A Previous Work on Solving DMDP with a Full Model

Value iteration was proposed by [Bel57] to compute an exact optimal policy of a given DMDP
in time O((1 — )~ }|S|?|A|Llog((1 — v)~!)), where L is the total number of bits needed to rep-
resent the input; and it can find an approximate e-approximate solution in time O(|S|?|A|(1 —
v) " log(1/€(1 —7))); see e.g. [Tse90, LDK95]. The policy iteration was introduced by [How60]
shortly after, where the policy is monotonically improved according to its associated value function.
Its complexity has also been analyzed extensively; see e.g. [MS99, Yel1, Sch13]. Ye [Yel1] showed
that policy iteration and the simplex method are strongly polynomial for DMDP and terminates in
O(|S|?|A|(1—~) 1 1og(|S|(1—+)~1!)) number of iterations. Later [HMZ13] and [Sch13] improved
the iteration bound to O(|S||A|(1 — )~ log((1 — v)*)) for Howard’s policy iteration method. A
third approach is to formulate the nonlinear Bellman equation into a linear program [d’E63, DG60],
and solve it using standard linear program solvers, such as the simplex method by Dantzig [Dan16]
and the combinatorial interior-point algorithm by [Ye05]. [LS14, LS15] showed that one can solve
linear programs in O(/rank(A)) number of linear system solves, which, applied to DMDP, yields
to a running time of O(|S|?®|.A|L) for computing the exact policy and O(|S|*®|.A|log(1/¢)) for
computing an e-optimal policy. [SWWY 18] further improved the complexity of value iteration by

using randomization and variance reduction. See Table 2 for comparable run-time results or com-
puting the optimal policy when the MDP model is fully given.

Algorithm Complexity References
Value Iteration (exact) |S[? |A|Lw [Tse90, LDK95]
Value Iteration |S]?|A| e/ E=) [Tse90, LDK95]
Policy Iteration (Block IS[41A412 1
Simplox) ISITAR jog( 1) [Yell],[Sch13]
Recent Interior Point Methods | O(|S|*®|.A|L) O(|S|*°| Al log(1/e€)) [LS14]
Combinatorial Interior Point 4) 414 S|
Algorithm ISI*IAI log 125 [Ye05]
High Precision Randomized ~ |S||A] 1
Value Iteration 0 { (nnz(P) + 1—77)") log (5) [SWWY18]

Table 2: Running Times to Solve DMDPs Given the Full MDP Model: In this table, |S| is the number of
states, |.A4] is the number of actions per state, v € (0, 1) is the discount factor, and L is a complexity measure
of the linear program formulation that is at most the total bit size to present the DMDP input. Rewards are
bounded between 0 and 1.

B Sample and Time Efficient Value Computation

In this section, we describe an algorithm that obtains an e-optimal values in time O(e=2(1 —
v)73|S||A]). Note that the time and number of samples of this algorithm is optimal (up to loga-
rithmic factors) due to the lower bound in [AMK13] which also established this upper bound on the
sample complexity (but not time complexity) of the problem.

We achieve this by combining the algorithms in [AMKI13] and [SWWY 18]. First, we use the ideas
and analysis of [AMK13] to construct a sparse MDP where the optimal value function of this MDP
approximates the optimal value function of the original MDP and then we run the high precision
algorithm in [SWWY 18] on this sparsified MDP. We show that [SWWY 18] runs in nearly linear
time on sparsified MDP. Since the number of samples taken to construct the sparsified MDP was the
the optimal number of samples, to solve the problem, the ultimate running time we thereby achieve
is nearly optimal as any algorithm needs spend time at least the number of samples to obtain these
samples.

We include this for completeness but note that the approximate value function we show how to com-
pute here does not suffice to compute policy of the MDP of comparable quality. The greedy policy
of an e-optimal value function is an ¢/(1 — «)-optimal policy in the worst case. It has been shown

in [AMK13] that the greedy policy of their value function is e-optimal if e < (1 — ~)'/2|S|~1/2.
However, when ¢ is so small, the seemingly sublinear runtime O((1 — ) ~3S||.A|/€?) essentially
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means a linear running time and sample complexity as O((1 — ) ~3|S|?|.A|). The running time
can be obtained by merely applying the result in [SWWY 18] (although with a slightly different
computation model).

B.1 The Sparsified DMDP

Suppose we are given a DMDP M = (S, A, r, P,~) with a sampling oracle. To approximate the
optimal value of this MDP, we perform a spasification procedure as in [AMK13]. Sparsification of
DMDP is conducted as follows. Let § > 0, e > 0 be arbitrary. First we pick a number

_ 1 |SIIA|

For each s € S and each a € A, we generate a sequence of independent samples from S using the
probability vector P ,
RORNe) ngg)

SCL7 s,a’ "t

Next we construct a new and sparse probability vector P, , € A5| as

1 m
Vs €S Poo(s) = — ) 1(s) =5
s < m = S50

Comblmng these |S||.A| new probability vectors, we obtain a new probability transition matrix Pec
RS*AXS with number of non-zeros

() 0 Sy (S141Y]

Denote M = (S, A, r, p ,7) as the sparsified DMDP. In the rest of this section, we use - to represent
the quantities corresponding to DMDP M, e.g., ©" for the optimal value function, 7* for a optimal

policy, and Q* for the optimal Q-function. There is a strong approximation guarantee of the optimal
@-function of the sparsified MDP, presented as follows.

Theorem B.1 ((AMKI13]). Let M be the original DMDP and M be the corresponding sparsified
version. Let Q" be the optimal Q-function vector of the original DMDP and Q be the optimal
Q-function of M. Then with probability at least 1 — § (over the randomness of the samples),

A~k
1Q — Qe <€

Recall that v* and D" are the optimal value functions of M and /T/l\ . From Theorem B.1, we imme-
diately have

Vs €St [of(s) ~ 3" (s) = [maxQ"(s,a) ~ maxQ(s,a)| < max|Q"(s,0) ~ Q (s,a) < e,

with probability at least 1 — 6.

B.2 High Precision Algorithm in the Sparsified MDP

Next we shall use the high precision algorithm of the [SWWY 18] which has the following guarantee.

Theorem B.2 ([SWWY18]). There is an algorithm which given an input DMDP M =
(S, A, r, P,v) in time®

5 S|IA]
O[(nnz P)+ ——— | loge!-logst
(P) (1-9)?
and outputs a vector 0" such that with probability at least 1 — 6,
7" = vl <e.

where v* is the optimal value of M.

O(f) denotes O(f - log®® f).
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Combining the above two theorems, we immediately obtain an algorithm for finding e-optimal value
functions. It works by first generating enough samples for each state-action pair and then call the
high-precision MDP solver by [SWWY 18]. It does not sample transitions adaptively. We show that
it achieves an optimal running time guarantee (up to poly log factors) of obtaining the value function
under the sampling oracle model.

Theorem B.3. Given an input DMDP M = (S, A,r, P,~) with a sampling oracle and optimal
value function v*, there exists an algorithm, that runs in time

o= (5))

and outputs a vector ©" such that ||v* — v*||c < O(€) with probability at least 1 — O().

Proof. We first obtain a sparsified MDP M = (S, A, r, IA-"’7 ) using the procedure described in
Section B.1. This procedure runs in time O(|S||.A|m), recalling that m is the number of samples

per (s,a), defined in (B.1). Let u” be the optimal value function of M. By Theorem B.1, with
probability at least 1 — 4, ||[a” — v*|| < ¢, which we condition on for the rest of the proof. Calling
the algorithm in Theorem B.2, we obtain a vector a” in time

ST SIALY ] A SIAL 1,1
O{(nnz(P)+(1_7)3 loge™ -logd =0 -7 & log 5

and that with probability at least 1—6, ||[&" —u"|| < ¢, which we condition on. By triangle inequality,
we have
12" = v loo < Ju" =87 |os + U7 — v"[lo < 26

This concludes the proof. O

C Variance Bounds

In this section, we study some properties of a DMDP. Most of the content in this section is simi-
lar to [AMKI13]. We provide slight modifications and improvement to make the results fit to our
application. The main result of this section is to show the following lemma.
Lemma C.1 (Upper Bound on Variance). For any 7, we have
- 1+~
I— P oor|? < — 1)
|(L —~P7) Ov Hoc = 521 — )3’

where g,= = P™(v™)? — (P™v™)? is the “one-step” variance of playing policy .

Before we prove this lemma, we introduce another notation. We define ™ € RISII! for all (s,a) €
S x Aby

s =s,a° = a,a’ = 7(s")

X7 (s,a) == E[(r(s,a) +) A'r(shal) - Q’*(s,a))2

t>1

where a® = 7(s?). Thus X7 is the variance of the reward of starting with (s, a) and play 7 for infinite
steps. The crucial observation of obtaining the near-optimal sample complexity is the following
“Bellman Equation” for variance. It is a consequence of “the law of total variance”.

Lemma C.2 (Bellman Equation for variance). X" satisfies the Bellman equation

X" =420, +42- PTY.
Proof. By direct expansion,

2”(57 a) =K [(’I’(S, a) + nytr(st’ at))Z

t>1
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The first term in RHS can be written as

E Kr(s, a) + thr(st7at)>2

t>1

2
= Z Psﬂ(s’)E[( (s,a) +yr(s’,m( +72’y r(s', a* ) sV =¢,a" =7(s),a = T(St):|
s'eS t>1
=1r(s,a)? + 2yr(s,a) - Z P, .(sQT(s',7(s"))
s’eS
2
+7 Z Ps,a(s/)]EKr(s/,w(s')) + Zﬂytr(st7at)) 9 =5,a° =7(s),a’ = w(st)}
s’eS t>1
=7(s,0)° +297(s,0) - Y Pya(s)Q7 (s, (s") + 72 (PTE")(s,0) +9° Y Pyal(s)(Q7 (s, m(s')))?
s'€S s'€S
2
= Q"(s,0)° + 7 (P"E7)(s,0) +9° Y Pyals)(Q (s (s (Z P o : (S’)))
s'€S s'eS
= Q" (s,a0)* +V2(P™X")(s,a) + Y20u=(s,0a).
Combining the above two equations, we conclude the proof. O

As a remark, we note that
»T 72(1- _ ’yQPTr)_lo'vr.
Furthermore, by definition, we have

ax 2"(s,a) < (1—~)72,
Jnax (s,a) < (1-7)

The next lemma is crucial in proving the error bounds.

Lemma C.3. Let P € R™ " be a non-negative matrix in which every row has {1 norm at most 1,
i.e. Lo operator norm at most 1. Then for all v € (0,1) and v € RY we have

1L~ vP) "o < \/ 1L —~P) 1], < f“ |1 —2P) 1],

Proof. Since, every row of P has /1 norm at most 1, by Cauchy-Schwarz for i € [n] we have

[PVoli= Y Piyvo,< |> Piy- > Piv; <VPov.

J€E(n] J€ln] Jj€ln]

Since v is non-negative and applying P preserves non-negativity, applying this inequality repeatedly
yields that Pkﬁ <V Py entrywise for all £ > 0. Consequently, Cauchy-Schwarz again yields

(I —~P) 1\@—27P W<Zv Po< | 7Y 4P
i= =0

1
<y/— I —~P)~!
<\ [T 1T =Pyl
Next, as (I — yP)(I +yP) = (I — vP?) we see that (I — yP)~' = (I + vP)(I — *P)~".
Furthermore, as || Pz||o < |||/ for all  we have ||(I + vP)z||c < (1 + 7v)||z||oo for all z and
therefore ||(I — YP) 0|0 < (1 4+9)||(I —¥2P)~'v||o as desired. O

We are now ready to prove Lemma C.1.

Proof of Lemma C.1. The lemma follows directly from the application of Lemma C.3. This proof
is slightly simpler, tighter, and more general than the one in [AMK13]. O
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D Lower Bounds on Policy

Lemma D.1. Suppose M = (S, A, P,v,r) is a DMDP with an sampling oracle. Suppose w is a

given policy. Then there is an algorithm, halts in 6((1 — ) 73e¢72|8)]) time, outputs a vector v such
that, with high probability, ||[v" — V||l < €

Proof. The lemma follows from a direct application of Theorem B.2. O

Remark D.2. Suppose |A| = ﬁ(l) Suppose there is an algorithm that obtains an e-optimal pol-
icy with Z samples, then the above lemma implies an algorithm for obtaining an e-optimal value

function with Z + O((1 — v) 3¢ ~2|S|) samples. By the Q((1 — v) 3¢ ~2|S||.A|) sample bound on
obtaining approximate value functions given in [AMKI13], the above lemma implies a
Z=Q((1 =) ?|S|JA) = O((1 =7) "% 2[S]) = (1 —7) "% 2[S||A])

sample lower bound for obtaining an e-optimal policy.

E Missing Proofs

Here are several standard properties of the Bellman value operator (see, e.g., [Ber13]).
Fact 1. Let vi, vy € RS be two vectors. Let T be a value operator of a DMDP with discount factor
7. Let w € A® be an arbitrary policy. Then the follows hold.

e Monotonicity: If vy < v then T (v1) < T (v3);

. Cthraction: [T (v1) = T(v2)lloo <7[[v1 = w2l and || Tr(v1) = T (v2)[loc < ¥llv1 =
V2||oco-

E.1 Missing Proofs from Section 4

To begin, we introduce two standard concentration results. Let p € Ag be a probability vector,
and v € RS be a vector. Let p,, € As be empirical estimations of p using m i.i.d. samples from
the distribution p. For instance, let these samples be s1, $2,...,8n € S, thenVs € S : p,,(s) =

ZT:I 1(s; = s)/m.

Theorem E.1 (Hoeffding Inequality). Let 6 € (0, 1) be a parameter, vectors p,p,,, and v defined
above. Then with probability at least 1 — 9,

P v —p,v| <|[[v]e - v/2m~og(26- ).

Theorem E.2 (Bernstein Inequality). Let ¢ € (0, 1) be a parameter; vectors p, p,,, and v defined as
in Theorem E.1. Then with probability at least 1 —

pTo—plo| < \/levarw(s/)) og(26-1) + (2/3)m ™ 0] o - log(257 1),

s'~p

where Var (v(s')) = pTv? — (pTv)2
s'~p

Proof of Lemma 4.1. By Theorem E.2 and a union bound over all (s, a) pairs, with probability at
least 1 — /4, for every (s, a), we have

|w(s,a) — P, 00| < /2040 -mi" - L+2-(3m1)" - v - L, (E.1)

which is the first inequality.
Next, by Theorem E.1 and a union bound over all (s, a) pairs, with probability at least 1 — /4, for

every (s, a), we have
|w(s,a) — P) 0] < [[v@] - \/2m] 'L,
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which we condition on. Thus
W (s,a)? — (Pl 0| = (w(s,a) + P] 0\ - @(s,a) — P} 0

< |2PT 0 4 0@ - \/zmzlL} @ (s,a) — PT o)

<2(P] 0O) ([0 - \/2m7 L+ 002 - 2m L

Since Plav(o) < v ]| s, we obtain

|@(s,a)* — (P 0] < 3[lv@|I%, - \/2m; 'L,

provided 2m1_1L < 1. Next by Lemma E.1 and a union bound over all (s, a) pairs, with probability
at least 1 — §/4, for every (s, a), we have

1 & .
— > w*(sP)) = P o < [0 Q)2 - /20 /my.
my < ' ’
Jj=1
By a union bound, we obtain, with probability at least 1 — 6/2,

) 510’

< A2 - \/2m L. (E2)

By a union bound, with probability at least 1 —4, both (E.1) and (E.2) hold, concluding the proof. [

mi
(s, a) — 0y (s,0)| < |W(s,0)* = (PL,0@)?| +|m ") v?(s¥)) - Pl ,0°
j=1

Proof of Lemma 4.2. Since for each (s, a), 04 (s, a) is a variance, then we have triangle inequality,

VOu <Oy + /Ty
Observing that
Ty (s,0) S P (v—v")? < L.
We conclude the proof by taking a square root of all three sides of the above inequality. O

Proof of Lemma 4.3. Recall that for each (s,a) € S x A,
i 1 & i j j u
g9 (s0) = —— 3 [0 (sL00) — v O] - (1= )%
mo = 8
where my = 128(1 —~)~2-log(2|S||A|R/6) and {2, s, ..., s{™2) is a sequence of independent
samples from P, ,. Thus by Theorem E.1 and a union bound over S x A, with probability at least
1 —0/R, we have

mo

0@ (s — O (s — PT @ _ 4O
Z[ ( s,a) ( s,a)] s,a[ ]

Jj=1

V(s,a) e S x A:

< o — v | 0y/2m5 " log 2SI A1) < (1= 7)u/s.

Finally by shifting the estimate to have one-sided error, we obtain the one-side error (1 — v)u/4 in
the statement of this lemma. O

Proof of Lemma 4.4. Fori = 0, Q(O) = r + yw. By Lemma 4.1, with probability at least 1 — 9,
_ 2
|w — Pv?| < /201040 + 3o v 1,

and
|6 — oo | < 4o |2, - V2011, (E.3)
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which we condition on. We have

- — 2

[ — Pv©| < /2015 + (4o [0 o + 5o [0 ]| o0)1.
Thus

- — : 2
w=w— /2016 — 40 |v 0|1 — 5o 091 < Pv©®, (E.4)
and
= 4

w > Pv© — 2y/2016 — (82| o + ETE [0 o)1

By (E.3) and Lemma 4.2, we have
V6 < Jago + 2[00 (20)*1 < /o or + ul + 2|0 || 0 (200) /1.

we have

4
w > Pv® — 2,200, — 2v201ul — 16040 @| 1 — 5o 0@ |01 (E.5)

For the rest of the proof, we condition on the event that (E.4) and (E.5) hold, which happens with
probability at least 1 — §. Denote v(~1) = 0. Thus we have v~ < v < T, ) (v(©). Next we
prove the lemma by induction on i. Assume for some ¢ > 1, with probability at least 1 — (i — 1)¢’
the following holds,

VO<k<i—1: ov* D <o® <7 0",

which we condition on. Next we show that the lemma statement holds for £ = ¢. By definition of
v® (Line 27 and 28), 4
v~ < @ and U(Q(l—l)) <,

Furthermore, since v(©) < v < ... < oD < T (i) < Tpli=1) < Toop(i=1) — p* we
have '
v —0® <o —® <1,

By Lemma 4.3, we have, with probability at least 1 — ¢’

Pof) — v©)] - % 1< g < P[o® — ), (E.6)
which we condition on for the rest of the proof. Thus we have

QY =7+ y(w+gD) <r+~Pv® + Pv® — Pv®) = ¢ 4 yPv®,
To show v < ’7;<i)'v(i), we notice that if for some s, (9 (s) # w(i’l)(s), then
0 (s) < [T V](s) < [Trwv@)(s),
where the first inequality follows from v (s) < r(s,7()(s)) + 'yPsTﬂT(i)(s)'u(i_l) = T ot b,
On the other hand, if 7() (s) = 7=V (5), then
v (s) =07V (s) < (Tren 0" V)(s) < (Tre-nv@)(5) = (Trwo ™) (s).

This completes the induction step. Lastly, combining (E.5) and (E.6), we have
Q" -QY=Q —r—y(w+g") =7Pv(Q") - v(w + g")

= 7Pv(Q") = vP(v") — v ) — yPv() 4 ¢

= 7Pv(Q") — yPv) + ¢V,
where
D < (1= )u/8-14+2v20104- +2v2a1u- 14160 |0 | oo - 1+ (4/3) - 01 - [0 || oo - 1,
where a1 = log(8|S||.A|671)/m1 < 1. Mover, since v(Q(Fl)) < v we obtain

Q" - QY <vPv(Q") —yPu(Q" V) + ¢V <4PT Q" — P QY ¢V,

where 7* is an arbitrary optimal policy and we use the fact that max, Q*(s,a) = Q" (s,7*(s)).
This completes the proof of the lemma.
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Proof of Proposition 4.5. Recall that we are able to sample a state from each P, with time O(1).
Let 8= (1—7)"Y R = [afln[Bu=]],m = c283u=? - 1og(8|S||A|671) and my = 3582 -
log[2R|S||.A|6~1] for some constants ¢y, ¢z and c3 required in Algorithm 1. In the following proof,
we set c1, C2, c3 to be sufficiently large but otherwise arbitrary absolute constants (e.g., ¢c; > 4, co >
8192, c3 > 128). By Lemma 4.4, with probability at least 1 — 2§ for each 1 < ¢ < R, we have

=D < v < T 0@ and QW < 7 + v Pv®),
Q-QUV <P -Q"] +¢,
where /4
€< (1—y)u/C -1+ Cyaroe +Ca o] -1
for ay = log(8|S||.A|671)/m1 and sufficiently large constant C'. Solving the recursion, we obtain

R—-1
Q* . Q(R—l) < ,YR—lPﬂ'* [Q* B QO] + Z ,yi(Pﬂ'*)is

i=0
<AIPTIQ - Q% + (1P
We first apply a naive bound || P™ Q" — QU] loo < (1 —7)~L. Hence
- * * u
"YR 1P [Q 7Q0]§Zl>

where R = [(1 —~) "' In[4(1 — )~ 'u~1]] + 1. The next step is the key to the improvement in our
analysis. We further apply the bound in Lemma C.1, given by

(I-7P™) "o, <min(2y ' (1-7)71%(1-9)7) - 1<3(1-5)7" 1,

where the last inequality follows since min(2y~", (1 — 7)~%/2) < 3. With ||(I — yP™ )~'1||o <
(1—~)"tand [0 < (1 —~)~1, we have,

o u 2001 a3/4
I—’)/Pﬂ— 1€S 7_|_ / +C/ 1 1
( N R R e el ey

U (1 —7)3u? 8/4
< |=4+ — 1
= [8 AT (C”-(l—v)m
§%17

for some sufficiently large C’ and C”’, which depend on ¢, ¢ and c3. Since v(Q(R_l)) < v,
we have

* * — — * * TF\— u
v o <ot Q) < FTIPTQT - QU + (T - PT) e S 5 1.

This completes the proof of the correctness. It remains to bound the time complexity. The initial-
ization stage costs O(my ) time per (s, a). Each iteration costs O(mg) time per (s, a). We thus have
the total time complexity as

_ ol ISIAL SIA (L1 1
O(m1 + Rms)|S|||A|| = O e 10g6~(1—’y)~u u2+log(177).u .

Since log[(1 — v)~tu™1] = O(log[(1 — ) ~*]u~2), we conclude the proof. O
E.2 Missing Analysis of Halving Errors

We refer in this section to Algorithm 1 as a subroutine HALFERR, which given an input MDP
M with a sampling oracle, an input value function v(*) and an input policy 7(*), outputs an value
function »“t1) and a policy 7(*t1) such that, with high probability (over the new samples of the
sampling oracle),

i * i * x(+D) * @ *
1R — Qe < 1Q” = Q"[loc/2 and o™ —v%|oe < [T —v" oo /2.
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After log[e 1 (1—+)~!] calls of the subroutine HALFERR, the final output policy and value functions
are e-close to the optimal ones with high probability.

We summarize our meta algorithm in Algorithm 2. Note that in the algorithm, each call of HALFERR
will draw new samples from the sampling oracle. These new samples guarantee the independence
of successive improvements and also save space of the algorithm. For instance, the algorithm HAL-
FERR only needs to use O(|S||.A|) words of memory instead of storing all the samples. The guar-
antee of the algorithm is summarized in Proposition E.3.
Proposition E.3. Let M = (S, A,r, P,~) with a sampling oracle. Suppose HALFERR is an
algorithm that takes an input v(*) and an input policy 7() and a number u € [0, (1 —~) ] satisfying
v* —ul < v® < ™" halts in time 7 and outputs a v("*1) and a policy 7"+ satisfying,
v — % 1< ol < oY < v*.

with probability at least 1 — (1 — ) - € - § (over the randomness of the new samples given by the
sampling oracle), then the meta algorithm described in Algorithm 2, given input M and the sampling
oracle, halts in 7 - log(e~' - (1 — ) ~!) and outputs an policy 7(*) such that

v*—e-1< o Sv”(R) <"
with probability at least 1 — § (over the randomness of all samples drawn from the sampling oracle).
Moreover, if HALFERR uses space s, then the meta algorithm uses space s + O(|S||.A|). If each
call of HALFERR takes m samples from the oracle, then the overall samples taken by Algorithm 2
ism - log(e™!- (1 —~)7h).

The proof of this proposition is a straightforward application of conditional probability.

Proof of Proposition E.3. The proof follows from a straightforward induction. For simplicity, de-
note 3 = (1 — ~)~'. In the meta-algorithm, the initialization is v(®) = 0 and 7(°) is an arbitrary
policy. Thus v* — -1 < 20 < LA By running the meta-algorithm, we obtain a sequence
of value functions and policies: {v(W}£  and {7V} . Since each call of the HALFERR uses
new samples from the oracle, the sequence of value functions and policies satisfies strong Markov
property (given (v, 7)), ({1, 7)) is independent with {(v(?), 7))} Z(). Thus

Prlv* —2788.1 <v® <o)

R
> HPr[v* —273.1< 0¥ < o lv* =273 1 < D < v”(lil)]
i=1
>1-4.
Since 27#(1 — v)~! < ¢, we conclude the proof. O

Proof of Theorem 4.6. Our algorithm is simply plugging in Algorithm 1 as the HALFERR subroutine
in Algorithm 2. The correctness is guaranteed by Proposition E.3 and Proposition 4.5. The running
time guarantee follows from a straightforward calculation. O

F Extension to Finite Horizon

In this section we show how to apply similar techniques to achieve improved sample complexities
for solving finite Horizon MDPs given a generative model and we prove that the sample complexity
we achieve is optimal up to logarithmic factors.

The finite horizon problem is to compute an optimal non-stationary policy over a fixed time horizon
H, ie. a policy of the form 7 (s,h) for s € S and h € {0,...H}), where the reward is the
expected cumulative (un-discounted) reward for following this policy. In classic value iteration, this
is typically done using a backward recursion from time H, H — 1,...0. We show how to use the
ideas in this paper to solve for an e-approximate policy. As we have shown in the discounted case,
it is suffice to show an algorithm that decrease the error of the value at each stage by half. Our
algorihtm is presented in Algorithm 3.

To analyze the algorithm, we first provide an analogous lemma of Lemma 4.1,
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Lemma F.1 (Empirical Estimation Error). Ler wy, and &}, be computed in Line 10 of Algorithm

3. Recall that wy, and &, are empirical estimates of Pvy, and o, = Pvi (P'uh)2 using mq
d(,f

samples per (s,a) pair. Then with probability at least 1 — &, for L = log(8|S||.A|6~1) and every
=1,2,...,H, we have

|wn — P ol | <\ [2mi o o - L+2(3m1) v |l L (F1)
h

V(s,a) eSx A: |on(s,a)—o (o)(s a)| < 4”’0(0)”00 “y/2m7 L. (F.2)

and

Proof. The proof of this lemma is identical to that of Lemma 4.1. O

An analogous lemma to Lemma 4.3 is also presented here.
Lemma F.2. Let gg) be the estimate of P [US) — ’UELO)} defined in Line 27 of Algorithm 3. Then

conditioning on the event that ||v§f) - 1;510) ||¢>o < 2¢, with probability at least 1 — §/H,

Plof) —of?) - 157 1<l < P o)

provided appropriately chosen constants in Algorithm 3.

Proof. The proof of this lemma is identical to that of Lemma 4.3 except that (1 — v)~? is replaced
with H. O

Similarly, we can show the following improvement lemma.

Lemma F.3. Let Q,, be the estimated Q-function of v 11 in Line 30 of Algorithm 3. Let Q) =
r + Pyvj | be the optimal Q-function of the DMDP. Let 7 (-, h) and vy, be estimated in iteration

h, as defined in Line 24 and 25. Let ©* be an optimal policy for the DMDP. For a policy 7, let

7Q € RSXA be defined as (P;Q)(s,a) = ZS cs Ps,a(s)Q(s',m(s', h)). Suppose for all
he[H-1], 'Uh ) < T h)"’;w)l Letvy1 = 0and Quiy < 0. Then, with probability at least
1—26, foralll <h<H, vg) <vp < Tr(w)Vhe1 S0, Qp <7+ Py and

Q. — Q. <P} Qi1 — Q] +En,

where the error vector &, satisfies

0< &, <8H w142, a0y +2v2a1u- 141607 o)) oo 14 (4/8)- -] oo 1,
and oy = log(8|S||A/HS™1) /my.

Proof of Lemma F.3. By Lemma 4.1, for any h = 1,2, ..., H, with probability at least 1 — §/H,
~ 2 (0)
|wh — P'Uh+1| < /20&10‘1]521 —+ g s - th—i-lHOO . 1,

~ 0
Gt — avﬂl| < 4lloi? 1% - V2a7 -1, (F3)

which we condition on. We have

and

~ 0 3/4
@~ Poi| < v2mana + (i ol e + 5 - ol o)1,

Thus

~ — 2
wy, = Wy, — /201811 — 4 ol |l — RS o) el < PoY,,  (F4)

and
4
0 =~ 3/4 0 0
wy, > Poil)y = 2/2m@ 1 — (801 o)) oo + 5 on - o) loo)1.
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By (E.3) and Lemma 4.2, we have
= (0) (0)
Vo < fo o+ 2007l (20)111 < /o €l 4 2|0 oo (20)11
we have

4
wy, > Po), =2, 20004; | — 2v201¢1 — 1607 |0} |1 — 5o o) ol (ES5)

For the rest of the proof, we condition on the event that (F.4) and (F.5) hold forall h = 1,2,..., H,

which happens with probability at least 1 — ¢. Denote vy, | = vpi1 = vg)ﬂ = 0. Thus we have

vgll <vp4 < vy 41- Next we prove the lemma by induction on h. Assume for some h, with

probability at least 1 — (h — 1)§/H the following holds, forall ¥’ = h+1,h+2,..., H,

0
v\ < vy <ol

which we condition on. Next we show that the lemma statement holds for / as well. By definition
of vy, (Line 27 and 28),
17;10) <wv, and v(Q,) < vy.

(0) (0)

M *
Furthermore, since Uy SV S0+ ul we have

Vi1 — Uphg1 < Uphyq — vgloll < ul.
By Lemma 4.3, we have, with probability at least 1 — ¢’
U
8H
which we condition on for the rest of the proof. Thus we have

P["hH - ”gl] - 1<g,< P[”hﬂ - v;g)-l]’ (F.6)

Q,=r+(wr+g, <7r+ P'ug:zl + Popyr — P'ugloll =r+ Pupy1 < Q5.

To show vy, < Tr(.,n)Vr+1, We notice that if for some s, 7(s, h) # W(O)(S, h), then,
vn(s) < 7(5,7(s,h)) + P (om0t = Ta(-n)Vhs1-
On the other hand, if 7(s, h) = 7(%) (s, 1), then
VseS: wi(s) =0y () < (Taor( w0t () < (T mren) () = (Ta(mOhen)(s).
This completes the induction step. Lastly, combining (F.5) and (F.6), we have
Q- Q,=Q; —7—(wn+9,) =Pv(Q 1) — (wr +95)

= Po(Q}41) = P(onsr —v}) = Porss +§,

= Pv(Q}, 1) — Pvpy1 + &,
where
€, < H 'u/8:1+42 20100; | +2v200u- 141607 [01), e - 1+ (4/3) a1 - [op) oo - 1,
where oy = log(8|S||A|671) /m. Mover, since v(Q},,1) < vj4+1, we obtain

Qr, — Q) < Pv(Qp41) — Pv(Qpy1) + €, < Ph Qhyy — Pf Qpyy + &5,
where 7* is an arbitrary optimal policy and we use the fact that max, Q7 (s,a) = Q7. (s, 7*(s, h)).

This completes the proof of the lemma.

Furthermore, we show an analogous lemma of Lemma C.1.
Lemma F.4 (Upper Bound on Variance). For any w, we have

2

H-1 n'
Z < H PZ{) V Uv;:,+1 oo

h'!=h “i=h+1

< H3/?,
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Proof. First, by Cauchy-Swartz inequality, we have

H-1 H-1 h'
S P )yem =m0 S (TT #7)owis

h'/=h “i=h+1 h'/=h “i=h+1

Next, by a similar argument of the proof of Lemma C.2, we can show that

H-1 H

7r _ t t ho_ 2
{Z( H P> w}(s)var{zr(s,w(s,t))s s]gH.
h'=h i=h+1 t=h
This completes the proof. O
We are now ready to present the guarantee of the algorithm 3.
Proposition F.5. On an input value vectors 'vg ), vgo), ce, U (0) , policy (9, and parameters u €

(0, 8],6 € (0,1) such that v, ) < Trc)(. h)'UEl )1 forall h € [H — 1], and vfo) <wvj < v(o) +ul,
Algorithm 3 halts in time Ofu 2 H4|S||A| log(|S||A6~*Hu~1)] and outputs vy, va, . .., vy and
7w : S x [H] — A such that

Vhe[H]: v, <Tren(vher) and 0 <wvp —wv, < (u/2)-1

with probability at least 1 —4, provided appropriately chosen constants, ¢1, co and cs, in Algorithm 3.
Moreover, the algorithm uses O[u=2 - H?|S||A| - log(|S||. A0~ Hu~!)] samples from the sampling
oracle.

Proof of Proposition F.5. Recall that we are able to sample a state from each P, , with time O(1).
Let R = [e1 H In[Hu ], m; = coH3u™2 - 1og(8|S||A|671) and ma = c3 H? - 1og[2R|S||A|6 1]
for some constants cj, co and c3 required in Algorithm 1. In the following proof, we setc; = 4, co =
8192, cs = 128. By Lemma 4.4, with probability at least 1 — 29 for each 1 < h < H, we have

o) <, < Ta(myvn, and Qp, <7 + Pupy,

Q. — Q< PY [Qry1— Qi) + &b

where
&, < H'u/8:1+42, 20100; | +2v200u 141603 0% [loo - 1+ (4/3) - a1 - 03 [loo - 1,

and o = log(8|S||.A[671)/m;. Notice that v( ) = = v}; = v(r), thus the vy — v} = 0. Solving
the recursion, we obtain

H-1 n' i
< Z < H Py >§h/-
h'=h “i=h+1

The next step is the key to the improvement in our analysis. We further apply the bound in
Lemma C.1, given by

s ( [T #r) o <1

=h “i=h+1

With |0 25 11y P 1l < H —h+ 1Land 0| < H, we have,

H-1 h'

* Aoy H?
3 ( I P; )gh, < [;‘ +4v/20 H? + 2H/Zaju + 16H%a* + a;} 1
h'=h “i=h+1

v  VHlu +16 H342 3/4 N 4H 142 1
6 32 32256 - (H)~5/3 24256

A
ol =
_l’_
|
_l’_

IN
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provided
log(8|S||.Al6~") i3 o HW?
P H < .
au m 2 = 357956

Since v(Q),) < v, we have

H-1 n'
* * * u
vy —vp v —0(Q)) < Z( H pP; >£h/§2'1~

h'/=h “i=h+1

This completes the proof of the correctness. It remains to bound the time complexity. The initializa-
tion stage costs O(m;) time per (s, a) per stage h. Each iteration costs O(my) time per (s,a). We
thus have the total time complexity as

H|S 1
O(Hmy + Hmy)|S||A| = O|H* - |S||A| -logM = .
d-u u?
The total number of samples used is
H|S||A] 1
O(my + Hmy)|S||A| = O[H?’ -S| A -logL|| . 2].
d-u U
This completes the proof. O

We can then use our meta-algorithm and obtain the following theorem.
Theorem F.6. Let M = (S, A, P,r, H) be a H-MDP with a sampling oracle. Suppose we can
sample a state from each probability vector P , within time O(1). Then there exists an algorithm

that runs in time ) HISIIA =
0{2 - HYS|| A ~1ogw -log ]
€ 0-€ €

and obtains a policy w such that, with probability at least 1 — 6,

Vh e [H] : vy — el <vf <wvy,
where v}, is the optimal value of M at stage h. Moreover, the number of samples used by the
algorithm is

1
0[2.H35||A.10gH8||A|.10gH}
€ d-€ €

F.1 Sample Lower Bound On H-MDP

In this section we show that the sample complexity obtained by the algorithm in the last section is
essentially tight. Our proof idea is simple, we will reduce the H-MDP problem to a discounted MDP
problem. If there is an algorithm that solves an /-MDP to obtain an e-optimal value, it also gives
an value function to the discounted MDP. Therefore, the lower bound of solving H-MDP inherits
from that of the discounted MDP. The formal guarantee is presented in the following theorem.

Theorem E.7. Let S and A be finite sets of states and actions. Let H > 0 be a positive inte-
ger and € € (0,1/2) be an error parameter. Let K be an algorithm that, on input an H-MDP
M= (S, A, P,r) with a sampling oracle, outputs a value function vy for the first stage, such

that ||vy — vi||ec < € with probability at least 0.9. Then K calls the sampling oracle at least
Q(H3¢72|S||A|/ log €7 1) times on some input P and v € [0,1]°.

Proof. Let sgp € S be a state. Denote S’ = S\{so} be a subset of S. Let v € (0,1) be such that
(1 —~)"tloge™* < H. Suppose we have an DMDP M’ = (S', A, P',~,r') with a sampling
oracle. Let v* be the optimal value function of M’. Note that v* € RS, We will show, in the next
paragraph, an H-MDP M = (S, A, P, H, r) with first stage value v*, such that ||v*|s — v*' || < e.
Therefore, an e-approximation of v} gives a 2e-approximation to v*. We show that /C can be used
to obtain an e-approximate value v; for v] of M and thus X inherits the lower bound for obtaining
(2¢)-approximated value for y-DMDPs.

For M, in each state s € &, for any action there is a (1 — +y) probability transiting to sg and ~y
probability to do the original transitions in M’; for s, no matter what action taken, it transits to
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Algorithm 3 FiniteHorizonRandomQVI
I: Input: M = (S, A,r, P) with a sampling oracle, vgo),vgo),...,vg),n(o) : S x [H] —
A, u,0 € (0,1);
- \\w is the initial error, 70 is the input policy, and & is the error probability
: Output: v1,vs,...,vH,7T

: Let my < c1 H3u2log(8|S||.AJ|6~1) for constant cy;
: Let mg < coH? log[2H|S||.A|61] for constant c;
. Letay + my 'log(8|S]|Al6~1);
9: For each (s,a) € S x A, sample independent samples sg}g, 5&23, e sgﬁl) from P ,;
10: Tnitialize wy, = Wy, = 65 = Q') < 0,4 forall h € [H], and i + 0;
11: Denote vgy41 < 0and Q. 4 < 0
12: for each (s,a) € S x A, h € [H] do

2
3
4:
5: INITIALIZATION:
6
7
8

13: \\ Compute empirical estimates ofPIang) and T, (s,a)

14: Letwy(s,a) ¢ - 37 o (s90)

150 Let&p(s,a) ¢ 72 37 (03))2(sY0) — i} (s, a)

}? \\Shift the empirical estimate to have one-sided error

18 wy(s,a) ¢ Wn(s,a) — /2a104(s, @) — 403 [0 o — (2/3) 1 [0l
19: Letvgy1 < 0and Q4 < 0.

20:

21: REPEAT: \\successively improve
22: forh=H,H —1to1do

23: \\ Compute Pla [vp — '020)] with one-sided error
24: Let vy, <= vy, < v(Qp, 1), T(-, h) <= 7(-, h) = 7(Qp,1 1), Vn < Up;

25: For each s € S, if vp,(s) < v%o)(s), then vy (s) v,(lo)(s) and (s, h) < 70 (s, h);

26: For each (s,a) € S x A, sample independent samples :943137 3@2(3, o ,Eﬁf’f) from Py ,;
27 Letgy(s,a) ¢ myt Y7 [oa(3Y0) — v (B90)] — Hu/s:

28:

29: \\Improve Q,,:
30: Q) —r+wy+g,;

31: return vy,vo,..., Vg, .

itself with probability 1. Formally, for each state s,s’ € §’,a € A, P(s'|s,a) = v - P'(:|s,a)
and P(so|s,a) = (1 —~); P(s'|so,a) = 0 and P(so|sg,a) = 1. For r, we set r(sp,-) = 0 and
r(s,-) = 7r(s,-) for s € §’. It remains to show that ||v}|s: — v*||c < €. First we note that
v(r) = v}, < v*. Then, by monotonicity of the 7T operator, we have, for all h € [H — 1] and

’

vilsi(s) = m(?x[r’(&a) + yst;v}kLH] <wv

In particular, vi|s < v*. Since the optimal policy 7 of M’ can be used as a policy for the
H-MDP as a non-optimal one, we have

vi—e-1< 1+7Pﬂ*/+72P72T*/+~+'yH-PWH*/ rT <l
This completes the proof. O
The above lower bound with our algorithm also implies a sample lower bound for an e-policy.

Corollary F.8. Let S and A be finite sets of states and actions. Let H > 0 be a positive inte-
ger and € € (0,1/2) be an error parameter. Let K be an algorithm that, on input an H-MDP
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M = (S, A, P,7v) with a sampling oracle, outputs a policy = : S x [H] — A, such that
Vh @ ||vE — v} llee < € with probability at least 0.9. Then K calls the sampling oracle at least
Q(H3¢72|S||A|/ log e 1) times on the worst case input P and r € [0,1]°.

26



