A Nonconvex Functions

A.1 Modification of MCP and SCAD

For the minimax concave penalty (MCP) [39]:

#(al) = {'“' BN

10 la] > 60"

MCP does not meet Assumption 1 as ¢ is not strictly increasing when |a| > 6. To avoid this problem,
we can modify its ¢ as ¢(|a]) = ¢(|a|) + J|a|, where § > 0 is a small constant (Figure 1(d)).
The smoothly clipped absolute deviation (SCAD) penalty [13] can be modified in the same way
(Figure 1(e)).

A.2  Definitions
Table 5 shows the nonconvex functions that can be used by RMFML.

Table 5: Example nonconvex regularizers (6 > 2 for SCAD and 6 > 0 for others is a constant). Here,
0 > 0 is a small constant to ensure that the ¢’s for MCP and SCAD are strictly increasing.

(laf)
Geman penalty 94‘:11\
Laplace penalty 1 —exp (7%)
log-sum-penalty (LSP) log (1 + %)
2
minimax concave penalty (MCP) {(;9:;5)6?2' % Z i z
(1+0)laf ol <1
smoothly clipped absolute deviation (SCAD) penalty % +dla] 1<|al <0

A0 4 5o lo| > 6

B Details of the APG Algorithm

B.1 Computing the Gradient

The complete procedure for computing the gradient is shown in Algorithm 2.

Algorithm 2 Computing VD (z) by exploiting sparsity.
1: set X;,;, = x for all (i, j;) € Qs /e, X = Ho(x)
QF = AF(XVF) — N(ARUF);
obtain §* € R™W) with gF = 7, QF Vi ;
Pk = AR(XTU*) — X\(AFVF);
obtain g € R™“W) with gf = Y7 UF Pk o Iie., gF = H (U(PF)T)
return §* + g& — H (M).

A

B.2 Computing the Objective

By the definition of Hg (), we construct a sparse matrix X = Hg (). We then compute the first term
in (5) as 3 || P*\/AF||% where P¥ = XV* — AU*. Note that X is sparse with O(nnz(')) nonzero
elements and A¥ is a diagonal, the computation of the first term in (5) takes O(nnz(W)r + mr)
time, where 7 is the number of columns in U*. Lety = Hq (M). The second term in (5) can
then be computed as Z‘;“:ZI(W) x;y;, which takes O(nnz(W)) time. For the last term in (5), it can
be computed similarly as the first term in O(nnz(W)r + nr) time. Moreover, we can see that only
O(nnz(W) + (m + n)r) space is needed.
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The whole procedure for computing the objective is shown in Algorithm 3. It takes a total of
O(nnz(W) + (m + n)r) space and O (nnz(W)r + (m + n)r) time.

Algorithm 3 Computing D* () by exploiting sparsity.
1: set X;,;, = x, forall (i, ji) € Q;

a1 = 3||\/ARP*||% where PF = XV — \U*;

az = L||\/AEQ"||% where Q% = X TU* — AV

ag = X" W) iy where y = Hol (M);

return a; + as + as.

B.3 Computing the Proximal Step

For the proximal step with (5), a closed-form solution can be obtained by the following Lemma.

Lemma B.1 ([4]). For any given z, * = argmin,cyyr 3|z — z[|% = [sign (z;) min(|z;|, (@F)~1)].

C Clarke Subdifferential

We first introduce two definitions from [10].

Definition C.1 (Clarke subdifferential). Let f : R™*" — R be a locally Lipschitz function.”> The
Clarke generalized directional derivative of f at X in the direction of V is:

f°(X, V)= limsup %[f(Y-i-/\V) — f(Y))].
Y —->X,A—0

The Clarke subdifferential of f at X is
FX)={E: (X, V) > tr(ﬁTV),VV € R"™*"},

Note that f in Definition C.1 can be neither convex nor smooth.

Definition C.2 (Critical point). A point X is a critical point of f if it satisfies 0 € 9° f (X).

D Proofs

D.1 Preliminaries

In the section, we first introduce some Lemmas that will be used later in the proof.

The critical points for problem (4) are defined in the following Lemma.

LemmaD.1. Let C = M — UV ". (U, V) is a critical point of (4)if0 € (W ® S)V + AU and 0 €
(WoS)TU+AV, where S;; = sign (Ci;) ¢'(|Cy5]) if Cij # 0, and S;; € [—¢'(0), ¢'(0)] otherwise.

Proof. For a nonconvex penalty function ¢ satisfying Assumption 1, from Proposition 5 in [15], its
Clark subdifferential is

(eeh =sign(@)-¢al ifar0 -
0°¢(|al) € [-¢'(0),¢'(0)]  otherwise
By Definition C.2, if (U, V) is a critical point of (4), it satisfies

(0,0) € O°H(U,V). (8)
Combining (7) and (8), we obtain the Lemma. O]

2A function is called locally Lipschitz continuous if for every X in its domain there exists a neighborhood I/
of X such that f restricted to U/ is Lipschitz continuous.
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Lemma D.2. Define the row sum sum(W(’z_’:)) =3 Wf;, and the column sum sum(W( )=

S W Then, |14 © (07Tl < 3[ARD3 + L [ARV |2, where

AF = Diag(V sum(I/V(’“L:))7 Y sum(W(]fn’:))),
A* = Diag(Vv sum(W(’f’l)), Y sum(W’f’n))).

Equality holds iff (U, V) = (0,0).

and

Proof. First, we have

T T
Up Vg U U,

W o OV =|Wke
Uy vy v ||
:ZZW’CW v ©)
=1 1=1

where w; is the ith row in U (similar, for v ; n V). From the Cauchy inequality, we have

1
i vy < Ml llallogllo < 5 (w3 + flugl13) -

Together with (9), we have

. 1. - 1.
I © @l < 3 30 S (il + s ) = 218, D18 + HIAVIE,
=1 j=1
and the equality holds only when (U, V') = (0,0). O

D.2 Proposition 3.1

Proof. Note that ¢(x) is concave on = > 0. For any y > 0, we have

o(y) < ¢(@) + (y — 2)¢' (2).
Lety = |8] and z = |«|. We obtain

¢(181) < é(lal) + (18] = la)¢'(le]).

As ¢ is concave and strictly increasing on R™, equality holds iff 3 = £o. O

D.3 Corollary 3.2

Proof. This Corollary can be easﬂy obtained (i) using Proposition 3.1 on the nonconvex loss in (4);
and (U =U+UandV =VF 4+ V. O

D.4 Proposition 3.3
Proof. From the Cauchy inequality, we have
. ~ —\T
IWE e (M — (U +0) (VF+V) )l (10)

< Wro M -UFvHT —oWHT UV + [WF o OV L.
For the last term, using Lemma D.2, we have

. _ 1 _ _
W*e OV < 3 (IAZT % + [AEV]IE) - (11)
Combining (10) and (11), we have

S WEG (|My — [0V TIy]) <o (M — UF 4 D)V + 7)),

=1 j=1
1 - -
+ 5 (IAUIE + IASVIIE) + b (12)
Adding 3 [|U* + U||% + 3||[V* 4+ V||% to both side of (12), we obtain the Proposition.
Besides, from Lemma D.2, the equality in the Proposition holds only when (U, V) = (0, 0). O
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D.5 Proposition 3.4

Proof. Using the fact that | X||; = maxy| <1 tr(X "Y) [4], where ||Y oo = max; ; |Y;;] is the
{so-norm, D¥(z) can be rewritten as

max minP(x,U, V),
zEWr U,V

where
Pz, U, V) =tr(Ho(z)" (M -UVHT —U*VT)) (13)
A _ N A _ [—
+ SN0 + O+ SIASTIE + SIVE + V1% + SIIA V3.

As (13) is an unconstrained, smooth and convex problem on U, the optimal solution is obtained when
VsP(X,U,V) = 0. Then,

U = A¥(Hq(z)VF — 2UP). (14)
Similarly, we obtain

V = AFHo(x) TUR — AVF). (15)
Substituting (14) and (15) back into (13), we obtain Dk (X) in the Proposition. ]

D.6 Proposition 3.5

First, Proposition 3.5 can be written as follows.
Proposition D.3. For Algorithm 1,

(i). {(U*,V*)} is bounded.

(ii). {(U*,V*)} has a sufficient decrease on H, i.e., H(U*, VF) — HU*! VF) >
YUY — UR||2 + || VEFL — VR |2, where v > 0 is a constant; and

(iii). limg_s oo (U — U*) = 0 and limy_, oo (V¥ — VE) = 0.

Proof. First note that

inf H(U,V)>0, lim HU,V)=oc. (16)
UV HgHF—wo
F—>00

Then, the sequence {U*} and {V*} is bounded, and we obtain the result in part (i).
Thus, there exists a positive constant ¢ such that
C1 Z ‘[Uk(vk)-r]zﬂv VZ,]7]€

From Assumption 1, ¢ is a strictly increasing function, thus ¢’ > 0. Then, there exists a positive
constant ¢y such that

¢ (IIU*(VF)Ti51) = 2 = ¢ (ca).

From Assumption 2, each row and column in W has at least one nonzero element. By the definition
of A¥ in Proposition 3.3, its diagonal elements are given by

The same holds for A’j. Thus, there exists a constant o > 0 such that all diagonal elements in A’: and
A¥ are not smaller than a.

As (U*,V*) is the optimal solution of min F'*, then

(0,0) € OF* (U*,VF). 17)
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Define
o . _ _ A _ A _
JHO V) = W e (M=UHV)T =0T UV D)L+ U T 54 S IV + Vb
Recall the definition of F*. From (17), we have
(Ggr, Gyi) € OJF(UR, VF).

Thus,
(0,0) = (Ggr, Gyr) + (AT, (AD*V) . (18)
Multiplying (U*, V*) on both side of (18), we have
0= u(GLU") + u(GR V) + (AT + (A V13- (19)

As J* is a convex function, by the definition of the subgradient, we have

J*(0,0) > JHT*, V) — (G5 U") — (G V). (20)
Combining (19) and (20), we obtain

J0,0) = JH(U*, VF) + [(AD)?T |7 + 1(AD*V 17

> BNO, V4)4 (AR T3+ 5 | (AR V3 e
Note that
J*(0,0) = H(U*, VH),
HNUF, V) = HUM!, V),

and using (21), we have

) 1 — 1 _ o, - _
H(U*, VF) — HU, v > §||A'ﬁU'“II% + §||(A'§)2V'“H% 25 (IT*1E +1V*IE) . @2)
Thus, we obtain the result in part (ii) in Proposition 3.5 (with v = «/2).

Summing all inequalities in (22) from k£ = 1 to K, we have

K
HU', V') — HUKH VR > S™ 002 4 S)jvk) 2.
— 2 2
From (16), we have
S TNTMF < 00, IVHF < o0, (23)
k=1 k=1

which indicates that
lim |U*|% = lim [|(U* = U**Y)|% =0,
k—o0 k—oo
lim [[V¥||3 = Tim [[(VF = VEF|E =0
k—oo k—oo
Then, we have the result in part (iii). O]

D.7 Proposition D.4

The following connects the subgradient of surrogate F* to the Clarke subdifferential of H.

Proposition D.4. (i) 9F*(0,0) = 9°H*(0,0); (i) If 0 € 9°H*(0,0), then (U*,V*) is a critical
point of (4).

Proof. Part (i). We prove this by the Clark subdifferential of H* and subgradient of Fk.
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e Clark subdifferential of H*: Let CH =

M-UVT, By the definition of Clark differential,

we have
O HE(U, V) = (W o STYVE+ V) + ANU* +T), (24)
ONHNU, V) =W os")T(U"+ U) +AVE+ V), (25)
where SH = sign (CH) - ¢/ (|CH|) if CH # 0, and SH € [-¢/(0), ¢(0)] otherwise.

e Subgradient of F*: Let CF' = M — U*(V*)T — U’“(V’“)T — U*(V*)T. For F*, we have
Oy FMU,V) = (WF o 8F)(VF+VF) + AU* +U) + (A)*T, (26)
O FHU, V)= (WFe ST (U* + U%) + AVF + V) + (AF)*V 27

where S/, = sign (Cf) if Cf # 0, and Sfj € [~1,1] otherwise.

Note that when U = 0 and V = 0, we have CH = CF. By the definition of Wk = A% o w,

we also have W ® S = W* © SF. Finally, the last term in (26) vanishes to zero as U = 0.
Thu_s, (24) is exact}y the same as (26). Similarly (25) is also the same as (27). As a result, we have
9°F%(0,0) = 0°H"(0,0).
Part (ii). From the definition of H in (4) and H* in Proposition 3.3, we have
HMU,V)=HU"+U,V* 4+ V).
Thus, if (0,0) € 9°H*(0,0), we have
(0,0) € °H(U*, V),

which shows that (U*, V*) is a critical point. O

D.8 Theorem 3.6

Proof. From Proposition 3.5, we know that there is at least one limit point for the sequence
{(U*,V*)}. Let {(U*/,V*i)} be one of its subsequences, and

U*= lim U,

kj—00

V= lim V%,

k)j*)OO

where (U*, V*) is a limit point. Using Proposition D.4, we have

lim 8°F*% (Uy,,Vi,) = lim 9°F* (0,0) = lim 0°H* (0,0) =0°H (U*,V").
kj—o0 kj—o00 kj—o0
Thus, (0,0) € °H (U*,V*), which shows that (U*, V*) is a critical point (Lemma D.1). O

E Additional Materials for the Experiments
E.1 Statistics of MovieLens.
The statistics of MovieLens data sets are in following Table 6.

Table 6: MovieLens data sets used.

number of users

number of movies

number of ratings

% nonzero elements

MovieLens-100K 943 1,682 100,000 6.30
MovieLens-1M 6,040 3,449 999,714 4.80
MovieLens-10M 69,878 10,677 10,000,054 1.34
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