A Proofs for Section

A.1 Proof of Proposition
For p = 1, the result follows immediately from the Kantorovich dual representation of W1 (-, ) [21]:
F(z) - F(#
W1(Q.Q) = sup{ [BF — B |+ sup Ll —FEN

saez  dz(z,2') -
2!

and from the fact that, for Q, Q" € B}"; (P), W1(Q, Q") < 20 by the triangle inequality. For p > 1,
the result follows from the fact that W1 (Q, Q') < W,(Q, Q') for all Q, Q' € P,(Z).

A.2  Proof of Proposition 2]

Fix some Q, Q" € B}",(P) and let M € P(Z x 2) achieve the infimum in () for W,,(Q, Q"). Then
for (Z,Z') ~ M we have

1Z) - 12)< [ G- dx(2.2)
<3 (GH(2) + G1(2) (2,7,

where the first inequality is from (5) and the second one is by the assumed geodesic convexity of G 5.
Taking expectations of both sides with respect to M and using Holder’s inequality, we obtain
1

1
= 5 1G5(2) + G (2D o ary Wi(@: Q)

(Bar 1G1(2) + Gp(Z)|) " (Bardly(2,2')) "7

where we have used the p-Wasserstein optimality of M for ) and Q’. By the triangle inequality, and
since Z ~ Qand Z' ~ @',
1G(2) + G#(Z)lLsary < NG f(Z)lLacq) + 1G#(Z) ] Lacary
<2 sup [|Gp(2)|Loq)-
QEeBY,(P)
Interchanging the roles of  and Q' and proceeding with the same argument, we obtain the estimate

sup  |R(Q, f) - R(Q, )| <20 sup |Gs(Z)|Le(q)
Q,Q'€BY,(P) QEBY,(P)

from which it follows that

R(Q, f) < Rop(P, f)
= sup [R(QI7 f) - R(Qv f) + R(Qv f)}

Q'EBY,(P)

SRQ,f)+20 sup  ||Gy(2)Laq)-
QeBY (P)

e,p

A.3  Proof of Proposition

As a subset of R*1, 2 is a geodesic space: for any pair z, 2’ € Z there is a unique constant-speed
geodesic y(t) = (1 — t)z + tz’. We claim that G (z) = Gf(x,y) = 2(B + M)(1 + L||Vh(z)||2)
is a geodesically convex upper gradient for f(z) = f(x,y) = (y — h(x))?. In this flat Euclidean
setting, geodesic convexity coincides with the usual definition of convexity, and the map z — G¢(z)
is evidently convex:

Gr((1—t)z+t2") < (1= t)Gy(2) + tGs(2).
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Next, by the mean-value theorem,
1
[ =16 = [ =250 -0z + )t
0
1
= / IVA((Q =)z +t") || dt - ||z — 2|2
0

1
= [V = 0z 1) |2 dt - da(, ),
0
and a simple calculation shows that

IVF)5 = IV £z, 93
=4f(z) (1+ | VA(2)]13)
< A(B+ M)*(1+ L?||z]3).

Therefore, |V f(2)||2 < G¢(z) for z = (z,y), as claimed. Thus, by Proposition (2),

R(Qvf) S R072(P7 f)
SRQ, f)+2 sup ||Gy(2)|lL20
QeBY,(P)

= R@Q.N)+4B+M)(1+L swp Eq| X|2)e
eBy,

= R(Q, f) +4(B+M)(1+LQ p )O'Q)X)Q.
EBQW2 P

B The illustrative example of Section

Consider Z ~ Unif]0, 1] =: P on data space Z = [0, 2], along with the hypothesis class F with only
two hypotheses

0, z€]l0,1)
a, z€[L,2]’

R =1 A ={

for some constant « > 1. Also, let dz(z,2') = |z — 2/|.

Now we calculate the local minimax risk of the hypothesis class for both empirical and population
measure. The local worst-case risk of f; for both measures is 1, by definition. For f1, it is easy to see
that the worst-case distribution for both P and P, can be specified explicitly: For P, it is optimal to
transport the mass to the point z = 1 from the interval [3, 1), with 8 € [0, 1) specified according to
the ambiguity radius ¢ > 0. For P, the optimal (5 can be calculated as a solution to

</ﬁl(1 - z)sz)l/p — o,

which gives 5 =1 — (p+ 1)ﬁ 071, leading to the local worst-case risk Rop(P fi) =a-(p+

1
1)p+1 Qpil . For P,, it is optimal to transport mass from the largest value among the training data
{Z;}7, to z = 1, where the amount of mass ~y to be transported is given as a solution to

1/p
<'y - (1 — max Zi)p> =,

1€[n]

which gives v = % leading to the local worst-case risk of R, ,( P, f1) = (0‘7917

1—max Z;)P

“Note that we are assuming that ¢ < (1 — max Z;) - n~1/P; otherwise, the local minimax risk of f; can be
smaller, which leads to even higher probability of choosing nonrobust hypothesis by local minimax ERM
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The outcome of the local minimax ERM procedure is the hypothesis minimizing the local worst-case
risk. In other words, the local minimax hypothesis is fo whenever 1 < m holds, which is

true whenever 1 — o'/?p < max Z;. Thus, the local minimax ERM procedure gives
n
7 [, with probability (1-00%)",
fo  otherwise

for any o < o'/, On the other hand, the minimizer of the local minimax risk with respect to P is
given by

+
—

p
_p+1
P

*-:H»—- ‘G\'—‘

f* — f17 0 < (p + 1) a
va 0= (p + 1) «@
Now if we calculate the excess risk of the local minimax ERM hypothesis, we get

1 1 n
~ N a(p+1)pFippft —1  w.p. (1fga5)
R@m(fyp)—RQ,p(faP)—{ ( ) P \ y
0, otherwise

forany o € [(p + 1)~'/Pa~1=1/P o~1/P], which is a nonempty interval as o > 1. Now, if we look
at the quantity

£5(0) = inf {g >0: P [Rg,p(ﬁ P)— R,,(f*,P) > 5} < 5}

for some fixed 6 > 0, then we get

. alp+1)7 17T —1, (p+1)ra” " <o<(1-d%)as
e5(0) = . :

0, otherwise.
Now observe that for some fixed o and 8, we can select v = (1 — §'/)Pp~" to incur a nontrivial

2
excess risk of order o~ P Moreover, this ‘selection of worst o’ can be done without changing the
value of the Rademacher average of F, as f; does not change on the support of P.

C Proofs for Section[3|

C.1 Proof of Theorem[Il

The proof uses a modification of the techniques of Koltchinskii and Panchenko [14]. From the
definition of the local minimax risk, we have, for any f € F

Rop(P, f) = min {Ao” + Ep[px s]}

< min {A@p +Ep, ol +sup (Brlers] - B, [‘P/\,fi)} :

where

n

> (Eer(2) = ors(2)

i=1

1
Xy :=sup (Ep[pxrs] — Ep,[par]) = = sup
feg n fe

is a data-dependent random variable for each A > 0. Since py f(Z;) € [0, M], we know from
McDiarmid’s inequality that, for any fixed A > 0,

Mt
P (XA >EX, + \/ﬁ> < exp(—2t?).

Furthermore, using a standard symmetrization argument, we have

EX, <2 -Esup — Z&@Af Z;)
feFn
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where €1, . . ., &, are i.i.d. Rademacher random variables independent of Z1, ..., Z,,. The F-indexed
process Y = (Yy) ses defined via

1
Yy = ﬁgi%,f(zi)

is clearly zero-mean and subgaussian with respect to the metric || f — f||c0, as

exp ( Zsl <p>\ f SDA,f’(Zi))>

Elexp(t(Yy — Yy/)] =

) (E [eXp (Vtﬁgl sup{/f(2') - f’(z’>}>Dn

< o (U1,

where the second line is by independence and last line is by Hoeffding’s lemma. Invoking Dudley’s
entropy integral [19], we get

24
EX, < —

for any A > 0. Summing up, we have, for any fixed A > 0,

24 Mt
P <E|f € 3~ . Rg,p(P, f) > )\Qp + Epn [(pk’f‘] + %Q:(g:) + \/ﬁ) S exp(—2t2).
Now, pick the sequences A\, = k and t;, = t + +/logk for k = 1,2, 3, . ... Then, by the union bound,
. 24 Mty
p <5|f €F : Rop(P f) > R min {)\kﬁ)p +Ep,[ox.s] + ﬁet(?) + \/ﬁ}>
<) exp(—2t7)
k=1
< exp(—2t?) Z exp(—2logk)
k=1
< 2exp(—2t?).
On the other hand,
24 Mty
. » 24 Mty
min - {/\kQ +Eploagl+ @) + 2 }
. 24 Mt  My/logk
= Juin {k.@p +Ep, [ors] + \FQ(?) + N +—F N }
. Mt My/log(A+1)
< De? + E = il =) AL
< min {(H )’ +Ep, [0 s] + \/ﬁﬁ(?) v NG ,

where the last line holds since, for any A > 0, there exists k € {1,2,...} suchthat A < k < XA +1,
and .t < @x,, s holds whenever Ay > Ao (from the definition of ¢y ).

For the other direction, notice that

Rop(Pp, f) < m>1n {/\Qp +Ep[pa ] + buP(EP" [ar] — EP[‘/’/\,f])} 7
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where the random variable sup ;e (Epn[px r] — Ep[pa f]) can be analyzed in the same way as
above. This leads to

P(Hf €T ¢ Ryy(Po. f) >gnzig{<x+ 1)e” + Bp [pr 4(2)] + ng\/f,ji*”}

24%9) N f‘fg) < 2exp(—2£2),

forany ¢ > 0.

C.2 Proof of Lemmalll

First note that we have
A <R 4By [swp () - 2) - K- bz
z'eZ

as the left-hand side corresponds to the choice z/ = Z. Now, by the optimality of A with respect to f ,
the right-hand side can be further upper-bounded as follows for any A > 0:

<A@+ Bq s (7) - J(2) - A (2.2

<X 0"+Eg {sug{L dz(Z,2) = X-d8(Z, z’)}]
z'e

<A +sup{L-t—\-t"},
>0

where for the second line we used the Lipschitz property (Assumption[3)) and the third line holds by
parametrizing t = dz(Z, z’). If p = 1, we can simply take A\ = L to get the inequality

ngL-g+sup{L-t—L-t}:L~g,
>0

which gives A < L. If p > 1, we can use the optimal value of ¢ = (L/pX)/ =1 to get
<N+ Loap wT(p— DATFI.
Minimizing the right-hand side over A > 0 with the choice of A = L/pgP~1, we get
Ao < Lo,
which yields the stated bound on A

C.3 Proof of Theorem 2]

The proof is same as the proof of Theorem 3 given below, except that we use Lemmal I instead of
Lemmal[2] Then, the expected Rademacher complexity of the function class satisfies

24 24L - Cy - diam(2Z)?
Vn €3+ N

(see Section [lj), and the result follows.

R, (P) <

C.4 Proof of Lemmal[2]
Since @y, r > 0 for all A, f, we arrive at

A < M. (C.1)
QP
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We proceed to upper-bound the local minimax risk R ,(Q, F):

fETFT A>0 PA=D4

R: (Q,9) = inf min{)\ngr /Z sup [f(2') — A% (2, 2")] Q(dz’)}

< min {Ag” +/Z sup [fo(z') — A% (z,2")] Q(dz')}

A=0 2'eZ

<in {20+ [ s [Codk (', 20) = M (2,1)] QU
Z

A>0 e,
For A\ > Cy2P~ 1, the integrand can be upper-bounded as follows:
sup [Codh (2, 20) — Ad% (2,2")] < sup [Co2P'dh (2, 20) + (Co28~ " — N)dB (2,2")]
2'€eZ 2'€eZ
S 00217716#2)‘(2’, Zo).

Therefore,

* < i P p—1 4
Rg,p(Q73:) = )\thlgjfl {AQ + C(02 /Zdz,(zv Zo)Q(dZ)}
< Cu2" (o + (diam(2))7).

Substituting this estimate into (C.1), we obtain what we want.

C.5 Proof of Theorem

Let f* € J be any achiever of the local minimax risk R (P,J). We start by decomposing the
excess risk:

~

Rop(P,f) — R (P,F) = Ry (P, f) — Ry (P, f*)
S R&p(Pa ) - R&p(Pn»J?) + RQm(me*) - Rg,p(Pv f*)a

where the last step follows from the definition of f Define

\ := arg min {)\Qp +Ep, [‘Px,f(z)]} , A" = argmin {\o” + Ep[px s (Z)]}.
A>0 A>0

Then, using Proposition[d] we can write

A>0

RoplP.7) = Ron(Pon D) =i o0+ [P | = (Rer+ [ s sormata)

<

—

o5 7(2)(P = P.)(d2)
Z

and, following similar logic,
Rop(Pas )= RaplP.£) < [ oxe - (2)(Pu = PY(d), C2)

By Lemma E, XeA = [0,Co2P~1(1 + (diam(Z)/0)?)]. Hence, defining the function class
®:={prr:A€A, fe T}, wehave

Ry (P, f) = Ry p(Py, f) < sup { / pd(P - Pn)} : (€3)
peP Z

Since all f € J take values in [0, M], the same holds for all ¢ € ®. Therefore, by a standard

symmetrization argument,

Ry(P, ) — Ry (P, ) < 290 (@) + 2y | 21082/%) C4)

n
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with probability at least 1 — §/2, where

R, (P sup — eip(Z
(@) :=B |sup - Z
is the expected Rademacher average of ®, with i.i.d. Rademacher random variables ¢1,..., &,
independent of Z1, ..., Z,,. Moreover, from (C.2) and from Hoeffding’s inequality it follows that
" " log(2/6
Rop(Pp, [*) = Rop(P, f*) < M 7;71/ ) (C.5)

with probability at least 1—4,/2. Combining (C:4) and (C.5), and applying Lemma|5|from Appendix|[D,
we obtain the theorem.

C.6 Proof of CorollaryI|

We first verify the regularity assumptions. Assumption |I is evidently satisfied since diam(Z) =
V/diam(X)2 + diam(Y)2 < 24/r2 + B2. Each f € ¥ is continuous, and Assumptioanholds with
= (||s]loc + B)?. To verify Assumption[3} we proceed as

|flz,y) = f(@, )] = |(y = s(fg 2)* = (v — s(fg 2))?|
<|y+y —s(fdx) —s(fga |'|y*y’+s(T’)*s(foTx)|
< (2B +2[Isllso) - (ly — ¥/ +|s(fa ') — s(f3 2)|)

< (2B +2[Islloo) - (1 + 15 [loc) (Iy — Y|+ ll2" = =)

<2V2B + |slloo) - (L4 [18lls0) VIy =y + Iz — /|2,
where the last line follows from Jensen’s inequality. Hence, Assumptionholds with L = 2/2(B
[[8lloc) (1 + 1[5"[c0)-

To evaluate the Dudley entropy integral in (3), we need to estimate the covering numbers N(F, || -
||, ). First observe that, for any two f, g € F corresponding to fo, go € RY, we have

sup sup | f(z. ) — g(z,y)| = supsup |(y — s(f))" = (y — s(s8 )’
zeX yey

zeX yeY
< 2B sup |s(fgx) - s(gOTa:)| + sup |52(f0Tas) - 32(gOTx)|
zeX zeX
< 210 (B + [[5]l00) 15[l 1 fo — goll2-
=D

Since fy, go belong to the unit ball in R¢,

NG o < (22

for0 <u < D,and N(F,| - ||oo, u/2) = 1 for u > 2D, which gives

00 D
/ VIog N(F, || - [loo, u)du < / v dlog (3D /u)du
0 0
1/3

= 3D\/E/ Vlog (1/u)du
0
< 3DVd/2.

Substituting this into the bound (10), we get the desired estimate.

C.7 Proof of Corollary 2]

We will denote by (-, -)  the inner product in H, and by || - || x the induced norm.

For completeness, we state the covering number estimates by Cucker and Zhou [[7, Thm 5.1].
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Proposition 6. For compact X C RY, the following holds for all u € (0,7/2].

640d<diamm>2>‘“l (10 2)"".

log N(Ixc(B,), | - [lx,u) < d <32 + d

(2 u

We would also need the following technical lemma.
Lemma 4. Forany f,g € F induced by fy, g0 € Ik (B,) (respectively), we have:
I flloc < 2(r* + B?)
1f = gllsc < 2(r + B)Il.fo = gollx-

Proof. First note that /K (x, ) = 1 holds for any x € X by the definition of Gaussian kernel. This
leads immediately to the first claim: for any = € X,y € [-B, B,
(fo(x) = »)* < 2/3(x) + 29* < 2((fo, Kz))* + 2B < 2((fo, fo)x) + 2B7,

where the first inequality is by Jensen’s inequality, the second is due to the reproducing kernel
property of K, and the third is Cauchy-Schwarz inequality in g (K, denotes the kernel centered at
x,i.e. ' — K(x,2")). The second claim can be established similarly: for any « € X,y € [-B, B,

|(fo(z) —)* = (go(z) — )?| = | fo(2) + go(z) — 2y]|fo(z) — go(z)|
<(2 sup )|h0($)| +2[yl) | fo(x) — go(z)|

ho€lk

<2(r+ B)|lfo — gollx;

where the last inequality is due to Cauchy-Schwarz inequality again. O

Before proceeding, we first observe that the Gaussian kernel is (v/2/0)-Lipschitz, i.e. ||K, —
Kullx < V2/0 ||z — 2'||2. Indeed, we can proceed as
HKLE - Kw’”%{ = <Km - Kw’a Kx - Km’>K
=2-2K(z,2")

2
=2—2exp (||:c f|2>
o

2
< Sle - I3,

where we used the fact that the function u — 2u/ 02— 24 2e v/ o is nonnegative for u > 0.
We now check the validity of Assumptions E—E Assumption E holds as diam(Z) =
/diam(X)2 + diam(Y)2 < 24/r2 + B2. The functions in F are continuous, and Assumption E

holds with M = 2(r? 4+ B?) by virtue of the first estimate of Lemma To verify Assumption 3} we
proceed as

f(z,y) — f(&', 9] = |(y = fo@))® = (v = fo(2"))?|
<ly+y' = folx) = fo(@)] - ly —y" + fo(z") — fo(z)]
<2(r+B) - (ly —y'[ + [{fo, Ko — Ku)k|)
<2(r+B)-(ly =y [ +r- |1 Ko — K k)

2
<2(r+B)- <yy’|+ ||$93'||2>

g

<200+ B)- (14+7v2/0) (ly— v/ + o - 2']l2)

< 2V2(r + B) - (1 + rx/i/a) \/Iy — Y2+l — 2'|l3,

where the fourth inequality holds by the Lipschitz continuity of the Gaussian reproducing kernel,
and the last inequality is Jensen’s inequality. Hence, AssumptionEholds with L = 2/2(r + B) -
(1+7rv2/0).
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Now we proceed to upper-bound the Dudley entropy integral for J:

00 2(r2+Br) "
. < I
| VNG T < | 1ogN(IK<%> g )

r+Br
< [ lown (1B e g Ja

=T
2(r2+Br) r
[ g (1B, s )
r24+Br
=T

where we used the second claim of Lemmad]for the first inequality and the monotonicity of covering
numbers for the second inequality. Plugging in the estimate from Proposition [6] we get

d+1
2560dr2\ * d+3
T, < 2Vd (32+ r") (r* + Br)T (;,log2>
O'

d+1

2560dr2\ .

T2<\F<32+ r0> (r* + Br)(log2) *"
J

and hence T} + T < %(r2 + Br), where the constant C is

d+1
d+3 ; 2560dr2\ %
01248\/&(2F< ; ,1og2>+(1og2)d¥> (32+ QTO) :

g

D Rademacher complexity of ¢

Lemma 5. The expected Rademacher complexity of the function class ® satisfies

%, (@) < %c(?) T 1200(2\%”@)’” <1 + (d'a”;@)p) |

Proof of Lemma5] Define the ®-indexed process X = (X,,),ca Vvia

1 n
Xy i=— Zfﬁo(zz)
\/ﬁ =1

which is clearly zero-mean: E[X,] = 0 for all ¢ € ®. To upper-bound the Rademacher average
R, (D), we first show that X is a subgaussian process with respect to a suitable pseudometric. For

© = pxsand ¢ = py pr, define

do(p,¢") = [If — f'llec + (diam(Z))7|X — X,
Nloo < do(p,¢’). Then, for any ¢ € R, using Hoeffding’s
lemma and the fact that (¢;, Z;) are i.i.d., we arrive at

E [exp(t(X, — X)) = E

= (E {eXp (\/tﬁﬂ (p(21) - w/(Zl))ﬂ)n

2 72 /
Sexp(td@(;’sﬂ)

Hence, X is subgaussian with respect to dg, and therefore the Rademacher average R,,(®P) can be
upper-bounded by the Dudley entropy integral [19]:

12 [
R, (P) < —— log N(®, day, u)du,
@ <= [ VioaN(@ do. i
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where N(®, dg, -) are the covering numbers of (P, dg). From the definition of dg, it follows that
N<(I)7 d@,u) < N(3r> || : ||007u/2) ’ N(A7 | ’ \,u/2(diam(Z))p),

and therefore

12 oo o . -
(@) < (/0 NI SNEAE Hoo,u/Q)du—i—/o g N(A, |- |, u/2{diam(Z)) )du).

Since A is a compact interval, it is straightforward to upper-bound the second integral:

1/2
/0 VIog N(A, | - |, u/2(diam(Z))P)du < 2|A|(diam(Z))? ; V1og(1/u)du
= 2¢|A|(diam(Z))P,

where |A| = Cp2P~ 1( diam(Z)/0)P) is the length of the interval A and the constant ¢ =
3 (V1og2 + /7 - erfc(y/log 2 ) < 1. Consequently,
%R, (B) < f( VIO N T T/ + 24 (dam ()

My ORI (| (d3E)")

E Proofs for Section 4

E.1 Proof of Lemma[3

First we prove that W,(P,Q) < W, (u, v). Define the mapping T : Z — Zby T :=T ® idy, ie.,
T(z) = T(x,y) = (T(x),y), and let Q = Ty P, the pushforward of P by 7. We claim that Q = Q.
Indeed, for any measurable sets A C X and B C Y,

Q(A x B) = TyP(A x B)
= P(T"'(A) x B)

:/ w(dz) Py x (Blz)
T=1(4)
= [ Tentan) P (BT (@)
= [ vy x(Bla).
where we have used the relation and the invertibility of T'. Thus,
WE(P,Q) < Epldy(2,1(2)))] = Epldy (X, T(X))] = W} (u,v).
For the reverse inequality, let M € P(Z x Z) be the optimal coupling of P and Q. Then, for

Z=(X,Y)and Z' = (X', Y') with (Z, Z’) ~ M, the marginal M x- is evidently a coupling of
the marginals p and v, and therefore



E.2 Proof of Theorem{

For simplicity, we assume that there exists a hypothesis f* € F that achieves R*(Q, F). Then, for
any ¢ > 0 such that W,,(P, Q) < g, Proposition|1|implies that

~

R(Q.f) = R(Q.[") < Ryp(P, J) = Rpp(P. ") +2Lo

~

< RQJ’(Pa f) - Rz,p(P7 5!') + ZLQ
From Theorem 2} we know that

R, ,(P f) — R (P,F) < 48¢(9) + 48 Ldiam”(Z) " 3M+/log(4/9)
o,p ’ 0,p ) >~ \/ﬁ \/ﬁgp—l \/ﬁ
holds with probability at least 1—§ /2. Thus, it remains to find the right g, such that that W, (P, Q) < o

holds with high probability. From Proposition[5, we see that each of the following two statements
holds with probability at least 1 — 6/4:

log(4Cu/0)\"" 1) < (128UCa/) p/d
Cyn ’ pims - Cym '

Since W, (P, Q) = W, (i, v) by Lemma|3, we see that W, (P, Q) < p(6) with probability at least
1 —§/2, where 9(0) is given by Eq. (17). The claim of the theorem follows from the union bound.

W (in, p) < <
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