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1 The Proof of Local Identifiability

Before proving the local identifiability of our DMHP model, we first introduce some key concepts.
A temporal point process is a random process whose realization consists of a list of discrete events
in time {¢;} with ¢; € [0,T]. Here [0, T is the time interval of the process. It can be equivalently
represented as a counting process, N = {N(¢)|t € [0,T]}, where N(t) records the number of
events before time ¢. A multi-dimensional point process with C types of event is represented by
C counting processes {N.}¢_, on a probability space (2, F,P). N, = {N.(t)|t € [0,T]}, where
N.(t) is the number of type-c events occurring at or before time ¢. 2 = [0,7] x C is the sample
space. C = {1, ..., C'} is the set of event types. § = (F(¢))¢cr is the filtration representing the set of
events sequence the process can realize until time ¢. P is the probability measure.

Hawkes process is a kind of temporal point processes having self-and mutually-triggering patterns.
The triggering of historical events on current ones in a Hawkes process can be modeled as branch
processes [1L[7]. As a result, Hawkes Process can be represented as a superposition of many
non-homogeneous Poisson process. Due to the superposition theorem of Poisson processes, the
superposition of the individual processes is equivalent to the point process with summation of
their intensity function. Given this we can break the counting process associated to each addition
to the intensity function (or associated to each event): N(t) = Y7 N’(t), where N°(t) is the
counting process associated to the baseline intensity y(¢) and N*(¢) is the non-homgenous Poisson
process for the ¢-th branch. Similarly, we can write the intensity function of Hawkes process as
A(t) = Do o N(t), where A'(t) is the intensity of the i-th branch.

Definition 1.1. Two parameter points ' and ®2 are said to be observationally equivalent if
p(s; O) = p(s; ©2) for all samples s’s in sample space.

Definition 1.2. A parameter point ®° is said to be locally identifiable if there exists an open neigh-
borhood of ®° containing no other ® in the parameter space which is observationally equivalent.

Definition 1.3. Let I(®) be a matrix whose elements are continuous functions of © everywhere in
the parameter space. The point ©° is said to be a regular point of the matrix if there exists an open
neighborhood of ©° in which I(®) has constant rank.

The information matrix I(®) is defined as

dlogp(s; ®) dlogp(s; ©) _E 1 0Jp(s;©) dp(s; ©)
00 00T - p(s;09) 0O oeT |’

I(®) =E,

The local identifiability of our DMHP model is based on the following two theorems.

Theorem 1.1. [4|] The information matrix I(@) is positive definite if and only if there does not exist

a nonzero vector of constants w such that w" % = 0 for all samples s’s in sample space.
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Theorem 1.2. [5|] Let ©° be a regular point of the information matrix I(©). Then ©° is locally
identifiable if and only if I(@°) is nonsingular.

To our DMHP model, the log-likelihood function is composed with differentiable functions of ©.
Therefore, the elements of information matrix I (@) are continuous functions w.r.t. © in the parameter
op(s;0)

space. According to Theorems|l.1{and our Theorem holds if and only if to each vector ===

w.r.t. a point ®, there does not exist a nonzero vector of constants w such that w! % =0 for
all event sequences s € §.

Assume that there exists a nonzero w such that wT% = 0 for all s € §. We have the
following counter-evidence: Considering the simplest case — the mixture of two Poisson processes
(or equivalently, two 1-dimensional Hawkes processes whose impact functions ¢(t) = 0), we can

write its likelihood given a sequence with N events in [0, 7] as
p(sn;®) = AN exp(=TA1) + (1 — m)AY exp(=TAa) = Ay + A,

where ©® = [, A1, )\Q]T, A1 # Aa. According to our assumption, we have

A Ay
Jdp(sn; ©)
T ’ _ T
w g =W (

T 1—7
% T)A:| =0,
(55, — D2

Denote the time stamp of the last event as ¢y, we can generate new event sequences {Sy .y, }°2 ; via
adding n events in (¢, T, and
R et
=w' [((N+n)—TrA)A1A,
(N +n) —Tx)NF 1Ay

TOp(8N+n; O)
00

T Op(sn4ni®) _ _ : - Op(sn+n;®)
w 55— = 0forn = 0,...,00 requires w = 0 or all =—==F~— are coplanar. How-

ever, according to the formulation above, for arbitrary three different nq,nq,n3 € {0,...,00},

Z?Zl aiw = O holds if and only if 1 = s = a3 = 0 Therefore, w = 0, which

violates the assumption above.

Such a counter-evidence can also be found in more general case, i.e., mixtures of multiple multi-
dimensional Hawkes processes because Hawkes process is a superposition of many non-homogeneous
Poisson process. As a result, according to Theorems [I.1]and [T.2] each point © in the parameter
space is regular point of I(@®) and the I(®) is nonsingular, and thus, our DMHP model is locally
identifiable.

2 The Selection of Basis Functions

In our work, we apply Gaussian basis functions to our model. We use the basis selection method
in [9] to decide the bandwidth and the number of basis functions. In particular, we focus on
the impact functions having Fourier transformation. The representation of impact function, i.e.,
Geer (t) = ZdD:1 acerga(t), can be explained as a sampling process, where {a%, }2_| can be viewed
as the discretized samples of ¢ (t) in [0, 7] and each g4(t) = k,, (¢, t4) is sampling function with
cut-off frequence w and center t4. Given training sequences S = {s,, = {(t;,c;)}2 }N_,, we can
estimate A(t) empirically via a Gaussian-based kernel density estimator:

MO =3 3 Gl =) n

Here G (t—t;) = exp(— (t;,f;)z ) is a Gaussian kernel with the bandwidth h. Instead of computing ,

45°
3 Zn My,
standard deviation of time stamps {¢; }. Applying Fourier transform, we compute an upper bound for

we directly apply Silverman’s rule of thumb [6] to set optimal A = ( )92, where & is the

>The derivation is simple. Interested reader can try the case withn; = 0,n2 = 1,n3 = 3
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Then, we can compute the upper bound of the absolute sum of the spectral higher than a certain
threshold wy as

/:O Aw)ldw < (Z:_l Mn\/ﬁ> /W:O e dw =1 <Z:[_1 M,L> (1 - \}ierf(woh)> :

0

x 42
where erf(z) = ﬁ [ et
Therefore, give a bound of residual €, we can find an w, guaranteeing f:{? Aw)|dw < €, or
erf(woh) > V2 —

ga(t) is a Gaussian function with cut-off frequency wy and center (d_Dl)T, where D = fT;JO 1. In
summary, we propose Algorithm [I]to select basis functions.

ST The proposed basis functions {gq(t)}2_, are selected — each

Algorithm 1 Selecting basis functions

1: Input: S = {s,,}N_,, residual’s upper bound e.

2: Output: Basis functions {g4(t)}2 a=y:

3: Compute (Zn 1 MNW) “7 to bound IA(w)].

4: Find the smallest wq satisfying f (w)|dw <e.

5: The Gaussian basis functions {gq(t )} 4 are with cut-off frequency wy and centers { @=-1HT } 1

where D = [Te0],

3 The Details of Learning Algorithm

3.1 Nested EM Framework
We consider a variational distribution having the following factorization:

9(Z, 7,1, A) = q(Z)q(m, p, A) = (m) ], alw 3)

An nested EM algorithm can be used to optimize (E])

Update Responsibility (E-step). In each outer iteration, the logarithm of the optimized factor ¢*(Z)
is approximated as

logq*(Z)
:Ew,u,A[logp(Sa 27 ™, K, A)] + C
=Er [logp(Z\W)] + Ep allogp(S|Z, pu, A)] +C

_Z an IOg ﬂ-k] + E[log HP(Sn“,Lk, Ak)}) + C
k k “4)
-3 znk( llog 7] + B[ log AL (k) = > / AR ( ds 1C
, Var[\% (t;)
~> znk( log ]+ Y. (logE[/\’gi (t)] — 2D ()] / Ae(s ds i

= Zn p Znk log pni + C.



where C is a constant, and each term E[log \¥(¢)] is approximated via its second-order Taylor

expansion log E[\* (¢)] — % [8]. Then, we have

10g Pk

=E[log 7*] + Z(log(E[Algi (t)]) — 2VE2 ) ZE / (s)ds]

Var[/“”c»] + Z j <t dvar[a’g-ud]ggl(ﬂj)
=E[log "] + log(E[uf ] + Elaf, ., alga(rij)) — . — —
Z( J;d d ! 2(Efuk ] + Zj<i,dE[a§icjd]gd(Tij))2)

_ZT]EMC +ZE cchd ))

S5 4 a0y
Ci 4,d\" c;c;d d\'"i
E[log 7] +Z log( \/75k + Z Uclcjdgd (i) — 2 = : : )

j<i,d (\/?551 +Zj<i,d Jgicjdgd(’rij))2
T
- Z(Tn\/ 555 + Z e, aGa(Tn — 1)),
where G 4(t fo ga(s)ds and 7;; = t; —¢;. The second equation above is based on the prior that all

of the parameters are 1ndependent to each other. The term E[log %] = (i) — (3, ay), where
¥(+) is the digamma functionﬂ Then, the responsibility r,,, is calculated as

Pnk
Tnk = E Znk| = s and Nk = Tnk-
(2] >, Pnj Zn %)

It should be noted that here we increase ¢*(Z) via maximizing its upper bound in each iteration
because the difference between ¢*(Z) and its upper bound is bounded tightly. In particular, ¢*(Z)
in @) involves E[log A% (t;)], which is approximated via Jensen’s inequality as log E[AF (¢;)]. It

actually is the first order Talyor expansion of E[log )\f( i)]. The second order term is bounded well
and the higher order terms can be ignored. We prove the rationality of our relaxation in the appendix.

Update Parameters (M-step). The optimal factor ¢* (7, pu, A) is
log ¢*(m, p, A)

= " log(p(u*)p(A")) + Ez[log p(Z|m)] + log p(m) + > i log HP(s, ", A¥) +-C. - (6)
k n,k

We can estimate the parameters of Hawkes processes via:
1 log HP AP
max log(p(p)p(A4)) + D, Tk l0g HP(sn |, AY).

Here, we need to use an iterative method to solve the above optimization problem. Specifically, we
initialize g and A via the expectations of their distributions (used in E-step), i.e., u = \/g B and
A = 3. Applying the Jensen’s inequality, we obtain the surrogate function of the objective function:

log(p(p)p(A)) + Y _ i log HP (s, |, A¥)
n,k

—Z[loguc—m)z]— > CC’d+Zrnk [Zlogx\k Z/ HE ]

c,c!\dk Ucc’d

>Z [log,uc 3 Bk )2] - Z CCd + ZT"’“ {Z (p” log ':C‘ + Z ngd log Cchdgd(T”))

ok ccd i j<id Pijd
k k
- ZTnuc - Z a’ccide(Tn - tl):| = Q7
c c,i,d
*Denote the gamma function as T'(t) = 157 z'"'e™"dzx, the digamma function is defined as () =

4T (2).
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where pf; = % and pfjd = A Setting % = 0and afg/d = 0, we have
k= —b+ Vb2 — dac R Do Tk Diier—c Zj:(,‘j:c’ pi‘cjd 7
‘ 20 T ok Y ke oo GalTa — 1)
where @ = (5i53. b = 32, ruk T € = =1 = 30, Tk D, iy After repeating several such inner
iterations, we can get optimal f1, A, and update distributions as
»F = A, B* = \/2/mpk. )
k — N

The distribution of clusters can be estimated via 7% = N

3.2 Update The Number of Clusters K via MCMC

In the case of infinite mixture model, we can apply the Markov chain Monte Carlo (MCMC) [2/1011]
to update K via merging or splitting clusters.

Chose move type. We make a random choice to propose a combine or a split move. Let ¢, and
gs = 1 — g, denote the probability of proposing a merge and a split move, respectively, for a current
K. Following the work in [10], we use ¢,,, = 0.5 for K > 2, and ¢,,, = 0 for K = 1.

Merge move. We randomly select a pair (k1, k2) of components to merge and form a new component
k. The probability of choosing (k1, k2) is q.(k1, k2) = m For our model, we can apply the
following deterministic transformation to get new merged parameters:

k k k R T T T S
=t A, AT= AR+ s AT, pt = et e ©)

Then ¥ and B are updated accordingly.

Split move. We randomly select a component £ to split into two new components k1 and ko. The
probability of choosing component k is g, (k) = 4. Different from the sampling method in previous
work [2L|104/11], the splitting of parameters is an ill-posed problem with positive constraints. Here,

we apply a simple heuristic transformation to get new splitting parameters:
o = ark, 7% = (1 —a)7*, a ~ Be(1,1),
1 1 1 (10)
7A’f ki — — .k ko _ _ — k.
20 —a) © n, 2(1_a)lt

1
Ak:1 _ 7Ak Ak:g _
20"’ 2a
Then ¥ and B are updated accordingly.

Acceptance. Given original parameters © and the new @', we accept a merge/split move with the

(© ))}_

probability min{1, likelihood ratio x 1; ©

3.3 Computational Complexity and Acceleration

Given N training sequences of C'-dimensional Hawkes processes, each of which contains I events,
we represent impact functions by D basis functions and set the maximum number of clusters to
be K. In the worst case, the computational complexity per iteration of our learning algorithm is
O(K DNI3C?). Fortunately, the exponential prior of tensor A corresponds to a sparse regularizer.
In the learning phase, we can ignore the computations involving the elements close to zero to reduce
the computational complexity. If the number of nonzero elements in each A* is comparable to
C, then the computational complexity of our algorithm will be O(K DN I?C). Additionally, the
parallel computing techniques can also be applied to further reduce the runtime of our algorithm.
Note that the learning algorithm of MMHP discretizes each impact function into L points and
estimates them via finite element analysis. The low-rank regularizer is imposed on its parameters.
Therefore, its computational complexity per iteration is O(NI(I2C? + L(C + I)) + C?). Similarly,
when the parameters of each Hawkes process is sparse, its computational complexity will reduce to
O(NI(IC+L(C+1I))+C?). The first part O(NI(IC + L(C +1))) corresponds to the ODE-based
parameter updating while the second part O(C?) corresponds to the soft-thresholding of parameters.
According to the setting in [3|/12]], generally L > I. Therefore, the computational complexity of our
algorithm is superior to that of MMHP, especially in high dimensional cases (i.e., large C').
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Figure 1: Comparison for various inner iteration allocation strategies on different synthetic data sets.

4 Experiments

4.1 More Experiments of Convergence

We test various inner iteration allocation strategies on two synthetic data sets. Both of these two data
sets have sparse A. In the first data set, the nonzero elements in A are distributed randomly, while in
the second data set, each slide of A%, k = 1, ..., K, contain several all-zero columns and rows (i.e.
blockwise sparse tensor). The convergence curves obtained via various strategies are shown in Fig. [T}
which demonstrate that the open-loop control and the Bayesian optimization strategies outperform
heuristic strategies consistently. The results are robust to the changes of parameters’ structure and the
number of clusters. According to the derivations of algorithm and the convergence analysis above,
we give the scheme of our DMHP learning algorithm in Algorithm 2}

4.2 Synthetic Data

Fig. 2 shows the histograms of the number of clusters obtained via various methods on our two
synthetic data sets () = 5). We can find that the distributions obtained by our method are more
concentrated to the real number of clusters.

4.3 Real-world Data

The clustering results of IPTV data are shown in Fig.[3] Compared with the results obtained via
MMHP+DPGMM, the histogram of the number of clusters obtained via our DMHP method is more
concentrated and the infectivity matrices of clusters are more structural and explainable.
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Algorithm 2 Learning DMHP

1: Input: S = {s,}Y_,, the maximum number of clusters K, the maximum number of iteration 1.

2: Qutput: Optimal parameters of model, &, EAJ, and B.

3: Initialize o, 3, B and [r,;] randomly, ¢ = 0.

4: repeat
5:  Just M-step:
6:  Given [r,], update {2, AM} via , calculate negative log-likelihood L"),
7. Aloop of E-step and M-step:
8:  Given {«, X, B}, update responsibility via , denoted as [r?,] .
9:  Given [r2,], update {a(®, A} via , calculate negative log-likelihood Z(?).
10 LW <1
11: Given {a(), AW}, update X, B via .
12 Else
13: Update [r,] via [rfk)]
14: Given [rpk], a®, 2(2), update «, 32, B via .
15  End
16:  Merge or split clusters and update 3, B via MCMC.
17 i=44+1.
18: until i = [ N
19: & =, =3, and B = B.
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