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S-1 D-LORD: LORD++ with discarding

Instead of applying discarding rule to LORD described in [1]], we apply the discarding rule to its
equivalent form LORD++ under the framework of GAI++ [2] for theoretical simplicity, and call the
resulted variant as D-LORD. Now consider uniformly conservative p-values as defined in ), where
the filtration F*~1 = o(Ry.4—1,571.t—1)- As before, we derive D-LORD from an empirical estimate
of FDP* defined in (3)). Specifically, let

Z]<t Tj 1{P < T]}

FﬁD—LORD (t) = (S-l)
|R(t)| V1
Compare FﬁD-LORD with the original estimator that LORD++ based upon
—— D i<t O
FDP 1) = == - S-2
LorRD++(t) RV 1 (S-2)

we say FDPp | orp is a better estimator, since with many conservative null p-values, its numerator
will be a much tighter estimate of ) aj, compared with the naive estimate of LORD++
1{P; <T]}

J<t,j€Ho
that is > j<t ;. To see why this is true, just notice that the expectation of will be much
smaller than 1 for conservative null p-values. We call an online FDR algorithm as an instance of the
“D-LORD algorithm" if it updates o in a way such that it maintains the invariant FDPD_LORD(t) <«
for all £. We show how to ensure this invariant in a fully online fashion by providing an explicit
instance of D-LORD with constant 7 as the following D-LORD™ algorithm. The simulation results in
Section 4] demonstrate the power advantage of D-LORD* over LORD++.

Algorithm S-1: The D-LORD* algorithm

Input: FDR level , discarding threshold 7 € (0, 1], sequence {~;}52, which is nonnegative,
nonincreasing and sums to one, initial wealth Wy < a.
forr=1,2,... do
Reject the ¢-th null if P; < oy, where «; : = min{r, a; }, and
&t =T (WO'YSt + (O& - Wo)’yst,,ﬁf + ()(2]22 ")/St,KJ*
Here,
kj =min{i € [t — 1] : Zk§1 Py <ox}>j}, K= Zignj P, <7},
St = Zi<t {p <t}

end
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Here we present the following theorem for error control of D-LORD. Recall the definition of uniformly
conservative p-values (@); and here we call a function f;(Ry.;—1,S1..-1) : {0,1}2¢=1 — [0, 1]
as the “monotonic” function of the past if it is coordinatewise nondecreasing with regard R;, and
coordinatewise nonincreasing with regard 5.

Theorem S-1. If the null p-values are uniformly conservative, and suppose we choose T; > o for
each j € N, where o is the testing level for j-th hypothesis, then we have:

(a) any algorithm with I@D,LORD (t) < aforallt € N also enjoys mFDR(t) < « forall t € N.
Further, if the null p-values are independent of each other and of the non-nulls, and for all t, oy and
1 — 7 are both monotonic functions of the past, then we additionally have:

(b) any algorithm with FDPp.1 orD (t) < aforallt € N also enjoys FDR(t) < a forall t € N.
As an immediate corollary, D-LORD* (Algorithm[S-1)) enjoys both mFDR and FDR control.

The proof of Theorem [S-T]is presented in Section

S-2  D-StBH: Storey-BH with discarding

The discarding rule can also be applied to offline settings. Here we present the D-StBH, i.e. the
discarding version of an adaptive offline FDR control method — Storey-BH [3}4]. Just as SAFFRON
is an online analog of Storey-BH, ADDIS may be regarded as an online analog of D-StBH.

Now we present the specific approach. Denote the number of hypotheses as n. Given targeted FDR
level o, user defined constants A < 7 € (0, 1], we define

n-s-mo 1+t A< P <7}
h = C .
(3, 1P <spvi e n(r —N)

D-StBH then calculates § : = max{s : s < 7, FDPp.spu(s) < a}, and reject the set {i : P; < 5}.
With many conservative nulls, we claim D-StBH would be more powerful than Storey-BH, since
To serves as a tighter estimator for the true 7y : = [Ho|/n in terms of expectation. As always, we
present the error control of the new method under some reasonable assumptions, and the simulations
demonstrating its power advantage in Section 4]

FDPp.sipu(s) : = (S-3)

Theorem S-2. If p-values are independent with each other and the nulls are uniformly conservative
as defined in (2)), then D-StBH controls FDR at level c.

Theorem [S-2]is proved in Section [S-§].

S-3 Asynchronous setting

Here we formalize the asynchronous setting. An asynchronous testing process consists of tests that
start and finish at random times. Without loss of generality, one can take the starting times of each
tests as 1,2, ..., and refer them as Hy, Ho, . .., and take the finish time of each tests as F, Fs, . ..
accordingly (let £y = j,if j < E; < j 4 1). Notice that F; may be bigger than ¢. One has to decide
the testing level for H, at its starting time, with only information of tests that finished before time
t. It is worth mentioning that this framework is a generalization of the classical online FDR setting,
since it reduces to the classical setting when E; = ¢ for all £. We refer readers to [S] for more detailed
definition and discussion.

In the following of the section, we present the modified ADDIS algorithm under asynchronous setting,
which we will refer as ADDIS;qyn.. We derive the new method respectively from the following two
empirical estimators for the oracle metric FDP* for true FDP, which is

i<t oy (M <Py <7y, By <t} + 1{E; > t})
O P <oy, B <t})V1

F/Ii)ADDIsasync (t):= (S-4)

As before, {75172, {\;}32, {a;}52, are some user defined sequences, where each terms is in range
[0, 1]. We use P; to refer the p-value that results from the test started at time ¢, which is not known
at time ¢, but only at time E}; (unless they are identical). Similarly, S¢, Cy, R; are defined in the
same way as Section 2| to indicate whether the hypothesis started at time ¢ is selected, candidate of



rejection, or rejected, respectively. Like P, they are also not known before time E;. Additionally,
denoteRt = {’L : E, = t,R,L' = 1},Ct = {Z : E7 = t,Ci = 1} andSt = {Z : E7 = t,Si = 1}
Correspondingly, denote Ry, = {R1,...,R+}, C1.t = {C1,...,Ct} and S1.4 = {S1,...,S5¢}. As
always, we refer the online FDR algorithm as ADDIS sy if it updates o to maintain the invariant

F‘/'i)ADDISusync (t) S « forallt € N.

Now we present explicit instance for ADDIS . algorithm for fixed 7 and .

Algorithm S-2: The ADDIS;, . algorithm

async
Input: FDR level «, discarding threshold 7 € (0, 1], candidate threshold A € [0, 7), sequence
{yj };";1 which is nonnegative, nonincreasing and sums to one, initial wealth W, < a.
for t=1,2,... do
Start ¢-th test with level o : = min{\, a;},
where & : = (7 — \) (stt,cgr + (a— WO)fYSt,HT,Ci" +a ZjZQ ’YStfn;ffc';')'
Here, St = Zl<f(1{PZ < T, Ez < t} + l{El > t}),
Cf =Y P <\ kj +1< E; <t}
rj=min{i € [t — 1] : >3 o, H{Px < o, B < i} > j},

Ky =2t UP < 7, By < ).

end

As always, we present the error control for the ADDIS,y,c, by proving theorem as the following.
Firstly, we clarify the following terms.

Here, we say P; is uniformly conservative, if it satisfy the uniformly conservative condition defined
in (@), with specified filtration FZ+~1 where F*~! = 6{R1.+_1,C1.¢_1,S1.t_1}. We insist that the
thresholds 7;, \; and «; in ADDIS ¢y are mappings from (Rq.j—1,C1.j—-1,S1:5-1) to [0, 1] for each
j € N. Here, we say f,; is a monotonic function of the past, if it is nondecreasing in |R ;| and |C;|,
while nonincreasing in |S;|.

Theorem S-3. If the null p-values are uniformly conservative, suppose we choose T; > \; > «; for

each j € N. Then we have: -

(a) any algorithm with FDPpprs,,,. (t) < a for all t € N enjoys mFDR(t) < « forall t € N.
Next assume that the null p-values are independent of each other and of the non-nulls, and each
p-value P; is independent of its decision time given F¥t=1. If ay, N\, 1 — 71 are all designed to be
monotonic functions of the past for all t € N, then we additionally have:

(b) any algorithm with F/'i)ADDISuW (t) < aforallt € N enjoys FDR(t) < a forallt € N.

As an immediate corollary, ADDIS}, .. (Algorithm have both mFDR and FDR control.

async

Theorem [S-3]is proved using Lemma[S-4] which is a modified version of Lemma[S-T|in Section 2]
The proof is presented in Section [S-9]

S-4 Proof of Lemma([Il

Let F; denote the CDF of null p-value P;, for fixed b € (0, 1), let h;(a) = bF;(a) — F}(ab). Since
F} is differentiable, let f; denote its density function, and notice that f; is monotonically increasing
by the fact that F}; is convex. Then we have that the derivative of h; is

hi(a) = 7;f;(a) — bf;(ab) > 0.

Therefore, h; is increasing with a, which implies h;(a) < h;(1). With simple rearrangement, we
have

Pr{ab<Pj§b} <Pr{Pj>a}
b(1 —a) - (1-a)

as claimed.



S-5 Proof of Theorem[l

Part (a) of Theorem([I]is proved using the the law of iterated expectations and the property of uniformly
conservative null p-values as stated in (). Specifically, taking iterated expectation by conditioning
on {F7~1 S;} respectively for each j € H, we have

E[HoNR(®)]= > E[L{P; <oy}
J<t,j€Ho
Y E[E[E <a |57
<t j€EHo
@ B %y |g =1 Fimt N
_Z E[E[l{TjSTj}’S]_L}- :|Pr{SJ_1’]: }
j<t,j€Ho
by _ oy j—1 j—1
= > EE|Y{Z <L} P<n P e{S=1|F '},
J<t,j€Ho 7i Ti

where (i) is true since o; < T7;, therefore P; < a; implies S; = 1. Then, using the property of the
uniformly conservative null p-values stated in @]) we have

> E E[l{PJ < %y Pj<7'j7]'—j1:| Pr{S; =1 |]-'j1}}
. X L Tj Tj
J<t,j€Ho
< 3 E|Yps =1 ]-“jl}] 56
j<tjeHo L
< Y E|%E [W ’ P < Tj,fj_l} Pe(S; — 1| fj_l}] |
j<tjero LTI (1-10))

where 6; = \;/7;. Next, using the fact that ., A; and 7; are measurable with regard 77~ for all
j € N, the RHS of (5-6) equals

Y E|E oy 1O < By} ‘Pj grj,fj—l] Pr{S; = 1\#—1}}
i<tieMo L7 (1=0)
7 1 . < T . .
= > E|E aj—“] <h=7) sjzl,;w—l] Pr{szl‘]ﬂ_l}}
i<t.jeHo - (7 =)
ror _ <o } (8-7)
- 5 afpfo MBI ]
i<t.jeHo . (7 =)

(i) [ 1{\; < P; <75} (i) 1{\; < P; <75}
g El|la,——2=—J_| = E E ) 2 = )2
. - @ (Tj )‘j) . : @ (Tj )‘j) 7
j<t,jeHo -~ J<t,j€Ho

where (ii) is again obtained using law of the iterated expectations; and (iii) is obtained using the
linearity of expectation. Therefore, combine the results above, we have

N, < P, <
E[|Ho N R(®)|] <E Z ajw . (S-8)
J<t,j€Ho J J
Furthermore, since

_— 1{\: < P, <715
FDPsppis (t) §0¢¢ZO‘J' { E _J)\_) i)
<t Tj J

take expectation on each side and use (S-8)), we have mFDR(t) < « as claimed.

<a(|R(®)[V 1),

Next, in order to prove part (b), we need Lemma in the following, which is a modified version of
“reverse super-uniformity lemma” in [6]. Recall the definition of “monotonic (neg-montonic) function
of the past" in[2.2] we present Lemma[S-T]as follows.



Lemma S-1. Assume that the p-values Py, Ps, . .. are independent and let g : {0,1}T — R be any
coordinatewise nondecreasing function, and assume o, \y and 1 — 1, are all monotonic function of
the past as defined in[2.2] while satisfying the constraints o, < Ay < 74 for all t. Then, for any index
t < T such that t € Hg, we have:

Oét]_{)\t < Pt < Tt} ‘ -1 :| I: (e ’ o1 :|
E FLS =1 >E |2 | Rl =1
(7t — Ae)(9(Ri7) V1) ' 7(9(Ri.7) V1) !
P < oy} ‘ i1 }
SE|[SUEST | pier g ]
- {Q(Rl:T)Vl !

The proof of Lemma[S-1]is deferred in Section[S-5.1]

Now, taking iterated expectations similarly as in the proof of part (a), we obtain the following:

FDR(t) = E[FDP(t)] = E [W] - > E [1{1%&%}}

[BOIVL ] Gz, LBV
< oy .
- 3 el s
i<t iero [R(t)| v
1{P; < a;j : .
= > E[}E{{th—ai} szl,fj_l}Pr{Sj:H]”_l}
i<t aeHo [R(1)| v

(5-9)

Under the independence and monotonicity assumptions of part (b), and notice that | R(t)| = Zle R;
is a coordinatewise nondecreasing function with regard R;.;, we use Lemma to obtain the
following:

[ [1{P; <a;} - a
S e [Ht s - 1P e, -1 2]
J<t.j€Ho L
o N | |
= EE|l—=2——|S=1F"1P{S=1|F!
_j<§;y L Lm(R@)IV1) ‘SJ 7 } At |7 }]
[ o1{)\; < P <75} ~ -
< E|E J J J J 1. -l p 1 J—1 4
_m%m : .<Ta‘Aj)<IR(t)|v1)’SJ 7 } S =1|F }} (S-10)

Again using the law of iterated expectation and the linearity of expectation, we have the RHS of

(S-10) equals

P Bl e |57

) a;1{\; < P; <75}
= > E {(Tj — M) (R(®)] vl)]

J<t,j€Ho
1 1{)\» < P; < T-}
“E|— 3 =73 = J7 , (S-11)
|R()| V1 jgté% To(m=N)

which is no larger than E [F/D\PADDIS (t)} < « by the definition of F/Di)ADDlS (t). Therefore, combine
(S-9), (S-10) and (S-IT)), we have FDR(¢) < « as claimed.

Finally, we justify for the corollary that ADDIS* have mFDR and FDR control. Firstly, from
Algorithm we know that ADDIS* makes sure 7 > \ > o for all 7, and constant A and 1 — 7 is
obviously monotonic function of the past, while a; being a monotonic function of the past for all ¢ is
verified in Section Then, from the definition of sequence {~, 22 o, after simple rearrangement,

we have ﬁD\PADDls (t) < aholds true. Therefore, ADDIS™ satisfy all the requirements in the theorem,
thus having error control under corresponding assumptions of p-values.



S-5.1 Proof of Lemmal[S-1]

We use a technique of constructing a hallucinated vector, similar to [6], to prove Lemma [S-T]
Specifically, to prove the first part of the inequality, first fix the time ¢, and then construct a hallucinated

vector P, such that foreach 7 € N,
P=7-1{i=t} + P - 1{i # t}. (S-12)

Denote the corresponding hallucinated testing levels, candidate levels and selected levels resulting
from {P;} as {&;}, {\;} and {7;} respectively. Similarly, we define the corresponding hallucinated
indicator variables as

S;=1{P, <7}, C;=1{P, <X}, R =1{P <&}

Given \; < P, §~Tt, we have St =5, =1 Rt R; =0, C’t = (¢ = 0. Therefore, Ri.7 = ]TZLT,
and particularly R;.7 is independent of P;. These facts lead to:

a1{\ < P, < 1.} _ t—1

E [(Tt = A)(g(Rir) V1) Se=b7 ]

& l a1{\ < ]jt <7} S, = 1’]_—15—1]
(7e = A)(g(Rur) V1)

Up| — 2 |5 =17" [1“’5 <Psn)|g _ LJ-’tl}
Tt(g(R1.7) V1) (1 —X/m)

(i)

> E o Sy = Lf”] ,

7(9(Ryr) V 1)

where (i) is obtained from the fact that ﬁlzT is independent of P, and that \;, 7¢, f; are measurable
with regard '~ 1; (ii) is obtained using the property of uniformly conservative null p-values stated in

@).

Under the construction of hallucinated variables, if S; = 1, then 1?21' < R, for all € N. This
statement follows by the monotonicity of {c; } and {);}, and the neg-monotonicity of {r;}. Notice
that for all 7 < t, we have S = 5;, R = R;, C’l = C Therefore, we may infer that ;= a;,
i 7)\ and ; = 7; forall ¢ < ¢. SlnceSffStfl Rt Cff() that is St St, C’t<Ct,
Rt < R;. Therefore we have that a;1 < a1, At+1 < Ay and Tpqq > Te4+1s which lead to

RtJrl < Ryt Ct+1 < Ci41 and St+1 > Si41 and so on. Recursively, we deduce Rt+1 < Ry for
all 7 > ¢. Since g is a coordinatewise increasing function, we have

Qg Qi
r(g(Ry.r) V1) 7t(g9(Ry.r) V 1)
Hence, we proved the first part of inequality in Lemma[S-1]

S, =1,F" <E { ‘ S, = 1,?”} (S-13)

To prove the second part of the inequality, alternatively, for all £ € N, we let P P;-1{i # t}, and
define ;, )\Z, 7; and Sz, CZ, ; in same way as before.

On the other hand, given P; < «4, we have Sf =5 = = = éf = (C; = 1. Therefore,
Ry = R1 .1, and particularly R1 .7 1s independent of P;. Agam we have
[M S, = 17_7:f—1] = M Sy =1,F"1
g(RlzT) V 1 g(RlzT) Vv 1
i 1H{P <
Up|— 2 |5 =17 |E [{to‘t} Si = l,f“]
7i(g(Rir) V1) o/
(i) (@)
<E # S, =1,F1 < E[%‘Stl,}'tl],
ri(g(Rur) V1) (9(Bazr) V1)




where (i) is obtained from the fact that ﬁlzT is independent of P;, and that \;, 73, f; are measurable
with regard F*~1; and (ii) is true due to the property of uniformly conservative p-values stated in (@)
; and finally, (iii) is true from the similar logic in the proof of first part.

These concludes the proof of the second part of inequality in Lemma|[S-1]

S-5.2 Verify o, in ADDIS* is a monotonic function of the past

In applying Theorem [1|to prove that ADDIS™ controls the FDR, it is assumed that ADDIS™ is a
monotonic rule, meaning that «; is a monotonic function of the past as defined in[2.2] Here we justify
for this claim. In ADDIS*, we assume A and T is constant, however the same arguments can be
applied if they change at every step, but are predictable as stated in Section [2|of the main paper.

We will prove this argument by proving that «;; in ADDIS™ satisfy some equivalent argument of
monotonicity defined inm Consider some (Ry.t—1,C4.4—1,51:4—1) and (Ry.4—1,C1.4—1, S¢—1)
for a fixed t. We will accordingly denote all relevant variables in the ADDIS™ alogorithm which
result in (Ry. -1, Ci. -1, S1.4—1) and (R1 41, Crpe 1, Syt 1), e.g. oy and @&y, respectively. We

say (th 1,C1t 1,S1t 1) = (R1:4—1,C1.4—1, St—1) if and only if, for each ¢ < ¢ — 1, one of the
following holds:

(1) R; = R;, C; = C;, and R; = Ry

(2) Ri=0,C;=0,8 =1,andR; =0,C; =1, 8; = 1;
(3) Ri=0,C;=0,8=1andR; =1,C; =1 1
4) Ri=0,C;=1,8=1andR; =1,C; =1 1
(5) Ri=0,C;=0,8=1,and R; = 0,C; = 0, S; = 0;

Taking into account the possible relations between indicators for rejection, candidacy and tester,
one may notice the fact that S; > C; > R; for each i. Then the monotonicity defined in [2.2] of

a function o is equivalent to the statement that (R1 41, Cy. 1, S, 4-1) = (R1.4-1,C1.4—1,S¢—1)
implies oy > «y. Therefore, we will instead prove that this equivalent statement holds for «; in
ADDIS” for each ¢t € N. Specifically, recall the forms of a;; in ADDIS*:

ap = min{\, a; },

. (S-14)
where a; 1= (7 = A) [ Woyst—co, + (@ = Wo)vst—w:—c,, + Z’yst_ﬁ;_cﬁ
Jj=2

We would like to prove that, given (Eu_l, 5'”_1, §1:t—1) = (R1:4—1,C1:4—1,S1.4—1), we have
&; > «y. First, notice that in (S-T4), the index S* — s} — Cj is the number of non-candidate
testers (i.e. {7 : S; = 1, C; = 0}) between the j-th re]ectlon before time ¢ and time ¢. Provided with
(Ri:4-1,Cht—1,S1:4-1) = (Ri:4—1,C1i—1,S1.4—1), we must have that (Ri:—1, Crit—1, S1—1)
never contains less non-candidate testers or more rejections compared to (R1 41, C’l 41, Sl 4—1)s

from the definition of (R1 =1, Ch 1 Sy 1) > (R1:4-1,C1:t—1,51.+—1) above. Additionally,
notice that the sequence {’yj 2 o 1s nonincreasing and nonnegative, and Wy, o« — Wy and 7 — A in
(S-T4)) are strictly positive by Construction. Therefore, the sum of the terms gt .+ ¢, contributing

to oy is at most as great as the the sum of the terms Vgt _rr_&,, 0 and the same holds for the terms
j J

with Wy and (aw — Wy). Consequently, we have &y > ;. Therefore, ADDIS* is a monotonic rule as
claimed.

S-6 Proof of Theorem 2

Using a similar technique to [5], we prove this theorem by constructing a process which behaves
similarly to a submartingale, so that we could obtain a result by mimicking optimal stopping.
Specifically, for ¢ € N, define the process A(t) as



At) := Z ( WP <a;}+ ail{/\ <P < T]})
i<t,i€Ho ( )
where we take A(0) = 0. Denote R(t) as the set of all rejections made by time ¢, and V (¢) as the set
of false rejections made by time ¢. Then, we bound

A(t) = 1{P; <aj}+°‘71{x <P <1}
¢<tzie:"rto< (15 =) )
< —|V(t |+Z 1{/\ <P <71}
— a(|R()| V1) - +Z S < B <7} - allR@)] V1)
< a(ROIV 1) -V (),

where (i) is obtained using the fact that FDPappis(t) < « for all ¢. Therefore, if we can
prove A(Tyop) > 0 for any stopping time Ty, with finite expectation, then we instantly obtain
a|R( stop)| > V(Tstop). Taking expectation on both side, and rearranging the terms, we obtain
mFDR (Tp) < « as claimed.

In order to prove A( gtop) > 0 for any stopping time Ty, with finite expectation, we need the
following lemma, which is proved in Section [S-6.1]

Lemma S-2. [fmin{r; — \;} > € for some € > 0, and T is a random variable supported on N with
finite expectation, then the random variable

Y:=A(T) = Z (1{P <aj}+ﬁ1{)\ <P <T]}>
J<T,jeHo

also has finite expectation.

Since A(Tyop At) — A(Tiop) almost surely as ¢ — oo, using Lemma |S-2| and the dominate
convergence theorem, we conclude that

E[A(Tyop N t)] = E[A(Tyop)], as t — oo. (S-15)
Additionally notice that
E[A(Tyop N 1)) = E[A(Tqop A E) — A(0)] = E[(H - A)(1)], (S-16)

where
- Z H(m)(A(m) — A(m — 1)), and H(t) := 1{Typ > t}.

Since Typ is a stopping tome, it holds that {Tip > t} = {Tqtop < t}¢ € Ft=1, therefore H(t + 1)
is measurable with respect to F*. Taking conditional expectation, we have:

E[(H-A)(t+1)]|F" 5]

E[(H - A)( |]-‘t See1] +E[H(t+1)(At+1) — A1) | F*, S
(Z) [( A)(t) ’]:t St+1]
FHE+ D)L+ 1€ HOVE | ~1{Pryy < apsr} + — 0t

—1{A P < t S
(s — Mern) {A41 < Popr < T} ’ F, t+1:|

(i0)
> E[(H-A)) | F' Sea] + Ht + 1)1t + 1 € Ho}(—es1/Tes1 + Qg1 /Te41)1{Si1 = 1}

=E[(H-A)t)| F, Ses1]



where (i) is obtained from the predictability of H (¢ + 1) with respect to F*, and the definition of
A(t); and (ii) is obtained using the uniform conservative property (@) of nulls.

Therefore, additionally applying the law of iterated expectation, we can have that:
E[(H - A)(t+1)] > E[(H - A)(t)].
Iteratively applying the same argument, we reach the conclusion that, for all t € N :
E[(H - A)(t)] > 0. (5-17)

Combining with (S-15) and (S-16)), we have that, for any stopping time 7§, with finite expectation,
A(Tgop) > 0, which leads to mFDR(Tp) < ¢ as we discussed in the beginning.

S-6.1 Proof of Lemma[S=2]

We prove this lemma using an equivalent form of Y. Specifically, notice that we can reformulate Y as:
Y = Z(l{P <aj}+( )1{>\ < P; <TJ}>1{J<T}

From the condition that min {7; — \;} > €, we have
a;
(15— Aj)

Thus, we can bound the expectation of Y as:

1
1{P; <o} + 1{\; < P, <Tj}<1+* = C forall j.

E i(L{P <a]}+(a7)1{)\ < P, <TJ}> 1{j < T}

1

E[Y]

J
<CY Pr{T > j} =CE[T] < .

j=1
Therefore, we conclude that Y has finite expectation as claimed.

S-7 Proof of Theorem

Similar to the proof of Theorem [I] part (a) of Theorem [S-1]is proved using the property of uni-
formly conservative null p-values as stated in (@), and the law of iterated expectation. Specifically,
conditioning on {F7~1, S;} respectively for each j € Ho, we have

E(lHon R = Y EM{P<a}l= > E[RE[MP <a;}|S,F ]
J<t,j€Ho j<t,j€Ho
() P _q -1 _ j—1
= Z E|E 1{—§—} PjSTj,f PI‘{Sj—l’]: }
j<tjeHo T
(i) &7} i1
< Y E|Zps;=1]F7"}
j<tjeMo LT
(g) Z ]E|:]E [%I{PJSTJ}’PJSTJ,Fjl} PI'{S]—1|.F]1}:|
j<t,jeHo 7i
= Z IE|:E [%1{Pj§Tj}’Sj,fj_1:|:|
j<t,jeHo 7
j<tjeMo LT j<tjeHo



where (i) is true since o; < 7; for any j; (ii) is obtained using the uniformly conservative property of
null p-values; (iii) is true since «; and 7; are both predictable given F7 ~1; and (iv) is obtained using
the law of iterated expectation. Therefore, we reach the conclusion that

<
E[[Ho N R(t)|] <E E ajM ) (S-18)
. - Tj
J<tjeMo

Furthermore, since
— H{P;, <
FDPp 1 orp (1) < o = ZajM <a(|R(t)| V1),
j<t 7
take expectation on each side and use (S-18)), we obtain mFDR(¢) < « with simple rearrangement,

which concludes the proof of part (a).

Additionally, under the independence and monotonicity assumption of part (b), using Lemma [S-T]
with simple modification, together with the same trick of taking iterated expectation and repeatedly
using the definition of uniformly conservative nulls, we have the following:

FDR(t) = E [FDP(t)] = E [W] - N;HO . [{R(ﬂlvﬂ

i |
= Y E[E P < a5} Sj,Fﬂlﬂ
j<tgeM, L L |R(t)| V1
Cip e | |
= Z E|E M S‘:l,.}—]_l Pr{S,:ll‘F]_l}
i<tin, L LIR@IVI J y
=" 0
- N | |
: TIROIVD j = 7-1 — j—1
7j<tzj;7-t N -]E L7 (|R()[ v 1) ‘SJ 1,7 }Pr{Sj 1| F }]
- N |
- E |E J‘Sv,]ﬂl”
j<t;yo U (RO VY) |
[ (6]
= E J]
jﬁt;m L7 ([R()] Vv 1)

<E [FﬁD-LORD(t)} <a.
(S-19)

This concludes the proof of statement (b).

S-8 Proof of Theorem

We will prove this theorem using the trick of leave-one-out and the following lemma from [4]].

Lemma S-3. (Inverse Binomial Lemma from [4]) Given a vector a := (a1,...,am) € [0,1]™,
constant b € [0, 1], and independent Bernoulli variables Z; ~ Bernoulli(b), the weighted sum
Z =1+>", a;Z; satisfies

1 1

1
—~n B < S-20
T4by M DTTES Y (5-20)

We refer reader to the paper for detailed proof of Lemma[S-3]
Forafixedi € Ho NS, where S = {j : P; < 7,j € [n]}, we use the leave-one-out trick to define

some random variable that is independent with P, say Y " 1= 143, ., {A < P; <7}.In
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this way, for all j € Ho, j # i, Y}’i := 1{\ < P; < 7} is stochastically larger than Bernoulli(1 — X)
for j € H, conditioning on P; < 7, since the uniformly conservativeness defined in (Z) implies that

PriA< P, <7|P<7}>1-)\/T.

Denote m = |Ho|, and mg = [HoNS|,let Z =1 + 27;51_1 Z;, where {Z;}75 ™" are independent
Bernoulli random variables with parameter 1 — A /7. Additionally , since p-values are independent of
each other, we have

EVTsi=1+ >  E[[p=7]

JEHONS j#i
>1+ > E[Z]=E[Z]S].
JEHONS j#i
Using Lemma|[S-3] we obtain
1 1 1
E -S| <E|=|S| < . S-21
7= 5] <22 ] = wmmns .
Let
. 1+ . . H{A< P, <7
;T\al L Z]Sn,gyﬁz { J } (S-22)
n(t — M)
It is easy to see that 7, " > % Together with (S-21)) and (S-23), we obtain
1 1 nr
E - | S| < —ANE|— | S| £ ——=. S-23
L?o" } = [Y—Z } = eS| 529

Using the definition of FDPp sy in (S-3), and the uniform conservativeness of p-values, we have
the following:

Eie?—toms 1{P; <5} S} (2 E [aZiGHOOS 1{P; <5} ’ S]

E

1P, <3 1P <3
_ %R UP =5} S] @ &g 7{M;8} S]
i€HNS Tos " i€HoNS To 8

i 1 P <s —i

n . T, S

i€EHoNS 0

i’U 1 1 P’L < 5 i 7
) ,\_i]E{{AS}‘Pl,Pi<T ‘S]

" Lickons ™o 5 .
(v) 1 1 (vi)
95| 3= Lls|-2 5 5[ L)%

" Liekons T™o " icons LTTo

where (i) follows from the condition l@D_StBH < a; (ii) is true since 7 =7 given 1{P; < s} =1,
using the fact that 5 < \; (iii) is true since conditioning on P; fully determines 7, *; (iv) follows from
the fact that § < \; and (v) is obtained by noticing § is coordinatewise nondecreasing in P; for each 4,
and using the lemma 1 in [4]; and the final step (vi) follows from (S-23). Therefore, we obtain that
E [FDP | S] < a. Taking expectation with regard S on both side, we have FDR < « as claimed.

S-9 Proof of Theorem

Theorem is proved using similar technique in the proof of Theorem |1} we present the proof
here for completeness. Similarly, we need the following lemma for the proof, which is proved in

Section

11



Lemma S-4. Assume that the p-values Py, Ps, . .. are independent and let g : {0,1}7 — R be any
coordinatewise nondecreasing function. Further, assume that ap, Ay and 1 — 1 are all monotonic
functions of the past as defined in Section[S-3] while satisfying the constraints o, < Ay < 74 for all t.
Then, for any index t < T such that H, € Hg, we have:

a{\ < P, <7} B,—1 ] { at ‘ By—1 }
FELG =1 >E | ——— | FPl 5, =1
(e — \)(g([Rtr) v 1) ! 7(g(Rl1r) V1) '
{P; < oy} ‘ E—1 }
SE|Ut=" | FRol g = 1],
= LJ(|R|1:T)V1 '

where |R|1.7 : = {|R1l,...,|Rr|}

Denote R(t) = {i : P; < «y, E; < t}, we have the following:

EHonROI=E| Y UP<a}| S Y ER{P<al

E;<t,jEHo J<t.j€Ho
YOS EERP <o} | FES)]
i<t,j€Ho
(i) P. o o o
= Z ]E{E [1{TJ?STJJ_}‘PJ»§TJ»JEJ 1] Pr{S; =1|F%~'}
J<t,j€Ho
@ 3 E{?Pr{sjzu]:&_l}},
j<t,j€Ho J

where step (i) is true since the set of rejections by time ¢ could be at most [¢]; and (ii) is obtained via
taking iterated expectation by conditioning on {F¥i =1 S} respectively for each j € Ho; and (iii) is
true since a; < 7;; and finally, step (iv) follows from the uniformly conservativeness of nulls. Next,
notice that

> E [‘fpr{sj —1| ij—l}]

J

j<t,j€Ho
(v) a; [1{); < P;} _ .
< E|ZE| =L | P <7, FE - pefS;=1|FF!
o Z {Tj [(1—/\j/7j) 1= H{s =1 }

J<t,j€Ho
S E[%E{l{)\j<Pj§Tj} SjJEH”

i<tiens LT (1= A;/7)

10\ < P: < 7.

_ Z E[Ozj {A < ])\— T]}:|

i<t (75 = A5)

where (v) is true because of the uniformly conservativaness of null p-values, and the last two equalities
use the predictability of o; and 7; with regard F¥i~1. Then, by removing some constrains on the

index, and applying the condition that F/D\PADDISMC < «, one obatin

> E{aW}

j Y
j<t.jeHo (75 = A9)

o
< E|—2 _(1{\; <P, <7,,E; <t} +1{E; >t
7; [(Tj_/\j)({J 3Ty P+ 1{E; > t})

<« 1{P; <a;,E; <t V1| = « t)|v1],
E P; i By E[|IR

J<t

Therefore, we have
E[[Ho NR(t)]] < aE[|R(t)| V1].
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After rearranging the terms above, we have mFDR(¢) < «, as claimed. Therefore, we finished the
proof of first part of Theorem [S-3]

Using the same tricks of taking iterated expectation, we have the following:

WW} ) dm <t jen, UE < Oéj}]
R(t)] V1 IR(t)| V1

FDR(t) = E [FDP(t)] = E {

> i<t jen, UPj < oy} 1{P; < a;}
= ]E[ =R ] = > E [J] (S-24)
IR(t) V1 e LIRMIVE
1{P; < aj} o ”
— E|E|Z2\22 ="3] 5,7]:131 .
jgt;% { [ RV [

Under additional assumptions about the independence of p-values and monotonicity of «; and A; for
each t € IV, and notice that [R(t)| = >_,; 5. Bi = >, [Ri| is coordinatewise nondecreasing

function of |R|1.;, we apply Lemma|[S-4]to the RHS of (S-24) to obtain the following:

[ [ 15 < g} -
E|E |12 — ) . TE;—-1
. Z ‘R(t)‘\/l S]af :|:|
J<t,j€Ho L
r _1{P'<04‘} B B
= E|E |2\ ="3) 1. FE-1|p R B—1
PRI R EE R LI ORI Ea]
J<t,j€Ho L
o o
S E|E J‘S,:L]:Ej—l] PriS. —1 ].'Ej—l :|
jsgém L (IR@) V1) | {si=1] }
ror s ]_{)\. < P: < T‘} - -
S E ]E J J J J S':l,fEJ 1:| Pr S:1 _FEJ 1 :|
jgt%o SIROVD 1=/ | (8 =1] F&1}

(S-25)

Once again using the fact that «; < 7; for all j, and the law of iterated expectation, the RHS of

(S-23)) equals

S {E [ o WA <P <7} | ]_-E]-1H
i<t (IR VL) 1=X/7 ’

o (o7 1{/\j < Pj < Tj}
-2 E{Tj(m(m\/l) (1= X/75) ]

J<t,j€Ho

(S-26)

SZ]E LR@; V(s (ij)\j)(l{)\j <P <7, B <t} +HE; > ﬂ)]

J<t
= [FDPapos, .. (1)] < o

Therefore, combining (S-24)), (S-26)), and (S-26), we conclude FDR(¢) < «. This finishes the proof
of the second part of the theorem.

S-9.1 Proof of Lemma[S-4|

Similar to the proof of Lemma [S-1] we prove this lemma by constructing a hallucinated vector.

Specifically, to prove the first part of the inequality, for any fixed ¢ € N, for all 7 € N, let P =
7i - 1{i =t} + P; - 1{i # t}, and keep the finish times for all the tests unchanged. Then we denote

the testing levels, candidate levels and selected levels resulted from the hallucinated {P;} as {&;},
{\i} and {7;} respectively. Correspondingly, we let

Si=1{P <7}, Ci=1{P, <X}, Ri=1{P<a}.

13



Given \; < P, < 7;,wehave S, = S, = 1, R, = R, = 0,C, = Cy = 0. This implies R1.7 = R1.7.
We then obtain the following:

arl{\ < P, <7} _ oy rE-1| _ al{A < B <7} _ 1 FB-1
[m A G(Rh) VD) ‘ S=br } - Ln A Rlr) v D) ‘ S ]

g <
9|2 |5 = 1,fEt—1] E l LA < B =m) | Sp = 1,]—"&—1]
Te(9(IRly.7) V1) (1= Ae/7)(g(IR|y,0) V1)
(1) (i43)
Z E # St::[’fEt*l Z E|:at ‘St:]'?‘FEt1:| 7
(9(IRly.7) V1) 7t(9(|Rl1.r) V 1)

where (i) is obtained from the fact that ﬁle is independent of P, ~and (ii) is true because of the

uniformly conservativaness of null p-values, and (iii) is true since R; C R; for all 7 given S; = 1
using the similar logic in the proof of Lemma[S-T]in Section[S-5.1] that is utilizing the monotonicity
assumptions of s, ¢, and 7.

Similarly, for the second part of the inequality, we construct P=p. 1{1 = t}, and keep the finish
times for all the tests unchanged, while we define &, )\t, 7 and Rt, Ct, St in the same way as in
the proof of the first part. Notice that Rl_T is independent of P;, and that given P, < oy, we have
§t =5 =1, }NBt = @ = R; = C; = 1, which leads to R1.; = ﬁlzT. Then we have the following:

¥ [M ’ S = L;Et—l] _p| MBSl g pra
9(IR[1:r) V1 (‘R|1 ) V1
Qy By—1 @t By —1
<E|—— | g, =1,FF <E[‘S:1,}'f }
L(gummvl) t 1 nloRha) V1) |

This concludes the whole proof Lemma

S-10 An equivalent form of ADDIS* algorithm

Algorithm S-3: The ADDIS* algorithm with explicit use of discarding

Input: FDR level o, discarding threshold 7 € (0, 1], candidate threshold A € [a, 7), sequence
{v; }?‘;0 which is nonnegative, nonincreasing and sums to one, initial wealth W, < a.

fort=1,2,... do

if P, > 7 then

| Discard P; and move to next round.
end
else
Reject the ¢-th null hypothesis if P;/7 < oy, where

o = (]. — )\) (WO’YS‘—COJr + (a — WO)’}/Sf_Hl —cip + QZ]>2 ’VSt—m;f—Cj+) .
Here, S'=3,_,1{P, <7}, Cjy= ZZ o 1{P; < A},
Kj = min{i S [t — 1] : Zkgi I{Pk < Ozk} > ]}, K;j = Zignj 1{Pi < T}.

end
end

S-11 Heatmap of g o F’

Here we show the heatmap of g o F' versus 6 : = \/7 and 7 given different choices of F. Specifically,
we let F' be the CDF of all p-values (nulls and alternatives taken together) drawn as described in
Section [3] with different choices of jn, p1a, and m4. In Figure [S-T| we show results for uy €
{=0.5, -1}, pa € {2,3}, and m4 € {0.2,0.3} respectively, which are some reasonably common
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settings that one may expect in practice. We see that the heatmap of g o ' demonstrates the same
consistent pattern across different choices of F'.
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Figure S-1: The heatmap of function g o F', where F' is the CDF of p-values drawn as described
in Section 3| with puny = —0.5, ua = 2,14 = 0.2 for plot (a); uy = —0.5, 04 = 3,74 = 0.2
for plot (b); uny = —1,ua = 2,m4 = 0.2 for plot (¢); uy = —1,pa = 3,74 = 0.2 for plot
(d); uy = —0.5,u4 = 2,714 = 0.3 for plot (e); uy = —0.5,u4 = 3,74 = 0.3 for plot (f);
un =—1,pua =2,m4 = 0.3 forplot (g); uny = —1,ua = 3,74 = 0.3 for plot (h).
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