A KL divergence for the truncated log-normal distribution

We need to introduce some notation to work with the truncated normal distribution. Consider a distribution
tN (x| p, 02, a,b), where p and o are the mean and the standard deviation of the corresponding normal
distribution before truncation, and a and b are the left and right truncation thresholds respectively. Denote

o= g=""t Z=0(8) - d(a)

Now we can calculate the KL divergence between a truncated log-normal distribution ¢(6*) and a log-uniform
distribution p(6*) with a bounded support 8* € [e?, €°].

KL(q(0") || p(6")) = KL(q(log 0") || p(log 6°)) =

b 2
= KL (| ,0%, 0,0 UG [ 0.0) = [ V| o? 0,0 g D200

Ualab)

= 77‘[(&/\/’(.’1) | Hy 027 a, b)) + log(b - a’)

Entropy for the truncated normal distribution is

HEN (x| p, 07, a,b)) = log(V2rec Z) + adla) — B(B)

27
1 1,

o(x) = Eexp<— 533 )

®(z) = %(1 + erf(z/V/2))

Finally, we obtain
KL(q(0: | i, 03) || p(6:)) =

— log(b — a) — log(V2meo;) — log(®(;) — ®(a:)) — =

B Sampling from the truncated log-normal distribution

To sample #° from the truncated log-normal distribution, we first sample log 8° ~ tN (log 0" | i, 07, a, b) and
then take the exponent. In order to sample from the truncated normal distribution we use the inverse cumulative
density function. The CDF for the truncated normal distribution is
O(5H) — o(5H)
F(a) = 7 =y

Hence inverse CDF can be written as
P =t oo (ae) + 29) =

Sampling y from /[0, 1] one can obtain = samples from truncated normal distribution. The final expression for
the reparameterization trick for 6 ~ log tA (0 | 4, 0%, a, b) looks like this:

6 = exp {p+ od! (<I>(a) + Zy) } , where y ~ U(y|a,b)

C Mean of the truncated log-normal ditribution

Let’s derive the expected value of 6. In order to this, let’s first find the PDF of the truncated log-normal
distribution.

N (| 0?0, b) ! <x—m2), v €[],

1
t exn| -
7\ 2mwo? P ( 202
tN (logz | p, 0°, a,b)d(log z) = tN(logz | u, 0, a, b)i—x = LogN{au (x| p, 0% )da

1 1
LogNpp(z | p,0%) = ————ex (——lo T — 2>,lo T € [a,b], >0
8Nfa.p) (2 [ 1, 07) Jodass &P 552 108 = ) g € [a,b]
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The obtained PDF is very similar to the log-normal distribution PDF. Hence,

b
1 ¢ 1 1
Bl ~ g 1o | = 7 [ oo (- goations — e =

1 ) “ 1 9
== — — (1 — _
Z {exp(u +07/2) /0 53 P ( 557 1082 — 1) )dw
teo g 1 5
— exp(—rﬂ(logx—u) )dm}

e V2mwo?

Now we need the formula for

e 1 1
p(a) = /a Nore exp (— ?(logx - ,u)2>da:

1 —
p= OBT TR gtoti g = Tty
g

_ o 1 1, . e 1 1,5 9 o2
p(a) = ko mexp(—2t —i—ta—i—u)dt— ko mexp(—Q(t —2tc+0°) + 3 +p)dt =

> 1 1 1 1
_ 2 ol e _ 2 1
=exp(c”/2+ p) Y~ exp ( 2(t o) )dt =exp(c”/2+ p) ﬁoga_”_a N exp ( 2t )dt

pla) = exp(o?/2 + 1) (1 - @(k’g“f‘“ - a)> = exp(o?/2 + u)%@)

Using the derived formula, we finally obtain the expectation Ex

E |:[E ~ LOgN[a’b] (CC ‘ oy 0'2):| =
:% {exp(,u + 02/2) - [eXp(u + 0-2/2) _ p(ea)] . p(eb)]

_exp(p+0%/2) {q)(ﬁ +p—a> 41)(02 +u—b)]

Z e o

D Signal-to-noise ratio of the truncated log-normal distribution

It is useful to calculate the signal-to-noise ratio Ex//Var(z) for the truncated log-normal distribution in order
to investigate the sparsity of the resulting layer. We need the variance Var(z) to calculate it.

1 1
LogNpv(z| g, 0%) = ————ex (——lo T — 2>,lo T € [a,b], >0

b
1 [ (z—Ea)’ 1
Var [:c ~ LogNia b (2| 1, 0'2)} = E/ % exp ( — 5 (logz — u)2>da: =
1

= l[/f%exp (— 202(10gaj—,u)2>dm—/e:o%exp (— #(logm—pf)dm}

Z | Jea

So we have to calculate

/ L Oo(.%‘*Ea?Q 1 2
p (a) .7/@ mexp (— ﬁ(logx—u) )d:r

/ o x 1 2
p(a):/a mexp(fﬁ(logxfp) )d:r
< 1 )
—9E — ~ _(logzx —
[ e (- gt - i
> 1 1
+IE:C2/ ————ex (——lo T — 2)d:c
(Ex)  avaa P 557 1082 — 1)
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We already have the expression for p(a)

> 1 1 loga —
o) = [ e (= guplions — ) o = exp(a /2 + ) 7 — L)

For the rest two summands we introduce a new variable ¢.

1 _
= 08T H 'u, z =€  dr=e""Todt
o

Next, we use ¢ in a variable substitution.

<z 1 9 © 1 1,
—— logz — p)* | dx = — — P20 +2u ) dt =
/ﬂ s exp( 552 logz — 4) ) Ny - exp( 5t +2to + u)

° 1 1 5 2 2 _
1Ogau\/iexp<—§(t —4t0+40)+2,u+20>dt—
=exp(2u + 2 ——ex 1(15—2 )2 )dt = exp(2p + 2 2)/00 Lex —lt2 dt =
- p K J loga loga—p /21 b 2 7 o plap o loga—p o, 2 P 2 B
— exp(2u + za2>q>(2g - lga-u)
o

[ee]

i 1 1 2 1,5 loga — p
—_— - —( - dr = —t° |dt = — —=———
/a o exp ( 597 (logz — p) ) T = togos exp ( 3 ) ( o

Using the expression for Ex we obtain

p'(a) =exp(2u + 202)<I><2a — logai—,u) —2exp(0°/2 4 p)® (a — logai—,u)Ex + (]Ea:)2<1>( — logai—,u)
o o o

Var |2 ~ LogNa v (2 | 1, 02)} :% /b (z _QE:); exp (— #(logm - u)2> da =
SR LT [ (o) (020 — ) — (20— 5)
~ 280~ a) ~ 25— H)* + 5 (B0 — ) — (o~ ) *(B(~a) - @(—ﬂ))}
ORI [ (o) (020 — ) = (20 — ) — + (B(c — ) — B — 5|

Finally, we obtain the signal-to-noise ratio
P(o—a) = P(o—p)
Ex

SNR =
= VVar(z)  \/Zexp(0?)(®(20 — a) — (20 — B)) — (B(0 — o) — ®(0 — B))?

E Stable Computation of Statistics

Straightforward computation of the SNR and the mean of the truncated log-normal distribution can lead to
indeterminate values like O - co when the values of ¢ are high. In order to make our calculations stable we use
the scaled complementary error function erfcx(z) = exp(z?)erfe(z). Given the equation

o0 () ()] oo () () o) ()

we can rewrite equations (19), (20) in the following form
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