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Abstract

In this supplementary material, we present the proofs of the theoretical results in
the main paper. For the ease of exposition, instead of showing the proofs directly,
we give a detailed analysis, with several intermediate results included.

1 Preliminaries

Our proofs heavily rely on the advanced probability tool, generic chaining [3]. Typically the results
in generic chaining are characterized by the so-called γ2-functional or its variants [3, 2], whose
definitions are complicated. Thanks to the majorizing measure theorem (e.g., Theorem 2.4.1 in [4]),
we can express those results in terms of Gaussian width, which is sufficient for our purpose. In
particular, the following conclusion is adopted from Theorem 2.2.27 in [4].

Theorem S.1 Let {Zt}t∈T be a stochastic process indexed by T ⊆ Rp, which satisfies

sup
t,t′∈T

|||Zt − Zt′ |||ψ2

‖t− t′‖2
≤ K < +∞ .

There exist absolute constants C0 and C1 such that the following bound holds with probability at
least 1− C1 exp

(
− w2(T )

diam 2(T )

)
,

sup
t,t′∈T

|Zt − Zt′ | ≤ C0K · w(T ) , (S.1)

where diam (T ) = supt,t′∈T ‖t− t′‖2.

In some of the proofs, we also need to bound product processes, which can be handled by the
following theorem. This result is essentially a simplified version of Theorem 1.13 in [2]. The original
theorem contains a few more tunable variables, which are are not central to the core idea and thus
have been hidden.

Theorem S.2 Let (Ω, µ) be a probability space, and Z1, Z2, . . . , Zn be an i.i.d. sample distributed
according to µ. Suppose that F = {fa}a∈A andH = {hb}b∈B are two function classes defined on
(Ω, µ), which are indexed by A ⊆ Rp and B ⊆ Rq respectively. Assume that

sup
f∈F
|||f |||ψ2

≤ RF < +∞ , sup
h∈H
|||h|||ψ2

≤ RH < +∞ ,

sup
a,a′∈A

|||fa − fa′ |||ψ2

‖a− a′‖2
≤ KF < +∞ , sup

b,b′∈B

|||hb − hb′ |||ψ2

‖b− b′‖2
≤ KH < +∞ ,
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and denote

ε = min

{
KF · w(A)

RF
,
KH · w(B)

RH

}
.

There exist absolute constants C0, C1 and C2 such that if n ≥ C0ε
2, the following inequality holds

with probability at least 1− 2 exp
(
−C1ε

2
)
,

sup
f∈F

sup
h∈H

∣∣∣∣∣ 1n
n∑
i=1

f(Zi)h(Zi)− E [fh]

∣∣∣∣∣ ≤ C2 ·
RHKF · w(A) +RFKH · w(B)√

n
(S.2)

The theorem above immediately leads to the following corollary.

Corollary S.1 Under the setting of Theorem S.2, if F = H and A = B, then there exist absolute

constants C0, C1 and C2 such that if n ≥ C0

(
KF ·w(A)

RF

)2
, the following inequality holds with

probability at least 1− 2 exp

(
−C1

(
KF ·w(A)

RF

)2)
,

sup
f∈F

∣∣∣∣∣ 1n
n∑
i=1

f2(Zi)− E
[
f2
]∣∣∣∣∣ ≤ C2 ·

RFKF · w(A)√
n

(S.3)

The following lemma is also useful in the proof, which essentially states that the concatenation of
independent sub-Gaussian random vectors is also sub-Gaussian.

Lemma S.1 If x1,x2, . . . ,xn are all m-dimensional independent centered sub-Gaussian random
vectors, then x = [xT1 , . . . ,x

T
n ]T ∈ Rmn is also a centered sub-Gaussian random vector with

|||x|||ψ2
≤ C max

1≤i≤n
|||xi|||ψ2

, (S.4)

where C is an absolute constant.

Proof: Define a = [aT1 ,a
T
2 , . . . ,a

T
n ]T ∈ Smn−1, where each ai is m-dimensional. We have

|||〈x,a〉|||ψ2
=

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n∑
i=1

〈xi,ai〉

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
ψ2

≤

√√√√C2

n∑
i=1

|||〈xi,ai〉|||2ψ2
≤

√√√√C2

n∑
i=1

‖ai‖22|||xi|||
2
ψ2

≤

√√√√C2

n∑
i=1

‖ai‖22 · max
1≤i≤n

|||xi|||ψ2
= C max

1≤i≤n
|||xi|||ψ2

,

where we use Lemma 5.9 in [5] for the first inequality. Based on the definition of sub-Gaussian
random vector, we complete the proof.

Our analysis is organized as follows. In Section 2, we first give the deterministic error bounds for
the distance function d1, d2 and the AltMin procedure, under certain conditions. Then we show in
Section 3 that those conditions will hold with high probability given our stochastic assumptions.
Finally the results in the main paper are directly implied by combining the analysis in Section 2 and
3. Throughout the analysis, C0, C1, c0, c1 and so on are reserved for absolute constants. Standard
order notations such as o(·), O(·) and Ω(·) are used to denote the corresponding growth rates.

2 Deterministic Analysis

In this section, we first bound the distance function d1 and d2 defined in Definition 1. We start with a
few definitions.
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Definition S.1 (uniformly restricted eigenvalue) For designs X1,X2, . . . ,Xn, the smallest uni-
formly restricted eigenvalue (URE) the for error spherical cap C ⊆ Sp−1 is defined as

α−n , inf
v∈Sm−1

inf
u∈C

uT

(
1

n

n∑
i=1

XT
i vvTXi

)
u (S.5)

Similarly the largest URE is given as

α+
n , sup

v∈Sm−1

sup
u∈C

uT

(
1

n

n∑
i=1

XT
i vvTXi

)
u (S.6)

In comparison with the standard restricted eigenvalue [1], the uniformity of the URE is reflected by
the infimum and the supremum operation over v ∈ Sm−1 in the above definitions.

Definition S.2 (type-I noise-design interaction strength) For designs X1,X2, . . . ,Xn and un-
transformed noises η̃1, η̃2, . . ., η̃n, the type-I noise-design interaction (NDI) strength is defined as

γn , sup
u∈C

∥∥∥∥∥ 2

n

n∑
i=1

Xiuη̃
T
i

∥∥∥∥∥
2

(S.7)

Definition S.3 (type-II noise-design interaction strength) For designs X1,X2, . . . ,Xn and nois-
es η1, η2, . . ., ηn, the type-II noise-design interaction (NDI) strength βn for a set of matrices K is
defined as

βn(K) , sup
Σ∈K

sup
u∈C

2

n

n∑
i=1

ηTi Σ−1Xiu

‖Σ1/2
∗ Σ−1‖F

, (S.8)

where the invertibility is assumed for every Σ ∈ K.

In the analysis, we specifically focus on βn(M(e0)), asM(e0) defined in (16) is the set of input Σ
under consideration. From its definition, it is not difficult to see that βn(M(e0)) is a monotonically
increasing function of e0, asM(e0) ⊆M(e′0) for any e0 ≤ e′0. In the probabilistic analysis, we will
bound βn(M(e0)) at specific values of e0. With the definitions presented above, we are ready to give
the deterministic guarantees for the Σ-step and the θ-step in (13) and (14) .

Lemma S.2 (deterministic error bound for Σ-estimation) Given data {(Xi,yi)}ni=1, let {δn} be
a sequence such that ∥∥∥∥∥ 1

n

n∑
i=1

η̃iη̃
T
i − I

∥∥∥∥∥
2

≤ δn . (S.9)

If δnα
−
n

γ2
n
≥ σ+

∗
4σ−∗

and δn ≤ 1
4 , then Σ̂(θ) given in (13) is invertible for any θ ∈ R and its error

satisfies

d1

(
Σ̂(θ), Σ∗

)
≤ 4δn + 2

√
α+
n

σ−∗
· d2 (θ,θ∗) . (S.10)

Proof: We will use the shorthand notation Σ̂ for Σ̂(θ).

ξ(Σ̂)

ξ(Σ∗)
=

√
Tr
(
Σ̂−1Σ∗Σ̂−1

)
ξ(Σ∗) Tr

(
Σ̂−1

) =

√√√√√Tr
(
Σ−1∗

)
· Tr

(
Σ̂−1Σ∗Σ̂−1

)
Tr2

(
Σ̂−1

)

=

√√√√√Tr
(
Σ̂

1
2 Σ−1∗ Σ̂

1
2 Σ̂−1

)
· Tr

(
Σ̂−

1
2 Σ∗Σ̂−

1
2 Σ̂−1

)
Tr2

(
Σ̂−1

)
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≤

√√√√√λmax

(
Σ̂

1
2 Σ−1∗ Σ̂

1
2

)
Tr
(
Σ̂−1

)
· λmax

(
Σ̂−

1
2 Σ∗Σ̂−

1
2

)
Tr
(
Σ̂−1

)
Tr2

(
Σ̂−1

)

=

√
λmax

(
Σ̂

1
2 Σ−1∗ Σ̂

1
2

)
λmax

(
Σ̂−

1
2 Σ∗Σ̂−

1
2

)
=

√√√√√λmax

(
Σ
− 1

2
∗ Σ̂Σ

− 1
2
∗

)
λmin

(
Σ
− 1

2
∗ Σ̂Σ

− 1
2
∗

) ,

where the inequality follows from Von Neumann’s trace inequality. Now we try to bound
λmax

(
Σ
− 1

2
∗ Σ̂Σ

− 1
2
∗

)
and λmin

(
Σ
− 1

2
∗ Σ̂Σ

− 1
2
∗

)
separately. Note that any θ given by the solution

of the θ-step in (14) satisfies that θ−θ∗
‖θ−θ∗‖2 ∈ C. By the expression for Σ̂ in (13), we have for

λmax

(
Σ
− 1

2
∗ Σ̂Σ

− 1
2
∗

)
,

λmax

(
Σ
− 1

2
∗ Σ̂Σ

− 1
2
∗

)
= 1 + λmax

(
Σ
− 1

2
∗ Σ̂Σ

− 1
2
∗ − I

)
= 1 +

∥∥∥Σ− 1
2
∗ Σ̂Σ

− 1
2
∗ − I

∥∥∥
2

≤ 1 +

∥∥∥∥∥ 1

n

n∑
i=1

η̃iη̃
T
i − I

∥∥∥∥∥
2

+

∥∥∥∥∥ 2

n

n∑
i=1

Σ
− 1

2
∗ Xi(θ − θ∗)η̃

T
i

∥∥∥∥∥
2

+ λmax

(
1

n

n∑
i=1

Σ
− 1

2
∗ Xi(θ − θ∗)(θ − θ∗)

TXT
i Σ
− 1

2
∗

)

= 1 + δn + ‖θ − θ∗‖2 ·

∥∥∥∥∥ 2

n

n∑
i=1

Σ
− 1

2
∗ Xi ·

θ − θ∗
‖θ − θ∗‖2

· η̃Ti

∥∥∥∥∥
2

+ ‖θ − θ∗‖22 · sup
v∈Sm−1

vT

(
1

n

n∑
i=1

Σ
− 1

2
∗ Xi ·

(θ − θ∗)(θ − θ∗)
T

‖θ − θ∗‖22
·XT

i Σ
− 1

2
∗

)
v

≤ 1 + δn + ‖θ − θ∗‖2 ·
∥∥∥Σ− 1

2
∗

∥∥∥
2
· sup
u∈C

∥∥∥∥∥ 2

n

n∑
i=1

Xiuη̃
T
i

∥∥∥∥∥
2

+ ‖θ − θ∗‖22 ·
∥∥Σ−1∗ ∥∥2 · sup

v∈Sm−1

sup
u∈C

uT

(
1

n

n∑
i=1

XT
i vvTXi

)
u

= 1 + δn +
γn√
σ−∗
‖θ − θ∗‖2 +

α+
n

σ−∗
‖θ − θ∗‖22

Similarly we bound λmin

(
Σ
− 1

2
∗ Σ̂Σ

− 1
2
∗

)
as follows,

λmin

(
Σ
− 1

2
∗ Σ̂Σ

− 1
2
∗

)
= 1 + λmin

(
Σ
− 1

2
∗ Σ̂Σ

− 1
2
∗ − I

)
≥ 1 + λmin

(
1

n

n∑
i=1

η̃iη̃
T
i − I

)

+ λmin

(
1

n

n∑
i=1

Σ
− 1

2
∗ Xi(θ − θ∗)η̃

T
i +

1

n

n∑
i=1

η̃i(θ − θ∗)
TXT

i Σ
− 1

2
∗

)

+ λmin

(
1

n

n∑
i=1

Σ
− 1

2
∗ Xi(θ − θ∗)(θ − θ∗)

TXT
i Σ
− 1

2
∗

)

≥ 1−

∥∥∥∥∥ 1

n

n∑
i=1

η̃iη̃
T
i − I

∥∥∥∥∥
2

−

∥∥∥∥∥ 2

n

n∑
i=1

Σ
− 1

2
∗ Xi(θ − θ∗)η̃

T
i

∥∥∥∥∥
2

+ λmin

(
1

n

n∑
i=1

Σ
− 1

2
∗ Xi(θ − θ∗)(θ − θ∗)

TXT
i Σ
− 1

2
∗

)
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≥ 1− δn − ‖θ − θ∗‖2 ·
∥∥∥Σ− 1

2
∗

∥∥∥
2
· sup
u∈C

∥∥∥∥∥ 2

n

n∑
i=1

Xiuη̃
T
i

∥∥∥∥∥
2

+ ‖θ − θ∗‖22 · λmin(Σ−1∗ ) inf
v∈Sm−1

inf
u∈C

u

(
1

n

n∑
i=1

XT
i vvTXi

)
u

= 1− δn −
γn√
σ−∗
‖θ − θ∗‖2 +

α−n
σ+
∗
‖θ − θ∗‖22

Combining the inequalities above, we obtain

ξ(Σ̂)

ξ(Σ∗)
≤

√√√√√√1 + δn + γn√
σ−∗
‖θ − θ∗‖2 + α+

n

σ−∗
‖θ − θ∗‖22

1− δn − γn√
σ−∗
‖θ − θ∗‖2 + α−n

σ+
∗
‖θ − θ∗‖22

≤

√√√√√1 + 2δn +
γ2
n

4σ−∗ δn
‖θ − θ∗‖22 + α+

n

σ−∗
‖θ − θ∗‖22

1− 2δn − γ2
n

4σ−∗ δn
‖θ − θ∗‖22 + α−n

σ+
∗
‖θ − θ∗‖22

(
follow from 2

√
ab ≤ a+ b for a, b ≥ 0

)

≤

√√√√1 + 2δn + 2α+
n

σ−∗
‖θ − θ∗‖22

1− 2δn

(
use the condition

δnα
−
n

γ2n
≥ σ+

∗
4σ−∗

)

≤
√

1 + 2δn
1− 2δn

+

√
2α+

n ‖θ − θ∗‖22
(1− 2δn)σ−∗

(
follow from

√
a+ b ≤

√
a+
√
b for a, b ≥ 0

)
≤ 1 +

2δn
1− 2δn

+

√
2α+

n ‖θ − θ∗‖22
(1− 2δn)σ−∗

(
follow from

√
1 + a ≤ 1 +

a

2
for a ≥ 0

)
≤ 1 + 4δn + 2

√
α+
n

σ−∗
· ‖θ − θ∗‖2

(
use the condition δn ≤

1

4

)
.

The invertibility of Σ̂ is guaranteed by λmin(Σ
− 1

2
∗ Σ̂Σ

− 1
2
∗ ) > 1

2 following from the derivation above.

Lemma S.3 (deterministic error bound for θ-estimation) Given data {(Xi,yi)}ni=1 and a set
K ⊆ Rm×m such that every Σ ∈ K is invertible, if the tuning parameter λ is set to f(θ∗), then the
following error bound holds for θ̂(Σ) given in (14) with any input Σ ∈ K,

d2

(
θ̂(Σ), θ∗

)
≤ ξ(Σ) · βn(K)

α−n
= (1 + d1 (Σ,Σ∗)) · ξ(Σ∗) ·

βn(K)

α−n
, (S.11)

where ξ(Σ) is defined in Definition 1. In particular, the error for θ̂(Σ) with any input Σ ∈M(e0)
satisfies

d2

(
θ̂(Σ), θ∗

)
≤ ξ(Σ) · βn(M(e0))

α−n
. (S.12)

Remark: Apart from K =M(e0), other specific instantiations of this lemma also yield interesting
error bounds. For example, setting K = {I} gives us the error for the ordinary least squares θ̂odn in
(25), ∥∥∥θ̂odn − θ∗

∥∥∥
2
≤ ξ(I) · βn({I})

α−n
=

1√
m
· βn({I})

α−n
, eodn . (S.13)

If we choose K = {Σ∗}, the error bound corresponds to the oracle estimator θ̂orc,∥∥∥θ̂orc − θ∗

∥∥∥
2
≤ ξ(Σ∗) ·

βn({Σ∗})
α−n

=
1√

Tr(Σ−1∗ )
· βn({Σ∗})

α−n
, eorc . (S.14)
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Proof: We use the shorthand notation θ̂ for θ̂(Σ). Since the tuning parameter λ is set to ‖θ∗‖, the
optimality of θ̂ implies that

1

2n

n∑
i=1

∥∥∥Σ− 1
2 (yi −Xiθ̂)

∥∥∥2
2
≤ 1

2n

n∑
i=1

∥∥∥Σ− 1
2 (yi −Xiθ∗)

∥∥∥2
2

=⇒ 1

2n

n∑
i=1

∥∥∥Σ− 1
2 (yi −Xiθ∗) + Σ−

1
2 Xi(θ∗ − θ̂)

∥∥∥2
2
≤ 1

2n

n∑
i=1

∥∥∥Σ− 1
2 (yi −Xiθ∗)

∥∥∥2
2

=⇒ 1

2n

n∑
i=1

∥∥∥Σ− 1
2 Xi(θ̂ − θ∗)

∥∥∥2
2

+
1

n

n∑
i=1

(yi −Xiθ∗)
TΣ−1Xi(θ∗ − θ̂) ≤ 0

=⇒ 1

n

n∑
i=1

∥∥∥Σ− 1
2 Xi(θ̂ − θ∗)

∥∥∥2
2
≤ 2

n

n∑
i=1

ηTi Σ−1Xi(θ̂ − θ∗)

=⇒
∥∥∥θ̂ − θ∗

∥∥∥
2
≤

2
n

∑n
i=1 η

T
i Σ−1Xi · θ̂−θ∗

‖θ̂−θ∗‖2

1
n

∑n
i=1

∥∥∥Σ− 1
2 Xi · θ̂−θ∗

‖θ̂−θ∗‖2

∥∥∥2
2

Now we try to bound the numerator and the denominator on the right-hand side. Note that f(θ̂) ≤
λ = f(θ∗), we thus have θ̂−θ∗

‖θ̂−θ∗‖2
∈ C according to the definition of the error spherical cap.

Assuming the eigenvalue decomposition Σ =
∑m
j=1 σjvjv

T
j , we further get

1

n

n∑
i=1

∥∥∥∥∥Σ− 1
2 Xi ·

θ̂ − θ∗

‖θ̂ − θ∗‖2

∥∥∥∥∥
2

2

≥ inf
u∈C

1

n

n∑
i=1

∥∥∥Σ− 1
2 Xiu

∥∥∥2
2

= inf
u∈C

1

n

n∑
i=1

uTXT
i

 m∑
j=1

σ−1j vjv
T
j

Xiu

= inf
u∈C

m∑
j=1

σ−1j · u
T

(
1

n

n∑
i=1

XT
i vjv

T
j Xi

)
u

≥

 m∑
j=1

σ−1j

 · inf
v∈Sm−1

inf
u∈C

uT

(
1

n

n∑
i=1

XT
i vvTXi

)
u

= α−n · Tr(Σ−1)

2

n

n∑
i=1

ηTi Σ−1Xi ·
θ̂ − θ∗

‖θ̂ − θ∗‖2
≤ sup

u∈C

2

n

n∑
i=1

ηTi Σ−1Xiu

=
∥∥∥Σ1/2
∗ Σ−1

∥∥∥
F
· sup
u∈C

2

n

n∑
i=1

ηTi Σ−1Xiu

‖Σ1/2
∗ Σ−1‖F

≤
∥∥∥Σ1/2
∗ Σ−1

∥∥∥
F
· sup
Σ∈M

sup
u∈C

2

n

n∑
i=1

ηTi Σ−1Xiu

‖Σ1/2
∗ Σ−1‖F

= βn ·
√

Tr(Σ−1Σ∗Σ−1)

Combining the results above, we can get (S.12).

Equipped with the deterministic bounds for both θ- and Σ-step, we have the following theorem for
the whole AltMin procedure.

Theorem S.3 (deterministic error bound for AltMin) Define εn, ρn and emin as

εn = ξ(Σ∗) ·
βn(M(e0))

α−n
, ρn = 2εn

√
α+
n

σ−∗
, emin = εn ·

1 + 4δn
1− ρn

6



in which δn is defined in Lemma S.2. Assume that emin < e0 and the initialization satisfies both
f(θ̂(0)) ≤ f(θ∗) and ‖θ̂(0) − θ∗‖2 ≤ e0. Under the conditions of Lemma S.2 and S.3, if ρn < 1,
then θ̂(T ) returned by Algorithm 1 satisfies∥∥∥θ̂(T ) − θ∗

∥∥∥
2
≤ emin + ρTn · (e0 − emin) , (S.15)

Remark: Note that emin is given in a multiplicative form in terms of εn, which is similar to the
bound for the error eorc incurred by the oracle estimator. The theorem also reveals the role of e0,
which is calibrating the quality of initialization. The better the initialization is, the smaller the error
emin is.

Proof: Since the initialization θ̂(0) satisfies f(θ̂(0)) ≤ f(θ∗) and ‖θ̂(0) − θ∗‖2 ≤ e0, we have
Σ̂(1) ∈M(e0) by Lemma S.2 and S.3, we have for the first iteration of Algorithm 1,

d1

(
Σ̂(1), Σ∗

)
≤ 4δn + 2

√
α+
n

σ−∗
· d2

(
θ̂(0), θ∗

)
d2

(
θ̂(1), θ∗

)
≤ ξ(Σ̂(1)) ·

βn(M(e0))

α−n
= εn ·

(
1 + d1

(
Σ̂(1), Σ∗

))
Combining the two inequalities, we obtain the recurrence relation for the error of θ̂(1) and θ̂(0),

d2

(
θ̂(1), θ∗

)
≤ εn ·

1 + 4δn + 2

√
α+
n

σ−∗
· d2

(
θ̂(0), θ∗

)
As ρn < 1 and emin ≤ e0, we have d2(θ̂(1),θ∗) ≤ e0, thus Σ̂(2) ∈ M(e0). By induction, we can
recursively apply the result to t = 2, 3, . . . , T ,

d2

(
θ̂(T ), θ∗

)
≤ qT , where qt = εn (1 + 4δn) + 2εn

√
α+
n

σ−∗
· qt−1 and q0 ≤ e0

Solving the recurrence of rt, we get

qT =
εn (1 + 4δn)

1− 2εn

√
α+

n

σ−∗

+

2εn

√
α+
n

σ−∗

T

·

q0 − εn (1 + 4δn)

1− 2εn

√
α+

n

σ−∗


= emin + ρTn · (q0 − emin)

≤ emin + ρTn · (e0 − emin) ,

which completes the proof.

3 Probabilistic Analysis

In order for the deterministic results to hold nontrivially, we need the conditions stated in Theorem
S.3 to be satisfied, and the error emin to decay with growing sample size. The proposition below
translates those requirements into the desired individual growth rates of α−n , α+

n , βn, γn and δn,
which need to hold (with high probability) when the randomness of X and η̃ is considered.

Proposition S.1 For any fixed e0 and an initialization with f(θ̂(0)) ≤ f(θ∗) and ‖θ̂(0)−θ∗‖2 ≤ e0,
the error bound (S.15) holds with large enough n, and we have limn→+∞ emin = 0, if α−n , α+

n , δn,
γn and βn(M(e0)) satisfy the following conditions,

(i) The smallest and the largest URE: α−n = Θ(1) and α+
n = Θ(1)

(ii) The rate of convergence for
∥∥ 1
n

∑n
i=1 η̃iη̃

T
i − I

∥∥
2
: δn = o(1)

7



(iii) The type-I noise-design interaction strength: γn = o(δ
1/2
n )

(iv) The type-II noise-design interaction strength: βn(M(e0)) = o(1)

Proof: Since α−n = Θ(1) and βn(M(e0)) = o(1), we have limn→+∞ εn = limn→+∞ ξ(Σ∗) ·
βn(M(e0))

α−n
= 0. As (ii) holds, it follows from that δn ≤ 1

4 when n is large. Due to (iii), the

condition δnα
−
n

γ2
n
≥ σ+

∗
4σ−∗

is true for sufficiently large n. Given that εn = o(1) and α+
n = Θ(1), we

have ρn = o(1). With ρn = o(1) and δn = o(1), it is easy to see that emin ≤ e0 for large enough n
and limn→+∞

emin

εn
= 1, thereby limn→+∞ emin = 0.

For the rest of the section, our goal is to show the high-probability non-asymptotic bounds for α−n ,
α+
n , δn, γn and βn. As a reminder, the stochastic assumptions given in the main paper are listed

below.

(A1) The designs X1, . . . ,Xn are i.i.d. copies of a sub-Gaussian X with parameter κ, µ− and µ+.

(A2) The isotropic noises η̃1, . . . , η̃n are i.i.d. copies of a sub-Gaussian η̃ with parameter τ .

3.1 Bounding α−n and α+
n

The lemma below justifies the claim of the condition (i).

Lemma S.4 Under the assumption (A1), if the sample size n ≥ C0 max

{
κ4
(
µ+

µ−

)2
, 1

}
·

max
{
w2(C),m

}
, with probability at least 1 − 2 exp

(
−C1 max

{
w2(C),m

})
, the smallest and

the largest URE satisfy
1

2
µ− ≤ α−n ≤ α+

n ≤
3

2
µ+ , (S.16)

where w(C) is the Gaussian width of the error spherical cap.

Proof: First we have

α−n = inf
v∈Sm−1

inf
u∈C

uT

(
1

n

n∑
i=1

XT
i vvTXi

)
u

≥ inf
v∈Sm−1

inf
u∈C

uT
(
E
[
XTvvTX

])
u + inf

v∈Sm−1
inf
u∈C

uT

(
1

n

n∑
i=1

XT
i vvTXi − E

[
XTvvTX

])
u

≥ inf
v∈Sm−1

inf
u∈C

uT
(
E
[
XTvvTX

])
u− sup

v∈Sm−1

sup
u∈C

∣∣∣∣∣ 1n
n∑
i=1

(uTXT
i v)2 − E(uTXTv)2

∣∣∣∣∣
≥ µ− − sup

v∈Sm−1

sup
u∈C

∣∣∣∣∣ 1n
n∑
i=1

(uTXT
i v)2 − E(uTXTv)2

∣∣∣∣∣
α+
n = sup

v∈Sm−1

sup
u∈C

uT

(
1

n

n∑
i=1

XT
i vvTXi

)
u

≤ sup
v∈Sm−1

sup
u∈C

uT
(
E
[
XTvvTX

])
u + sup

v∈Sm−1

sup
u∈C

uT

(
1

n

n∑
i=1

XT
i vvTXi − E

[
XTvvTX

])
u

≤ sup
v∈Sm−1

sup
u∈C

uT
(
E
[
XTvvTX

])
u + sup

v∈Sm−1

sup
u∈C

∣∣∣∣∣ 1n
n∑
i=1

(uTXT
i v)2 − E(uTXTv)2

∣∣∣∣∣
≤ µ+ + sup

v∈Sm−1

sup
u∈C

∣∣∣∣∣ 1n
n∑
i=1

(uTXT
i v)2 − E(uTXTv)2

∣∣∣∣∣
8



Now the goal is to bound supv∈Sm−1 supu∈C
∣∣ 1
n

∑n
i=1(uTXT

i v)2 − E(uTXTv)2
∣∣. In order to

apply Corollary S.1, we let A = Sm−1 × C ⊂ Rm+p, a = (v,u), and the function class F ={
fa = uTXTv

}
a∈A. We then verify the conditions required by Corollary S.1 for F and A.

sup
f∈F
|||f |||ψ2

= sup
v∈Sm−1

sup
u∈C

∣∣∣∣∣∣uTXTv
∣∣∣∣∣∣
ψ2

= sup
v∈Sm−1

sup
u∈C

∣∣∣∣∣∣∣∣∣uTΓ1/2
v Γ−1/2v XTv

∣∣∣∣∣∣∣∣∣
ψ2

≤ κ · sup
v∈Sm−1

sup
u∈C

∥∥∥Γ1/2
v u

∥∥∥
2

≤ κ · sup
v∈Sm−1

∥∥∥Γ1/2
v

∥∥∥
2
≤ κ

√
µ+ =⇒ RF = κ

√
µ+

∀ a,a′ ∈ A, |||fa − fa′ |||ψ2
=
∣∣∣∣∣∣uTXTv − u′TXTv′

∣∣∣∣∣∣
ψ2

=
∣∣∣∣∣∣(u− u′)TXTv + u′TXT (v − v′)

∣∣∣∣∣∣
ψ2

≤ ‖u− u′‖2

∣∣∣∣∣∣∣∣∣∣∣∣ (u− u′)T

‖u− u′‖2
XTv

∣∣∣∣∣∣∣∣∣∣∣∣
ψ2

+ ‖v − v′‖2

∣∣∣∣∣∣∣∣∣∣∣∣u′TXT (v − v′)

‖v − v′‖2

∣∣∣∣∣∣∣∣∣∣∣∣
ψ2

≤ κ
√
µ+ (‖u− u′‖2 + ‖v − v′‖2)

≤
√

2κ
√
µ+ ·

√
‖u− u′‖22 + ‖v − v′‖22

=
√

2κ
√
µ+ ‖a− a′‖2 =⇒ KF =

√
2κ
√
µ+

It follows from Corollary S.1 that if n ≥ c0w2(A), the following result holds with probability at least
1− 2 exp

(
−c1w2(A)

)
,

sup
v∈Sm−1

sup
u∈C

∣∣∣∣∣ 1n
n∑
i=1

(uTXT
i v)2 − E(uTXTv)2

∣∣∣∣∣ ≤ c2 ·
κ2µ+ · w(A)√

n
(S.17)

If n further satisfies n ≥ 4c22κ
4
(
µ+

µ−

)2
w2(A), then

sup
v∈Sm−1

sup
u∈C

∣∣∣∣∣ 1n
n∑
i=1

(uTXT
i v)2 − E(uTXTv)2

∣∣∣∣∣ ≤ 1

2
µ−

=⇒ α−n ≥ µ− −
1

2
µ− =

1

2
µ−, α+

n ≤ µ+ +
1

2
µ− ≤ 3

2
µ+

Finally we note that

w(A) = E
[

sup
a∈A
〈a,gm+p〉

]
= E

[
sup

u∈Sm−1

〈u,gm〉+ sup
v∈C
〈v,gp〉

]
= E [‖gm‖2] + w(C) = Θ

(√
m
)

+ w(C)
By renaming the constants, we finish the proof.

3.2 Bounding δn

The condition (ii) is simply implied by the following bound for the convergence of sample covariance
matrix, which is a direct result of Lemma 5.36 and Theorem 5.39 in [5].

Proposition S.2 Under the assumption (A2), there exist absolute constants C0, C1 and C2 such that
if n ≥ C0τ

4m, the following inequality holds with probability at least 1− 2 exp (−C1m),∥∥∥∥∥ 1

n

n∑
i=1

η̃iη̃
T
i − I

∥∥∥∥∥
2

≤ C2τ
2

√
m

n
, δn (S.18)
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3.3 Bounding γn

Next we show that the rate of γn also has a 1√
n

-dependence as δn, thus implying that γn = o(δ
1/2
n )

in the condition (iii).

Lemma S.5 Under the assumptions (A1) and (A2), if n ≥ C0m, the following inequality holds with
probability at least 1− 2 exp (−C1m) for the type-I NDI strength γn,

γn ≤ C2 ·
κτ
√
µ+(
√
m+ w(C))√
n

. (S.19)

Proof: First we have

γn = sup
u∈C

∥∥∥∥∥ 2

n

n∑
i=1

Xiuη̃
T
i

∥∥∥∥∥
2

= 2 sup
u∈C

sup
v∈Sm−1

sup
b∈Sm−1

1

n

n∑
i=1

(
vTXiu

) (
η̃Ti b

)
= 2 sup

u∈C
sup

v∈Sm−1

sup
b∈Sm−1

∣∣∣∣∣ 1n
n∑
i=1

(
vTXiu

) (
η̃Ti b

)
− E

[
vTXuη̃Tb

]∣∣∣∣∣
Next we use Theorem S.2 to bound the stochastic process above. Let A = Sm−1 × C ⊂ Rm+p,
a = (v,u) and B = Sm−1. Construct F = {fa = vTXu}a∈A and H = {hb = η̃Tb}b∈B. We
start by verifying the assumptions. Note that

sup
f∈F
|||f |||ψ2

= sup
u∈C

sup
v∈Sm−1

∣∣∣∣∣∣uTXTv
∣∣∣∣∣∣
ψ2

≤ sup
u∈C

sup
v∈Sm−1

∣∣∣∣∣∣uTXTv
∣∣∣∣∣∣
ψ2

= sup
u∈C

sup
v∈Sm−1

∣∣∣∣∣∣∣∣∣uTΓ1/2
v Γ−1/2v XTv

∣∣∣∣∣∣∣∣∣
ψ2

≤ sup
u∈C

sup
v∈Sm−1

κ
∥∥∥Γ1/2

v u
∥∥∥
2

≤ κ
√
µ+ =⇒ RF = κ

√
µ+

sup
h∈H
|||h|||ψ2

= sup
b∈Sm−1

∣∣∣∣∣∣η̃Tb
∣∣∣∣∣∣
ψ2
≤ τ =⇒ RH = τ

Similar to the proof for Lemma S.4, we have

∀ a,a′ ∈ A, |||fa − fa′ |||ψ2
=
∣∣∣∣∣∣∣∣∣vTXTΣ

−1/2
∗ u− v′TXTΣ

−1/2
∗ u′

∣∣∣∣∣∣∣∣∣
ψ2

≤
∣∣∣∣∣∣(v − v′)TXTu + v′TXT (u− u′)

∣∣∣∣∣∣
ψ2

≤ ‖v − v′‖2

∣∣∣∣∣∣∣∣∣∣∣∣ (v − v′)T

‖v − v′‖2
XTu

∣∣∣∣∣∣∣∣∣∣∣∣
ψ2

+ ‖u− u′‖2

∣∣∣∣∣∣∣∣∣∣∣∣v′TXT (u− u′)

‖u− u′‖2

∣∣∣∣∣∣∣∣∣∣∣∣
ψ2

≤ κ
√
µ+ (‖v − v′‖2 + ‖u− u′‖2)

≤
√

2κ
√
µ+ ·

√
‖v − v′‖22 + ‖u− u′‖22

=
√

2κ
√
µ+ ‖a− a′‖2 =⇒ KF =

√
2κ
√
µ+

∀ b,b′ ∈ B, |||hb − hb′ |||ψ2
=
∣∣∣∣∣∣η̃T (b− b′)

∣∣∣∣∣∣
ψ2
≤ τ ‖b− b′‖2 =⇒ KH = τ

By invoking Theorem S.2 and noting that w(Sm−1) = Θ(
√
m), w(A) = w(Sm−1) +w(C) ≥ w(B),

if n ≥ c0m, we get

γn ≤ 2 sup
u∈C

sup
v∈Sm−1

sup
b∈Sm−1

∣∣∣∣∣ 1n
n∑
i=1

(
vTXiu

) (
η̃Ti b

)
− E

[
vTXuη̃Tb

]∣∣∣∣∣
≤ c2 · κτ

√
µ+ ·

√
m+ w(C)√

n

with probability at least 1− 2 exp (−c1m). The proof is completed by renaming the constants.
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3.4 Bounding βn(M(e0))

Lastly we verify the condition (iv). Given the statement of Theorem S.3, we first bound βn(M(e0))
for e0 = +∞, which allows arbitrary initializations of AltMin.

Lemma S.6 Suppose that the conditions of Lemma S.2 are satisfied with probability 1 − ε when
n ≥ n0. Under the assumptions (A1) and (A2), if sample size n ≥ max

{
n0, C0τ

4m
}

, the type-II
NDI strength forM(e0) with e0 = +∞ satisfies,

βn(M(e0)) ≤ C3 ·
κ
√
µ+ (m+ w(C))√

n
, (S.20)

with probability at least 1− ε− C2 exp (−C1m).

Proof: When the conditions of Lemma S.2 is satisfied, the invertibility holds for all Σ ∈M. using
the relation η = Σ

1/2
∗ η̃, we have

βn = sup
Σ∈M

sup
u∈C

2

n

n∑
i=1

ηTi Σ−1Xiu

‖Σ1/2
∗ Σ−1‖F

= sup
Σ∈M

sup
u∈C

2

n

n∑
i=1

η̃Ti Σ
1/2
∗ Σ−1Xiu

‖Σ1/2
∗ Σ−1‖F

≤ sup
Λ∈Sm×m−1

sup
u∈C

2

n

n∑
i=1

η̃Ti ΛXiu︸ ︷︷ ︸
νn

Therefore we just need to bound νn. Since the design and noise are independent, we will consider
their randomness in a sequential fashion. The proof proceeds in two steps. First we show that the
noises η̃1, η̃2, . . . , η̃n will behave “well” with high probability. By the word “well”, we mean that
the following event is true,

E =

{
{η̃i}

∣∣∣∣ sup
Λ∈Sm×m−1

1

n

n∑
i=1

∥∥ΛT η̃i
∥∥2
2
≤ 2

}
. (S.21)

Denoting the columns of Λ by λ1,λ2, . . . ,λm, we have

sup
Λ∈Sm×m−1

1

n

n∑
i=1

∥∥ΛT η̃i
∥∥2
2

= sup
Λ∈Sm×m−1

1

n

n∑
i=1

Tr
(
ΛT η̃iη̃

T
i Λ
)

= sup
Λ∈Sm×m−1

m∑
j=1

λTj

(
1

n

n∑
i=1

η̃iη̃
T
i

)
λj

= sup
Λ∈Sm×m−1

m∑
j=1

‖λj‖22 ·

∥∥∥∥∥ 1

n

n∑
i=1

η̃iη̃
T
i

∥∥∥∥∥
2

=

∥∥∥∥∥ 1

n

n∑
i=1

η̃iη̃
T
i

∥∥∥∥∥
2

By Proposition S.2, if n ≥ c0τ4m, we have∥∥∥∥∥ 1

n

n∑
i=1

η̃iη̃
T
i

∥∥∥∥∥
2

≤ 1 +

∥∥∥∥∥ 1

n

n∑
i=1

η̃iη̃
T
i − I

∥∥∥∥∥
2

≤ 2

with probability at least 1− 2 exp (−c1m).

Next we consider the randomness of Xi given that η̃i’s are fixed and E is true. Construct the
stochastic process

{
Zt = 1√

n

∑n
i=1 η̃

T
i ΛXiu

}
t∈T

, where T = Sm×m−1 × C ⊂ Rm×m+p and

t = (vec(Λ),u). Note that

∀ t, t′ ∈ T , ‖t− t′‖2 =

√
‖Λ−Λ′‖2F + ‖u− u′‖22 ≤ 2

√
2 =⇒ diam (T ) ≤ 2

√
2
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In order to apply Theorem S.1 to {Zt}, we first verify the required condition.

∀ t, t′ ∈ T , |||Zt − Zt′ |||ψ2
=

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ 1√
n

n∑
i=1

η̃Ti ΛXiu−
1√
n

n∑
i=1

η̃Ti Λ′Xiu
′

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
ψ2

≤

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ 1√
n

n∑
i=1

η̃Ti (Λ−Λ′)Xiu

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
ψ2

+

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ 1√
n

n∑
i=1

η̃Ti Λ′Xi(u− u′)

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
ψ2

(a)

≤ c2

√√√√ 1

n

n∑
i=1

‖(Λ−Λ′)T η̃i‖22 · sup
v∈Sm−1

∣∣∣∣∣∣vTXu
∣∣∣∣∣∣
ψ2

+ c2

√√√√ 1

n

n∑
i=1

‖Λ′T η̃i‖22 · ‖u− u′‖2 · sup
v∈Sm−1

∣∣∣∣∣∣∣∣∣∣∣∣vTX
u− u′

‖u− u′‖2

∣∣∣∣∣∣∣∣∣∣∣∣
ψ2

≤
√

2c2κ
√
µ+ (‖Λ−Λ′‖F + ‖u− u′‖2)

≤ 2c2κ
√
µ+

∥∥∥∥[vec(Λ)
u

]
−
[

vec(Λ′)
u′

]∥∥∥∥
2

=⇒ K = 2c2κ
√
µ+ ,

where step (a) follows from Lemma S.1. By Theorem S.1, we have for fixed {η̃i} under event E ,

νn =
2√
n
· sup
t∈T

Zt =
1√
n
· sup
t,t′∈T

|Zt − Zt′ | ≤ c3 ·
κ
√
µ+ · w(T )√

n

with probability at least 1− c4 exp
(
− w2(T )

diam 2(T )

)
≥ 1− c4 exp

(
−w

2(T )
8

)
. Now we combine the

randomness of Xi and η̃i, and get

PX,η̃

(
νn ≤ c3 ·

κ
√
µ+ · w(T )√

n

)

=

∫
PX

(
νn ≤ c3 ·

κ
√
µ+ · w(T )√

n

∣∣∣∣ {η̃i}
)
p (η̃1, . . . , η̃n) dη̃1 . . . dη̃n

≥
∫
E
PX

(
νn ≤ c3 ·

κ
√
µ+ · w(T )√

n

∣∣∣∣ {η̃i}
)
p (η̃1, . . . , η̃n) dη̃1 . . . dη̃n

≥
(

1− c4 exp

(
−w

2(T )

8

))
· P (E)

≥
(

1− c4 exp

(
−w

2(T )

8

))
(1− 2 exp (−c1m))

≥ 1− 2 exp (−c1m)− c4 exp

(
−w

2(T )

8

)
≥ 1− c5 exp(−c6m) ,

where the last step follows from w(T ) = w(Sm×m−1×C) = w(Sm×m−1)+w(C) = Θ(m)+w(C).
Since the invertibility for M is implied by the conditions of Lemma S.2, we have that if n ≥
max{n0, C0τ

4m},

βn ≤ c7 ·
κ
√
µ+(m+ w(C))√

n

with probability at least 1 − ε − c5 exp(−c6m). Finally we complete the proof by renaming the
constants.

The proof of Lemma S.6 suggests that βn for any singleton K satisfies

βn(K) ≤ C ′3 ·
κ
√
µ+ · w(C)√

n
, (S.22)
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with probability 1 − C ′2 exp (−C ′1m) if n ≥ C ′0τ
4m. Combined with Lemma S.3 and S.4, this

immediately implies the error of both ordinary and oracle constrained least squares

eodn =
C ′κ

√
µ+

µ−
√
m
· w(C)√

n
(S.23)

eorc =
C ′κ

√
µ+

µ−
√

Tr(Σ−1∗ )
· w(C)√

n
(S.24)

For the well-initialized AltMin, most of the analysis stays the same, with the exception being
βn(M(e0)). With a small value of e0, the index setM(e0) in the definition of βn(M(e0)) will
shrink, so that we are able to sharpen the upper bound of βn(M(e0)). The following lemma bounds

the βn(M(e0)) at e0 =
√

σ−∗
µ+ .

Lemma S.7 Suppose that the conditions of Lemma S.2 are satisfied with probability 1 − ε when
n ≥ n0. Under the assumptions (A1) and (A2), if n ≥ max

{
n0, C0 · max{τ4, κ4, 1} ·

max{w2(C), m3

w2(C) ,m
2}
}

, the type-II NDI strength forM(e0) with e0 =
√

σ−∗
µ+ satisfies

βn (M(e0)) ≤ C3 ·
κ
√
µ+ · w(S)√

n
(S.25)

with probability at least 1− ε− C2 exp
(
−C1 ·min

{
w2(S),m

})
.

Proof: Throughout the proof, e0 is set as
√

σ−∗
µ+ , and we will use the shorthand notation βn andM

for βn(M(e0)) andM(e0). First we introduce the following notations

S ′ = e0 · S = {e0u | u ∈ S}
Γw = E

[
XwwTXT

]
Σθ = Σ∗ + Γθ−θ∗

Γ̂w = − 1

n

n∑
i=1

XiwηTi −
1

n

n∑
i=1

ηiw
TXi +

1

n

n∑
i=1

XiwwTXT
i

Σ̂θ =
1

n

n∑
i=1

ηiη
T
i + Γ̂θ−θ∗ =

1

n

n∑
i=1

(yi −Xiθ) (yi −Xiθ)
T

Note that µ− ≤ λmin(Γw) ≤ λmax(Γw) ≤ µ+ for any w ∈ Sp−1, Γw = E[Γ̂w], Σθ = E[Σ̂θ] and
M⊆ {Σ̂θ | θ ∈ S ′ + θ∗}. Then we decompose βn as

βn = sup
Σ∈M

sup
u∈C

2

n

n∑
i=1

ηTi Σ−1Xiu

‖Σ1/2
∗ Σ−1‖F

= sup
Σ∈M

sup
u∈C

2

n

n∑
i=1

η̃Ti Σ
1/2
∗ Σ−1Xiu

‖Σ1/2
∗ Σ−1‖F

≤ sup
θ∈S′+θ∗

sup
u∈C

2

n

n∑
i=1

η̃Ti

(
Σ

1/2
∗ Σ̂−1θ

‖Σ1/2
∗ Σ̂−1θ ‖F

−
Σ

1/2
∗ Σ−1θ

‖Σ1/2
∗ Σ−1θ ‖F

)
Xiu

+ sup
θ∈S′+θ∗

sup
u∈C

2

n

n∑
i=1

η̃Ti Σ
1/2
∗ Σ−1θ Xiu

‖Σ1/2
∗ Σ−1θ ‖F

≤ sup
Λ∈Sm×m−1

sup
u∈C

2

n

n∑
i=1

η̃Ti ΛXiu︸ ︷︷ ︸
νn

· sup
θ∈S′+θ∗

∥∥∥∥∥ Σ
1/2
∗ Σ̂−1θ

‖Σ1/2
∗ Σ̂−1θ ‖F

−
Σ

1/2
∗ Σ−1θ

‖Σ1/2
∗ Σ−1θ ‖F

∥∥∥∥∥
F︸ ︷︷ ︸

ζn

+ sup
θ∈S′+θ∗

sup
u∈C

2

n

n∑
i=1

η̃Ti Σ
1/2
∗ Σ−1θ Xiu

‖Σ1/2
∗ Σ−1θ ‖F︸ ︷︷ ︸

φn

13



where νn is analyzed in the proof of Lemma S.6. Therefore we focus on bounding ζn and φn. We
first try to bound ζn,

ζn = sup
θ∈S′+θ∗

∥∥∥∥∥ Σ
1/2
∗ Σ̂−1θ

‖Σ1/2
∗ Σ̂−1θ ‖F

−
Σ

1/2
∗ Σ−1θ

‖Σ1/2
∗ Σ−1θ ‖F

∥∥∥∥∥
F

≤ sup
θ∈S′+θ∗

∥∥∥∥∥ Σ
1/2
∗ Σ̂−1θ

‖Σ1/2
∗ Σ̂−1θ ‖F

−
Σ

1/2
∗ Σ̂−1θ

‖Σ1/2
∗ Σ−1θ ‖F

∥∥∥∥∥
F

+ sup
θ∈S′+θ∗

∥∥∥∥∥ Σ
1/2
∗ Σ̂−1θ

‖Σ1/2
∗ Σ−1θ ‖F

−
Σ

1/2
∗ Σ−1θ

‖Σ1/2
∗ Σ−1θ ‖F

∥∥∥∥∥
F

≤ sup
θ∈S′+θ∗

∣∣∣∣∣‖Σ1/2
∗ Σ̂−1θ ‖F − ‖Σ

1/2
∗ Σ−1θ ‖F

‖Σ1/2
∗ Σ−1θ ‖F

∣∣∣∣∣+ sup
θ∈S′+θ∗

∥∥∥Σ1/2
∗ Σ̂−1θ −Σ

1/2
∗ Σ−1θ

∥∥∥
F

‖Σ1/2
∗ Σ−1θ ‖F

≤ 2 sup
θ∈S′+θ∗

∥∥∥Σ1/2
∗ Σ̂−1θ −Σ

1/2
∗ Σ−1θ

∥∥∥
F

‖Σ1/2
∗ Σ−1θ ‖F

≤ 2 sup
θ∈S′+θ∗

∥∥∥Σ1/2
∗ (Σ̂−1θ −Σ−1θ )Σ

1/2
∗

∥∥∥
2
·
∥∥∥Σ−1/2∗

∥∥∥
F

λmin

(
Σ

1/2
∗ Σ−1θ Σ

1/2
∗

)
·
∥∥∥Σ−1/2∗

∥∥∥
F

≤ 2 sup
θ∈S′+θ∗

∥∥∥Σ−1/2∗ (Σ̂θ −Σθ)Σ
−1/2
∗

∥∥∥
2
·
∥∥∥Σ1/2
∗ Σ̂−1θ Σ

1/2
∗

∥∥∥
2
·
∥∥∥Σ1/2
∗ Σ−1θ Σ

1/2
∗

∥∥∥
2

λmin

(
Σ

1/2
∗ Σ−1θ Σ

1/2
∗

)
= 2 sup

θ∈S′+θ∗

∥∥∥Σ−1/2∗ (Σ̂θ −Σθ)Σ
−1/2
∗

∥∥∥
2
· λmax

(
Σ
−1/2
∗ ΣθΣ

−1/2
∗

)
λmin

(
Σ
−1/2
∗ Σ̂θΣ

−1/2
∗

)
· λmin

(
Σ
−1/2
∗ ΣθΣ

−1/2
∗

)
≤

2 supθ∈S′+θ∗

∥∥∥Σ−1/2∗ (Σ̂θ −Σθ)Σ
−1/2
∗

∥∥∥
2
· supw∈S′ λmax

(
Σ
−1/2
∗ (Σ∗ + Γw)Σ

−1/2
∗

)
infθ∈S′+θ∗ λmin

(
Σ
−1/2
∗ Σ̂θΣ

−1/2
∗

)
· infw∈S′ λmin

(
Σ
−1/2
∗ (Σ∗ + Γw)Σ

−1/2
∗

)
≤

2 supθ∈S′+θ∗

∥∥∥Σ−1/2∗ (Σ̂θ −Σθ)Σ
−1/2
∗

∥∥∥
2
·
(

1 + µ+

σ−∗
· supw∈S′ ‖w‖22

)
(1− 2δn) ·

(
1 + µ−

σ+
∗
· infw∈S′ ‖w‖22

)
≤ 8 sup

θ∈S′+θ∗

∥∥∥Σ−1/2∗ (Σ̂θ −Σθ)Σ
−1/2
∗

∥∥∥
2

where the last two steps use the conditions in Lemma S.2 and borrow some derivations from its proof.
The last term can be further bounded as follows,

sup
θ∈S′+θ∗

∥∥∥∥Σ− 1
2
∗ (Σ̂θ −Σθ)Σ

− 1
2
∗

∥∥∥∥
2

= sup
w∈S′

∥∥∥∥∥Σ− 1
2
∗

(
1

n

n∑
i=1

ηiη
T
i + Γ̂w −Σ∗ − Γw

)
Σ
− 1

2
∗

∥∥∥∥∥
2

≤

∥∥∥∥∥ 1

n

n∑
i=1

η̃iη̃
T
i − I

∥∥∥∥∥
2

+ sup
w∈S′

(∥∥∥∥∥ 1

n

n∑
i=1

Σ
− 1

2
∗ Xiwη̃Ti

∥∥∥∥∥
2

+

∥∥∥∥∥ 1

n

n∑
i=1

η̃iw
TXi

TΣ
− 1

2
∗

∥∥∥∥∥
2

)

+ sup
w∈S′

∥∥∥∥∥Σ−1/2∗

(
1

n

n∑
i=1

XiwwTXi
T − Γw

)
Σ
−1/2
∗

∥∥∥∥∥
2

≤ δn +
e0√
σ−∗
· sup
w∈C

∥∥∥∥∥ 2

n

n∑
i=1

Xiwη̃Ti

∥∥∥∥∥
2

+
e20
σ−∗
· sup
w∈C

∥∥∥∥∥ 1

n

n∑
i=1

XiwwTXi
T − Γw

∥∥∥∥∥
2

≤ δn +
e0γn√
σ−∗

+
e20
σ−∗
· sup
v∈Sm−1

sup
w∈C

∣∣∣∣∣ 1n
n∑
i=1

(wTXT
i v)2 − E(wTXTv)2

∣∣∣∣∣
≤ c1τ2

√
m

n
+
c2κτ(

√
m+ w(C))√
n

+
c3κ

2(
√
m+ w(C))√
n

which holds with probability at least 1−c4 exp(−c5m) when n ≥ c6 max
{
τ4, 1

}
·max

{
w2(C),m

}
.

The last step follows from Proposition S.2, Lemma S.5 and intermediate results in the proof of Lemma
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S.4. Hence ζn can be bounded by

ζn ≤ c7 ·max
{
τ2, κ2

}
·
√
m+ w(C)√

n

Now we turn to bounding φn. Following the idea for proving Lemma S.6, we also consider the
randomness of {η̃i} and {Xi} sequentially. For {η̃i}, we first have that the event

E =

{
{η̃i}

∣∣∣∣ sup
Λ∈Sm×m−1

1

n

n∑
i=1

∥∥ΛT η̃i
∥∥2
2
≤ 2

}

holds with probability at least 1 − 2 exp(−c′1m) if n ≥ c′0τ
4m, which is shown in the proof of

Lemma S.6. Now we consider the randomness of {Xi} under any fixed {ηi} ∈ E . We have

φn = sup
θ∈S′+θ∗

sup
u∈C

2

n

n∑
i=1

η̃Ti Σ
1/2
∗ Σ−1θ Xiu

‖Σ1/2
∗ Σ−1θ ‖F

≤ 1

e0
· sup
w∈S′

sup
u∈S′

2

n

n∑
i=1

η̃Ti Σ
1/2
∗ (Σ∗ + Γw)−1Xiu

‖Σ1/2
∗ (Σ∗ + Γw)−1‖F

=
2

e0
√
n
· sup
t∈T

Zt ,

where Zt = 1√
n

∑n
i=1

η̃T
i Σ1/2
∗ (Σ∗+Γw)−1Xiu

‖Σ1/2
∗ (Σ∗+Γw)−1‖F

, t = (w,u) and T = S ′ × S ′. Note that

∀ t, t′ ∈ T , ‖t− t′‖2 =

√
‖w −w′‖2F + ‖u− u′‖22 ≤ 2

√
2e0 =⇒ diam (T ) ≤ 2

√
2e0

Then we try to bound the stochastic process {Zt}t∈T using Theorem S.1. We start with verifying the
required condition.

∀ t, t′ ∈ T ,
|||Zt − Zt′ |||ψ2

=

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ 1√
n

n∑
i=1

η̃Ti Σ
1/2
∗ (Σ∗ + Γw)−1Xiu

‖Σ1/2
∗ (Σ∗ + Γw)−1‖F

− 1√
n

n∑
i=1

η̃Ti Σ
1/2
∗ (Σ∗ + Γw′)

−1Xiu
′

‖Σ1/2
∗ (Σ∗ + Γw′)−1‖F

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
ψ2

≤

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ 1√
n

n∑
i=1

η̃Ti

(
Σ

1/2
∗ (Σ∗ + Γw)−1

‖Σ1/2
∗ (Σ∗ + Γw)−1‖F

− Σ
1/2
∗ (Σ∗ + Γw′)

−1

‖Σ1/2
∗ (Σ∗ + Γw′)−1‖F

)
Xiu

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
ψ2

+

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ 1√
n

n∑
i=1

η̃Ti Σ
1/2
∗ (Σ∗ + Γw′)

−1Xi(u− u′)

‖Σ1/2
∗ (Σ∗ + Γw′)−1‖F

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
ψ2

(a)

≤ c′2

√√√√√ 1

n

n∑
i=1

∥∥∥∥∥∥
(

Σ
1
2
∗ (Σ∗ + Γw)−1

‖Σ
1
2
∗ (Σ∗ + Γw)−1‖F

− Σ
1
2
∗ (Σ∗ + Γw′)−1

‖Σ
1
2
∗ (Σ∗ + Γw′)−1‖F

)T
η̃i

∥∥∥∥∥∥
2

2

· sup
v∈Sm−1

∣∣∣∣∣∣vTXu
∣∣∣∣∣∣
ψ2

+ c′2

√√√√√ 1

n

n∑
i=1

∥∥∥∥∥∥
(

Σ
1
2
∗ (Σ∗ + Γw′)−1

‖Σ
1
2
∗ (Σ∗ + Γw′)−1‖F

)T
η̃i

∥∥∥∥∥∥
2

2

· ‖u− u′‖2 · sup
v∈Sm−1

∣∣∣∣∣∣∣∣∣∣∣∣vTX
u− u′

‖u− u′‖2

∣∣∣∣∣∣∣∣∣∣∣∣
ψ2

(b)

≤
√

2c′2κ
√
µ+

(
e0

∥∥∥∥∥ Σ
1
2
∗ (Σ∗ + Γw)−1

‖Σ
1
2
∗ (Σ∗ + Γw)−1‖F

− Σ
1
2
∗ (Σ∗ + Γw′)

−1

‖Σ
1
2
∗ (Σ∗ + Γw′)−1‖F

∥∥∥∥∥
F

+ ‖u− u′‖2

)
(c)

≤
√

2c′2κ
√
µ+ (8 ‖w −w′‖2 + ‖u− u′‖2)

≤ 16c′2κ
√
µ+

∥∥∥∥[wu
]
−
[
w′

u′

]∥∥∥∥
2

=⇒ K = 16c′2κ
√
µ+ ,
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where step (a) follows from Lemma S.1 and step (b) follows from the event E . Step (c) follows from
the calculation below (similar to bounding ζn),∥∥∥∥∥ Σ

1/2
∗ (Σ∗ + Γw)−1

‖Σ1/2
∗ (Σ∗ + Γw)−1‖F

− Σ
1/2
∗ (Σ∗ + Γw′)

−1

‖Σ1/2
∗ (Σ∗ + Γw′)−1‖F

∥∥∥∥∥
F

≤

∥∥∥∥∥ Σ
1/2
∗ (Σ∗ + Γw)−1

‖Σ1/2
∗ (Σ∗ + Γw)−1‖F

− Σ
1/2
∗ (Σ∗ + Γw′)

−1

‖Σ1/2
∗ (Σ∗ + Γw)−1‖F

∥∥∥∥∥
F

+

∥∥∥∥∥ Σ
1/2
∗ (Σ∗ + Γw′)

−1

‖Σ1/2
∗ (Σ∗ + Γw)−1‖F

− Σ
1/2
∗ (Σ∗ + Γw′)

−1

‖Σ1/2
∗ (Σ∗ + Γw′)−1‖F

∥∥∥∥∥
F

≤
2
∥∥∥Σ1/2
∗ (Σ∗ + Γw)−1 −Σ

1/2
∗ (Σ∗ + Γw′)

−1
∥∥∥
F∥∥∥Σ1/2

∗ (Σ∗ + Γw)−1
∥∥∥
F

≤
2
∥∥∥Σ1/2
∗
(
(Σ∗ + Γw)−1 − (Σ∗ + Γw′)

−1)Σ
1/2
∗

∥∥∥
2

λmin

(
Σ

1/2
∗ (Σ∗ + Γw)−1Σ

1/2
∗

)
≤

2
∥∥∥Σ−1/2∗ (Γw − Γw′) Σ

−1/2
∗

∥∥∥
2
·
∥∥∥Σ1/2
∗ (Σ∗ + Γw)−1Σ

1/2
∗

∥∥∥
2
·
∥∥∥Σ1/2
∗ (Σ∗ + Γw′)

−1Σ
1/2
∗

∥∥∥
2

λmin

(
Σ

1/2
∗ (Σ∗ + Γw)−1Σ

1/2
∗

)
=

2
∥∥∥Σ−1/2∗ (Γw − Γw′) Σ

−1/2
∗

∥∥∥
2
· λmax

(
Σ
−1/2
∗ (Σ∗ + Γw)Σ

−1/2
∗

)
λmin

(
Σ
−1/2
∗ (Σ∗ + Γw′)Σ

−1/2
∗

)
· λmin

(
Σ
−1/2
∗ (Σ∗ + Γw)Σ

−1/2
∗

)
≤

2 ‖Γw − Γw′‖2 ·
(

1 + µ+

σ−∗
‖w‖22

)
σ−∗

(
1 + µ−

σ+
∗
‖w′‖22

)
·
(

1 + µ−

σ+
∗
‖w‖22

) ≤ 4

σ−∗

∥∥E [XwwTXT
]
− E

[
Xw′w′TXT

]∥∥
2

≤ 4

σ−∗
· sup
v∈Sm−1

∣∣vT (E [XwwTXT
]
− E

[
Xw′w′TXT

])
v
∣∣

≤ 4

σ−∗

(
sup

v∈Sm−1

∣∣vTE [Xw(w −w′)TXT
]
v
∣∣+ sup

v∈Sm−1

∣∣vTE [X(w −w′)w′TXT
]
v
∣∣)

≤ 8

σ−∗
· ‖w −w′‖2 · sup

v∈Sm−1

sup
z∈Sp−1

sup
r∈S′

vTE
[
XrzTXT

]
v

≤ 8e0

σ−∗
· ‖w −w′‖2 · sup

v∈Sm−1

sup
z∈Sp−1

sup
r∈S′

E
(

vT Xr
e0

)2
+ E

(
vTXz

)2
2

≤ 8e0

σ−∗
· ‖w −w′‖2 · µ

+ =
8

e0
· ‖w −w′‖2

By invoking Theorem S.1, we have for φn with any fixed {η̃i} ∈ E ,

φn =
2

e0
√
n
· sup
t∈T

Zt ≤
2

e0
√
n
· sup
t,t′∈T

|Zt − Zt′ | ≤
2c′3
e0
· κ
√
µ+ · w(T )√

n
= 4c′3 ·

κ
√
µ+ · w(S)√

n

with probability at least 1 − c′4 exp
(
− w2(T )

diam 2(T )

)
≥ 1 − c′4 exp

(
−w

2(S)
2

)
. Now we combine the

randomness of Xi and η̃i, and get

PX,η̃

(
φn ≤ 4c′3 ·

κ
√
µ+ · w(S)√

n

)

=

∫
PX

(
φn ≤ 4c′3 ·

κ
√
µ+ · w(S)√

n

∣∣∣∣ {η̃i}
)
p (η̃1, . . . , η̃n) dη̃1 . . . dη̃n
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≥
∫
E
PX

(
φn ≤ 4c′3 ·

κ
√
µ+ · w(S)√

n

∣∣∣∣ {η̃i}
)
p (η̃1, . . . , η̃n) dη̃1 . . . dη̃n

≥
(

1− c′4 exp

(
−w

2(S)

2

))
· P (E)

≥
(

1− c′4 exp

(
−w

2(S)

2

))
(1− 2 exp (−c′1m))

≥ 1− 2 exp (−c′1m)− c′4 exp

(
−w

2(S)

2

)
We obtain the final bound by assembling everything above. If n ≥ max{n0, C ′0 · max{τ4, 1} ·
max{w2(C),m}}, with probability at least 1− ε− C ′1 exp

(
−C ′2 min{w2(S),m}

)
, we have

βn ≤
√
mγnζn + φn

≤ C ′3 ·max{τ2, κ2} · κ
√
µ+(m+ w(C))(

√
m+ w(C))

n
+ C ′4 ·

κ
√
µ+ · w(S)√

n
,

In particular, if the sample size also satisfies n ≥ C ′5 ·max
{
τ4, κ4

}
·max

{
m3

w2(C) ,m
2, w2(C)

}
≥

C ′6 ·max
{
τ4, κ4

}
·
(

(m+w(C))(
√
m+w(C))

w(S)

)2
, we further have

βn ≤ C ′7 ·
κ
√
µ+ · w(S)√

n
,

which completes the proof.

4 Proofs of Lemma 1, 2 and Theorem 1, 2

Based on the analysis presented in Section 2 and 3, now we give the proof sketches of the main
results shown in the paper.

Statement of Lemma 1: Under the assumptions (A1) and (A2), if the sample size n ≥

C0 max

{
1, τ4, κ4

(
σ+
∗ µ

+

σ−∗ µ−

)2}
· max

{
m, w

4(C)
m

}
, with probability at least 1 − C2 exp (−C1m),

Σ̂(θ) given in (13) is invertible for any θ ∈ R and its error satisfies

d1

(
Σ̂(θ), Σ∗

)
≤ C3τ

2

√
m

n
+ C4

√
µ+

σ−∗
· d2 (θ,θ∗) . (S.26)

Proof: The above error bound for d1 directly follows from the deterministic bound in Lemma S.2
and the probabilistic bounds for α−n , α+

n (Lemma S.4), δn (Proposition S.2) and γn (Lemma S.5).

Statement of Lemma 2: Under the assumptions (A1) and (A2), if the sample size n ≥

C0 max

{
1, τ4, κ4

(
σ+
∗ µ

+

σ−∗ µ−

)2}
·max

{
m, w

4(C)
m

}
, then with probability at least 1−C2 exp (−C1m),

the following bound holds for θ̂(Σ) given in (14) with any input Σ ∈M(+∞),

d2

(
θ̂(Σ), θ∗

)
≤ (1 + d1 (Σ,Σ∗)) ·

C4κ
√
µ+

µ−
√

Tr(Σ−1∗ )
· m+ w(C)√

n
, (S.27)

where ξ(Σ) is given in Definition 1.
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Proof: The above error bound for d2 directly follows from the deterministic bound in Lemma S.3
and the probabilistic bounds for α−n , α+

n (Lemma S.4), δn (Proposition S.2), γn (Lemma S.5) and
βn(M(e0)) with e0 = +∞ (Lemma S.6).

Statement of Theorem 1: Under the assumptions (A1) and (A2), if the sample size n ≥ C0 ·

max

{
1, τ4, κ4

(
µ+σ+

∗
µ−σ−∗

)2
, κ2

(
µ+

µ−

)2 (
σ+
∗
σ−∗

)}
·max

{
w4(C)
m ,m

}
, and θ̂(0) is a feasible initialization

(i.e., f(θ̂(0)) ≤ f(θ∗)), then with probability at least 1−C2 exp(−C1m), the following error bound
holds for θ̂(T ) returned by Algorithm 1∥∥∥θ̂(T ) − θ∗

∥∥∥
2
≤ emin + ρTn ·

(∥∥∥θ̂(0) − θ∗

∥∥∥
2
− emin

)
, (S.28)

in which ρn and emin satisfy the inequalities below with δn = C5τ
2
√

m
n ≤

1
4 ,

ρn ≤
C3κµ

+

µ−
√
σ−∗ Tr(Σ−1∗ )

· m+ w(C)√
n

≤ 1

2
, emin ≤

C4κ
√
µ+

µ−
√

Tr(Σ−1∗ )
· m+ w(C)√

n
· 1 + δn

1− ρn
,

(S.29)

Proof: The above error bound for AltMin directly follows from the deterministic bound in Theorem
S.3 and the probabilistic bounds for α−n , α+

n (Lemma S.4), δn (Proposition S.2), γn (Lemma S.5) and
βn(M(e0)) with e0 = +∞ (Lemma S.6).

Statement of Theorem 2: Under the assumptions (A1) and (A2), if the sample size

n ≥ C0 · max

{
1, τ4, κ4

(
µ+σ+

∗
µ−σ−∗

)2
, κ2

(
µ+

µ−

)2 (
σ+
∗
σ−∗

)}
· max

{
w4(C)
m , m3

w2(C) ,m
2
}

, and a fea-

sible initialization θ̂(0) satisfies ‖θ̂(0) − θ∗‖2 ≤
√

σ−∗
µ+ , then with probability at least 1 −

C2 exp
(
−C1 ·min

{
w2(C),m

})
, the error bound (30) holds for θ̂(T ) returned by Algorithm 1

with ρn and emin satisfying

ρn ≤
C3κµ

+

µ−
√
σ−∗ Tr(Σ−1∗ )

· w(S)√
n
≤ 1

2
, emin ≤

C4κ
√
µ+

µ−
√

Tr(Σ−1∗ )
· w(S)√

n
· 1 + δn

1− ρn
, (S.30)

where δn is the same as the one given in Theorem 1.

Proof: The improved error bound directly follows from the deterministic bound in Theorem S.3
and the probabilistic bounds for α−n , α+

n (Lemma S.4), δn (Proposition S.2), γn (Lemma S.5) and

βn(M(e0)) with e0 =
√

σ−∗
µ+ (Lemma S.7).
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