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Abstract

Sketching and stochastic gradient methods are arguably the most common tech-
niques to derive efficient large scale learning algorithms. In this paper, we inves-
tigate their application in the context of nonparametric statistical learning. More
precisely, we study the estimator defined by stochastic gradient with mini batches
and random features. The latter can be seen as form of nonlinear sketching and used
to define approximate kernel methods. The considered estimator is not explicitly
penalized/constrained and regularization is implicit. Indeed, our study highlights
how different parameters, such as number of features, iterations, step-size and
mini-batch size control the learning properties of the solutions. We do this by
deriving optimal finite sample bounds, under standard assumptions. The obtained
results are corroborated and illustrated by numerical experiments.

1 Introduction

The interplay between statistical and computational performances is key for modern machine learning
algorithms [[1]. On the one hand, the ultimate goal is to achieve the best possible prediction error. On
the other hand, budgeted computational resources need be factored in, while designing algorithms.
Indeed, time and especially memory requirements are unavoidable constraints, especially in large-
scale problems.

In this view, stochastic gradient methods [2]] and sketching techniques [3] have emerged as funda-
mental algorithmic tools. Stochastic gradient methods allow to process data points individually, or
in small batches, keeping good convergence rates, while reducing computational complexity [4].
Sketching techniques allow to reduce data-dimensionality, hence memory requirements, by random
projections [3]]. Combining the benefits of both methods is tempting and indeed it has attracted much
attention, see [5] and references therein.

In this paper, we investigate these ideas for nonparametric learning. Within a least squares frame-
work, we consider an estimator defined by mini-batched stochastic gradients and random features
[6]. The latter are typically defined by nonlinear sketching: random projections followed by a
component-wise nonlinearity [3]]. They can be seen as shallow networks with random weights [[7],
but also as approximate kernel methods [§]]. Indeed, random features provide a standard approach
to overcome the memory bottleneck that prevents large-scale applications of kernel methods. The
theory of reproducing kernel Hilbert spaces [9] provides a rigorous mathematical framework to study
the properties of stochastic gradient method with random features. The approach we consider is not
based on penalizations or explicit constraints; regularization is implicit and controlled by different
parameters. In particular, our analysis shows how the number of random features, iterations, step-size
and mini-batch size control the stability and learning properties of the solution. By deriving finite
sample bounds, we investigate how optimal learning rates can be achieved with different parameter
choices. In particular, we show that similarly to ridge regression [[10], a number of random features
proportional to the square root of the number of samples suffices for O(1/+/n) error bounds.
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The rest of the paper is organized as follows. We introduce problem, background and the proposed
algorithm in section 2. We present our main results in section 3 and illustrate numerical experiments
in section 4.

Notation: For any T € N, we denote by [T] the set {1,...,T}, for any a,b € R we de-
note by a V b the maximum between a and b and with A the minimum. For any linear operator
A and A € R we denote by A the operator (A + AI) if not explicitly defined differently. When
A is a bounded self-adjoint linear operator on a Hilbert space, we denote by Anax(A) the biggest
eigenvalue of A.

2 Learning with Stochastic Gradients and Random Features

In this section, we present the setting and discuss the learning algorithm we consider.
The problem we study is supervised statistical learning with squared loss [[L1]]. Given a probability
space X x R with distribution p the problem is to solve

winé(f), () = / (F(2) - y)%dp(z,y), (1)

given only a training set of pairs (z;, ;)" € (X x R)"”, n € N, sampled independently according to
p. Here the minimum is intended over all functions for which the above integral is well defined and p
is assumed fixed but known only through the samples.

In practice, the search for a solution needs to be restricted to a suitable space of hypothesis to allow
efficient computations and reliable estimation [12]. In this paper, we consider functions of the form

f(z) = (w,op(x)), VzeX, 2)

where w € RM and opm i X — RM M € N, denotes a family of finite dimensional feature maps,
see below. Further, we consider a mini-batch stochastic gradient method to estimate the coefficients
from data,

bt
~ . . 1 R
wy = 0; Wep1 = We =Ny E ((@¢, par(25,)) — y5,) dar (5,), t=1,...,7T. (3)
i=b(t—1)+1

Here T € N is the number of iterations and J = {j1, ..., jpr } denotes the strategy to select training
set points. In particular, in this work we assume the points to be drawn uniformly at random with
replacement. Note that given this sampling strategy, one pass over the data is reached on average
after [ ] iterations. Our analysis allows to consider multiple as well as single passes. For b = 1 the
above algorithm reduces to a simple stochastic gradient iteration. For b > 1 it is a mini-batch version,
where b points are used in each iteration to compute a gradient estimate. The parameter v, is the
step-size.

The algorithm requires specifying different parameters. In the following, we study how their choice
is related and can be performed to achieve optimal learning bounds. Before doing this, we further
discuss the class of feature maps we consider.

2.1 From Sketching to Random Features, from Shallow Nets to Kernels

In this paper, we are interested in a particular class of feature maps, namely random features [[6]. A
simple example is obtained by sketching the input data. Assume X C R” and

¢M($) = (<1}751>,...,<$,8M>),

where s1, ..., sy € RP is a set of identical and independent random vectors [13]. More generally,
we can consider features obtained by nonlinear sketching
¢M(m) = (0’(<J),81>),...,0’(<.’L‘,SM>)), “4)

where o : R — R is a nonlinear function, for example o(a) = cos(a) [6], o(a) = |a|+ = max(a,0),
a € R [7]]. If we write the corresponding function (2)) explicitly, we get

M
fl@)=> wo((s;,x), VreX. (5)
j=1



that is as shallow neural nets with random weights [7] (offsets can be added easily).
For many examples of random features the inner product,

(bar(2), par(a”)) = ZU((JC’SJ'})U(@',SH)’ (©)

can be shown to converge to a corresponding positive definite kernel k£ as M tends to infinity [6} [14].
We now show some examples of kernels determined by specific choices of random features.

Example 1 (Random features and kernel). Let o(a) = cos(a) and consider ((z, s) + b) in place of
the inner product (x, s), with s drawn from a standard Gaussian distribution with variance o2, and b
uniformly from [0, 2]. These are the so called Fourier random features and recover the Gaussian
kernel k(z,x") = e~llz=2"11/20% 18] as M increases. If instead o(a) = a, and the s is sampled
according to a standard Gaussian the linear kernel k(z,x") = o?(x,2') is recovered in the limit.
[15]].

These last observations allow to establish a connection with kernel methods [[10] and the theory of
reproducing kernel Hilbert spaces [9]]. Recall that a reproducing kernel Hilbert space 7 is a Hilbert
space of functions for which there is a symmetric positive definite functionﬂ k:X x X — Rcalled
reproducing kernel, such that k(x,-) € H and (f, k(z,-)) = f(z) forall f € H,x € X. Itis also
useful to recall that k is a reproducing kernel if and only if there exists a Hilbert (feature) space F
and a (feature) map ¢ : X — F such that

k(z,z") = (¢(z), p(z")), Ve, ' € X, (7
where F can be infinite dimensional.

The connection to RKHS is interesting in at least two ways. First, it allows to use results and
techniques from the theory of RKHS to analyze random features. Second, it shows that random
features can be seen as an approach to derive scalable kernel methods [10]]. Indeed, kernel methods
have complexity at least quadratic in the number of points, while random features have complexity
which is typically linear in the number of points. From this point of view, the intuition behind random
features is to relax (7)) considering

k(z,2") = (pum(2), oum(a’)),  Vao,2’ € X. (8)

where ¢, is finite dimensional.

2.2 Computational complexity

If we assume the computation of the feature map ¢y, () to have a constant cost, the iteration
requires O (M) operations per iteration for b = 1, that is O(Mn) for one pass T' = n. Note that for
b > 1 each iteration cost O(Mb) but one pass corresponds to [ 7] iterations so that the cost for one
pass is again O(Mn). A main advantage of mini-batching is that gradient computations can be easily
parallelized. In the multiple pass case, the time complexity after T iterations is O(MbT).
Computing the feature map ¢ (z) requires to compute M random features. The computation of
one random feature does not depend on 7, but only on the input space X. If for example we assume
X C RP and consider random features defined as in the previous section, computing ¢ (z) requires
M random projections of D dimensional vectors [6], for a total time complexity of O(M D) for
evaluating the feature map at one point. For different input spaces and different types of random
features computational cost may differ, see for example Orthogonal Random Features [[16] or Fastfood
[17] where the cost is reduced from O(M D) to O(M log D). Note that the analysis presented in
his paper holds for random features which are independent, while Orthogonal and Fastfood random
features are dependent. Although it should be possible to extend our analysis for Orthogonal and
Fastfood random features, further work is needed. To simplify the discussion, in the following we
treat the complexity of ¢ (z) to be O(M).

One of the advantages of random features is that each ¢ s (2) can be computed online at each iteration,
preserving O(MbT') as the time complexity of the algorithm (3). Computing ¢, (z) online also
reduces memory requirements. Indeed the space complexity of the algorithm (@) is O(Mb) if the
mini-batches are computed in parallel, or O(M) if computed sequentially.

ZFor all z1, . .., z, the matrix with entries k(zi,zj),4,5 = 1,...,nis positive semi-definite.



2.3 Related approaches

We comment on the connection to related algorithms. Random features are typically used within an
empirical risk minimization framework [18]]. Results considering convex Lipschitz loss functions and
£, constraints are given in [[19], while [20] considers ¢> constraints. A ridge regression framework is
considered in [8]], where it is shown that it is possible to achieve optimal statistical guarantees with a
number of random features in the order of /n. The combination of random features and gradient
methods is less explored. A stochastic coordinate descent approach is considered in [21], see also
[22} 23]]. A related approach is based on subsampling and is often called Nystrom method [24, 25]].
Here a shallow network is defined considering a nonlinearity which is a positive definite kernel, and
weights chosen as a subset of training set points. This idea can be used within a penalized empirical
risk minimization framework [26, 27, 28] but also considering gradient [29, 30] and stochastic
gradient [31] techniques. An empirical comparison between Nystrém method, random features and
full kernel method is given in [23]], where the empirical risk minimization problem is solved by block
coordinate descent. Note that numerous works have combined stochastic gradient and kernel methods
with no random projections approximation [32} 133|134} 35,136/ 5]]. The above list of references is only
partial and focusing on papers providing theoretical analysis. In the following, after stating our main
results we provide a further quantitative comparison with related results.

3 Main Results

In this section, we first discuss our main results under basic assumptions and then more refined results
under further conditions.

3.1 Worst case results

Our results apply to a general class of random features described by the following assumption.
Assumption 1. Let (Q, 7) be a probability space, 1) : X x Q — Rand forall x € X,

1
r)=— T,w1),...,P(x,w , 9
om () \/MW( 1) Y(z,wn)) )
where wy, . ..,wy € S are sampled independently according to .

The above class of random features cover all the examples described in section[2.1] as well as many
others, see [8, 20]] and references therein. Next we introduce the positive definite kernel defined by
the above random features. Let k : X x X — R be defined by

k(z,2') = /w(x,w)w(x',w)dw(w), V,z,2' € X.

It is easy to check that k is a symmetric and positive definite kernel. To control basic properties of
the induced kernel (continuity, boundedness), we require the following assumption, which is again
satisfied by the examples described in section (see also [8, 20]] and references therein).

Assumption 2. The function 1) is continuous and there exists k > 1 such that |1 (x, w)| < k for any
reX,we

The kernel introduced above allows to compare random feature maps of different size and to express
the regularity of the largest function class they induce. In particular, we require a standard assumption
in the context of non-parametric regression (see [[L1]), which consists in assuming a minimum for the
expected risk, over the space of functions induced by the kernel.

Assumption 3. If H is the RKHS with kernel k, there exists fy € H such that
E = inf £(f).
(fw) = jnf £(f)
To conclude, we need some basic assumption on the data distribution. For all z € X, we denote by

p(y|z) the conditional probability of p and by px the corresponding marginal probability on X. We
need a standard moment assumption to derive probabilistic results.



Assumption 4. Forany x € X
/ y2ldp(ylz) < 1'B'p, VieN (10
v

for costants B € (0,00) and p € (1, 00), px-almost surely.

The above assumption holds when y is bounded, sub-gaussian or sub-exponential.
The next theorem corresponds to our first main result. Recall that, the excess risk for a given estimator

fis defined as

~

and is a standard error measure in statistical machine learning [11}[18]. In the following theorem, we
control the excess risk of the estimator with respect to the number of points, the number of RF, the

step size, the mini-batch size and the number of iterations. We let ﬁ+1 = (W1, O (+)), with Wy yq
as in (3).

Theorem 1. Let n, M € Ny, § € (0,1) and t € [T|. Under Assumptions[l|tol] for b € [n], v =~

sty < g7 lzg E A 8(1+110g 7y N > 32 log2 % and M 2 ~T the following holds with probability at
least 1 —9:
Es[6(Fn)]—E) < T+ (241 ytlogs  logg 1 an
J t+1 LRSS M " i 7t

The above theorem bounds the excess risk with a sum of terms controlled by the different parameters.
The following corollary shows how these parameters can be chosen to derive finite sample bounds.

Corollary 1. Under the same assumptions of Theorem|l| for one of the following conditions
(c11). b=1,~v~ %, and T = n+/n iterations (\/n passes over the data);
(c12). b=1,~v~ ﬁ, and T = n iterations (1 pass over the data);

(c13). b=+/n, v~ 1, and T = +/n iterations (1 pass over the data);
(c1.4). b=mn, v =1, and T = \/n iterations (\/n passes over the data);

a number _
M = O(V/n) (12)
of random features is sufficient to guarantee with high probability that
~ 1
Es[E(fr)] = E(fx) < (13)

~Tn

The above learning rate is the same achieved by an exact kernel ridge regression (KRR) estimator
[114137,138]], which has been proved to be optimal in a minimax sense [[11] under the same assumptions.
Further, the number of random features required to achieve this bound is the same as the kernel ridge
regression estimator with random features [8]]. Notice that, for the limit case where the number of
random features grows to infinity for Corollary under conditions (c¢; o) and (¢1.3) we recover the
same results for one pass SGD of [39], [40]. In this limit, our results are also related to those in [41]].
Here, however, averaging of the iterates is used to achieve larger step-sizes.

Note that conditions (c1.1) and (c; 2) in the corollary above show that, when no mini-batches are
used (b = 1) and % <~ < ﬁ then the step-size y determines the number of passes over the data

required for optimal generalization. In particular the number of passes varies from constant, when
v = ﬁ, to /n, when v = L. In order to increase the step-size over ﬁ the algorithm needs to

be run with mini-batches. The step-size can then be increased up to a constant if b is chosen equal
to y/n (condition (¢;.3)), requiring the same number of passes over the data of the setting (c1.2).
Interestingly condition (¢ 4) shows that increasing the mini-batch size over y/n does not allow to
take larger step-sizes, while it seems to increase the number of passes over the data required to reach
optimality.

We now compare the time complexity of algorithm (3)) with some closely related methods which



achieve the same optimal rate of ﬁ Computing the classical KRR estimator [[11]] has a complexity

of roughly O(n?) in time and O(n?) in memory. Lowering this computational cost is possible with
random projection techniques. Both random features and Nystrom method on KRR [8 26] lower
the time complexity to O(n?) and the memory complexity to O(ny/n) preserving the statistical
accuracy. The same time complexity is achieved by stochastic gradient method solving the full kernel
method [33}[36], but with the higher space complexity of O(n?). The combination of the stochastic
gradient iteration, random features and mini-batches allows our algorithm to achieve a complexity
of O(ny/n) in time and O(n) in space for certain choices of the free parameters (like (c;.2) and
(c1.3)). Note that these time and memory complexity are lower with respect to those of stochastic
gradient with mini-batches and Nystrom approximation which are O(n?) and O(n) respectively [31].
A method with similar complexity to SGD with RF is FALKON [30]. This method has indeed a time
complexity of O(n+/nlog(n)) and O(n) space complexity. This method blends together Nystrom
approximation, a sketched preconditioner and conjugate gradient.

3.2 Refined analysis and fast rates

We next discuss how the above results can be refined under an additional regularity assumption.
We need some preliminary definitions. Let 7 be the RKHS defined by k, and L : L?(X, px) —
L?(X, px) the integral operator

Lf(x) = / k(e a!) f()dpx ('), Vf € I3(X, px),z € X,

where L*(X, px) = {f : X = R : ||f|]|2 = [ |f[*dpx < oc}. The above operator is symmetric
and positive definite. Moreover, Assumption E] ensures that the kernel is bounded, which in turn
ensures L is trace class, hence compact [18]].

Assumption 5. For any \ > 0, define the effective dimension as N'(\) = Tr((L + X\I)~'L), and
assume there exist () > 0 and « € [0, 1] such that

N <@ a (14)
Moreover , assume there exists v > 1/2 and g € L*(X, px) such that
fu(x) = (L"g)(x). (15)

Condition (T4) describes the capacity/complexity of the RKHS H and the measure p. It is equivalent
to classic entropy/covering number conditions, see e.g. [18]. The case o = 1 corresponds to making
no assumptions on the kernel, and reduces to the worst case analysis in the previous section. The
smaller is o the more stringent is the capacity condition. A classic example is considering X = R”
with dpx (x) = p(x)dx, where p is a probability density, strictly positive and bounded away from
zero, and H to be a Sobolev space with smoothness s > D/2. Indeed, in this case « = D/2s and
classical nonparametric statistics assumptions are recovered as a special case. Note that in particular
the worst case is s = D /2. Condition (T3) is a regularity condition commonly used in approximation
theory to control the bias of the estimator [42].

The following theorem is a refined version of Theorem [I] where we also consider the above capacity
condition (Assumption [5).

Theorem 2. Letn, M € Ny, § € (0,1) and t € [T, under Assumptions[l|to[] for b € [n], v =~
sty < N n > 32log? % and M 2 ~T the following holds with high probability:

2r—1
N(L)og: N (L) logl .
<7t2 = <J\4W<)vt>2r—fg6 ! (3:&) '

n 1
9T log & 1+logT)’

Es[e(in)] - £ 5 1+ (5 +1)
(16)

The main difference is the presence of the effective dimension providing a sharper control of the
stability of the considered estimator. As before, explicit learning bounds can be derived considering
different parameter settings.

Corollary 2. Under the same assumptions of Theorem|2} for one of the following conditions

2r+a+1 . . 1
(co1). b=1,~v~ n~Y and T = n 2+« iterations (n?+a passes over the data);




__2r 2041 . 1—a
(ca2). b=1,v~n" 2+, and T = n2+« iterations (n?+= passes over the data);
_2r 1 . 1—a
(co.3). b=nz+a, v~ 1, and T = n?+« iterations (n?+= passes over the data);

1 . . 1
(co.q). b=mn, v~ 1, and T = n?+= iterations (n?+= passes over the data);

a number
~ 14a(2r—1)
M =0(n"2rta ) a7
of random features suffies to guarantee with high probability that
E;[£(@r)] - E(fn) S n” = (18)

The corollary above shows that multi-pass SGD achieves a learning rate that is the same as kernel
ridge regression under the regularity assumption[5)and is again minimax optimal (see [11]). Moreover,
we obtain the minimax optimal rate with the same number of random features required for ridge
regression with random features [8] under the same assumptions. Finally, when the number of random
features goes to infinity we also recover the results for the infinite dimensional case of the single-pass
and multiple pass stochastic gradient method [33]].

It is worth noting that, under the additional regularity assumption[5] the number of both random
features and passes over the data sufficient for optimal learning rates increase with respect to the one
required in the worst case (see Corollary[I). The same effect occurs in the context of ridge regression
with random features as noted in [8]. In this latter paper, it is observed that this issue tackled can be
using more refined, possibly more costly, sampling schemes [20]].

Finally, we present a general result from which all our previous results follow as special cases. We
consider a more general setting where we allow decreasing step sizes

Theorem 3. Let n, M, T € N, b € [n]and~y > 0. Let § € and W11 be the esttmator in
Eq. @) with v, = ys=2t=% and § € [0, 1]. Under Assumptions when n > 32 log and

n on(1=9) 1]
TS G Tlog 8 {S(LT) efz?w (19
moreover -
M > (4+189T"%) log % (20)
then, for any t € [T] the following holds with probability at least 1 — 9
E, [E(@1)] - inf £(w) <) m(logt\/ 1) 1)

M N (5= 1
- <CQ+03 log — ('ytl_e\/l)) m(log2(t)v1) logQS (22)
n
N( t»ig)zr 110g5 - X 1 2r
s —6
+cs (M(n/,yﬁ 6—2)2r—1 log (119t 77) + (,yt10> J (23)

with ¢y, ca, ¢3, ¢4 constants which do not depend on b,~y,n,t, M, 0.

We note that as the number of random features M goes to infinity, we recover the same bound of [33]]
for decreasing step-sizes. Moreover, the above theorem shows that there is no apparent gain in using
a decreasing stepsize (i.e. 8 > 0) with respect to the regimes identified in Corollaries|I|and

3.3 Sketch of the Proof

In this section, we sketch the main ideas in the proof. We relate fAt and fy; introducing several

intermediate functions. In particular, the following iterations are useful,
n

1 ~
v1 = 0; Vpy1 = U — " ; (0, par () — i) paa (4), vt € [T]. (24)
U1 = 0; V1 = U — Y /X (0, drr (@) — y) s (z)dp(, y), vt € [T]. (25)

vy = 0; R /X ((vt,(Z)M(x» - fy(x))gﬁM(x)de(x), Vte[T]. (26)
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Figure 1: Classification error of SUSY (left) and HIGGS (right) datasets as the n° of random features varies

Further, we let

Uy = arg]glin/ ((u, drr(2)) — fH(x))zde(;v) + AJull?, A >0, 27
ueRM JX

uy = argmin/ ((u,¢(m)> — y)de(x,y) + Aull?, A >0, (28)
ueF X

where (F, ¢) are feature space and feature map associated to the kernel k. The first three vectors are
defined by the random features and can be seen as an empirical and population batch gradient descent
iterations. The last two vectors can be seen as a population version of ridge regression defined by the
random features and the feature map ¢, respectively.

Since the above objects (Z4), 23], 26). (27), (28) belong to different spaces, instead of comparing
them directly we compare the functions in L?(X, px) associated to them, letting

gt = <ﬁt7¢J\4(')> , gt = <F6ta¢M()>7 gt = <vt7¢M(')>v gr = <ﬂ/\v¢M()>v gx = <U’)\’¢()>

Since it is well known [[11] that

E(f) = E(fu) = I = full?,

we than can consider the following decomposition

fo—tu="F—G (29)
+ 39t — gt (30)
+ 9t — gt (3D
+ gt — ga (32)
+39x — g (33)
+9x — fu (34)

The first two terms control how SGD deviates from the batch gradient descent and the effect of noise
and sampling. They are studied in Lemma [T} 2] 3] B]Bl [6]in the Appendix, borrowing and adapting
ideas from [33l 136} [8]. The following terms account for the approximation properties of random
features and the bias of the algorithm. Here the basic idea and novel result is the study of how the
population gradient decent and ridge regression are related (32) (Lemmal9]in the Appendix). Then,
results from the the analysis of ridge regression with random features are used [§].

4 Experiments

We study the behavior of the SGD with RF algorithm on subsets of n = 2 x 10° points of the
SUSY P|and HIGGS E| datasets [43]. The measures we show in the following experiments are an
average over 10 repetitions of the algorithm. Further, we consider random Fourier features that

*https://archive.ics.uci.edu/ml/datasets/SUSY
*https://archive.ics.uci.edu/ml/datasets/HIGGS
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Figure 2: Classification error of SUSY (left) and HIGGS (right) datasets as step-seize and mini-batch size vary

are known to approximate translation invariant kernels [6]. We use random features of the form
P(z,w) = cos(wlx + q), with w := (w, q), w sampled according to the normal distribution and ¢
sampled uniformly at random between 0 and 27. Note that the random features defined this way
satisfy Assumption[2]

Our theoretical analysis suggests that only a number of RF of the order of /7 suffices to gain optimal
learning properties. Hence we study how the number of RF affect the accuracy of the algorithm on
test sets of 10° points. In Figure 3.3 we show the classification error after 5 passes over the data of
SGD with RF as the number of RF increases, with a fixed batch size of y/n and a step-size of 1. We
can observe that over a certain threshold of the order of y/n, increasing the number of RF does not
improve the accuracy, confirming what our theoretical results suggest.

Further, theory suggests that the step-size can be increased as the mini-batch size increases to reach
an optimal accuracy, and that after a mini-batch size of the order of y/n more than 1 pass over the
data is required to reach the same accuracy. We show in Figure [2] the classification error of SGD with
RF after 1 pass over the data, with a fixed number of random features \/ﬁ, as mini-batch size and
step-size vary, on test sets of 10° points. As suggested by theory, to reach the lowest error as the
mini-batch size grows the step-size needs to grow as well. Further for mini-batch sizes bigger that
\/n the lowest error can not be reached in only 1 pass even if increasing the step-size.

5 Conclusions

In this paper we investigate the combination of sketching and stochastic techniques in the context of
non-parametric regression. In particular we studied the statistical and computational properties of
the estimator defined by stochastic gradient descent with multiple passes, mini-batches and random
features. We proved that the estimator achieves optimal statistical properties with a number of
random features in the order of y/n (with . the number of examples). Moreover we analyzed possible
trade-offs between the number of passes, the step and the dimension of the mini-batches showing
that there exist different configurations which achieve the same optimal statistical guarantees, with
different computational impacts.

Our work can be extended in several ways: First, (a) we can study the effect of combining random
features with accelerated/averaged stochastic techniques as [32]]. Second, (b) we can extend our
analysis to consider more refined assumptions, generalizing [35] to SGD with random features.
Additionally, (c) we can study the statistical properties of the considered estimator in the context of
classification with the goal of showing fast decay of the classification error, as in [34]. Moreover,
(d) we can apply the proposed method in the more general context of least squares frameworks for
multitask learning [44] 43]] or structured prediction [46] 47, [48]], with the goal of obtaining faster
algorithms, while retaining strong statistical guarantees. Finally, (e) to integrate our analysis with
more refined methods to select the random features analogously to [49] [50] in the context of column
sampling.
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A Appendix

We start recalling some definitions and define some new operators.

A.1 Preliminary definitions

Let F be the feature space corresponding to the kernel & given in Assumption [2]
Given ¢: X — F (feature map), we define the operator S: F — L2(X, px) as

If S* is the adjoint operator of .S, we let C': F — F be the linear operator C' = S*S, which can be
written as

¢ = [ o) o(a)dpx (o). (36)
X

We also define the linear operator L: L?(X, px) — L?(X, px) such that L = SS*, that can be
represented as

(LF)() = /X (6(2), ()5 F@)dpx(a), Vi € LA(X, px). 37)

We now define the analog of the previous operators where we use the feature map ¢, instead of ¢.
We have Syr: RM — L2(X, px) defined as

(Suv)() = (v, ¢nr(Drar, Vo eRY, (38)
together with Cp: RM — RM and Ly : L3(X, px) — L*(X, px) defined as Ciy = S5, S and

Ly = Sum Sy respectively.

We also define the empirical counterpart of the previous operators. The operator S v RM — R7 s
defined as,

5, = % (G1(21), -+ D21 () (39)

and with Cp;: RM — RM and Ly, : R” — R” are defined as Cj; = §X4§M and Ly = Sy ST,
respectively.

Remark 1 (from [51}52]). Let P : L*(X,px) — L*(X, px) be the projection operator whose
range is the closure of the range of L. Let f, : X — R be defined as

fo= /ydp(y\x)~

If there exists f3, € H such that

inf E(f) = E(fn),

feH
then
pr = SfH7
or equivalently, there exists g € L?(X, px) such that
pr =L"g,

with 1/2 < r < 1. In particular, we have R := || fa |1 = |9 2 (x,px)-

With the operators introduced above and Remark [I] we can rewrite the auxiliary objects (24), (23),

[26), @7), @8) respectively as

D=0,  Oy1 = —wCn)0 + Sy, Vte T, (40)
v = 0; Vg1 = (I — % Cn)ve + %S fo, vt € [T, (41)
v = 0; V41 = ([ — 'YtC]M>Ut + ’YtS}\k/[me Vit € [T] (42)
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where j = n~'/2(y1,...,y,), and

ux = Sy Ly APl 43)
uy = S*L ' Pf, (44)
By a simple induction argument the three sequences can be written as
V1 = 22:1 Vi H}i:iﬂ(l - ’YkéM)gz*wg (45)
V1 = 22:1 Vi H}i:iﬂ(l - ’YkéM)Sz*wfp (46)
vipr = iy Vi llkmin (= wCu) S5, P S, @7)

A.2  Error decomposition

We can now rewrite the error decomposition of f; — f using the operators introduced above as

Sywy — Pfy, = Sywe — Syty (48)
+ S, — Sty (49)
+ Sy — Sarve (50
+ Syve — L Ly P, (51)
+ Ly Ly \Pf,— LLy'Pf, (52)
+ LL'Pf, — Pf,. (53)

A.3 Lemmas

The first three lemmas we present are some technical lemmas used when bounding the first three
terms (@8), @9), (50) of the error decomposition.

Lemma 1. Under Assumption[2|the following holds for any t, M,n € N
|vs — v =0 a.s. (54)

Proof. Given (@6), and defining Apr; = Y0, i H;ZHI(I — v, Chr), We can write

100 = vell = [ An1eS7r (L = P) foll < |Antell 153 (I = P)[ (1,1l - (55)
Under Assumption [2} by Lemma 2 of [§], we have ||S},(I — P)|| = 0, which completes the
proof. O

Lemma 2. Let M € N. Under Assumption@and let k2 < 1, § €]0,1], the following holds with
probability 1 — 6§ for all t € [T)

1
B 9 2 M t 2
[Ter1]l < 2R 144/ % log — max <Z 7,5) et . (56)
i=1

Proof. Considering @I)) (#2), we can write

[Vt 1]l < NVes1 — vesa || + [[vega || = [[vegall, (57)

where in the last equality we used the result from Lemma[I] Using Assumption [3](see also Remark [T)),
we derive

t t
Z%‘S}ku H (I =y L) L"

i=1 k=i+1

t t
> 7Sy I T —wlm)Pfo|| <R

i=1 k=i+1

lvesall = (58)

Define Qure = 35—, ¥iS3r [Te—isr (I — vuLar). Note that [[L7~2 || < x2'~! for r > 1 and that
— 2
|y /?L?|| < 2 holds with probability 1 — & when %" log % < ) < || L|| (see Lemma 5 in [26]).
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Moreover, when 77 > || L||, we have that | Ly, /*L*/?|| < =2 LV2|| < 1. So ||Ly/ 12 LY?|| < 2
with probability 1 — §, when

9k? M
—log 5= (59)

So when (39) holds, with probability 1 — § we can write

R|QuL"|| = R||QMtLM nLM nL L3
< RIQureL}, Iy LE L7
< 2RW” | QuieLi, |
<2852 (1QaneLif |+ n* | Qune] ) (60)

Now note that for any a € [0,1/2],

1Qare LS| < max K2 <Z%> (61)

(see Lemma B.10(i) in [36] or Lemma 16 of [33]]). We use (61)) with a = % and @ = 0 to bound
1Q MtL}\f || and ||@as¢|| respectively and plug the results in (60). To complete the proof we take

= % Jog U O
= 77 08 5 -

Lemma 3. Let A > 0, R € Nand 6 € (0,1). Let (1,...,Cr be i.i.d. random vectors bounded
by k > 0. Denote with Qr = % Zf‘zl ¢j ® ¢; and by Q the expectation of Qr. Then, for any
A > % log %, we have

(Qr +AD)T2(Q + AD)'?|? < 2.

Proof. This lemma is a more refined version of a result in [53]. When ||Q] > A > % log &, by
combining Prop. 8 of [8], with Prop. 6 and in particular Rem. 10 point 2 of the same paper, we have
that ||(Qr + AI)~1/2(Q + \I)'/?|| < 2, with probability at least 1 — &. To cover the case A > ||Q|,
note that

1(@r +ADT2(Q + A2 < (JIQ[YZ + AV2) /A2,

, we have that

I@r+ADTHQ+AD2 < sup (JQI'2+A2)/AM2 <2,
>[Qll

O

We need the following technical lemma that complements Proposition 10 of [8] when A > || L||, and
that we will need for the proof of Lemma 6]

Lemmad4. Let M € Nand § € (0,1). Forany A > 0 such that

18x2 122
> -
M > <4+ X >log S

the following holds with probability 1 — ¢

2k2

N (A / (Las + M)~ 2¢M( YIPdpx (z) < max (2 55, T

24) v,

Proof. First of all note that

Nu(A) = /X I(Zas + A1) 72 das ()P dpx (z) = TT(L&%ALMLM V) = Te(Ly L)
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Now consider the case when A < ||L||. By applying Proposition 10 of [8]] we have that under the
required condition on M, the following holds with probability at least 1 — ¢

N]u()\) < 2.55/\/()\).
For the case A\ > ||L||, note that Tr(AA; ') satisfies the following inequality for any trace class
positive linear operator A with trace bounded by 2 and A > 0,
A Tr(A)

< Tr(AATH < 22
[A[+ A = A4 = =

So, when A > || L||, since My (A) = Tr(CarCypy) and N'(A) = Tr(LLy "), and both L and Cir have

trace bounded by 2, we have N ()\) < "‘—/\2 and N'(\) > IIMJHW\‘ So by selecting ¢ = %,
we have ) 1z
K
N\ < 2= =220 < gN(N).
m(A) <~ T ()
Finally note that
Dy PN
“osiz o AL T LE
O

We now start bounding the different parts of the error decomposition. The next two lemmas bound
the first two terms (@8), (@9). To bound these we require the above lemmas and adapting ideas from
(33,136, 18].

Lemma 5. Under Assumption and let § €]0,1], n > 32log? 2 and v, = v 2t7? for all
t € [T, with 0 € [0, 1] and ~y such that

0 tmin(9,1—9) v T 0
<<t T t e [T).
7= Blogt 1 1) 7] (62)
When 1 9
n
= > Zlog = 63
~ytl=0 — n &% (63)
Sorall t € [T), with probability at least 1 — 2,
. N 208 Bp — in(9.1—
Byl Su (@1~ 0es)* < 77 (9 m@10) (log ¢ v 1). (64)

Proof. The proof is derived by applying Proposition 6 in [33] with v satisfying condition (62)),
A= %, 09 = 03 = 6, and some changes that we now describe. Instead of the stochastic iteration w;
and the batch gradient iteration 14 as defined in [33]] we consider (3) and respectively, as well
as the operators Sy, Car, Lar, Sar, Car, Ly defined in Section 2 instead of S, Ty, £, Sk, Txs £x
defined in [33]. Instead of assuming that exists a x > 1 for which (z,2") < k2,Vx, 2’ € X we have
Assumption which implies the same 2 upper bound of the operators used in the proof. To apply
this version of Proposition 6 note that their Equation (63) is satisfied by Lemma 25 of [33]], while
their Equation (47) is satisfied by our Lemma 3] from which we obtain the condition (63). O]

Lemma 6. Under Assumptions andE] let § €]0,1[ and v; = v~ for all t € [T), with
v €]0,1] and 6 € [0, 1[. When

12yt1-9

M > (4+187t'7%) log 5

(65)
for all t € [T] with probability at least 1 — 36

. ~ 9 M
1Sa (Vpgp1 — Vp1)]| < 4 (anr <1 + Mlog 5 (\/'ytke Y, 1)> + \/E) X
T 2N 4
X <8 +4logt+4+ﬁv) QLIS T g 2, (66)
n Vn )

(1-9)

where gy = max (2.55, ﬁ—ﬁ) .
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Proof. The proof can be derived from the one of Theorem 5 in [33] with A = W’ 01 = 0y = 6,
and some changes we now describe. Instead of the iteration 1, and pu; defined in [33]] we consider

(#@0) and (@T)) respectively, as well as the operators Sys, Car, Las, Sary Cary Las defined in Section 2
instead of S,, 7, L,, Sx, Tx, Lx defined in [33]. Instead of assuming that exists a x > 1 for which
(z,2") < K% Vx,2' € X we have Assumptionwhich imply the same ||C)|| < %2 upper bound
of the operators used in the proof. Further, when in the proof we need to bound ||v;y1 || we use our
Lemma 2] instead of Lemma 16 of [33]). In addition instead of Lemma 18 of [33]] we use Lemma 6 of
[8], together with Lemmad] obtaining the desired result with probability 1 — 30, when M satisfies

M > (4 + 18v:t) log %. Under the assumption that v, = v~ 2t~ the two condition above can
be rewritten as (63). O

The next lemma states that the third term (50} of the error decomposition is equal to zero.
Lemma 7. Under Assumption[3|the following holds for any t, M,n € N

|Save — Sprve]| =0 a.s. (67)
Proof. From Lemma([I]and the definition of operator norm the result follows trivially. O

The next Lemma is a known result from Lemma 8 of [8]] which bounds the distance between the
Tikhonov solution with RF and the Tikhonov solution without RF (52).

Lemma 8. Under Assumption[2]and[3|for any X\ > 0, § € (0,1/2], when

18k2 8k?
M> 14 lo
_< + ) v (63)

the following holds with probability at least 1 — 20,

log 2 N \/)\27’—1./\/()\)27”—1 log 2 A

ILLY P fy — LarLys Pl < 4Rk (69)

Mr M ’

where q := log =~ 11“ .

The next lemma is one of our main contributions and studies how the population gradient decent with
RF and ridge regression with RF are related (51).

Lemma 9. Under Assumptionthe Sfollowing holds with probability 1 — 0 for A =
t € [T]

B ) N 'y —1)2r-1]og 2
HSMUH-I - LMLMl’)\pr”p < SR”2 < \/ - 74)27-—1 : %

t -Tr
x log"™" (11,{22 %) +2R <Z y,»> . (70)
=1 =1

ZZ for all

when

t 2 t .
M > (4 + 182%> log (8“25—”> . 1)

i=1

Proof. Denoting Q,; = 22:1 Yi HZ:Z.H(I — vk Lr) we can write
Syvi1 = QulyPf,
Then
Symvt41 — LMLX;,Apr = QIWLM,/\LI\/IL]T/[{)\ - LMLEApr
= (Qu(Las + M) = 1)Ly Ly} \P . (72)
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Denote by A; ; the operator A; ; := HZ:i(I — vk L), and note that
A= —vuLla)Aigis

We can then derive
t t

t t
QuLy = Z%’ H (I —veLa) L = Z(I — (I —7vLwm)) H (I —vrLm)
=1 k=itl i=1 k=it1
t

t t
= Z(I - (I - 'YiL]W))AiJrl,t = ZAi+1,t - Z(I - %LM)Ai+1,t
i=1 i=1

i=1

t t ¢ ¢
= ZAHM - ZAiﬂt =1+ ZAi,t - ZAi,t =1— Ay
i=1 i=1 i=2 i=1
We now write
[(@ur(Las + AI) = DLy = [(@umLas + AQnm — 1) L]
=|(I = A1t + \Qum — I) L ||
= |[AQrn Ly — A1+ L]
<A@ Las|| + | Ave Lasl]- (73)
For the first term in (73) we have
[AQum L = AT — A < A,

since Ly is positive operator and ;|| Las|| < 1, so Aj ¢ is positive with norm smaller than one by
construction, implying that ||I — A ;|| < 1. The second term in can be bounded using Lemma
15 in [33],

t

A1 Larll < (Z 7i) 7t

Now back to (]7_7[) we can write -
1Sarveis — Laa Lyt Phollo < (A - 17> ILAAP Sl (74)
i=17i
Setting A = 2:11 P and calling this quantity X for the rest of the proof, we can write
ISaves1 = LarLy 5 Pholly < 2XIL3 S Pfoll, (75)
= 2| (AL, 5 = AL + ALY P, (76)
<2(ALLK = ALYP [l + 2X L5 Pl 17

Since AAT! =T — )\Agl for any bounded symmetric operator A and A > 0, we can write the last
term of as

NI P, = I(LL5E ~ DPS ||,
We can then use Lemma 10 to control this quantity as
I(LLS' = DPf, ], < R (78)
For the first term, analogously
IALL = ALZOPL N, = (= AL Y) — (L= XL )Pl
= (LamLy 5z = LLT P foll,

log 2 A2r—1A(N)2r—1Jog 2 1102\ 17
S 4RK2T ?jré +\/ (]\)4 og 5 (10g }\VKI ) 7 (79)

where the last step holds when M > (4 + 18X~1) log(842(X8) 1) and consists in the application of
Lemma 9. Now recalling the definition of A we complete the proof. O
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The last result is a classical bound of the approximation error for the Tikhonov filter (53), see [11].
Lemma 10 (From [[11] or Lemma 5 of [8]). Under Assumption

|LLY'Pf, — Pf,|| < R\ (80)
A.4 Proofs of Theorems

We now present the proofs of our theorems. Theorem [2]and|T]are specific case of the more general
Theorem 3

Proof of Theorem[3l We start considering Lemma 6] and we note that condition (63) is satisfied
when

12110
M > (441897 %) log %. (81)
Noting that (T9) imply /2 < 1, we can derive from (66)
2
~ (17 — 90)/S/p
IS — v P < (T
(1-0)
M
x (32B + 64R?k* 1+ 9 log — (vt'7? V1)) ) x
M )
2
N Gi=) (1og?¢ v 1) log? =, (82)
when (8T)) holds.
Let A\ = 757249 Given Lemmawe derive from (69) that
2
2 log>2  N(zh=)*"'log2
-1 -1 2 Ar 5 "t 3
HLL/\ Pfp— LMLM,)\PfPH < 32R°k ( M2 M(ytl—0x—2)2r—1
x log® 2" (117t17%) (83)
when (8T)) holds.
Let v, = y& 2t~ for all ¢ € [T]. Given Lemmal9 we derive from (70)
2
2 log>2  N(zh=)>"'log 2
-1 2 4r 5 ~yt é
HSM’UtH - LMLM,,\prH <8R’k (32 < M2 M (yt1=0p—2)2r—1
1 2r
2—2r 1-6
x log (119t + (7751_9) ), (84)
when (81) holds.
Similarly from Lemma T0]
2r
_ (1
ILLY'Pf, - PS> < R2! (vtlg) | (85)

The desired result is obtained by gathering the results in (64), (82)), (84), (83). (83). Requiring ~y, M
to satisfy the associated conditions (§T)), (62), (63). In particular note that (62) is satisfied when 6 = 0
by v < (8(logT + 1))~ %, while, if § > 0, we have

tmin(@,l—@) . min(9,1—6) (et)min(a,l—g) . min(8,1-0) 0 (et)min(e,l—e)
8(logt + 1) 8log(et) — tel  8log(et)
—e” min(6,1-0) inf ?
Zzemin(@,l—e) m logz
> e min(1-6) e 2 5 - min(9,1—0) Mn(6, 1 — 0)

= ] 9
z>1 mlogz 4
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where we performed the change of variable t™*(?:1=¢) — »_Finally note that e~ ™»(1-0) > ¢=1/2

for any 6 € (0, 1). Moreover the (1), (63) are satisfied for any ¢ € [T'] by requiring them to hold for

t="1T. O
Proof of Theorem[2l Choosing 6 = 0 in Theorem [3|we complete the proof. O
Proof of Theorem [T Considering the case of Assumption[5|with v = 1 we can bound N'(1/4t) <
~t in Theorem 3]and complete the proof. O
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