Appendix

A Algorithm for estimating Schatten kt-norm for & > 8

The collection of pseudographs #, is partitioned into sets {#}59}1<i<,, for some 7 < k!. The
partitions 1 are defined such that the pseudographs in one partition are isomorphic to each other
when multi-edges are condensed into one. This is useful since all the pseudographs in one partition are

observed together in G/([d], ©2) for any fixed subgraph in G. The underlying simple graph (including
self loops) for each partition #°} is denoted by Fy, ;.

The main idea is to enumerate a list £, of all connected ¢-vertex induced subgraphs (possibly
with loops) of the graph G([d],?), for each 1 < ¢ < k. The unbiased weighted count of all
pseudographs H;, for each of these vertex induced subgraphs g € L, is computed. This is achieved
by further enumerating a list S, ; of all /-vertex subgraphs for each g. Then the unbiased weight of
all pseudographs H € H, that exist in the subgraph £ is computed and is summed over to get the
estimate of the k-th Schatten norm. Recall the notation Pq (M) which is used to denote the partially
observed matrix corresponding to the index set {2 with the unobserved entries being replaced by zero.
We abuse this notation and use h(M) to represent the matrix M restricted to the subgraph h of the
observed graph G([d], 2).

Each connected induced subgraphs of size k in a graph can be enumerated in time polynomial in d
and k [5]. The number of connected induced subgraphs of size k in a graph is upper bounded by
(eA)*/((A —1)k) where A is the maximum degree of the graph [19]. Therefore, Algorithm 2 runs
in time, super exponential in k, polynomial in d and the number of k connected induced subgraphs in
the observed graph G([d], Q).

Algorithm 2 Schatten k-norm estimator

Require: Po (M), k, Hy, p(H) for all H € Hy,
Ensure: Oy (Pq(M))

1: @k(PQ(M)) +~0

2: for1 < /¢ <kdo

3:  Enumerate a list, £, of all connected ¢-vertex induced subgraphs (possibly with loops) of the
graph G([d], )

4: forallg € L, do
5: Enumerate a list S, , of all connected ¢-vertex subgraphs of the graph g by removing one or
more edges
6 forallh € S, ¢ do
7: forl1 <i<rdo
8: if i is isomorphic to Fj, ; then
9: O (P&Z(M)) — @k(PQ(M)) + ZHGH‘,:f; ﬁwh(M) (H)C(H)
10: end if
11: end for
12: end for
13:  end for

14: end for
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B From Schatten norms to spectrum and generalized rank

Schatten norms by themselves are rarely of practical interest in real applications, but they provide a
popular means to approximate functions of singular values, which are often of great practical interest
[4, 20, 13]. In this section, we consider two such applications using the first few Schatten norms
explicitly: estimating the generalized rank in Section B.1 and estimating the singular values in Section
B.2.

B.1 Estimating the generalized rank

For a matrix M € R%*? and a given constant ¢ > 0, its generalized rank of order c is given by

rank(M, c) = ZH[@(M) > c]. (11)

i=1
This recovers the standard rank as a special case when ¢ = 0. Without loss of generality, we assume
that omax (M) < 1. For any given 0 < ¢ < ¢; < 1,and 0 € [0, 1), our goal is to get an estimate
7(Pq(M)) from sampled entries Pq (M) such that

(I =9¢) rank(M,c1) < 7(Pa(M)) < (1+0)rank(M,cs). (12)

The reason we take two different constants c1, co is to handle the ambiguous case when the matrix
M has many eigenvalues smaller but very close to ¢;. If we were to set co = c1, then any estimator
7(M) would be strictly prohibited from counting these eigenvalues. However, since these eigenvalues
are so close to the threshold, distinguishing them from other eigenvalues just above the threshold
is difficult. Setting co < c; allows us to avoid this difficulty and focus on the more fundamental
challenges of the problem.

Consider the function H,, ., : R — [0, 1] given by

1 ifx >c

He e(x)=10 ifz <co (13)
L=< otherwise.
C1—C2

It is a piecewise linear approximation of a step function and satisfies the following:
rank(M,c;) < 2?21 He, ,(0s(M)) < rank(M,cs). (14)

We exploit this sandwich relation and estimate the generalized rank. Given a polynomial function
f : R — R of finite degree m such that f(z) ~ H,, ,(x) for all x, such that f(x) = ap + a1z +
-+« 4+ anx™, we immediately have the following relation, which extends to a function on the cone of
PSD matrices in the standard way:

d

D floi(M)) = apd+ Y ap| M|} (15)

i=1 k=1
Using this equality, we propose the estimator:

m

P(Po(M);cr,ca) = aod+ Y ar®r(Pa(M)), (16)
k=1

where we use the first several O, (Po(M))’s obtained by the estimator (3). Note that function f
depends upon c1, ¢o. The remaining task is to obtain the coefficients of the polynomials in f that is a
suitable approximation of the function H,, .,. In a similar context of estimating the generalized rank
from approximate Schatten norms, [20] propose to use a composite function f = g5 o ¢ where ¢ is a
finite-degree Chebyshev polynomial of the first kind such that sup,¢ (g 11 [¢(%) — He, ¢, (x)] < 0.1,
and ¢ is a polynomial of degree 2s + 1 given by

1

x
gs(x) = m/o t°(1 —¢)°dt, where B(, -) is the Beta function. (17)
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Algorithm 3 Generalized rank estimator (a variation of [20])

Require: P (M), ¢1, ca, s
Ensure: 7(Pq(M);cy,c)
1: For given ¢; and cs, find a Chebyshev polynomial of the first kind ¢(z) satisfying [Appendix C]

sup |q(z) — Hey e ()] < 0.1
z€[0,1]

2: Let C}, denote the degree of g(x)

3: Find the degree (2s + 1)C}, polynomial expansion of ¢ o g(x) = fjg DO gk
4: F(Po(M);c1,c2) < aod + Z,(fjfl)cb arOk(Pao(M)) [Algorithm 1]

Note that, since H,, ., is a continuous function with bounded variation, classical theory in [17],
Theorem 5.7, guarantees existence of the Chebyshev polynomial g of a finite constant degree, say
Cy, that depends upon c; and c,. Concretely, for a given choice of thresholds 0 < ¢; < ¢3 <1
and degree of the beta approximation s, the estimator 7(Pq (M ); ¢1, c2) in (16) can be computed as
follows.

The approximation of H., ., with f = g5 o ¢ and our upper bound on estimated Schatten norms

1,C2
O (Pq(M)) translate into the following guarantee on generalized rank estimator 7(Pq(M); ¢1, ¢2)
given in (16).

Corollary 2 Suppose | M||2 < 1. Under the hypotheses of Theorem 1, for any given 1 > ¢1 > co >
0, there exists a constant Cy, such that for any s > 0 and any v > 0, the estimate in (16) with the
choice of f = qs o q satisfies

(1 —=9¢)(rank(M,c1) —27°d) < 7(Pa(M);ci,c2) < (14 6)(rank(M,c2) +27°d)(18)

with probability at least 1 — yCy(2s + 1), where § = maxi<p<c, (25+1) {\/%(%;_2“})1@}

The proof follows immediately using Theorem 1 and the following lemma which gives a uniform
bound on the approximation error between H,, ., and f = ¢, o ¢. Lemma 5, together with Equa-
tions. (14) and (15), provides a (deterministic) functional approximation guarantee of

d
rank(M,c1) —d27° < Zf(O'Z(M)) < rank(M,c1) +d277, (19)
i=1

for any ¢; < ¢z and any choice of s, as long as C}, is large enough to guarantee 0.1 uniform error
bound on the Chebyshev polynomial approximation. Since we can achieve 1 + § approximation on
each polynomial in f(o;(z)), Theorem 1 implies the desired Corollary 2. Note that using Remarks 3
and 4, the bounds in (10) hold for k € [1, 00) with r!~2/¥ replaced by max{1,r!=2/k}.

Lemma 5 ([20], Lemma 1) Consider the composite polynomial f(x) = qs(q(z)). Then f(x) €
[0,1] for all z € [0, 1], and moreover

|f(x) = Heyop ()] <277, Sorall x € 0,¢2) U [c1,1]. (20)

In Figure 6, we evaluate the performance of estimator (16) numerically. We construct a symmetric
matrix M of size d = 1000 and rank r = 200. o; ~ Uni(0,0.4) for 1 < i < r/2, and 0; ~
Uni(0.6,1) forr/2 + 1 < i < r. We estimate 7(Pq (M ); ¢1, ¢2) for Erdos-Rényi sampling €2, and a
choice of co = 0.5 and ¢; = 0.6, which is motivated by the distribution of ¢;. We use Chebyshev
polynomial of degree C}, = 2, and s = 1 for ¢5. That is function f is of degree 6. Accuracy of the
estimator can be improved by increasing Cj, and s, however that would require estimating higher
Schatten norms.

B.2 Estimating the spectrum

Given accurate estimates of first K Schatten norms of a matrix M, we can estimate singular values
of M using a linear programming based algorithm given in [13]. In particular, we get the following
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Figure 6: The left panel shows a histogram of singular values of M chosen for the experiment. The
right panel compares absolute error in estimation 7(Pq (M ); ¢; = 0.5, ¢z = 0.6) for two choices of

-

the Schatten norm estimates || M||%: first the proposed estimator ék(PQ(M )) in (3), and second the
Schatten norm of the completed matrix, M = AltMin(Pq(M)) from [10].

guarantees on the estimated singular values, whose proof follows directly using the analysis techniques
in the proof of [13, Theorem 2]. The main idea is that given the rank, the maximum support size of
the true spectrum, and an estimate of its first X' moments, one can find r singular values whose K
first moments are close to the estimated Schatten norms.

Algorithm 4 Spectrum estimator (a variation of [13])

Require: P (M), K, ¢, target rank r, lower bound a and upper bound b on the positive singular

values
Ensure: estimated singular values (o1, 09, ...,0,)
I: LeRE: L =0O,(Po(M))fork € K] [Algorithm 1]

2t=[(b—a)/el+1,z e R a; =a+e(i—1),fori e [t],

3: VeRKX:V; =a! forie [K],j € [t]

4: p* = {minyep: |[Vp — L|; : ]l;'—p =1,p>0}

5: 0y =min{z; : )5, ;p; = 7} ith (r + 1)st-quantile of distribution corresponding to p*

Further, our upper bound on the first K moments can be translated into an upper bound on the
Wasserstein distance between those two distributions, which in turn gives the following bound
on the singular values. With small enough e and large enough K and r, we need sample size
d?p > Ci. i ,c.,dr*=%/* to achieve arbitrary small error.

Corollary 3 Under the hypotheses of Theorem 1, given rank r, constants 0 < a < b such that
Omin = G, Omax < b, and estimates of the first K Schatten norms of M, {ék(PQ(M))}k.E[K]
obtained by the estimator (3), for any 0 < ¢ < (b — a), and v > 0, Algorithm 4 runs in time
poly(r, K, (b — a)/€) and returns {G;};c[r) an estimate of {o;(M)};c[r) such that

1 & Clb—a) b—a K1 i & p?
- o < K)(b—a)| eKb r
;o U g a><e 3 oha) 2 (2

K T
k=1

with probability at least 1 — vK, where C'is an absolute constant and g(K) only depends on K.

In Figure 7, we evaluate the performance of the proposed estimator (3), in recovering the true spectrum
using Algorithm 4. We compare the results with the case when Schatten norms are estimated using
matrix completion. We consider two distributions on singular values, one peak and two peaks. More
general distributions of spectrum can be recovered accurately, however that would require estimating
higher Schatten norms. For both cases, the proposed estimator outperforms matrix completion

14
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approaches, and achieves better accuracy as sample size increases with «. In each graph, the black
solid line depicts the empirical Cumulative Distribution Function (CDF) of the ground truths {o };¢[,]
for those r strictly positive singular values. On the left, there are r singular values at one peak o; = 1,
and on the right there are /2 singular values at each of the two peaks at o; = 1 and o; = 2. Each
blue line and the orange line depicts the empirical CDF of {7 };c[q) and {0 };c|q) respectively for
each trial, over three independent trials. &;’s are estimated using {ék(PQ(M )) }re[x) obtained
by the estimator (3), and ;’s are estimated using {[|M||}'}xex] where M = AltMin(Pq(M)),
along with Algorithm 2 in [13], for K = 7. M is a symmetric matrix of size d = 1000 and rank
r € {50,200, 500} with singular values {0; };c[q). € is generated using Erds-Rényi sampling with
probability p = (a/d)r'=%/7 for a € {3,5,8,10}.

a=3 a=5 a=38 a=10 a=3 a=5 a=38 a=10
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Figure 7: The proposed estimator (in blue solid lines) outperforms matrix completion approaches (in
orange solid lines) in estimating the ground truths empirical cumulative distribution function of the r
strictly positive singular values (in black solid line) for two examples: one peak at o; = 1 on the left
and two peaks at 0; = 1 or g; = 2 on the right. Both approaches achieve better accuracy as sample
size increases with o, where p = (a/d)r'=2/7.

C Algorithm for computing the Chebyshev polynomial

Algorithm 5 Chebyshev polynomial of the first kind approximating H., ., (x)

Require: H, .,, ci, c2, and target accuracy § = 0.1
Ensure: Chebyshev polynomial ¢(z) of first kind

— I—C2

9(x) = =2

—_

2: To(z) =1, Th(z) ==

3 g(a) « L [7(1—a?)"V2g(a) Ty (a)de + L[] (1 — 22) "2 Ty () da

4: ¢ =

5: while sup,,c(o 1 lg(x) — Hey op(x)] > 6 do

6 qlz) ¢ glx) + 2BE [0 — 22) 7V 2g(2) Ty (w)da + ZRE [7 (1 — 22) V2T () da
7 1+ 141

8  Ti(x)=22Ti—1(x) — Ti—2(x)

9: end while
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D Proofs

We provide proofs for main results and technical lemmas.

D.1 Proof of Theorem 1

Consider W to be the collection of all length k closed walks on a complete graph of d vertices. Here
we slightly overload the notion of complete graph to refer to an undirected graph with not only all the
d(d — 1)/2 simple edges but also with d self loops as well. Construct the largest possible collection

W from W wherein each walk has distinct weights that is w(w) # w(w’) for all w,w’ € W. We
partition W according to the pattern among k-cyclic pseudographs, which are further partitioned into
four groups. The estimator (3) can be re-written as

~ _ c(H (w))
Or(Pa(M)) = u;‘/p(H(w))W%(M)(w)
- ¥ {CEZS > ettt}
HeHy, p w:H(w)=H
Yy { > en(w)Iwc o)} 23)
i=1 HEHy, w:H(w):H

where we write w C 2 to denote the event that all the edges in the walk w are sampled, and we
define

o Hy1 = {Cy} is just a (set of a) simple cycle of length & and there are total [{w € W :
H(w) € Hi1}| = (9)(k!/2k) < (d* /2k) corresponding walks to this set, and ¢(C},) = 2k.

o Hyo = {H(Vu,Eu) € Hi ¢ |Vu| < k — 1andno self loops}, and there are total
{w e W : H(w) € Hg2| < d*~! corresponding walks to this set.

o His = U]:;ll Hi3,s Where Hy 3, = {H € Hj with s self loops}, and there are total
{w € W : H(w) € Hi3}| < d** corresponding walks in this set.

o Hyy={H(Vy,Ey) € Hi : |Vu| = 1} is a (set of a) graph with & self loops and there
are total [{w € W : H(w) € Hy 4}| = d corresponding walks to this set.

Given this unbiased estimator, we provide an upper bound on the variance of each of the partitions to
prove concentration with Chebyshev’s inequality. For any walk w € W, let |w| denote the number
of unique edges (including self loops) that the walk w traverses. Let |w N w’| denote the number of
unique overlapping edges (including self loops) of walks w and w’. We have,

I(w C Q)wpr(w)e(H(w)) T(w' C Q)wpr(w)e(H (w'
Val"(@k(PQ = 2;:1 Z Covar( — ;))(IJ:T[((w)))( ( ))7 W' € ]))(I];((u;’)))( ( ))>
wH#w’ ew
|[wNw'|=¢
. C(H)2 2
+ Z Z { (2 Z wa(w) Var(]l(wgﬂ))} (24
i=1 HEH ; p w:H(w)=H
k-1
, |wr )wmw')\c(H(w))c(H(w')))
< 4 E|I(w C QI(w' CQ) < -
— T#%:fw ] p(H (w)) p(H(w'))
wNw’|=¢
4
N

Recall from the definition of incoherence that [M;;| < o1 (M)ur/d and |M;;| = oy (M)ur'/2/d,
and let = o1 (M)ur'/?/d denote the maximum off-diagonal entry, such that [M;;| < « and
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|Mi;| < ay/rforalli,j € [d]. Let A,k o.a = d*a®*/pF denote the target scaling of the variance,

then ) )
c(H)* wpr(w)
HeHy,; w:H(w)=H
dk 2%k 2 2k
ﬂ% = %Ay o, fori=1, (26)
k 2 2k k 2
i1 ;ko‘ = f(d) Appod, fori=2, 27)
k 2k ko k—1
d/r Z = 77.6;;_1 Ap,k,a,dv fOr 1 =4 N (28)

and for7 = 3 and for 1 < s < k — 1, we have

2 2 2 2k,.s 2,.8
DS WE[H(M C Q)} < gt I) T f(’filr Ay oo s (29)
HeHy,3,s w:H(w)=H p p

where ¢(H ) is defined as the multiplicity of walks with the same weight satisfying ¢(H) < f(k). For

w # w’ and |w N w'| = ¢, where the range of ¢ varies across equations depending upon the set to

which w, w’ belongs, we have the following:

|war (H (w))war (H (w"))| e(H (w))e(H(w'))
p(H (w))p(H (w’))

<

> E[l(w € Q)I(w' € Q)]
w#w eW
lwNw'|=0,H(w)€Hk i, H(w ) EHy, i1 o1

dkde—ka) a%}(jw _ (dp();—f %Ay oo for i =i’ =1 (30)
f(k)2dk—1d;—1—(z+1)a2k . f(mi(gp)k_gAp,k,a’d fori =14 =2 (31)
f(k)2dksdks’£;2kss’ (ay/r)s* < f((;/)i/(;i)zts,z s, fori—#=302)
f(k)2dkdk;;_(‘]+1)a2k - f(k)QC(lcjp)’“‘f Ao fori=1,i' = 233)
f(k)2d’“d’“‘s‘(i;1)a%_s(a\/;)S < f(j();/(il/p%’je Ap ko fori=1,7 = §34)
f(k)Qdk—ldk‘s‘;“)a%‘s(ax/?)‘“ < fg;zz(;f?/’;l;é pesond fori = 2,i’ = 335)
f(k)Qddk’_s_;Ozk_s(a\/F)Hs < dz(lfzz(/{zj)?];js pok,rd fori = 3,4 = 436)

where (36) is valid only for ¢ = 1. Note that for any w with H(w) € Hg 1 |J Hp,2. it has no overlap
with w’ such that H (w’) € Hy, 4.

Observe that Var((:)k(sz(M ))) as bounded in (25) is upper bounded by the sum of quantities in
(26)-(36), summating over all possible values of 1 < £ < k —1,and 1 < 5,8 < k — 1. Let
h(k) = f(k)*Ap k,a,a- Observe that quantities in (26),(27), and (29) are upper bounded by h(k).
Quantities in (30)-(36) are upper bounded by h; (k) = h(k)(dp)*~'/d. Quantity in (28) is upper
bounded by hy (k) = h(k)rkpF=1 /a1,
Given || M||¥ > r(omin)¥, recall a bound on off diagonals of matrix M by |M;;| < & = p1omaxy/7/d
and A, k.ad = d*a* /pF. This gives
Ap o 2k 2 k=2
[MRE = drpt

(37
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Using Chebyshev’s inequality and collecting all terms in the upper bound on the variance, we have
for sufficiently large d, the following bound:

P(I@kmn(M))nan{ N 5) Gt {1’ (dp)*1 rkpk—l}sg)

1M1 62 (dp)* d 7 odt

where the second and the third term in the max expression follow by evaluating hi (k) and ho (k).
If sampling probability p is small enough such that dp < Cd'/(*~1) for some constant C, then the
second and the third terms are smaller than the first term. Hence, the desired result in Theorem 1
follows.

D.2 Proof of Theorem 2

We can prove a Bernstien-type bound on accuracy of the estimator. The estimator (3) can be re-written
as a multi-linear polynomial function of d(d + 1)/2 i.i.d. Bernoulli(p) random variables.

61(Pa(M)) — Z{C(H(“’”Ww) I H((m)em}, (39)

weWw (4,j) €Eunique(w)

where I((7,7) C ) is a random variable that takes value 1 if the (7, j)¢1, entry of the matrix M is
sampled, and unique(w) denotes the set of the unique edges (and self loops) that the walk w traverses.
Let q denote the power of the polynomial function that is the maximum number of unique edges in
the walk w, thatis ¢ = k.

We use the following Bernstien-type concentration results of [18] for the polynomials of independent
random variables.

Lemma 6 ([18],Theorem 1.3) We are given d(d + 1)/2 independent central moment bounded ran-
dom variables {1((i, j) € Q) }1<i<j<a with same parameter L. We are given a multilinear polyno-

mial ©(Po(M)) of power g, then
—2

IPH(:)k(PQ(M)) [@ (Pa(M ‘>)\} < eQmaX{e"a“[ék”’n(”’mm ?é?;](e Gz (4)

where R is some absolute constant and i, is defined as follows:

pe = scw‘,?)?fzewn( > w1 E[H((@j)eﬂ)})w)

|S|=t weW|w2DS (¢,5) €unique(w)\ S

where w O S denotes that the walk w comprises edges(and self loops) contained in the set S. L
is defined as follows: A random variable Z is called central moment bounded with real parameter
L > 0, if for any integer i > 1 we have

E[|Z-E[Z]]'] < iLE[Z-E[Z]'"]. (42)

For Bernoulli random variables L € [1/4,1]. In the following, we show that pu, <
(1o max)*g(k)r* /(d(dp)?), for t € [k]. Using Lemma 6, along with || M ||¥ > r(omin)*, the bound
in (10) follows immediately.

To compute M define a set of walks Wy ; 5 such that w € W) 5 s has 0 < ¢ < k unique edges and
0 < s < k unique self loops, and 5 total self loops with £ + § < k. For the set S as required in (41),

let S; ; be a set of { unique edges and § unique self loops, with | S; 75l = (+5wherel <(+35<k.
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Therefore, we have

H

IN

IN

IN

0<s<8<k wWEW; s s (i,5)Eunique(w)\S; &
Lelk]:b+5<k :w2DS; ; '

k 5 — (045
Sy ok )>

0<s<5<k weWy s

Celk]:b+5<k wDS; .

A ( Z de_(1+i)f(k> (NamaX)kr(k+§)/2p€+s—(l7+§)>

St 0<s<s<k prEe d
5=t pelk]t48<k,5<s
k ) (k)2

max Z f()(lw~>’"~~
St 0<s<i<k dd*=£=9) (dp)(“+5)
5=t pelk]:t48<k,5<s

3 k,.(k+8)/2 k k
max k f(k)(lﬂfr?ax) T~ _ < (MomaX) g(k)?“
Sis dd(k—¢=5) (dp)(&+3) d(dp)*
I+3=t
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Figure 12: The 7-cyclic pseudographs 7
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F Efficient computation of w,,(H) for k € {4,5,6,7}

In this section we provide the complete matrix oeprations for copmuting vy, (H)’s. Equations (43) -
(49) give expressions to compute v;(H) for H € H,4 as labeled in Figure 8. Equations (50) - (61)
give expressions to compute s (H) for H € Hj as labeled in Figure 9. Equations (62) - (93) give
expressions to compute v, (H) for H € Hg as labeled in Figure 10. Equations (94) - (186) give
expressions to compute s (H) for H € Hy as labeled in Figure 13.

For brevity of notations and readability, we define the following additional notations. Let A®B
denote the Hadamard product. For A € R%*4, let sum(A) denote a vector v € R such that
v; = Zj cld] A; ;. With a slight abuse of notation, for v € R%, let sum(v) denote sum of all
elements of v that is sum(v) = >~y vi- Let sum(yar (H;) : yar (Hj)) = Z] _; Ym(H;r). Define

R = 1454 —diag(14xq), that is R is an all-ones matrix except on diagonals which are zeros. Further,
for brevity, we omit the subscript M from the notations vps (H ), Ops and D ;.
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sum(sum(DEDODGD))
sum(sum(O©0060))

4 tr(O*O*Dx*D)

2 sum(sum((OG0)*(0O®0)OR))

2 tr(OxD*O*D)

tr(OxO*xO+0) — sum(7y(Bz) : v(B4))
tr(M«MxM+M) — sum(y(B1) : v(Bg))

2222222
olfevifevievifevievic
\/\/\/&/\/\/\/
I T T T T T

tr(DODODODOD)

5 sum(sum(D+*000®060))

5 sum(sum((DODOD)x(00)))

5 tr((0©060)*0*0)

5 sum(sum(D*(O00)x(DeD)))

5 sum(sum(((0O©0)xDx(0O®0))OR))
5 sum(sum((D*(0O©0)*x(0®0))OR))
5 tr(OxOxOx(DeD))

5 sum(diag(O©0G0)osum(00)) — 10 tr((0000)*x0*0))

tr(Ox0+x0+x0*0) — v(Cy) — v(Cy)
5 tr(OxDxO*Dx0)
tr(MsxM+«M+«MxM) — sum(v(C7) : v(Ch1))
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sum(sum(DODODEDODED)) (62)

sum (sum(O0000C060)) (63)
6 sum(sum(((0G0)*(OO0GO0G0))OR)) (64)
6 sum(sum(((OG0)*(DODODOD))®R)) (65)
9 sum(sum(((DOD)*(O0G000))OR)) (66)
3 sum(sum(((D®D)*(0O®0)*(D®D))®R)) (67)
6 sum(sum(((DOD)x(0®0)x(0®0))®R)) (68)
9 sum(sum(((O©0)*(DED)*(0®0))OR)) (69)
6 sum(sum(((DODOD)*(0O®0)*D)OR)) (70)
6 sum(sum((D+(0©000G0)*D)OR)) (71)
3 sum  (sum(((0©0)+(0©0))OR))® (sum(0©0)) — sum(((O@O@O@O)*(O@O))@R)

~diag((0©0)+(060)+(020))) (72)
4 tr((0©0)*(0©0)*(0G0)) (73)
2 sum((sum(O@O))@(sum(O@O))@(sum(O@O)) — sum((0©0®00000G0))

-3 ((sum(0©0®0E0))o (sum(0©0)) — (sum(0@0@0@0@0@0)))) (74)
3 sum(sum((D*(0©0)x(0©0)xD)OR)) (75)
12 sum(sum((D*(O®0)*Dx(0O®0))®R)) (76)
6 sum (sum(((O@O@O)*O)@R@(O*O)) - sum(((O@O@O@O)*(O@O))@R)) 77
6 tr((DOD®D)*0x0%0) (78)
24 tr(Dx(0©0©0)x0*0) (79)
6 tr(D*Ox(0©00)*0) (80)
6 (sum(sum((0+0)&((O+(DOD)+0)O R))) — sum(sum(((000)+(DoD)+(000))OR)))

(1)
12 tr(O*(D®D)*O*Dx*0) (82)

6 (sum(sum(((O*O)@R@(O*O) - ((O@O)*(O@O))@R))@sum(O@O))

) sum(sum((((O@O@O)*O)@R@(O*O) - ((0@0@0@0)*(0@0))93)))

—sum(sum(((O*O)@R@(O*O) - ((O@O)*(OQO))QR)Q(OGO))))) (83)
9 sum(sum(((0O*0)ORO(0*0) — ((0©0)*(0®0))OR)®((00)))) (84)
12 sum(diag(O*D+O*O)®sum((0O®0)) — diag((O©0®0)*D+x0*0)

—diag((0O©0®0)*0xD*0)) (85)
6 sum(diag(O*O*0)@sum((0©0)xD) — 2 diag((O©O0®0)xDx0x0)) (86)

12 sum(diag(O*O*0)odiag(D)@sum((0©0)) — diag((0©000)x0x0)ediag(D))  (87)
3 sum(diag(O*O*O)@diag(O*O*O) -2 diag((O@O)*(O@O)*(O@O)))
—(4/3)7(D2s) (88)
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©

tr(0+x0x0+x0x0+0) — v(Dz2) — y(D3) — v(D11) — v(D12) — v(D13)

—7(D16) — v(D22) — v(D23) — v(Dar) (89)
2 tr(D*OxD+O*D+0) (90)
3 sum(sum((O*D*O)®R®(0xD*0)) — sum(((0O©0)*(DeD)*x(O®0))®R))

oD
6 sum(sum((O*DxO*D)ORO(0*0)) — sum(((O©0)*Dx(0O©0)*D)®R)) (92)

tr(Msx M« M+« MxMxM) — tr(OxOxOxOxO*0) — sum(y(D1) : v(Dag)) + v(D2) + v(D3) +
Y¥(D11) +7(D12) +v(D13) + v(Dis) +v(D22) + v(D23) — v(Dag) — v(Dso) — v(D31) (93)

sum(diag((D®DOD®DEDGDED))) (94)
7 sum(sum((OG0)*(DODODGDGD))) 95
7 sum(sum(((DOD)*(0©0)*(DOD®D))OR)) (96)
14 sum(sum((O006060)*x(DEDED))) 7
7 sum(sum((0O0000006060)*D)) (98)
7 sum(sum((D*(0O©0)x(DODODOD))®R)) (99)
21 sum(sum((D*(O©0000)*(D®D))OR)) (100)
7 sum(sum(((O©0)*(000)*(DEDOD))OR)) (101)
14 sum(sum(((O©0)x(DODED)*(0O®0))OR)) (102)
7 sum(sum(((O©000)*(0®0)*D)OR)) (103)
21 sum(sum(((O©0G0E0)*Dx(0®0))®R)) (104)
14 sum(sum((D*(O00000)*x(0®0))OR)) (105)
7 tr((0©0060®0)+0%0) (106)
14 tr((0©0®0)x0%(0©0®0)) (107)
7 sum(sum(((0©0)*(0©0))®R)osum((0©0)*D) — sum(((O©00®0)xDx(00))OR)

—diag(((0G0)*Dx(0®0)*(000)))) (108)

= 14 sum((sum(((0O®0)*(0©0))OR)Osum((00)) — sum(((OC0O0E0)*(00))OR)

—diag(((0©0)*(0©0)*(060))))ediag(D)) (109)
7 sum(((sum(O®0)Esum(0E0)Esum(0E0)) — sum((OGO0C0C0E0E0))

=3 (sum((OG00E0))Esum((0©0)) — sum((OG0EO00®0E0))))ediag(D))  (110)
0.5 ((sum(0O©0)esum(0E0)) — sum((0O©00E0)))
14 sum(sum((0©0)xD)®Z; — sum((O©00®0)*D)@sum((0©0))

+ sum((0©0G000E0)*D)) (111)
28 sum(diag((0®0)*(0®0)*(0c0))odiag(D)) (112)
21 sum(sum((D*(0O©0)*(D®D)*(0®0))®R)) (113)
14 sum(sum(((DOD)*(O©0)*Dx(0O®0))OR)) (114)
7 sum(sum((D*(0©0)*(0©0)*(D®D))®R)) (115)
7 sum(diag(O+O+0)@diag((DODO®DED))) (116)
28 sum(diag((O®0©0)*0+0)@sum((0G0)) — diag((0©00®00)+x00)

—diag((0©0E0)x0x(0©0E0))) (117)
7 sum(diag(O*(O©000)*0)Esum((00)) — 2 diag((000c0)x(00E0)*0)) (118)
7 sum(diag(O*(O©0©0)+0)odiag((DOD))) (119)
42 sum(diag((0O©0®0)*0*0)diag((DOD))) (120)
7 sum(diag(O*O*0)©sum((O000060)) — 2 diag((00000000)%x0x0)) (121)
7 sum(sum((D*(O©0)xDx(0O60)*D)OR)) (122)
28 sum(diag(O*D*(0©0@0)*0)odiag(D)) (123)
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v(Es3z)

Zy

7(Es3g)

v(Es0)

v(Es2)

28 tr(O*Dx(O00®0)*Dx0) (124)
14 sum(diag(O*(DOD)*0+0)osum((0©0)) — diag((O©060)*xO* (Do D)*0)

—diag((0®060)*(D®D)*0x0)) (125)
14 sum(diag(OxD+O+0)®diag((DODOD))) (126)
Ttr(O*(DED)+x0x(D®D)*0) (127)
7(sum(sum((((0O*0)OR)O((O*(DOD®D)*0)®R))))

—sum(sum(((0O©0)*(DEDED)*x(00))OR))) (128)
14 sum(sum(((O©0®0)+x0)®RE(0xD0))

—sum(((000G0E0)*D*(0®0))OR)) (129)
28 sum(sum(((0O©0®0)xD+x0)®RE®(0%0))

—sum(((O00G00)*D*(0®0))OR)) (130)
(((0%0)OR)*0 — OO (1 gy 1*(sum((0©0) )N — (000)))OR (131)
(O6((0Ox0)®R))OR (132)
(OO(((0OEOEOEOEO)*xO)OR))OR (133)
((0EO0GO)®((0xO)OR))OR (134)
(OO(((OEO0E0)*x(OEOEO0))ER))OR (135)
7 sum(sum((((O©0G0)*O)OR®Zy — (((000G0G0)*Z3)OR — Z4)

—((Zs*(000))OR - Z7)))) (136)
0.5 sum(sum(OO(((0®0)x(0®0))OR)>((0xO)OR)

—00(((00G0)*(0®0G0))OR))) (137)

7 (sum(sum((0OO((0x0)OR)O(sum((OG0))*11xq
~(060))6(Laxi+(sum((0©0) ")) " — (000)))))
—sum(sum((0O(((0©0®0)*0)OR) 6 (Lax1+(sum((000) 1)) — (00)))))
—sum(sum((OO((0+(0©060))OR)O(sum((000))*li1xq — (000)))))
+sum(sum((O(((0G00)*(0©0®0))OR))))) — 14 Z7 (138)

21 sum(diag((DOD)*0x0x0)osum((0Oc0)) — 2 diag((DEOD)*x(O©0c0)*0x0))(139)

7 sum(diag(O*O+0)@sum((O©0)x(DED)) — 2 diag((O©0®0)*(DOD)x0*0)) (140)

7 (sum(diag(O+O0*0)@sum(((O©0)*(000))OR) — 2 diag((O0000)*(0©000)*0))
=2 sum(diag((0O©0®0)*0*0)esum((0©0)) — diag((O©00E0E0)*0*0)

—diag((O®000)*x0x(0000)))) — 28 Z; (141)
14 sum(diag(O+O+0)®Z; — 2 (diag((O©0E0)*x0x0)@sum((0©0))

—diag((0O©0®000G0)x0*0) — 0.5 diag((O©0E0)*0x(0©060)))) (142)
56 Z7 (143)
(O0(((OOE0)*xO)OR))OR (144)
(OO((OxO)OR))OR (145)
(OO((0Ox(OE0E0))OR))OR (146)
((0x0)OR®Zy — (((000)%Z3)OR — Zg) — ((Zox(0O®0))OR — Z1p)) (147)

14 (sum(0.5 sum(Z;1)@sum((0©0))) — (1/7) v(Ess) — sum(sum(((0©0))©®Z11))X148)
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AP

Z13

Z14

A%

21 sum(sum(((0©0))®Z11)) (149)
7 sum(sum(Z;;)@diag((DOD))) (150)
7 tr((DOD)*xOxDxOxD*0) (151)
14 sum(diag(D*O*O*0)©sum((O©0)*D) — 2 diag(D* (000G 0)xD+O£(FD)
14 sum(diag(O*OxD+0O)@sum((O©0)*D) — diag((O©0®0)*Dx0%D*0)

—diag((0©00)*(DED)*x0*0)) (153)
28 sum(diag(D+O0xD*xO+0)@sum((O0)) — diag(Dx(O©0®0)xDx0x0)
—diag(D*(0©060)+x0xD*0)) (154)

7 sum(diag(O*DxOxD+0O)@sum((0©0)) — 2 diag((O©0®0)xD+xOxDx(AH)5)
14 sum((sum(((((O*xO)OR)®O((OxD*O)®R))

—((060)xD*(00))OR)))odiag((DOD))) (156)
7 sum(sum(((((OxD*O)OR)®((O*(D®D)*O)®OR))
—((000)*(DODOD)*(060))OR))) (157)
sum(0.5 sum(((((Ox0)®R)®((Ox0O)®R))
—(((0O0)*(000))OR))®((0O®0)*D))) (158)
sum(sum((((((O©0G0)*Dx0O)OR)®((Ox0)OR))
—((0GO0®O0®0)*D*(0®0))®R))) (159)
0.5 sum(sum(((((OxD+O)®R)®((0OxO)®R))
—(((020)xD*(0©0))oR))6((000)))) (160)
sum(sum((((((O®O0G0)*0O)OR)O((0xD+x0)OR))
—((0©O0®O0®0)*D*(0®0))®R))) (161)
14 (sum(0.5 (sum(((((O*O0)OR)®(((Ox0))®R))
—((000)*(0®0))®R)))Esum((O©0)*D)) — Z13 — Z12) (162)
28 (sum(0.5 (sum(((((0O*O)®R)®(((0*0))®R))
—((00)*(0®0))®R)))Esum(D*(000))) — Z13 — Z12) (163)
14 (sum((sum(((((OxD+0)OR)O(((0%0))OR))
—((0EO)*D*(0®0))®R)))Esum((OG0))) — Z13 — Z15 — 2 Z14) (164)
14 (sum(0.5 sum((((((OxO)®R)®((Ox0O)®R))
—((000)+(0©0))oR))+D))osum((0©0))) = Z15 — Z12) (165)
84 Z1 (166)
42 71,4 (167)
te( MMM« MxMxM*M) — sum(vy(E1) : v(Ego)) (168)
tr(OxOxO0*xO0%x0%x0x0) — v(E13) — Y(E14) — 7(E24)
—Y(E25) — v(E2s) — v(Ess) — 7(Es9) — sum(y(Ea2) : 7(Eae)) (169)

(1/6) ((0xO®R)®(0x0®R)®(0+0GR) — ((00000)x(0000)@R)
—3 ((000)x(060)OR)H(0*OGR) — ((05000)x(00®0)OR))) (170)
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42 sum(sum(Z1600)) (171)
sum(sum (0.5 ((OxOOR)®(0O*OGR)

—((0©0)*x(O®0)®R)))®(0.5 diag(O+x0*0))) (172)
28 (Z17 — (6/84) v(Ee1) — (2/42) v(Es6) — (3/56) v(Eas) (173)
Zos — ’)’(E61) - 7(E62) (174)
7 sum(sum((D*OxDxOxDOR)®(0OxO®R)))

—7 sum(sum(D*(O®0)x«Dx(O®0)xDOR)) (175)
7 sum(sum(Dx*Z11%D)) (176)
sum(((0O+O)ORO(0+0) — ((0©0)*(060))OR)O((060))) (177)
7 sum(((diag(O*xO+0)®diag(Ox0*0))

-2 diag((0O©0)*(0®0)x(0®0)) — 4 Z1g)@diag(D)) (178)

0.5 sum(sum(((O*OOR)O(0xD+xOGR) — ((0©0)xDx(00)))®(0c0))) (179)
14 (sum(diag(O*Ox0)®diag(O*Ox Dx0) — 2 diag((0©0)*(0G0)xDx(0c0)))

—2 sum(Z1s0diag(D)) — 4 Zso) (180)
(((O*D*O*D)®R)*0 — OO(1 gx1*sum(D*(0O©0)*D, 1)

—Dx(000)+D))OR (181)
(OO((0xD+x0)OR))OR (182)
(OO((D*(00000)*DxO)OR))OR (183)
(OO((0xD+(000G0)*D)®R))OR (184)
7 sum(sum(((OxO)OR®Za1 — ((O®0)x«D%Z33)OR — Za3)

—((Z2+D*(000))OR — Z34)))) (185)

= Zas — Zag —sum(y(Fes) : 7(Ess)) (186)
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