < oo such that x2 (Q Z|z> PZ) < (' and thus the setting of
Theorem[3]holds.

A similar argument based on compactness shows that the density ratio is uniformly bounded in z and
z: q(z|z)/p(z) < C' for some C' < oo. It therefore follows that the condition of Theorem [2] I holds:

fq z|x)/p*(2)dP(z) < < " < 0.

We conjecture that the strong boundedness assumptions on (X ) and 3(X) also imply the setting of Theorem|T]
Ex [XZ (Q z1x, @ z)] < 0. Since the divergence @) z explicitly depends on the data distribution, this is more
difficult to verify than the conditions of Theorems[2]and[3]

The crude upper bound provided by convexity
E[X*(Qz1x,Q2)] <EE [\*(Qz1x, Qz1x')]

provides a sufficient (but very strong) set of assumptions under which it holds. Finiteness of the right hand side
above would be implied, for instance, by demanding that ||(X)|| < K and Zi;(X) € [3 + €, 1] for all i.

C Empirical evaluation: further details

In this section with give further details about the synthetic and real-data experiments presented in Section 3]
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C.1 Synthetic experiments

C.1.1 Analytical expressions for divergences between two Gaussians

The closed form expression for the x2-divergence between two d-variate normal distributions can be found in
Lemma 1 of [29]:

Lemma 8.
) det(27h)
\/det(22;1 — 25 Y)det(Z5!

1, ~
X (N (11, 21), N (p2, 52 exp (51/222 Ype — pi S 1#1) x
)

1 _ _ 1 1y — _ _
X exp (—Z(Qﬂllzh T lezz 1)(522 T D 1) 1(221 1#1 =3 1H2)) -1

As a corollary, the following also holds:

Corollary 1. Chi square divergence between two d-variate Gaussian distributions both having covariance
matrices proportional to identity can be computed as:

d
2 It
2 2 2 B DYy s
N(u,0°14),N(0,8°14)) = | — ——=] e277-0% —1
X* (N, 0" 1a), N(0, B°1a)) <02 252/02—1>
assuming 23% > 0. Otherwise the divergence is infinite.

The squared Hellinger divergence between two Gaussians is given in [33]:

Lemma 9.

H? (N(/“vzl)w/\/’(:u’?v 22))

L det(Z1) Y det(22) /4 1 S+ "
- det (222" expq —glm = p2) 2 (= piz) -

The KL-divergence between two d-variate Gaussians is:
Lemma 10.

KL (N (1, 1), N (2, $2)) = % (” (22'51) + (p2 — 1) "85 (u2 — 1) — d + log :g%:) .

C.1.2 Further experimental details

We take Q%|X::}: =N (Axz 4 bx,€’14) and Px = N (0, I5o). This results in Qy=N (bx, AXAT + €°14).
We chose e = 0.5 and used A € [—2,2]. Pz = N(0, I5).

Ay and by were determined as follows: Define A; to be the (d, 20)-dimensional matrix with 1’s on the main
diagonal, and let Ag be similarly sized matrix with entries randomly sampled i.i.d. unit Gaussians which is
then normalised to have unit Frobenius norm. Let v be a vector randomly sampled from the d-dimensional unit
sphere. We then set Ay = A1 + AAg and by = \v.

Ap and v are sampled once for each dimension de{1, 4, 16}, such that the within each column of Figure the
distributions used are the same.

C.2 Real-data experiments

C.2.1 Variational Autoencoders (VAEs) and Wasserstein Autoencoders (WAEs)

Autoencoders are a general class of models typically used to learn compressed representations of high-

dimensional data. Given a data-space X and low-dimensional latent space Z, the goal is to learn an encoder
. 3 . . . .

mapping X — Z and generator (or decode mapping Z — X. The objectives used to train these two

components always involve some kind of reconstruction loss measuring how corrupted a datum becomes after

mapping through both the encoder and generator, and often some kind of regularization.

Representing by € and 7 the parameters of the encoder and generator respectively, the objective functions of
VAEs and WAEs are:

3In the VAE literature, the encoder and generator are sometimes referred to as the inference network and
likelihood model respectively.
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LY™(O,m)=E| E logp,(X|Z)+KL (Q%\xlle))}
X lgp(Z]X)

LY 0, =E E _o(X,Gy(2))+ X D(Q%||Pz)
X q(Z1X)

For VAEs, both encoder QGZ| x and generator p,, are stochastic mappings taking an input and mapping it to a

distribution over the output space. In WAEs, only the encoder QQZ‘ « 1s stochastic, while the generator G, is
deterministic. c is a cost function, A is a hyperparameter and D is any divergence.

A common assumption made for VAE:s is that the generator outputs a Gaussian distribution with fixed diagonal
covariance and mean y(z) that is a function of the input z. In this case, the log p, (X|z) term can be written as
the I3 (i.e. square of the I distance) between X and its reconstruction after encoding and re-generating p1(2). If
the cost function of the WAE is chosen to be {3, then the left hand terms of the VAE and WAE losses are the
same. That is, in this particular case, LYAF and L™E differ only in their regularizers.

The penalty of the VAE was shown by [19] to be equivalent to KL(Q%||Pz) + I(X, Z) where I(X, Z) is the
mutual information of a sample and its encoding. For the WAE penalty, there is a choice of which D(QY%||Pz)
to use; it must only be possible to practically estimate it. In the experiments used in this paper, we considered
models trained with the Maximum Mean Discrepency (MMD) [[13]], a kernel-based distance on distributions, and
a divergence estimated using a GAN-style classifier [12] leading to WAE-MMD and WAE-GAN respectively,
following [38].

C.2.2 Further experimental details

We took a corpus of VAE, WAE-GAN and WAE-MMD models that had been trained with a large variety of
hyperparameters including learning rate, latent dimension (32, 64, 128), architecture (ResNet/DCGAN), scalar
factor for regulariser, and additional algorithm-specific hyperparameters: kernel bandwidth for WAE-MMD
and learning rate of discriminator for WAE-GAN. In total, 60 models were trained of each type (WAE-MMD,
WAE-GAN and VAE) leading to 180 models in total.

The small subset of six models exposed in Figures[2]and 3| were selected by a heuristic that we next describe.
However, we note that qualitatively similar behaviour was found in all other models tested, and so the choice of
models to display was somewhat arbitrary; we describe it nonetheless for completeness.

Recall that the objective functions of WAEs and VAEs both include a divergence between Q% and Pz. We were
interested in considering models from the two extremes of the distribution matching: some models in which Q%
and Pz were close, some in which they were distant.

To determine whether Q% and Py in a model are close, we made use of FID [18]] scores as a proxy that is
independent of the particular divergences for training. The FID score between two distributions over images
is obtained by pushing both distributions through to an intermediate feature layer of the Inception network.
The resulting push-through distributions are approximated with Gaussians and the Fréchet distance between
them is calculated. Denote by G'x(Q%) the distribution over reconstructed images, G (Pz) the distribution
over model samples and () x the data distribution, where G is the generator and # denotes the push-through
operator. The quantity FID (Q x,Gy (Q‘QZ)) is a measure of quality (lower is better) of the reconstructed data,
while FID (Qx, G (Pz)) is a measure of quality of model samples.

The two FID scores being very different is an indication that Pz and Q% are different. In contrast, if the two
FID scores are similar, we cannot conclude that Py and Q% are the same, though it provides some evidence
towards that fact. Therefore, in order to select a model in which matching between Pz and QY% is poor, we
pick one for which FID (Qx, G (Q%)) is small but FID (Qx, G« (Pz)) is large (good reconstructions; poor
samples). In order to select a model in which matching between Pz and Q% is good, we pick one for both
FIDs are small (good reconstructions; good samples). We will refer to these settings as poor matching and good
matching respectively.

Our goal was to pick models according to the following criteria. The six chosen should include: two from each
model class (VAE, WAE-GAN, WAE-MMD), of which one from each should exhibit poor matching and one
good matching; two from each dimension d € {32, 64, 128}; three with the ResNet architecture and three with
the DCGAN architecture. A set of models satisfying these criteria were selected by hand, but as noted previously
we saw qualitatively similar results with the other models.

C.2.3 Additional results for squared Hellinger distance

Figure we display similar results to those displayed in Figure of the main paper but with the H2-divergence
instead of the KL.. An important point is that F*(A, B) € [0, 2] for any probability distributions A and B, and
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Figure 3: Estimating H2(QY%|| Pz) in pretrained autoencoder models with RAM-MC as a function
of N for M = 10 (green) and M =1000 (red) compared to ground truth (blue). Lines and error

bars represent means and standard deviations over 50 trials. Plots depict log (2 — ﬁ%z QY |P7))

since H? is close to 2 in all models. Omitted lower error bars correspond to error bars going to —oo
introduced by log. Note that the approximately increasing behaviour evident here corresponds to the
expectation of RAM-MC decreasing as a function of N. Due to concavity of log, the decrease in
variance when increasing M manifests itself as the red line (1/=1000) being consistently above the
green line (M =10).

due to considerations of scale we plot the estimated values log (2 — D}/2(Q% || Pz)). Decreasing bias in N of
RAM-MC therefore manifests itself as the lines increasing in Figure Concavity of log means that the reduction
in variance when increasing M results in RAM-MC with M/ =1000 being above RAM-MC with M =10. Similar
to those presented in the main part of the paper, these results therefore also support the theoretical findings of
our work.

We additionally attempted the same experiment using the x2-divergence but encountered numerical issues. This
can be understood as a consequence of the inequality eKLAB) _q < x*(A, B) for any distributions A and B.
From Figure @We see that the KL-divergence reaches values higher than 1000 which makes the corresponding
value of the x“-divergence larger than can be represented using double-precision floats.
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