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A Proof of Universal Orthogonality Lemma

We first start by defining a sufficient condition for the notion of universal orthogonality of a loss
function, as defined by [9]. A loss function L(m; h) = E[l(x, w(2); h(2))] is universally orthogonal
with respect to h if for any 7 € II:

E[Vihe)m()l(x,m(2);ho(2)) | 2] =0 (20)
where hy is the true value of the nuisance parameter h.

Lemma 3. The loss function L(m; h) = —E[(0pr(y, a, 2), ¢(7(2), 2))] is universally orthogonal
with respect to h = (6,%).

Proof. We show that the population loss function that corresponds to the doubly robust estimate,
satisfies the universal orthogonality condition. For simplicity of notation let K (z) = £(z)~!. Then
the population loss is:

VBa(mi0,571) =E [(0(=) + £71(2) 6la, 2) (y — (0(2), éla, 2))). é(r(2), 2) )|
Let:
ﬂ(aa Zaga K) = E + K¢(a7 Z) (y - <§7 ¢(a7 Z)))
Observe that:
VBa(ms0,57") =E[(B(a,0(2), 271(2)), 6(m(2), 2))]
To show universal orthogonality it suffices to show that:
E [Ve,xB(a,z 00(z), 25 M(2) | z] =0
This follows easily by simple algebraic manipulations:

E[VeB(a,2,00(2), 55" (2)) | 2] = E[1 - X5 (2) ¢(a, 2)p(a, 2)" | 2]
=1- Eal(z)E [¢(a,z)¢(a, z)T | z] =I- Zgl(z) Yo(z) =

and
E [Vk,;58(a,00(2), % (2) | 2] = E¢;(a,2) (y — (o(2), ¢(a, 2))) | 2]

Now observe that since 0y (z) is the minimizer of the conditional squared loss, taking the first order
condition implies:

E[(‘/O(aa Z) - <90(Z)a ¢(aa Z)>) ¢(aa Z) | Z] =0
E[Vo(a,2) ¢(a, 2) | 2] = E[(00(2), #(a, 2))) ¢(a, 2) | 2]

Moreover:

]E[y (b(av Z) | Z] = E[E[y ‘ a, Z] (;5(0,, Z)] = E[VO(av Z) ¢(av Z)]
Combining the two yields:

Ep(a,2) (y = (0o(2), ¢(a, 2))) | z] = 0

which implies orthogonality with respect to K. O

B Proof of Main Regret Theorem 1

We first consider an arbitrary empirical loss minimization problem of the form:
1 n
n = 1 En = — 7 21
fn = argmin B, [f(2)] := — ;Zl f(xi) 21

where x; € X are i.i.d. drawn from an unknown distribution and X" is an arbitrary data space.
Throughout the section we will assume that: sup s » [ f(x)| < 1. All the results can be generalized
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to the case of sup s » |f(z)| < R, for some arbitrary R, by simply first re-scaling the losses, and
then invoking the theorems of this section.

We will also make the following preliminary definitions. For any function f we denote with

|l fll2 = /E[f(x)?], the standard L? norm and with || f||2,n, = \/E,[f()?] its empirical analogue.
The localized Rademacher complexity is the defined as:

n

R(r,F) =Ee ., [ sup 1 Z € f(xz)] (22)

fEF:| fll2<r T i=1
where €; are independent Rademacher variables that take values {—1, 1} with equal probability.

Furthermore, we define the empirical entropy of a function class Ha (e, F,n) as the largest value,
over the choice of n samples, of the logarithm of the size of the smallest empirical e-cover of F on
the samples with respect to the || - ||2,, norm. Finally, we consider the empirical entropy integral

defined as:
A(r, F) = inf {4a+10/ 1/H2<6’f’"))d6}7 (23)
a> o n

Throughout this section we will make the following benign assumption that essentially makes the
problem learnable:

ASSUMPTION 1. The function class satisfies that for any constant v, k(r, F) — 0 as n — 0o
We will use the following theorems from the prior work of [9] as a starting point as they are formalized
in manner convenient for our problem.

Theorem 4 (Foster, Syrgkanis [9], Theorem 4). Consider any function class F : X — [—1,1] and
let f,, be the outcome of the constrained ERM. Pick any f. € F and letr = sup;cz ||f — fel|2-
Then for some constants C1, Cs and for any § > 0, wp. 1 — §:

log(1/9) , 10g(1/5)>

n n

Elfn(z) = fu(@)] < C1 (R(T,}'— ) +r

IN

C, Cy <,€(T’ F)+r log(;/d) N HQ(T;Lf, n) N 10g(;/5)> '

Lemma 5 (Foster, Syrgkanis [9], Lemma 4). Consider a function class F : X — [—1, 1] and pick
any f. : X — [—1,1] (not necessarily in F). Moreover, let:

Zn(r) = sup [Enlf(2) = fu(2)] = E[f(z) = fu(2)]] (24)

feFf=f*ll2<r
Then for some constant Cs and for any § > 0, w.p. 1 — §:

Yy log(1/0) , log(1/5)>

n n

Zn(r) < Cs (R(r,]—"— I

Our goal is to replace r in the latter Theorem with the worst-case variance of the functions f € F in
a small “regret”-ball around the optimal. We will achieve this by considering a slight modification
of the ERM algorithm. In particular, we will split the data in half, and we will use one half as a
regularization sample and the other half as the training sample. In particular, we will find the optimal
function on the training sample, within the class of functions that also have relatively small regret on
the regularization sample.

Out-of-Sample Regularized ERM Consider the following algorithm:
e We split the samples S in two parts S1, So and let E,,, [-] and E,,, [] denote the corresponding
empirical expectations.
e We run ERM over F on the first half and let f; be the outcome.

e Then we define the class of functions that have the constraint that they don’t achieve much
worse value than f; on the first half, i.e. we regularize policies based on their regret on the
first half. More formally, for some constant i, to be defined later:

Fo={fe€F :Enlf(z)— fi(z)] < pn} (25)
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e Then we run constrained ERM on the second sample over the function space Fs:
= inE, 26
Jo = arg min E,, [f(2)] (26)
Theorem 6 (Variance-Based Regret). Let f. = argminye 7 E[f(z)], r = sup;c # || f||l2 and choose
i = C (Ii(r‘, F)4r /log(f/@ + Ha(r,F,n) + log(rf:/é)>’ with C' = 8 max{C,Cs, C5C5}. Then,

n

w.p. 1 — d over the sample S, the outcome f5 of the Out-of-Sample Regularized ERM satisfies:

Elfo(e) - fu(a)] = O (mm,f*(unm Vlg(?’””) @

n

with: Fu(pn) = {f € F : Elf(z) — ful@)] < pa} and Vo = supser () Var(f(z) -
fe(x)). Moreover, the expected regret, in expectation over the samples Sy, Ss is also of order

0 (n(\/vg,]:) + Yl)

Proof. First we argue that w.p. 1 — 0/6, f. € Fo. By the choice of p,, and Theorem 4, we know that
w.p. 1 — §/4 over the randomness of sample Sy :

Moreover, by Lemma 5, w.p. 1 — §/6 over the randomness of sample S;:

sup [Ey,, [f(z) = fu(2)] = E[f(2) = fu(2)]] < pin/2
fer

Combining the latter two properties we have, w.p. 1 — §/3:

B, [fo(z) = fr(@)]] < [E[fu(2) = fr(@)]] + 10 /2 < pin
Thus in this event, f, € F».
Applying Theorem 4 for the last stage of the algorithm with function space > and conditioning on

the event that the first stage sample is such that f, € F», we have that with probability 1 — 6 /3 over
the randomness of the second sample:

Elfy(2) — f.(2)] = C1 C <( ) 4 g 128CL0) | Halra, Fam) | 1og<3/6>>

n n

where 72 = sup s¢ r, || f||2- Thus by a union bound we get that with probability 1 — 25/3 over the
randomness of both samples, the latter bound holds.

Observe that for f € Fa, by Lemma 5, w.p. 1 — §/6 over the first sample:

sup [En, [f(2) — f1(2)] — E[f(z) — f1(2)]] <2 sup [En, [f(2)] — E[f(2)]| < pn/2
fer fer

Thus w.p. 1 — §/6, F5 is a subset of the class:
Fs ={f € F:|E[f(z) = i)l < pn/2} (29)
Moreover, since f; has small regret, we know by the triangle inequality, for all f € F3, w.p. 1 —6/3:
[Elf(2) = fe@)]| < [E[f(z) = fr(@)]] + [E[f1(2) = fu(@)]] < pn
Thus w.p. 1 — §/3, F3 is in turn a subset of the function space:

Fulpn) ={f € F: [E[f(z) = fu(@)]| < pn}
which is a space of policies with regret at most iy, .

Thus we have that w.p. 1 — §/3 over the first sample:

ry = sup E[(f(z) - fu(@))’] < sup E[(f(x) - fu(2))?]

feF2 feFu(un)

= sup (Var(f(z) — fu(2)) + E[f(2) = fu(2))]?)
FEF«(pn)

< sup Var(f(x) - fu(@)) + i
FEF«(n)
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‘We thus have that:

feF. (.U‘n)

rgz\/ sup Var(f(z) — fu(z)) + 20, = \/72—1—2@” (30)

Combining the latter with the regret bound for f, (excluding lower order terms in n) we have that
wp. 1 —6:

V3 log(3/d
Elfo(a) — f.(2)] = ( (Vi + 210, Fuln)) + n”’)
Moreover, using the concavity of the entropy integral with respect to its first argument, we have that:
Hy(v/Va, F,n
K/ Va + 20 F) < 1YV, o) + 2| V20 (1)

Since k(r, F) — 0, we have that ,, = o(1) and Hy(+/Va, F,n) is a constant. Thus, the second term
decays faster than 1/+/n and hence is asymptotically negligible. Thus we get:

Elfa(z) — fu(2)] = ( (Vo Fu(i1n)) Vzbg(”‘”)

n

The expected regret bound follows by standard arguments by simply integrating the above high
probability bound. O

Going back to our policy learning problem, let z = (y, a, z) and:

vpr(#; ™) = (0pr(Y, 0, 2), ¢(7(2), 2)) (32)
be the doubly robust proxy value at every sample = and policy 7. Then we can apply this general
theorem to the policy learning problem where, 2 = (y, a, z) and function space:

Jun ={—vpgr(;7m):well} (33)
Then Theorem 6 yields the following corollary:

Corollary 7 (Variance-Based Policy Regret). Let . argmaxyern Elvpgr(z; 7)), r =

sup,en VE[Dr(z;7)2], p, = O (H(’I‘, Fu)+r log 1/6)>

Vo = sup Var(vpr(x;m) — vpr(2;ms)). (34)
w€Il: Elvpr(z;me)—vpr(2;m)]<pin
Then the policy o returned by the out-of-sample regularized ERM, satisfies w.p. 1 — & over the
randomness of S:

Elvpr(m) — vpr(ms)] < (v/Va, Fur) + V210g(1/6)> (35)

n

and expected regret O </€(\/72, JFm) + ‘:f)

To arrive at our final theorem, we also need to account for the difference between E[vp g (z; 7)] and
V(). This difference essentially stems from the error in the nuisance estimates, which introduce an
errorinOpr(y, a, z), such that E[0pr(y, a, z) | z] # 0(z). However, we can invoke the orthogonality
of the doubly robust estimator and the general theorem of [9] on generalization bounds of orthogonal
losses to get:

Lemma 8. For any policy my € 11, let 7 be the outcome of any possibly randomized algorithm that
satisfies w.p. 1—0/2 a regret bound on the doubly robust objective, i.e. Elvpg(x; 7o) —vpgr(x; T)] <
R, 5. Moreover, suppose that the nuisance estimates satisfy a mean-squared error bound

max {E[(0(2) — 00(2))*} E[IS(2) — So(2)l30] } = 12 (36)
Then w.p. 1 — & over the randomness of the policy sample:
V(mo) = V(7)) < O (Rns + X7) (37)
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Proof. By Lemma 3 we have that the loss function —E[vpg(z; )] is universally orthogonal as
defined in [9]. Moreover, the loss is smooth with respect to the outputs of the nuisance functions and
hence the second order derivatives of the loss with respect to the outputs of the nuisance functions are
bounded. Thus the lemma follows by Theorem 2 of [9]. O

If we assume that the nuisance estimation algorithm guarantees that w.p. 1 — 4, x;, < h;, 5 then
observe that combining Corollary 7 and Lemma 8, we get that for any policy 7, the policy 7o of the
out-of-sample regularized ERM satisfies, w.p. 1 — 4:

V(m) —Vi(m) <0 (n(\/@ Fu) + %(1/6) + hiy,;)

Similarly, if we assume that the nuisance esitmation algorithm satisfies E[x2] < h2, then:

B[V (r0) — V(2)] < O ((W F) + 20800 h)

We continue by proving the probabilistic regret bound of the theorem and the in-expectation bound
follows analogously.

Finally, we need to account for the error introduced by the nuisance errors on the quantity V5, so as
to connect it with the semi-parametric efficiency variance of each policy, i.e.:

Var(v g (2; 7)) (38)

where v, (25 7) = (0% 5 (y, a, 2), (7 (2), 2)), and 6% 1 (y, a, z) is the analogue of the doubly robust
function, Opr(y, a, z), evaluated at the true nuisance functions. Moreover, we want our the “regret
slice” to be with respect to the true regret, i.e. we want to depend on the variance of policies that
satisfy:

V(n) = V(r) = Elpp(a;nd) — vpp(eim)] < g, (39)

Y = arg max, ey V(7). We prove such a property in the following lemma:

x =

where 7

Lemma 9. Consider the setting of Corollary 7. Suppose that the mean squared error of the nuisance
estimates is upper bounded w.p. 1 — § by hi’ s and let €, = p, + hf% s- Then:

V= sup  Var(vbg(x;m) — v)hg(2; 7)) (40)
! €L, (en)

Then Vo < VY + O(hy, 5).

Proof. First observe that by Lemma 8 with 79 = 7, and # = 7 (for any m € F3), we have that:
Elvpr(m.) = vpr(m)] < pn == V(m) = V(7)) < pin + O(h3, 5)

Similarly if we let 70 = arg max,en E[v), p(@; )] := V (), then observe that by definition of 7,
E[vpg(z;7l) — vpr(x; )] < 0. Thus applying again Lemma 8 with 7y = 70 and & = 7,:

Elvpr(n)) —vpr(r.)] < 0 = V(x)) = V(m.) < O(h 5)

Let TIY(e) = {m € I1: V(n]) — V(r) < ¢} and let ¢, = O(pun, + I, 5). Thus we have that:

Vo < sup Var(vpr(z;7) — vpr(z; 7))
wEllL (€r)

Moreover, observe that 7, € I19(e,, ). Hence:

Vo< sup Var(vpgr(z;m) —vpr(z;n'))
w7 €l (€n)

Moreover, by Lipschitzness of 0pr(y, a, z) on the output of the nuisance functions, we also have
that for any 7, 7" € Il(ey,):

Var(vpg(x;7) —vpr(z; 7)) < Var(vODR(x;w) - ’U%R(I; 7)) + O(hn.s) 41)
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Hence, if we denote with:
V2= sup  Var(vhg(z;7m) — oG gz 7))
71',71"6]_[*(671)

Then we conclude that:
Vo = V3 + O(hn,s)

Invoking Lemma 9 and the concavity of the entropy integral function we get:

V3 log(1/9)
n

1
+ hi)(s + h/n,(S (42)

ﬁ)
Since h,, s = o(1), the last term is of lower order. This concludes the proof of the main regret
Theorem 1.

V(rd) - V(7)< O (m( VY, Fu) +

C Review of Semi-parametric Efficiency Bounds
In this section, we review the theory of semi-parametric efficiency bounds studied in [16] and [3].

C.1 Definitions

Definition 1 (Mean Square Differentiability). Let f(x;n) denote the probability density function

of a random variable x where 1 € H is a finite dimensional parameter. f (m;n)l/ %is pu-mean

square continuously differentiable with respect to 1) on H with derivative f,(x;n) if for eachn € H
J W fo(asn)2dpis finite, and for every n; — n with [ || fo(2;m:) — fo(asn)|?dp — 0

/ (f(x; i) = fasn)? = folasn) (n — 77))2du/\|m -7l =0

Definition 2 (Smoothness). f(z;n) is smooth if (i) n € H, H is open; (ii) there is a measure i
dominating f(x;n) for n € H such that f(x;7n) is continuous on H a.s.  ; (iii) f(x;n)'/? is mean
square differentiable.

Definition 3 (Score and Information Matrix). For smooth f(x;n) the score for 1 is defined as

R A1 C )
Snlin) =2 fasm)

in the support of x and the information matrix is
I(n) = / SySy f (x5 m)dp.

Definition 4 (Regularity). A likelihood function f(x;n), n € H, is regular if it is smooth and
information matrix is non-singular in H. The efficiency bound of a regular model is given by
Cramer-Rao bound and equals T(n)~'.

Definition 5 (Linearity). Define a set T to be linear if as; + bsy € T for all real scalars a and b
and elements s, and s of T.

C.2 Derivation of the Efficiency Bound

Let data (x1,...,x,) consist of i.i.d copies of the random vector (y, a, z). A semi-parametric model
consists of a parameter vector v and a set of restrictions on the joint behavior of observables. In our
model, the restrictions are given by the first order conditions of the linear projection

E[(y — (00(2), ¢(a, 2)))¢(a, 2) | z] =0

and the parameter is

o= / (0(2), $(m(2), 2)) f(2)dz

where f(z) denotes the probability distribution function of z. First, we provide the definition of a
parametric submodel.
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Definition 6 (Parametric Submodel). For estimators with i.i.d data, a parametric submodel corre-
sponds to a parameter vector 1) and a likelihood function £(x|n) for a single observation that satisfies
the semi-parametric restrictions.

A parametric submodel is a subset of the model distributions satisfying the semi-parametric assump-
tions. The reason parametric submodels are useful in analyzing semi-parametric efficiency is that
for parametric models, the Cramer-Rao bound gives the lower bound on the variance of estimators
of a parameter under some regulatory conditions. Since semi-parametric models impose weaker
restrictions than any parametric model, it is natural to expect that the asymptotic variance of a
semi-parametric model is no smaller than the bound for the parametric model.

In a parametric submodel, our parameter of interest can be written as
a = [0, on(z),2) (i) 43)

Next, we define the semi-parametric efficient bounds.

Definition 7 (Semi-parametric Efficiency Bound). The semi-parametric efficiency bound of a semi-
parametric estimator is defined as the supremum of the Cramer-Rao bounds for all regular parametric
submodels.

This definition is intuitive because any semi-parametric estimator that is consistent and asymptotically
normal cannot have a lower variance than the supremum of Cramer-Rao bounds. The regulatory
conditions defined in Section C.1 guarantee that the Cramer-Rao bound is well-defined and gives an
asymptotic efficiency bound.

To be able to obtain the Cramer-Rao bound for the parameter of interest under a parametric submodel,
the parameter must be pathwise differentiable.

Definition 8 (Pathwise Differentiability). A parameter « is pathwise-differentiable if «(n) is differ-
entiable for all smooth parametric submodels and there exists g X 1 random vector d such that E[d'd)
is finite and for all regular parametric submodels

da(mno)
n

where 19 denotes the true value of the parameter in the sense that {(x|ng) corresponds to the
likelihood function that generates the data.

= E[dS!]

Pathwise differentiability of a parameter is a weak condition because, by Riesz representation
theorem, a parameter is pathwise-differentiable if it can be written as a functional that is mean-square
continuous. From the definition of « in Equation (43) it is easy to see that « is pathwise-differentiable
by Riesz representation theorem.

For a pathwise-differentiable parameter, the Cramer-Rao bound can be written as a function of the
pathwise derivative using the Delta method.

Var(a(no)) = 8048(:770) (E[SnS%])_laaa(go)

= E[dS, (B[S, S,]) " E[S,d]

We can write Var(«(n)) as a second moment of a random variable as follows
Var(a(no)) = E[dS;](E[S,Sy]) " E[S,d]
= E[E[dS)](E[S,S,]) ", 5, (ELS, S;) E[S,d]
= Eld,d,]
Note that d,, is mean-zero since
]E[dn] = E[E[dS;](]E[SnS;])_lsn]]
= E[dS;](E[S,S,]) "' E[S)]
=0
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This is useful because the Cramer-Rao bound of « under a parametric submodel equals the variance
of d,,. Note further from the definition of d,, that it is the linear projection of pathwise-derivative d on
score Sy,. Therefore, the largest value of this projection can be obtained by considering the projection
space as the scores corresponding to all parametric submodels. To formalize this, we next define the
tangent set:

Definition 9 (Tangent Set). Define the tangent set T to be the mean square closure of all q-
dimensional linear combinations of scores S, for smooth parametric submodels:

T={seR:E[s|’] <oco, 3A4;S,; with lim E[||s— A4;S,,]% =0}
J—00

The projection of d on the tangent set should have a larger variance than any particular submodel,
suggesting that the projection should give the semi-parametric efficiency bound. The mathematical
meaning of this projection on the tangent set is a least-squares projection in a Hilbert space of random
vectors. This projection is defined as:

0eT, E[(d—0d)s]=0 forall seT

If T is linear, then ¢ exists and unique. It is called the efficient score because it equals the efficient
influence function in asymptotically linear estimators.

Theorem 10 ([16], Theorem 3.1). Suppose that the parameter is differentiable, T is linear, and
E[6¢'] is nonsingular, for the projection 6 of d on T. Then semi-parametric efficiency bound equals

E[55].

D Proof of Theorem 2

Proof. We follow the steps outlined in Section (C.2) to calculate the semi-parametric efficiency
bound of the parameter of interest:

a:=E[(0o(2), 6(m(2), 2))] (44)

Let f(y,a | z) and f(z) denote the conditional distribution of (y,a) given z and the marginal
distribution of z, respectively. The density of data (y, a, z) is then equal to:

fy.a,2) = fy,a|2)f(2)
We consider a regular parametric submodel, parameterized by 7, to calculate the pathwise derivative
of a(n):

fly,a,2m) = f(y,a | zm)f(z5m)
The corresponding scores for the parametric submodel is given by:

sp(y,a,z;m) = sy(y,a | z;m) + sy(2;m)

where s, (y,a,z;n) = QM, and other scores are defined similarly.
f(y,a,zm)
Under the parametric submodel o can be written as:
al) = [ {00, on(2), N (i as)

The first step in semi-parametric efficiency bound derivation is to show that «(n) is pathwise
differentiable, i.e. there exists d(y, a, z; 19) such that

azg;?) _ E[d(y, a, z; 77)577 (y, a, z; 77)]

Let 1)y denote the true parameter value in the sense that f(y, a, z;79) corresponds to the density of
the data. To show pathwise differentiability, we differentiate Equation (45) under the integral sign
and evaluate at n = ng:

2ol — [ (M) o) 2)) fssmdaz + [ Guteim).otn(z). ) 2L as o)

s
— 5 |( 225D n(a), 9 )| + B0 ), (21 D)o )] @
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sss  To calculate 06(z;ng)/0n inside the expectations we use the first order conditions of the linear
586 projection:

E[(y — (6o(2), 6(a, 2)))(a, 2) | 2] = 0
/ (5 — (B(z:10), 6@, 2))) i e, 2) f (g, | 2;70)dyda = 0

ss7  Taking the derivative under the integral sign and evaluating at 7 for all ¢:

B (P o(a 2100, )7 12| + Blly — (O(e:m). o, 0)ofa sy 20m) | =0

sss  Solving for 96(z;n0)/0n

99(z;10)/0n = E [S(2) " é(a, 2)(y — (023 m0), $(a, 2))) sy (y, a | z3m0) | 2]
589 Substituting this into Equation (47):

da(no)
on

=E [(Zo(2) " é(a, 2)(y — (Bo(2), $la, 2))), $(m(2), 2))) sy (y, a | z370)] + (48)

E[(00(2), ¢(7(2), 2)) 85 (2;70)]

[((Bo(2) + Zo(2) "' o(a, 2)(y — (Bo(2), (a, 2))), ¢(m(2), 2)) — o)) (sy(y,a | z,m0) + s4(25m0))]
[d(y, a, 2;m0) (s9(y, a | 25m0) + sy(2510))]

[d(y, a,z3m0) (sy(y,a | z3m0))] (49)

s90 The second line follows because:

E[(6o(2), ¢(m(2), 2))sn(y, a | z,m0)] = E[(6o(2), ¢(7(2), 2))E[sy(y, a | 2,m0) | 2]] = 0

Elev(no)sy(2;m0)] = a(no)E[sy (23m0)] = 0
s92 and
E[(Zo(2) " ¢(a, 2)(y — (00(2), d(a, 2))), (7 (2), 2)) s, (2;m0)] = O

593 Subtracting (7)) in the second line makes the pathwise derivative mean zero, which will prove
se+ useful later when projecting d(y, a, z; 19) on the tangent set.

595 Since Equation (48) satisfies the condition given in the defition of pathwise differentiability, the
se6 pathwise derivative of a(n) is:

d(ya a, z; 770) = (<90(Z) + 20(2)71¢<aa Z)(y - <90(Z)7 d)(aa Z)>)> QS(W(Z)’ Z)> - a)

57 The semi-parametric efficiency bound for « is the variance of the projection of d(y, a, z; 7o) onto the
s98 tangent space defined as the closed linear span of the scores:

T =A{s(y,a|z)+s(2)}

s99 Note that the joint distribution is unrestricted so the only restrictions on the score functions are
60 FEls(y,z|z)|z] =0and E[s(z)] =0 and they are smooth.

eot  Next, we show that the pathwise derivative is already in the tangent set d(y, a, z;1m9) € T. To see
o2 this we can write d(y, a, z; o) as the sum of two functions:

d(y, a, z;m0) = (Zo(2) "' 9(a, 2)(y — (00(2), d(a, 2))), d(7(2), 2))) + ((Bo(2), $(m(2), 2)) — )

603 The first component is mean independent of z:

E[(S0(2) "' é(a, 2)(y — (fo(2), #(a, 2))), d(n(2), 2)) | 2] =0

604 The second component is function of only z and has zero mean:

E[(00(2), d(7(2),2)) —a] =0

605 Therefore, the pathwise derivative equals the sum of two functions that satisfy the restrictions on
e0s score functions in the tangent set, namely, F[s(y,z | z) | z] = 0 and E[s(z)] = 0. From this, we
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conclude that d(y, a, ;7o) is in the tangent set; so the projection of d(y, a, z;70) onto T is equal to
itself.

Therefore, the efficiency bound for « is:
Vers(a) = Var(d(y, a, z;m0))
= Var(vpr(y,a,z;m))

Therefore, the doubly robust estimator, vpr(y, a, z; ), achieves the semi-parametric efficiency
bound. This result extends to the difference of value functions by linearity of pathwise derivative.

To investigate the semi-parametric efficiency bound under the correct specification we use a result
from [4] who shows that under the correct specification the efficiency bound is:

Vips(a) = Var((0o(2), ¢(m(2), 2)))
+E[¢(7(2), 2)E[¢(a, 2)E[€* | a, 2] ¢(a, 2)" | 2] b(n(2),2)"]
where € = (y — (0p(2), ¢(a, 2))) is defined as residuals.

Under the homoskedastivity assumption, E[e? | a, 2] = o2, this efficiency bound becomes:

5(0) = Var((00(), ¢(n(2), 2))) +
o?E [¢(r(2), 2)Elg(a, 2)9(a, 2)' | 2]~ b(m(2), 2)7]
= Var((6o(2), (7 (2), 2))) + °E[o(7(2), 2)So(2) " p(m(2), Z)T]
which is equal to the variance of the doubly robust estimator:
Vepla) = Var((0o(2), ¢((2), 2))) +
E[¢(n(2), 2)E[So(2) " ¢(a, 2)e’d(a, 2) T(2) 7" | 2]g(m(2), 2)7]

—V‘“”(< 0(2), ¢(m(2),2)))+
*E[¢(7(2), 2)S0(2) "' E[d(a, 2)d(a, 2)" | 2]5(2) " b(n(2), 2)" ]
= Var((t%(z)

z)
), )"
6(m(2), 2))) +
*E[p(n(2), 2)Z0(2) " Zo(2) "' Bo(2) " p(m(2). 2)" ]
—VC”“(( 0(2): d(7(2), 2))) + T E[(7(2), 2)S0(2) " d((2), 2)" ]
a,z;7))

=Var(vpr(y,

E Double Robustness Property of Policy Estimator

Theorem 11 (Double Robustness). Vpg() is an unbiased estimate of V(7 (2), z) if for all z, either
Eg, pn/2[0(2)] = 0(2) or Eg,  pn/2[X(2) 71 = So(2) ™", where expectation is taken over the
randomness of the nuisance estimation sample Sy.

Proof. Let (z) = Eg, .pn/2[0(z)] and 71 (z) = Eg, . pn/2[2(2) '], be the expected value of the
estimates at any input z, where the expectation is with respect to the randomness on the half-split of
n/2 samples that were used for training the estimates. Due to sample-splitting and cross-fitting, the
expected value of the doubly robust policy estimate can be written as:

E[Vpr(m)] = E[(0(2) + £(2) 7" ¢(a, 2) (y — (0(2), (a, 2))), ¢(7(2), 2))] (50)

where the random variables (y, a, z) are a fresh independent draw of the data generating process that
generated the observational data.

Observe that y is an unbiased estimate of V'(a, z) conditional on z. Moreover, since 6y(z) is the
minimizer of the conditional squared loss, taking the first order condition implies:

E[(Vo(a, 2) — (Bo(2), 6(a, 2)))p(a, 2) | 2] = 0 <
Ely ¢(a, 2) | 2] = E[(6o(2), ¢(a, 2))) ¢(a, 2) | 2]
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Thus we can re-write the expected value of the doubly robust policy estimate as:

E[Vpr(m)] = E [(6(2) + () 7" ¢(a, 2) (Y = (0(2), $(a, 2))), d(r(2), 2))]

E [(6(2) + 2(2) 7" ¢(a, 2) (fo(2) — 0(2), ¢(a, 2)), 6((2), 2))]
= E[(6(2) + 2(2) 7" ¢(a, 2)d(a, 2)" (0(2) = 0(2)), ¢(m(2), 2))]
= E [(6(2) + (=)' E[$(a, 2)(a, 2) | 2)(6o(2) = 0(2)), d(n(2), 2))]
= E[(0(2) + 2(2) 7" Do(2)(00(2) — 0(2)), ¢(m(2), 2))]
= E[(0(2) + 2(2) 7" Do(2)(00(2) — 0(2)), ¢(7(2), 2))]

Hence we have:
E[Vpr(m)] = Vo(m) = E[{(2(z) 7" Bo(2) = 1) (6o(2) = 0(2)) , d(7(2), 2))]
The right hand side is zero if either §(z) = 0y(z) or if £(2)~! = So(2). O

F Lipschitz Variogram Settings and Binary Treatment

For simplicity of notation, we let v(z; 7) = v} p(z; 7) and 7. = 72 throughout this section, as the
results are not specific to the doubly robust value function. Suppose that the value function of the
policy learning problem has the following self-bounded Lipschitz property:
Var(v(x;m)) — C Var(v(z; my)) < L |E[v(x; 7)) — E[v(z;7)]| = L(V (7)) — V(7))
for some constants C, L, i.e. if a policy has value close to the optimal policy, the it does not have
much larger variance. Then we have that:
sup  Var(v(z;m) —o(z;7)) < sup 4 Var(v(z; 7))
7, €1l (€n) eIl (€n)

< AC Var(v(x;my)) +4L  sup (V(r) —V(m.))
wEIL (€n)
< 4C Var(v(z;my))+4 Le,
~—_——
Vi

Thus we get regret rates of the form:

V(m) —V(m) = O (m(zm,fn) i %(1/5) Lot )

 Jn
0 (wm A+ Vlg(l/é))

n

since €, = o(1).
Example 3 (Binary Treatment). In the case of binary treatment considered in [1], the loss took the
form:
v(z;m) =T(2) - (2m(z) — 1) (51
with : Z — {0, 1}. In this case observe that the self-bounded property is satisfied since:
Var(v(z;m)) = Elv(z;m)°] — Elo(z; 7))

= E[[(2)*(27(2) — 1)%] = V(n)°

= E[[(2)*] - V(m)?
Where the latter property holds since (2m(z) — 1)? = 1 irrespective of w(2). Thus the first part in the

variance is independent of the policy, which is the crucial special property of the binary treatment
case. This leads to the fact that:

Var(v(z;m)) — Var(v(z; 7)) = V(m)? = V(m)? <2 |[V(r) — V(7)) (52)

Hence, the self-boundedness property holds with C = 1 and L = 2. Thus for the binary treatment
setting we can achieve a regret rate whose leading term only depends on the semi-parametric efficient
variance of the optimal policy.

21



650
651
652

653

655

656

657

658
659
660
661
662

663
664
665

666
667

668
669

670

671
672

673
674

As a concrete example, consider the case when the class JF1 is a VC-subgraph class of VC dimen-
sion d, and let S,, = E,[sup, v(x;7)?] = E,[['(2)?]. Then Theorem 2.6.7 of [22] shows that:
Ho (e, Fr1,n) = O(d(1 + log(Sy/€))). This implies that

ol Fa) = ( [ \/mde) = 0 (rVdy/T+Tog(5/7))

Moreover, by Markov’s inequality w.p. 1—0, S < E[S,]/§ = E[sup, v(x;7)?]/d = E[['(2)?]/6 :=
S/6. Hence, we can conclude that w.p. 1 —

V(mse) — < W[ \/W 1—|—10g (S/r)) 10g(1/§))

Combining all the above we get a bound of the form (excluding lower order terms):

V(my) —V(m) =0 <\/V*(1 + log(s/v*))\/z_,_ W) .

which recovers the result of [1] up to constants.

G Application: Costly Resource Allocation

Motivated by a resource allocation scenario, we also analyze experimentally the special case where
¢(a, z) = a. Consider the case where we have p possible tasks to invest in, and we have investment
costs. Each task yields a return on investment that is a linear function of the investment, but an
unknown function 6(z) of the context z. Moreover, to maintain an investment portfolio of 7(z) we
need to pay a known cost C'(w(z)). Given a policy space IT : Z — R?, our goal is to optimize:

ilelgE [(6(2),7(2)) — C(x(2))] (53)

This falls into our framework, if we treat the offset part as of the form (0y(z), C(7(2))) but with a
known 6y (z) = 1. So in that case we simply consider Opr o(z) = 6p(z) = 1. Then applying our
framework we optimize:

sup B, [(Opr(2),7(2)) — C(m(2))] (54)

In the case of quadratic costs C(m(z)) = 3|7 (2)|3, then this boils down to exactly optimizing a
square loss objective, since:

inf En [[10pr(2)/A = 7(2)[*] & sup B [{9pr(2), (2))] - %En [ (2)]13] (55)

Thus policy optimization reduces to a multi-task regression problem where we are trying to predict
Opr(z)/ from 2.°

We can consider sparse linear policies:

T ={z— Az : [|A]11 := ) [laills < s} (56)
[

where «; corresponds to the i-th row of matrix A. In this case our problem reduces to the MultiTask
Lasso problem where the label is 6(z)/A.

Experimental Evaluation. For experimental evaluation we consider a model with two tasks, a;
and as:

y=a(z)a; +b(2)as + €

5The above reasoning extends to heterogeneous costs across tasks e.g. C(7(z)) = 3, c;mi(2)?. In this case
the label of the i-th task of the multi-task regression problem is Opr,i(2)/c; and we need to perform a weighted
multi-task regression where the weight on the square loss for task ¢ is equal c;.
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15

Direct = Doubly Robust ~ Oracle

(a) Low Dimensional Regime

Val
Value
Val

Direct = Doubly Robust ~ Oracle
(b) High Dimensional Regime

Figure 2: Costly Resource Allocation: Each line shows the mean and standard deviation of regret
over 100 simulations.

We use the same distributions and functions, a(z) and b(z), given above for the pricing application.
To estimate the optimal allocation and its regret, we run a 5-fold cross validated MultiTask Lasso
algorithm and set A = 1. We report the distribution of return on investment obtained from different
models in Figure (2). The results suggest that doubly robust method achieves a significantly lower
regret than the direct method in both regimes and its performance is similar to the oracle method ”.

H Doubly Robust Estimators in Pricing Experiment

H.1 Linear Model

We want to estimate some regression models of a(z) and b(z) in the demand model. For instance,
if these fall in some high-dimensional linear function class, we can estimate a regression between
demand and the linear function class. Moreover, we need to estimate the covariance matrix, which in
this case takes the simple form:

|1 Elp | 2]
Z°(Z>—{E[p|z1 E[pQIz]] &7
whose inverse takes the form:
1 1 E[p?|z] -Elp|=z
B = Grs 8D ) o

If for instance the observational policy was homoskedastic (i.e. the exploration component was
independent of the context z), then Var(p | 2) is a constant o2 independent of z. Moreover, we can
write:

E[p® | z] = o® +E[p | 2)° (59)

Thus we only need to estimate the mean treatment policy g(z) = E[p | 2] and the variance o2. Then
the doubly robust estimate of a(z) takes the form:

()= i)+ (149 L) (@-at:) - i)

bor(z) = b(2)+ 295 (4 az) — b(2)p)

"For comparison, the value achieved by best-in-class policy is 22.2 in low dimensional regime and ? in high
dimensional regime. We omit the inverse propensity score regrets since they are too large to report together with
other estimates
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H.2 Quadratic Model

In the case where we observe the revenue our model becomes quadratic in prices
r=a(z)x —b(z)z? + e
The covariance matrix takes the form:
E[p* | z] E[p’| 2]
Yo(z) =
o= (e 1 el
whose inverse is:
EO(Z)—I — 1 |: E[p43| Z] _Eb;?) | Z]
E[p* | 2]E[p? | 2] — E[p? | 2]* | -E[p" | 2] E[]p® | 2]
Let uy(2) denote E[p” | z]. If the observational policy was homoskedastic and none of the central
moments of price depends on z, using the recursive structure, the nuisance functions in the covariance
matrix can be written as
pa(2) = ps + pa(2)?
ps(2) = ps + 3pz(2)pa (2) — 2 (2)°
pa(2) = pg + dps(2)pn (2) = 6pa (2)p2(2) + 3pa(2)
where pif denotes the k-th central moment of p. Therefore, we only need to estimate the mean

treatment policy 11 (z) and the central moments 15, p§ and p§. Then, the doubly robust estimate of
a(z) and b(z) take the form:

— als pa(2)p — pa(2)p? A — () 02

— s 112(2)p® — pa(2)p A — ) 02
bDR(Z) - b( )+ <M4(Z)/,L2(Z) _,U3(Z)2> (d ( )p b( )p )

I Additional Experiment Results

{ F B, s { SR
[ T —, + + I { T i3
3. T
i I :2
T T T 1 I T : ES
T T T T I 1
I I { :: i !
) i { B el (it
Direct - E;oubly Robust ormse
(a) Policy Evaluation
a0 k3 = - - x = - == . - - I L I x - -
P e VO I [ JR S| I | S S
Direct — Doubly Robust Oracle
(b) Regret

Figure 3: Linear, High Dimensional Regime: (a) Black line shows the true value of the policy, and
each line shows the mean and standard deviation of the policy over 100 simulations. (b) each line
shows the mean and standard deviation of the value of the corresponding policy over 100 simulations.
We omit the results for the inverse propensity score method since they are too large to report together
with the other estimates in the high dimensional regime.
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Direct = Doubly Robust Oracle

(a) Policy Evaluation
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Direct -~ Doubly Robust Oracle

(b) Regret

Figure 4: Quadratic, Low Dimensional Regime: (a) Black line shows the true value of the policy,
each line shows the mean and standard deviation of the value of the corresponding policy over 100
simulations. (b) Each line shows the mean and standard deviation of regret over 100 simulations. We
omit the results for the inverse propensity score method since they are too large to report together
with the other estimates in the high dimensional regime.

x = x = z = x =
T = x
i T T = T ¥ T T x x I T S 5
] R EH H
T = T = T = - T x

Direct ~ Doubly Robust Oracle

(a) Policy Evaluation

Figure 5: Quadratic, High Dimensional Regime: (a) Black line shows the true value of the policy,
and each line shows the mean and standard deviation of the policy over 100 simulations. (b) each line
shows the mean and standard deviation of the value of the corresponding policy over 100 simulations.
We omit the results for the inverse propensity score method since they are too large to report together
with the other estimates in the high dimensional regime.
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