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A Proofs and Auxiliary Theoretical Results

Lemma A.1. For p € RY with UTp = x + 6¢ € RY, € ~ Unif({x e R : ||x||2 = 1}) :

ofe d
S el mipe)

Proof. Since we have: E¢[R:(p)] = fi(x + §€), this result follows directly from Lemma 2.1 in
Flaxman et al.|[2005]]. O

Theorem A.1 (Flaxman et al., 2005). Suppose fort = 1,...,T, each f; € [—B, B] is a convex,
L-Lipschitz function of x € R?, and the set of feasible actions U < R® is convex, with Euclidean balls
of radius v, and r| containing and contained-within U, respectively. Let x1, . . ., x1 € R denote the
iterates of the GDG algorithm applied to f1, ..., fr (i.e. online projected stochastic gradient descent

applied to the ft as defined in (9). If we choose n, 6, a as in Theorem then:

T T B
E[Z ft(xt)_mig}th(X)] < 213 3BTT(L+T>CZ
=1 xe i '

A.1 Alternative OPOK Regret Bound

We provide another bound on the regret of our pricing algorithm that is similar to Theorem|[T] but only
relies on direct properties of the prices and revenue functions rather than properties of our assumed
low-rank structure.

The following assumptions are adopted (revenue functions are bounded/smooth, and the set of feasible
prices is bounded/well-scaled):

(A6) UT(S) contains a Euclidean ball of radius r, and is contained within a ball of radius 7, > r
) 1 |

(A7) T > (32?;’ )2 (the number of pricing rounds is large)

(A8) |E[Ri(p)]| < Bforallpe S, t=1,...,T
(A9) fi(x)is L-Lipschitz over x € UT(S) fort = 1,...,T

Theorem A.2. If conditions (A6)-(Al9) are met and we choose n = BT/T’ §=T"14 %,

o= %, then there exists C' > 0 such that for any p € S:

Eee

Z Ri(p:t) — 2 Ri(p)

B
< CT%* | Bdr, <L + )

Ty

for the prices p1, . .., pr selected by the OPOK algorithm.

Proof. Condition (A@ implies the range of f; bounded by B over x € U7(S). Recall that each
ft is a convex function of x (as we required each V; > 0) and for any p € S, we can define
x = UTp € UT(S) such that: E.[R;(p)] = f:(x). Since convexity of S implies U7 (S) is also
convex, the proof of our result immediately follows from Theorem 3.3 in [Flaxman et al.|[[2005],
which is also restated here as Theorem Finally, we note that since both S and U” (S) are convex,
our choice of 1), 6, « ensures X; € UT'(S) and hence p; € S for all ¢. O
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A.2 Proof of Theorem

Theorem Under assumptions (AE)-(AE), if we choose 1 = W, 6 = T*1/44/%3_2T),

_ 90 i .
« = 7, then there exists C > 0 such that for any p € S
T

Eee| ) Rlp) - 3 o

< Cbr(r +1)T34d"/?

for the prices p1, . .., pr selected by the OPOK algorithm.

Proof. We show that (AIL)—(AIQ) imply Theoretholds withr, =7, =r, B = rb(1 + r), and
L = (2r + 1)b. Bounding and simplifying the inequality then produces the desired result. Note that
(ARB) holds since:
Fe(x) < Ix[3][Vellop + [|zel[2[x[]2 < 720 + rb
We also have Lipschitz continuity as required in (AE]), since for all x € UT'(S):
IV fe@)ll2 = [[(VE + Ve)x = zella < 2/[Veloplx]]2 + [|el[2 < 2br + b

Finally, LemmalA.2|below implies (Al6) holds with 7 = 7, = r. O

Lemma A.2. For any orthogonal N x d matrix U and p € S, condition (AD) implies:
UT(S) = {xeR?: ||x|]|s <7} and UUT (p)e S

Proof. Consider the orthogonal extension of U, a matrix W = [U, ﬁ] e RV*N formed by append-
ing N — d additional orthonormal columns to U that are also orthogonal to the columns of U. For
any p € RY . we have:

[TUU p||, = [|[UTp||2 since orthogonality implies U is an isometry
<[[W7pll2 because ||[W*pl[3 = |[U”p|[3 + [[U"pl|3
= ||[WWTp||, since W is also an isometry
= ||p||2 due to the fact that W7 = W1 as W is square and orthogonal

Combined with (A[S), this implies UU” (p) € S and ||x||> < r for any x € U”(S). Now fix
arbitrary x € R? which satisfies ||x||2 < r. By orthogonality of U:

[Ux||s = ||x]|] <7 = UxeS, and UTUx =x — xe UT(S) O

A.3 Proof of Lemmal/ll

Lemmal For any orthogonal matrix U and any x € UT( ), define p = Ux e RV,
Under condition (AI) p € S and p = FINDPRICE(x, U S,0).

Proof. Given x € ﬁT(S ), there exists p € S with UTp = x. The proof of LemmaMimplies
[IP]]2 < ||p| l;and p = Ux = UUTp € S when this set is a centered Euclidean ball. Finally, we

note that UT = x since UTU = T4, so P is the minimum-norm vector in S which is mapped to
x by U7, O



A.4 Proof of Theorem

Theorem Suppose span(ﬁ) = span(U), i.e. our orthogonal estimate has the same column-span
as the underlying (rank d) latent pmduct-featureAmatrix. Let p1,...,pr € S denote the prices
selected by our modified OPOK algorithm with U used in place of the underlying U and 1, d, o
chosen as in Theorem([l| Under conditions (AI)-(AD), there exists C' > 0 such that for any p € S:

Ece < Cbr(r + 1)T%*a"?

T T
Z Ri(pe) — Z Ri(p)

T
Proof. Define p = argminE, ZRt(p), p* = UUTp. Note that E, [Zthl Rt(p*)] =

peS t=1
E. [ZtT=1 Rt(f))] and p* € S by Lemma so p* is an equivalently optimal setting of the product

prices. Since U and U share the same column-span, there exists low-dimensional action x* € R¥
such that p* = Ux*. By orthogonality of U: UTp = UTUx* = x*, so x* € ﬁT(S) is a feasible
solution to our modified OPOK algorithm. For x € R? and p = Ux € RV, we re-express the
expected revenue at this price vector by introducing ft,ﬁ as a function of x parameterized by U, as
similarly done in (3):

fro(x) =E[Ri(p)] = x"UTUV,UTUx — x"UT Ug, (7)

Convexity of R, in p implies f i is convex in x for any U. Note that our modified OPOK algorithm
is (in expectation) running online projected gradient descent on a smoothed version of each f 4O
defined similarly as in (5). Via the same argument employed in the previous section (based on
TheoremM and the proof of Theorem lll), we can show that for x* € U7 (S):

T T
Ee |3 f,0&) — O/, 6(x*)| < Cor(r + )74/
t=1

t=1

where X; are the low-dimensional actions chosen in Step 5 of our modified OPOK algorithm, such

that p; = ﬁit for the prices output by this method. To conclude the proof, we recall that for the
OPOK-selected p;:

T T T T
EY Ri(pr)=EY. £ o(X), EX. Ri(p*) = Y £, o(x*) m

t=1 t=1

A.5 Proof of Lemma

Lemma 2| Suppose that fort = 1,....T: ¢ = 0and V; > 0. If each p; is independently
uniformly distributed within some (uncentered) Euclidean ball of strictly positive radius, then
span(qy, - . . ,qq) = span(U) almost surely.

Proof. In Lemma E, we suppose that each p; = pP¢ + (;, where each {; is uniformly drawn
from a centered Euclidean ball of nonzero radius in R" and z;, V,, P, are fixed independently
of the randomness in ¢;. Note that each q; = Us; where s, =z, — V,UTp, R¢,  Thus,
span(qy, .. .,qq) € span(U) and the two spans must be equal if s1, . . ., s, are linearly independent.

To show linear independence holds almost surely, we proceed inductively by proving
Pr(s; € span(sy,...,s;_1)) = Oforany 1 < ¢ < d. We firstnote thats; = z,—V,UTp;—V,UT(;.
Since V; > 0 is invertible and U is orthogonal, V,UT{, is uniformly distributed over a nonde-
generate ellipsoid £ = R? with nonzero variance under any projection in R?. Since this includes

directions orthogonal to the (¢ —1)-dimensional subspace spanned by s; + V3 UTf)l —Z1,...,8_1+
V_1UTP,_1 — z4_1, this subspace has measure zero under the uniform distribution over £ (for
t < d). O



Theorem A.3 (Yu et al., 2015). Let 01 > --- > 04 > 0 denote the nonzero singular values of rank
d matrix Q € RN, whose left singular vectors are represented as columns in matrix U € RN *4

(such that Q has SVD: USVT), Ifﬁ € RV*4 similarly contains the left singular vectors of some
other N x d matrix Q, then there exists orthogonal matrix O € R**® such that

24/2d

2
04

100 — Ul|r < (201 +11Q — Qllop) [1Q — Qllop

A.6 Proof of Theorem

Theorem 3, For unknown U, let p1,...,pr be the prices selected by the OPOL algorithm with
1,0, « set as in Theorem Suppose €; follows a sub-Gaussian(a?) distribution and has statistically
independent dimensions for each t. If (AI)-(AD) hold, then there exists C' > 0 such that for any

PES:
D Ri(pi) = X Ri(p)

Here, () = max {1, o? (2‘7;72“> } with o1 (and 04) defined as the largest (and smallest) nonzero
d

singular values of the underlying rank d matrix Q* defined in (@

Eee < CQrb(4r + 1)dT3/*

Proof. For notational convenience, suppose that 7" is divisible by d, T3/4 > d > 3, and the noise-
variation parameter o > 1 throughout our proof. Throughout, the unknown U is orthogonal and rank

d, and we let p* = argmin, s E [Zthl Rt(p)] denote the optimal product pricing.

Recall from the proof of Theorem E that under our low-rank demand model, we can redefine
p* < UUTp* € S and still ensure p* = argmin s E [ZtT=1 Rt(p)]. Thus, we suppose without

loss of generality that the optimal prices can be expressed as p* = Ux™* for some corresponding
low-dimensional action x* € UT(S).

For additional clarity, we use ﬁt to denote the current N x d estimate of the underlying product

features obtained in Step 10 of our OPOL algorithm at round ¢. Note that the ﬁt are random variables
which are determined by both the noise in the observed demands and the randomness employed

within our pricing algorithm. Letting p; = ﬁtxt denote the prices chosen by the OPOL algorithm in
each round (and x; € U7 (S) the corresponding low-dimensional actions), we have:

T

E Y [Ri(p:) — Re(p*)] = )
T;/4 T T

EY [f0,00) = FuGH]+EY [fg,00) = fo, ®|+EY] [£,6,60 — fru(e)]
t=1 t=T3/4 t=T"3/4

T
where f; u is defined as in (7) and we define X = argmin E Z foo, (x)] .
xeUT(S) Pr=YV R
The proof of Theorem E ensures both |f; y| and |f, ﬁt| (for any orthogonal ﬁt) are bounded by
rb(1 + r) over all x € UT(S), so we can trivially bound the first summand in :
T3/4

Z [ft,ﬁt (x¢) — ft,U(X*)] <rb(1+7)- T34

t=1

To bound the second summand in , we first point out that U7 (S) = U7 (S) by Lemma@ (since

all ﬁt are restricted to be orthogonal). Thus, Algorithm is essentially running the classic gradient-
free bandit method of [Flaxman et al.,[2005] to optimize the functions f, o, over the low-dimensional
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action-space U7 (S), and the second term is exactly the regret of this method stated in Theorem

T
E Z I:ft,ﬁt (x¢) = fo.0, ()”c)] < Cbr(r +1) [T B T3/4]3/4 Y

t=T3/4

Finally, we complete the proof by bounding the third summand in . Defining O < R%*? as the set
of orthogonal d x d matrices, we have:

T
EY [fo0.0 - fuot)] < il B Y [1,0,005%) — fx)]
t=T3/4 t=T3/4
since x* € UT(S) = Ox* € UT(S) by Lemma[A.2] and X is an argmin over UT(S)

< dnf (1= 1% E|f, 5, (0x*) = fru(x")]

where we’ve fixed t = argmax inf E [ft, (Ox*) — ft',U(X*)]
vre[Ts/4,1] OO

<(T = T4 -E |, 5,(0x") = fiu(x")|

where now choose O € O as the orthogonal matrix such that E| \UtO - Ul|p satisfies the bound

of Lemmafor the t > T3/4 fixed above. Defining A = Ux* — U,Ox* € R?, we plug in the
definition of f, & from 1Ii and simplify to obtain the following bound:

E|f,5,0x*) - fu(x)]
E [[|AlIZIOlopl Vel lopl U llop + 21 A |2 [3x*[|2[[V e lop| U llop + [[ All2]l¢]2][Ullop ]
E [[|AIEVellop + 2/ A[2llx*[[2l[Viellop + | A]]2][2¢]]2]
(412 Vellop + l|zell2) - E[[|Al]
since [|Allz < (||U]|op + HUtO||0p)||x*||2 2/|x*|, by orthogonality of O, U;, U

201 + 1> under (A[T)-(A2)

Ud

YA/ AN/

1/2
<Crb(4r + 1) [T3/4] do? (

) 2417 1/2 201 +1
since E[J|A]l] < [x*lls - E[180 - Ulle] < € [12] o (2750 )
d

by Lemma (recalling that we fixed ¢ > T3/%).

Combining our bounds for each of the three summands in (8) yields the following upper bound for
the left-hand side, from which the inequality presented in Theorem 3] can be derived:

3/4 2 1 .
Crb [(1 + )T 4 (1 + 7)dY? (T - T3/4) + (47 + 1)do? <“1j) (T5/8 - TS/S)] O
94
Lemma A.3. For the U produced in Step 10 of the OPOL algorithm after T’ rounds and any feasible

low-dimensional action x € UT(S), there exists orthogonal d x d matrix O and universal constant
C such that:

A~ A~ 2 1

E[IT0 - Ullr| < €T~ 2d0” (‘”j )
94

where o1 and o4 denote the largest and smallest singular values of the underlying matrix Q* defined

in (6).

Proof. Our proof relies on standard random matrix concentration results presented in Lemma
and the variant of the Davis-Kahan theory proposed by |Yu et al.[[2015], which is restated here as
Theorem



Lemma A.4 (variant of Lemma 4.2 in Rigollet|[2015]). Let E be a N x d matrix (with N = d) of
i.i.d. entries drawn from a sub-Gaussian(c?) distribution. Then, with probability 1 — §.

[Ellop < 20 [2¢/Nlog(12) + v/2log(1/0)]

Recall that random variable X follows sub-Gaussian(c?) distribution if E[X] =0 and
Pr(\X\ > 1) < 2exp(f—2) for all z > 0, and random vector w ~ sub-Gaussian(c?) if E[w] = 0
and u”w is a sub- Gauss1an(02) random variable for any unit vector u. Since the components

of €, are presumed statistically i.i.d., each value in E = Q Q* must be the mean of T'/d sub-
Gaussian(o?/N) samples as a result of the averaging performed in Step 9 of our OPOL algorithm.

Thus, the entries of E are distributed as sub-Gaussian ( NT) Lemmalmphes

o0
E||E|lop = f Pr(|[Ellop > 2) da

z=0

2
© 1 T x

< o (y/5E —olog12] |4
Lzoexp 2( b og > x

—2y [T [1 et (V2108 12) | < ey 22

0
BIEIE =2 o Pr([Elly > o) do
" 1 ([T ’
X
<2 . —= —— —24/log 12 d
L:Ox exp 2( 1% og ) x
80
v/2mlog 12 + +/2mlog 12 - erf(1/21og 12) + i
24(72d

< T £/ 2mlog 12

When T > d, o > 1, both E||E||p, and E| \EH are upper-bounded by 24024 /67d/T. Combining

Theorem |A.3| with these concentration bounds 1mplies that there exists d x d orthogonal matrix 6
such that:

E[Hﬁa_UHF]\QW(sz[||Q Qll| + E[1Q - Q12
<96 ?’;d (2”(17;1) 0



B Pricing against an Imprecise Adversary

Theorem [B.4]below illustrates a basic scenario under which an explicit high-probability bound for
the constant ) from Theorem [3|can be obtained. Throughout our subsequent discussion, the largest
and smallest nonzero singular values of a rank-d matrix A will be denoted as 01 (A) and 04(A),
respectively. We now assume that the adversary can only coarsely control the underlying baseline
demand parameters z; in (lg]) More specifically, we suppose that in each round: z; = z} + -, where
only z, (and V) may be adversarially selected and the ~; are purely stochastic terms outside of the
adversary’s control. In this scenario, we presume a random d x d noise matrix I' is drawn before the
initial round such that:

(A10) Each entry I'; ; is independently sampled with mean zero and magnitude bounded almost
surely by b/2 (ie. E[T; ;] =0, |I'; ;| < b/2 for all 4, j).

Recall that the constant b > 0 upper bounds the magnitude of each z, as specified in (All). Once the
values of I have been sampled, we suppose that in round ¢: v; = I'y ; is simply taken to be the jth
column of this matrix with j = 1 + (¢ — 1) mod d (traversing the columns of T" in order). Since
boundedness of the values in T implies these entries follow a sub-Gaussian(b?/4) distribution, the
following result applies:

Lemma B.5 (variant of Theorem 1.2 in|Rudelson and Vershynin [2008]). With probability at least
1—Che — de.'

oa(T) = ¢/Vd

where Cy, > 0 and c;, € (0, 1) are constants that depend (polynomially) only on b.

In selecting z}, V', we assume the imprecise adversary is additionally restricted to ensure:

d
(A11) There exists s <

1—c .
Codb < 1suchthat forall ¢: ||zy||2 47| Vil|op < 8'12}2d|‘r*7j||2.

where constants ¢, Cy, are given by Lemma (see Rudelson and Vershynin|[2008] for details),
and r > 1 is still used to denote the radius of the set of feasible prices S. Note that these additional
assumptions do not conflict with condition (A[T) required in Theorem 4, since (A[I0), (A[IT) together
ensure that ||z;||2 < b for z; = 2} + ;. With these assumptions in place, we now provide an explicit
bound for the constant () defined in Theorem

Theorem B.4. Under this setting of an imprecise adversary where conditions (A10) and (All) are
met, for any T € (%Cbsbd + ey, 1), Theorem 4 holds with:

0 < 20dCp(2b+ 1)
2(1 — cp®) — Cpsbd
with probability = 1 — T (over the initial random sampling of T).

Proof. Recall that o; (and 04) denote the largest (and smallest) nonzero singular values of the

underlying rank d matrix Q* defined in @) For suitable constants c1, co: we show that 07 < ¢; and

o4 = cz with high probability, which then implies the upper bound: @ < max{1, %(2c; +1)}. We
2

first note that the orthogonality of U implies Q* = US has the same nonzero singular values as the
square matrix S, whose jth column is given by:
g T/
Sk, = T Z [Z}+d(¢_1) + Vj+(-1)d — Vj+(i—1)dUij+(i—1)d] )]
i=1
As S has d columns, we have:

a — b(1 + s)W/d
01(Q") = 01(8) < \/E-m}';tx|\Q*7j||2 < %
where the latter inequality derives from the fact that (AEI) and orthogonality of U imply:
d T/d
1Swills < 7 3 [1s-vallz + 12 i vyalle + 7l Vi onyallo |

i=1
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b
< (1+5) [Tyl < 5(1 +5) by conditions (A[I0), (ALT)

Via similar reasoning, we also obtain the bound:

- bvd
n(S-T)<? ;f (10)
Subsequently, we invoke Lemma [B.5] which implies that with probability 1 — 7:
d
T — Cp
oq(T') = 11
d( ) Cb\/a (11)

Combining (I0) and (TT), we obtain a high probability lower bound for ¢4 via the additive Weyl
inequality (cf. Theorem 3.3.16 in|Horn and Johnson|[[1991]):

_ _ _ — ot shv/d
*) = 04(S) = 0aT) oy (S—T) > 2 _ 2 ith probability > 1 —
ca(Q*) = 04(S) = 4(T') — o1 ( ) Ci/d 5 With probability T
b(1 d —? bvd
The proof is completed by defining ¢; = ﬂ, cy = T—a _F \F, and subsequent
2 Cy/d 2
simplification of the resulting bound using the fact thatd > 1 and s < 1. O



C Additional Experimental Results

C.1 Misspecified Demand Models

Beyond evaluating our pricing strategies in settings where underlying demand curves adhere to
our low-rank model in (2), we now consider different environments where our assumptions are
purposefully violated, in order to investigate robustness and how well each approach generalizes
to other types of demand behavior. As our interest lies in high-dimensional pricing applications,
the number of products is fixed to N = 100 throughout this section. Once again, p; and q; are
presumed to represent suitably rescaled prices/aggregate-demands, such that the set of feasible prices
S can always be fixed as a centered sphere of radius r = 20. Although none of the demand models
considered here possesses explicit low-rank structure, we nevertheless apply our OPOL pricing
algorithm with various choices of the rank parameter 1 < d < N = 100.

Linear full-rank model. We first study a scenario where underlying demands follow the basic
linear relationship described in @: q: = ¢; — B;p: + €;. Under this setting, the entries of c;, By,
and €; are independently drawn from N (100, 20), N(0,2), and N (0, 10) distributions, respectively.
Before demands are generated, B; is first projected onto the set of strongly positive-definite matrices
{B : BT + B > A} with A = 10 as done in §§ We consider both the stationary case where c;, B,
are fixed over time as well as the case of demand shocks, in which these underlying parameters are
re-sampled from their generating distributions at times 7'/3 and 27/3. Note that the demands in this
setting do not possess any explicit low-rank structure, nor are they governed by low-dimensional
featurizations of the products.

Figure [2 depicts the performance of our pricing algorithms in this linear full-rank setting, showing
the average cumulative regret (over 10 repetitions with standard-deviations shaded). Once again, the
performance of the GDG approach and our OPOL algorithm with d = IV are essentially identical. In
this setting, the standard bandit methods slightly outperform the Exploj; baseline, but they do not
exhibit strong performance when optimizing over a 100-dimensional action space. Despite the lack
of explicit low-rank structure in the underlying demand model, the OPOL algorithm produces greater
revenues than the GDG and Explo;; baselines for all settings of d € [10, 90] (but does fare worse
than GDG if d « 10 is chosen too small). In particular, when operating with relatively low values of
d, the OPOL method very significantly outperforms the other pricing strategies. Similar phenomena
in bandit algorithms over projected low-dimensional action subspaces have been documented by
Wang et al.|[2013], Li et al.|[2016], Yu et al.| [2017].

Log-linear model. While the linear demand model studied in this paper is one of the most popular
methods for pricing products with varying elasticities, demands for products with constant elasticity
are often better fit via a log-linear function of the prices [Maurice, 2010]. We also evaluate the
performance of our bandit methods in such a setting, where demands are determined according to the
following log-linear model:

log(qt) = Et + ]§t log(pt + 100) + gt (12)

In our experiment under this setting, the entries of ¢;, ]N3t, €; are independently drawn from N (5, 1),

N(0,0.1), and N (0, 1) distributions, respectively. Before demands are generated, By is first projected
onto the set of strongly positive-definite matrices {B : BY + B > A} with A = 0.1. Again, two

scenarios are considered: the stationary case where ¢, ]~3t are fixed over time, and the case of demand
shocks, in which these underlying parameters are re-sampled from their generating distributions at
times 7'/3 and 27'/3. Note that this log-linear model also does not possess any explicit low-rank
properties.

Figure demonstrates that the same conclusions about our algorithm’s behavior in the case of full-
rank linear demands also hold for this log-linear setting. Even though it is now quite misspecified, the
OPOL algorithm with a small value of d performs remarkably well. Furthermore, the decreasing regret
in Figure[C.IB illustrates how bandit pricing methods can rapidly adapt to a changing marketplace,
regardless whether the underlying demands are of varying or constant elasticities.
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(A) Model without temporal change (B) Model with demand shocks

le8 1le8

1.5 + Explo:,te 1.5 +
I GDG
B OPOL (d=N)
., 10 mmm OPOL (d=30) = 10
[ [
g OPOL (d = 10) g
(7] (7
o o
0.5 - 0.5
0.0 T T T T T T 0.0 T T T T T T
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
T T

Figure C.1: Average cumulative regret (over 10 repetitions with standard-deviations shaded) of
various pricing strategies (for N = 100) when the underlying demand model is log-linear and: (A)
stationary over time, (B) altered by structural shocks at 7'/3 and 27'/3.

C.2 Further Details about Experiments

Our simulations always set the first prices used to initialize each method, py, at the center of S.
For each experiment in our paper, the bandit algorithm hyperparameters 7, §, a are set as specified
in Theorem [A.2] but without knowledge of the underlying demand model (as would need to be
done in practical applications). Because the Lipschitz constant L and bound B are unknown in
practice, these are crudely estimated prior to the initial round of our bandit pricing strategy from the
observed (historical) revenues at a random collection of 100 minorly-varying prices. To compute
regret, we identify the optimal fixed price with knowledge of the underlying demand curves at each
time, performing the fixed-price optimization via Sequential Least Squares Programming
@] which converges to the global optimum in our convex settings. In the Exploj; approach,
transitioning from exploitation to exploration at time 74 empirically outperformed the other
choices we considered (T/2,7%/3,T/10, T'/3). Note that no matter how many experiments we run,
the sensitive nature of pricing necessitates provable guarantees, which is a major strength of the
adversarial regret bounds presented in this paper.
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D Notation Glossary

N >0
d>0
te{l,...,T}
C>0

p: € RY

q: e RY
R,:RY - R
Sc RV

€ RN

€

& eR?

3

c, e RY
B, € RNxN
U e RNxd
U e RVxd
z; € R?

V, € Rixd
1]
[1A[op
|A][F
Unif(S)

p*ERN

fi:R* SR
ftyﬁ:IRdH]R
7,0, >0
02 >0
U”(s)
T, 7, >0
B>0
L>0

b>0

r=1

Number of products to price (assumed to be large)

Dimensionality of the product features (where d « V)

Index of each time period (i.e. round) over which prices are fixed and demands aggregated
A universal constant that is problem-independent and does not depend on values like 7', d, r
Vector of prices for each product in period ¢ (rescaled rather than absolute prices)

Vector of demands for each product in period ¢ (rescaled rather than absolute demands)
Negative total revenue produced by product pricing in period ¢ (convex function)

Convex set of feasible prices (taken to be ball of radius r throughout

Random noise in observed demands of period ¢ (mean-zero with finite variance)
Represents the full set of random demand effects {€1, ..., er}

Random noise variables drawn within each round of our bandit algorithms
Represents the full set of random noise variables employed in our algorithms {&1, ..., &7}
Vector of baseline aggregate demands for each product in period ¢

Asymmetric positive-definite matrix of demand cross-elasticities in period ¢

Matrix where ith row contains featurization of product ¢ (presumed orthogonal in
Matrix whose column-span is used to estimate the column-span of U

Vector which determines how product features affect the baseline demands in period ¢
Asymmetric positive-definite matrix that defines changing demand cross-elasticies in period ¢
Euclidean norm of vector x

Spectral norm of matrix A (magnitude of the largest singular value)

Frobenius norm of matrix A

Uniform distribution over set S
T

Single best vector of prices chosen in hindsight: p* = argminE Z R:(p)
PES 4o

Function such that f;(x) = E.[R;(p)] forx = UTp

Function such that f, ¢ (x) = Ec[R:(p)] for x = UTp

User specified hyperparameters of our bandit pricing algorithms

Sub-Gaussian parameter that specifies magnitude of noise effects in the observed demands
d-dimensional actions that correspond to feasible prices: {X eRY:x=UTpforsomepeS }
Radius of Euclidean balls containing/contained-within UT'(S), with r, > r,

Upper bounds the magnitude of E[R;(p)] overallpe S,t =1,...,T

Lipschitz constant of each f;(x) over all x e UT(S),t =1,...,T

Upper bounds the magnitude of z;, Vi fort = 1,...,7 (||z¢]|2 < band ||V¢|[op < )
Radius of Euclidean ball adopted as the feasible set of (rescaled) prices throughout &
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