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A Proofs to theorems in the paper

We start by listing the basic inequalities that are frequently used in our proof.
Inequality 1.
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Inequality 2. From the Lipschitzan gradient assumption in (3) and Inequality in (21), we can obtain:
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Proof to Theorem 1. The computation of Algorithm 1 can be expressed as

Xj+1 = Pj(Xj � �@F (Xj ; ⇠j))Wn + (I � Pj)(Xj � �@F (Xj ; ⇠j)) (26)

Here, Xj = [xj,1, xj,2, ..., xj,n] 2 RN⇥n are the model parameters on n nodes, Pj is the projection matrix
representing selected components as defined in the algorithm, Wn is a n by n matrix with all elements being
1/n, and @F (Xj ; ⇠j) = [rF1(xj,1; ⇠j,1),rF2(xj,2; ⇠j,2), ...,rFn(xj,n; ⇠j,n)] are the stochastic gradients.
Our goal is to bound the average squared norm of gradients over K iterations, i.e.,
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Then, we apply Lipschitzan gradient assumption in (25) to (27) and obtain:
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For T1, we have:
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If we plug T3 and T1 back to (28), we can get:

Ef
✓
Xj+1

1n

n

◆
Ef

✓
Xj

1n

n

◆
�

�

2
E
�����rf

✓
Xj

1n

n

◆�����

2

2

�
�

2
E
����@f

�
Xj

� 1n

n

����
2

2

+
L

2
�

2
1
n

nX

i=1

E
����Xj

1n

n
�Xjei

����
2

2

+
L�

2

2
E
����@F (Xj , ⇠j)

1n

n

����
2

2

(31)

Note that the term in the box is the variance of model parameters among nodes. We can see that the smaller the
variance of model parameters among nodes, the smaller the bound of the squared norm of gradient at iteration j.
Intuitively, a smaller variance of model parameters among nodes indicates that the trajectories of training on
different nodes are not far apart, and thus, leads to better convergence of the algorithm. Therefore, the key to our
proof is to bound the variance of model parameters (i.e., T4j/n).

From (26), we can derive
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Therefore, we have
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From (33), (34) and (35), we have the bound for T4j :
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From (27), (29), (30) and (40), we can obtain
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The above bound holds when (38), (42) and (47) are satisfied, which is Theorem 1.
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Proof to Theorem 2. The computation of distributed SGD with gradient quantization can be expressed as
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Here, Xj = [xj,1, xj,2, ..., xj,n] 2 RN⇥n are the model parameters on n nodes, Q is any unbiased stochas-
tic quantization function, and @F (Xj ; ⇠j) = [rF1(xj,1; ⇠j,1),rF2(xj,2; ⇠j,2), ...,rFn(xj,n; ⇠j,n)] are the
stochastic gradients. Note that in this algorithm xj,i = xj , 8j, 8i.
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Plugging T1, T2 into (51), we have:
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Summing up from Ef(x1) to Ef(xK), we have:
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n )L�  1 (i.e., D  2) in Theorem 2, we can obtain Corollary 3.

Proof to Theorem 3. The computation of Algorithm 2 can be expressed as
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Here, Xj = [xj,1, xj,2, ..., xj,n] 2 RN⇥n are the model parameters on n nodes, Q is any unbiased
stochastic quantization function, Wn is a n by n matrix with all elements being 1/n, and @F (Xj ; ⇠j) =
[rF1(xj,1; ⇠j,1),rF2(xj,2; ⇠j,2), ...,rFn(xj,n; ⇠j,n)] are the stochastic gradients.

The above formula can be expressed with projection matrix as
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when (j + 1) mod p = 0. Note that Xj have identical columns when j divides p.
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For T1 we have:
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Following the same steps from (32) to (39), we can get the same bound for
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For T2, we have
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Because Pj = 0 when (j + 1) mod p 6= 0, we have T5j = 0 when (j + 1) mod p 6= 0.
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Plugging T1, T2 into (63), we can obtain:
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Summing up from Ef(x1) to Ef(xK), because T5j = 0 when (j + 1) mod p 6= 0, we can obtain:
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Plugging (66) into (72), if 1� 3Lqp�
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The condition in (76) is equivalent to
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We can see that if K is large enough, the conditions in (79), (75) and (70) can be satisfied and thus the bound in
(77) is valid, which gives us Theorem 3.
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B Error bound of QSGD proposed by Alistarh et al. [5]

Alistarh et al. [5] propose a quantization function controlled by a quantization level s. A gradient component vi
is quantized to either l/s or (l + 1)/s based on a Bernoulli distribution defined as
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It follows that
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Combining (83) and (86), we have
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This result suggest that s =
p
N
2 can achieve q = 1.

However, this number is not the actual quantization level of this function, because l has a smaller bound
p
Nkvk1
2kvk2

.
To illustrate this point, we present an equivalent quantization function Qa as follows:

For a gradient vector v, we first identify kvk
1

and divide it into
p
Nkvk1
2kvk2

intervals of size � =
2kvk2p

N
. The

absolute value of other components will fall into one of the intervals. Suppose a component vi is in interval
[l�, (l + 1)�), its quantized value is either the upper bound or the lower bound based on a Bernoulli distribution
defined as 8

<

:
P{bi = (l + 1)} = |vi|

� � l

P{bi = l} = 1� |vi|
� + l

(88)

The quantized value of vi is defined as Qa(vi) = bi · sign(vi) · �. Because
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2, 8v 2 RN . Thus, Qa ensures q = 1. It is not hard to see that Qa is

unbiased.

Qa is actually equivalent to Qs proposed by Alistarh et al. because both function use interval of size � =
2kvk2p

N
.

The presentation of Qa shows that the number of intervals is actually
p
Nkvk1
2kvk2

, which means that the number of

bits to represent the quantized value is

&
log2
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p
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◆'
.
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C Error bound of TernGrad proposed by Wen et al. [46]

For a gradient vector v, they first identify the component with the largest absolute value (i.e., kvk
1

). Then, the
gradient components are quantized to either 1 or 0 based on a Bernoulli distribution defined as

(
P{bi = 1} = |vi|/ kvk1

P{bi = 0} = 1� |vi|/ kvk1

The quantized value of vi is defined as Qt(vi) = bi · sign(vi) · kvk1. Because E
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= vi, Qt is unbiased.

We now consider its error bound. Because

��Qt(vi)� vi

��2
2
=

(
v
2
i , if bi = 0

(kvk
1

� |vi|)
2

, if bi = 1

we have
E
��Qt(vi)� vi

��2
2
= kvk

1
|vi|� v

2
i

and thus,
E
��Qt(v)� v

��2
2
= kvk

1
kvk1 � kvk

2
2

Since kvk
1

 kvk2  kvk1 
p
Nkvk2, 8v 2 RN , we have E

��Qt(v)� v
��2
2
 (

p
N � 1)kvk22. Therefore,

q =
p
N � 1, and TernGrad cannot achieve O(1/

p
MK) convergence rate in general.
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D More experimental results on image classification
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0 50 100 150 200
Epochs

0.0

0.5

1.0

1.5

2.0

2.5

3.0

Tr
ai

ni
ng

Lo
ss

FULLSGD
PSGD (p = 2)

PSGD (p = 4)

PSGD (p = 8)

RSGD (p = 2)

RSGD (p = 4)

RSGD (p = 8)

140 160 180 200
0.002

0.006

0.010

0.014

0.018
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Figure 2: More results on image classification

Figure 2a and 2b validate that sparse parameter averaging can achieve O(1/
p
MK) convergence rate. Figure 2c

and 2d validate that 1) QSGD can achieve O(1/
p
MK) convergence rate if configured properly, 2) our PQASGD

can achieve O(1/
p
MK) convergence rate with even less communication overhead, and 3) partitioned training

data does have a negative effect to the convergence rate of distributed SGD with quantized gradients.
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E Results on speech recognition
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(d) 16 GPUs
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Figure 3: WER and training loss for a 5-layer LSTM on AN4.

We train a 5-layer LSTM of 800 hidden units per layer on AN4 dataset. The total mini-batch size M is set to
128. The learning rate is initialized to 3e�4 and decays in each epoch with annealing rate 1.01 (the learning rate
is constant over iterations within an epoch).

Figure 3a compares the word error rate of FULLSGD with PSGD and RSGD with different settings of p on partitioned
training data. We can see that, as the learning rate decreases, PSGD and RSGD match FULLSGD after 50 epochs.
This validates our claim in Theorem 1 that sparse parameter averaging can achieve O(1/

p
MK) convergence

rate if K is large enough.

Figure 3b compares the word error rate of FULLSGD with different versions of QSGD and our PQASGD. We can
observe a clear gap on the zoomed figure between FULLSGD and QSGD-P with s set to

p
N/2. This validates our

claim that data partitioning affects the convergence rate of distributed SGD with gradient quantization. This
effect is eliminated by setting s to

p
mN/2 for QSGD-P as we can see that all the other versions have similar

WER after 50 epochs. Though our PQASGD converges slower than other versions in the first 40 epochs, it matches
the WER of FULLSGD after 50 epochs. This validates our claim that our PQASGD converges at rate O(1/

p
MK).

Our PQASGD requires only 4.5% communication data size compared with FULLSGD in this case.

We then remove the validation at the end of each epoch and measure the execution time for training. Figure 3c
shows the training loss over time for FULLSGD, QSGD and PQASGD on partitioned training data. We can see that
our PQASGD runs 1.4x faster than QSGD and 2.2x faster than FULLSGD.

As shown in Figure 3d to 3f, the results on 16 GPUs follow a similar pattern.
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