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Abstract

In this paper we study the well-known greedy coordinate descent (GCD) algorithm
to solve ¢;-regularized problems and improve GCD by the two popular strategies:
Nesterov’s acceleration and stochastic optimization. Firstly, based on an ¢;-norm
square approximation, we propose a new rule for greedy selection which is non-
trivial to solve but convex; then an efficient algorithm called “SOft ThreshOlding
PrOjection (SOTOPO)” is proposed to exactly solve an ¢;-regularized ¢;-norm
square approximation problem, which is induced by the new rule. Based on the
new rule and the SOTOPO algorithm, the Nesterov’s acceleration and stochastic
optimization strategies are then successfully applied to the GCD algorithm. The re-
sulted algorithm called accelerated stochastic greedy coordinate descent (ASGCD)

has the optimal convergence rate O(1/1/¢); meanwhile, it reduces the iteration
complexity of greedy selection up to a factor of sample size. Both theoretically and
empirically, we show that ASGCD has better performance for high-dimensional
and dense problems with sparse solutions.

1 Introduction

In large-scale convex optimization, first-order methods are widely used due to their cheap iteration
cost. In order to improve the convergence rate and reduce the iteration cost further, two important
strategies are used in first-order methods: Nesterov’s acceleration and stochastic optimization.
Nesterov’s acceleration is referred to the technique that uses some algebra trick to accelerate first-
order algorithms; while stochastic optimization is referred to the method that samples one training
example or one dual coordinate at random from the training data in each iteration. Assume the
objective function F'(z) is convex and smooth. Let F'* = min,¢ g« F'(z) be the optimal value. In
order to find an approximate solution x that satisfies F'(x) — F* < e, the vanilla gradient descent
method needs O(1/¢) iterations. While after applying the Nesterov’s acceleration scheme [18]],
the resulted accelerated full gradient method (AFG) [18]] only needs O(1/1/¢) iterations, which is
optimal for first-order algorithms [18]]. Meanwhile, assume F'(z) is also a finite sum of n sample
convex functions. By sampling one training example, the resulted stochastic gradient descent (SGD)
and its variants [[15 125 [1] can reduce the iteration complexity by a factor of the sample size. As an
alternative of SGD, randomized coordinate descent (RCD) can also reduce the iteration complexity
by a factor of the sample size [17] and obtain the optimal convergence rate O(4/1/¢) by Nesterov’s
acceleration [16,|14]. The development of gradient descent and RCD raises an interesting problem:
can the Nesterov’s acceleration and stochastic optimization strategies be used to improve other
existing first-order algorithms?
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In this paper, we answer this question partly by studying coordinate descent with Gauss-Southwell
selection, i.e., greedy coordinate descent (GCD). GCD is widely used for solving sparse optimization
problems in machine learning [24, [11}[19]. If an optimization problem has a sparse solution, it is
more suitable than its counterpart RCD. However, the theoretical convergence rate is still O(1/e).
Meanwhile if the iteration complexity is comparable, GCD will be preferable than RCD [19]]. However
in the general case, in order to do exact Gauss-Southwell selection, computing the full gradient
beforehand is necessary, which causes GCD has much higher iteration complexity than RCD. To be
concrete, in this paper we consider the well-known nonsmooth /¢; -regularized problem:

win {Fa) & 1)+ Al & X file)+ Nzl }, 1)
where A > 0 is a regularization parameter, f(z) = + Z?:I f;j(z) is a smooth convex function that is
a finite average of n smooth convex function f;(x). Given samples {(a1,b1), (a2, b2), ..., (an,bn)}
with a; € R? (j € [n] & {1,2,...,n}), if each f;(x) = f;(a] x,b;), then () is an £, -regularized
empirical risk minimization (¢;-ERM) problem. For example, if b; € R and f;(z) = 3(b; — aj x)?,
(D) is Lasso; if b; € {—1,1} and f;(z) = log(1 + exp(—bjajra:)), £1-regularized logistic regression
is obtained.

In the above nonsmooth case, the Gauss-Southwell rule has 3 different variants [[19}24]: GS-s, GS-r
and GS-g. The GCD algorithm with all the 3 rules can be viewed as the following procedure: in
each iteration based on a quadratic approximation of f(x) in (I), one minimizes a surrogate objective
function under the constraint that the direction vector used for update has at most 1 nonzero entry.
The resulted problems under the 3 rules are easy to solve but are nonconvex due to the cardinality
constraint of direction vector. While when using Nesterov’s acceleration scheme, convexity is needed
for the derivation of the optimal convergence rate O(1/1/¢) [L18]. Therefore, it is impossible to
accelerate GCD by the Nesterov’s acceleration scheme under the 3 existing rules.

In this paper, we propose a novel variant of Gauss-Southwell rule by using an ¢;-norm square
approximation of f(x) rather than quadratic approximation. The new rule involves an ¢; -regularized
{1-norm square approximation problem, which is nontrivial to solve but is convex. To exactly
solve the challenging problem, we propose an efficient SOft ThreshOlding PrOjection (SOTOPO)
algorithm. The SOTOPO algorithm has O(d + |Q| log |Q)|) cost, where it is often the case |Q] < d.
The complexity result O(d + |Q|log |Q]) is better than O(d log d) of its counterpart SOPOPO [20],
which is an Euclidean projection method.

Then based on the new rule and SOTOPO, we accelerate GCD to attain the optimal convergence rate

O(4/1/¢) by combing a delicately selected mirror descent step. Meanwhile, we show that it is not
necessary to compute full gradient beforehand: sampling one training example and computing a noisy
gradient rather than full gradient is enough to perform greedy selection. This stochastic optimization
technique reduces the iteration complexity of greedy selection by a factor of the sample size. The
final result is an accelerated stochastic greedy coordinate descent (ASGCD) algorithm.

Assume z* is an optimal solution of (I)). Assume that each f;(z)(for all j € [n]) is L,-smooth w.r.t.
I, (p=1,2),i.e., forall z,y € R4,

IVfi(2) =V illa < Lplle = yllp, 2
where if p = 1, then ¢ = oo; if p = 2, then ¢ = 2.

In order to find an x that satisfies F'(x) — F'(x*) < ¢, ASGCD needs O (70%/'?”1) iterations (see

(T6)), where C is a function of d that varies slowly over d and is upper bounded by log®(d). For
high-dimensional and dense problems with sparse solutions, ASGCD has better performance than the
state of the art. Experiments demonstrate the theoretical result.

Notations: Let [d] denote the set {1,2,...,d}. Let R, denote the set of nonnegative real number. For
r € RY, let ||z, = (Z?Zl |xi|p)% (1 < p < 00) denote the £;,-norm and |7 o = max;e(q) 2]

denote the ¢,-norm of z. For a vector z, let dim(z) denote the dimension of z; let x; denote the i-th
element of . For a gradient vector V f(x), let V; f(x) denote the i-th element of V f(x). For a set

S, let | S| denote the cardinality of S. Denote the simplex A; = {6 € R% : 27:1 6, =1}.



2 The SOTOPO algorithm

The proposed SOTOPO algorithm aims to solve the proposed new rule, i.e., minimize the following
¢ -regularized ¢;-norm square approximation problem,

= def . 1

b argunin {(9(a)ug) + ool + Me +oll ®
g€ERd n

i Y oe4h, )

where x denotes the current iteration, 7 a step size, g the variable to optimize, & the director vector for
update and Z the next iteration. The number of nonzero entries of h denotes how many coordinates
will be updated in this iteration. Unlike the quadratic approximation used in GS-s, GS-r and GS-q
rules, in the new rule the coordinate(s) to update is implicitly selected by the sparsity-inducing
property of the /1-norm square ||g||? rather than using the cardinality constraint ||g|lo < 1 (i.e., g
has at most 1 nonzero element) [19 24]]. By [8] §9.4.2], when the nonsmooth term Al|z + g||1 in (I)
does not exist, the minimizer of the /;-norm square approximation (i.e., £1-norm steepest descent)
is equivalent to GCD. When A||z + g1 exists, generally, there may be one or more coordinates to
update in this new rule. Because of the sparsity-inducing property of ||g||? and ||z + g||1, both the
direction vector h and the iterative solution Z are sparse. In addition, is an unconstrained problem
and thus is feasible.

2.1 A variational reformulation and its properties

() involves the nonseparable, nonsmooth term ||g||? and the nonsmooth term ||« + g||;. Because

there are two nonsmooth terms, it seems difficult to solve (3) directly. While by the variational
2

identity [|g||? = infgen, Z,‘ii:l 2= in [3) | in Lemma it is shown that we can transform the

original nonseparable and nonsmooth problem into a separable and smooth optimization problem on

a simplex.

Lemma 1. By defining

def 1< g2
J(g.0) = (Vi ;géﬂnwgnh 5)
~ def . def ~
9(0) = argmingega J(g,6), J(0) = J(3(6),0), (6)
i ¥ arginfpen, J(0), (7

where §(0) is a vector function. Then the minimization problem to find h in (3) is equivalent to the

problem () to find 6 with the relation h = §(6). Meanwhile, §(8) and J() in () are both coordinate
separable with the expressions

Vi € [d], g:(0) = gi(6;) d:efsign(:(;i —6;nV;f(x)) - max{0, |$l — mV'f(x)\ —0;n\} —xz;, (8)
d

=S Ui0:), where Ji(6) 4V, f(2) - il gl DN+ 300 ©)

In Lemma is obtained by the iterative soft thresholding operator [7]. By Lemmal|l} we can
reformulate (3) into the problem (3)), which is about two parameters g and 6. Then by the joint
convexity, we swap the optimization order of g and 6. Fixing 6 and optimizing with respect to (w.r.t.)
g, we can get a closed form of §(6), which is a vector function about 6. Substituting §(0) into J(g, 0),

we get the problem (7)) about 6. Finally, the optimal solution hin (3) can be obtained by h = 9(9)

The explicit expression of each .J;(6;) can be given by substituting (8) into (9). Because § € A4, we
have for all ¢ € [d], 0 < 6; < 1. In the following Lemma it is observed that the derivate J!(6;) can
be a constant or have a piecewise structure, which is the key to deduce the SOTOPO algorithm.

’The infima can be replaced by minimization if the convention “0/0 = 0 is used.



Lemma 2. Assume that for all i € [d], J{(0) and J(1) have been computed. Denote r; 4

x4 de 2
JT% and 73 = = JTL‘I’(D then J!(0;) belongs to one of the 4 cases,
(casea) : Ji(0;) =0, 0<6; <1, (case b) : J/(0;) = J/(0) <0, 0<6;<1,
/ <0 < pr.
, J0), 0<6; < , S0, 0<bi<ra
(casec): J;(0:) =3 a2 <0 <1 (cased) : J(6;) = gz Tt <0 <rig.
S - Ji(1), rp<0;<1

Although the formulation of J/(6;) is complicated, by summarizing the property of the 4 cases in
Lemma[2] we have Corollary [T]

Corollary 1. Foralli € [d] and 0 < 0; < 1, if the derivate J(0;) is not always 0, then J/(0;) is a
non-decreasing, continuous function with value always less than 0.

Corollary 1| shows that except the trivial (case a), for all ¢ € [d], whichever J/(6;) belong to (case b),
(case c) or case (d), they all share the same group of properties, which makes a consistent iterative
procedure possible for all the cases. The different formulations in the four cases mainly have impact
about the stopping criteria of SOTOPO.

2.2 The property of the optimal solution
The Lagrangian of the problem (7)) is

d
£00,7,¢) = 70) +( D0~ 1) = (c.0), (10)
i=1
where v € R is a Lagrange multiplier and { € Ri is a vector of non-negative Lagrange multipliers.
Due to the coordinate separable property of J () in (9), it follows that 8J(9) = J/(6;). Then the
KKT condition of (I0) can be written as

d
Vield, Ji(:)+y-¢=0 (6;=0 and Y 6;=1. (11)

By reformulating the KKT condition (TT), we have Lemma 3]
Lemma 3. If (7,0, ¢) is a stationary point of (), then 8 is an optimal solution of (7). Meanwhile,
denote S % {i: 0; > 0} and T o {j: éj = 0}, then the KKT condition can be formulated as

Dies 0; = L -
foralljeT, 0;=0; (12)
forallie€ S, 4= —J/(0;) > maxjer *JJ/'(O)

By Lemma [3} if the set S in Lemma [3|is known beforehand, then we can compute 6 by simply
applying the equations in (T2). 'Therefore finding the optimal solution 6 is equivalent to finding the
set of the nonzero elements of 6.

2.3 The soft thresholding projection algorithm

In Lemma for each i € [d] with 6; > 0, it is shown that the negative derivate —.J/(6;) is equal to a
single variable 7. Therefore, a much simpler problem can be obtained if we know the coordinates of
these positive elements. At first glance, it seems difficult to identify these coordinates, because the
number of potential subsets of coordinates is clearly exponential on the dimension d. However, the
property clarified by Lemma [2]enables an efficient procedure for identifying the nonzero elements of

6. LemmaM|is a key tool in deriving the procedure for identifying the non-zero elements of 0.

Lemma 4 (Nonzero element identification). Let 0 be an optimal solution of (I). Let s and t be two
coordinates such that J'(0) < J}(0). If 8, = 0, then 6, must be 0 as well; equivalently, if 6, > 0,
then 05 must be greater than 0 as well.



is a permutation of [d], then the set S in Lemmais of the form {i1,42,...,4,}, where 1 < p < d.
If ¢ is obtained, then we can use the fact that for all j € [g],

. def o .
Lemmashows that if we sort u = —V.J(0) such that u;, > u;, > --- > u;,, where {i1,ia,...,44}

4
—J} (0;;)=% and Y 6; =1 (13)
j=1

to compute 7. Therefore, by Lemmafd] we can efficiently identify the nonzero elements of the optimal
solution 6 after a sort operation, which costs O(d log d). However based on Lemmas and the sort
cost O(dlog d) can be further reduced by the following Lemma

Lemma 5 (Efficient identification). Assume 6 and S are given in Lemma Then forallv € S,

—J;(0) > g%?;]({_‘]j(l)}' (14)

By Lemma [5| before ordering u, we can filter out all the coordinates i’s that satisfy —.J/(0) <
max;e(q] —Jj(l). Based on Lemmas |4| and |5} we propose the SOft ThreshOlding PrOjection
(SOTOPO) algorithm in Alg. to efficiently obtain an optimal solution 0. In the step 1, by Lemma
we find the quantity vy, , i, and Q. In the step 2, by Lemmafd] we sort the elements {—J/(0)| i € Q}.
In the step 3, because S in Lemmais of the form {1,142, ...,4,}, we search the quantity p from
1to |@| + 1 until a stopping criteria is met. In Alg. , the number of nonzero elements of 4 is p or
p — 1. In the step 4, we compute the 7 in Lemma [3{according to the conditions. In the step 5, the
optimal # and the corresponding h, T are given.

Algorithm 1 £ =SOTOPO(V f(z), x, \,n)
1. Find
(Vs im) E (maxierq {—J/(1)}, argmax;eiq{—J/(1)}),Q £ {i € [d]| — J/(0) > vy }.

2. Sort {—J;(0)] @ € Q} such that —J; (0) > —J; (0) > --- > —J{‘Q‘(O), where

{i1,42,...,19|g} is a permutation of the elements in (). Denote

def . def . def
v = (=J7,(0), =T, (0),. .., =T, (0),vm),  and Q41 = im, VIQ+1 = Vi

3. For j € [|Q| + 1], denote R; = {ix|k € [j]}. Search from 1 to |Q| + 1 to find the quantity
def . . .
p = min {j € QI+ 1| Jj,(0) = J,(1) or Y7 o] = /2nuj or j=1Q|+1}.

4. The 7 in Lemma[3]is given by

2
- {(ZZERN ail) J@n), i Cier, il = /20y

Up, otherwise.

5. Then the 0 in Lemma and its corresponding h, i in (3) and (@) are obtained by

- (Joos,—@1,0), o ifle R\ipks
(O, @) = § (1= 4e Ro\{i,) Ok G1(00), @1 +qi(6))), ifl =i,
(0,0,21), if I € [d\R,.

In Theorem|[I] we give the main result about the SOTOPO algorithm.

Theorem 1. The SOTOPO algorihtm in Alg. can get the exact minimizer h, & of the {1-regularized
0y-norm square approximation problem in (3) and (@).

The SOTOPO algorithm seems complicated but is indeed efficient. The dominant operations in Alg.
are steps 1 and 2 with the total cost O(d + |@|log|Q|). To show the effect of the complexity
reduction by Lemma 5] we give the following fact.



Proposition 1. For the optimization problem defined in (3)-(7), where X is the regularization param-
eter of the original problem (1)), we have that

—92J! —2J(1
0 < max M — max ¢ < 2. (15)
i€ld] n JE€ld] n

Assume vy, is defined in the step 1 of Alg. [T} By Proposition[I} for all i € Q,

_9J! —9J —-2J:H(1 /
Jz (O) < max 2Jk<0) < max J( ) + 2\ = 21}77” + 2/\7
n keld) 7 Jj€ld] n n

. . . —2J7(0 . o
Therefore at least the coordinates j’s that satisfy 4/ % > % + 2 will be not contained in

Q. In practice, it can considerably reduce the sort complexity.

Remark 1. SOTOPO can be viewed as an extension of the SOPOPO algorithm [20)] by changing the
objective function from Euclidean distance to a more general function J(0) in Q). It should be noted
that Lemma[5|does not have a counterpart in the case that the objective function is Euclidean distance
[20]. In addition, some extension of randomized median finding algorithm [I2]] with linear time in
our setting is also deserved to research. Due to the limited space, it is left for further discussion.

3 The ASGCD algorithm

Now we can come back to our motivation, ¢.e., accelerating GCD to obtain the optimal convergence
rate O(1/+/€) by Nesterov’s acceleration and reducing the complexity of greedy selection by stochas-
tic optimization. The main idea is that although like any (block) coordinate descent algorithm, the
proposed new rule, i.e., minimizing the problem in (3], performs update on one or several coordinates,
it is a generalized proximal gradient descent problem based on ¢;-norm. Therefore this rule can be
applied into the existing Nesterov’s acceleration and stochastic optimization framework “Katyusha”
[LL]] if it can be solved efficiently. The final result is the accelerated stochastic greedy coordinate
descent (ASGCD) algorithm, which is described in Alg.

Algorithm 2 ASGCD

§ =log(d) — 1 —+/(log(d) — 1)2 — 1;
26

p=1+6.q= ;87,0 = 5%

Zozy():{io:??o:o; )
— 1 —[n — .
2= gm =l (250 )Ly

fors=0,1,2,...,5 —1,do

I. 75 = ﬁ,as =
2. ps = V(@)
3. for!=0,1,...,m—1,do
(@ k= (sm)+1;
(b) randomly sample a mini batch B of size b from {1, 2, ..., n} with equal probability;
(©) Tpt1 = T2k + T2Zs + (1 — 715 — T2)Yk;
@ Virr = s+ § 2 5e5(V (@) = V(&)
(©) Yry1 =SOTOPO(Vi i1, Tk11, A, 1);
(B (2k41,9k41) = PCOMID(Viy1, Uk, g, A, 0);
end for
4 Top1 = =30 Ysmtss

end for
Output: zg

n_.
lesc’




Algorithm 3 (&,79) = pCOMID(g, 9, ¢, A, )
1. Vi € [d],9; = sign(¥; — ag;) - max{0, |[0; — agi| — a\};

. ~ _ sign(9)[0:]7" .
2. Vield,z; = T

3. Output: 7, 9.

In Alg. [2| the gradient descent step 3(e) is solved by the proposed SOTOPO algorithm, while the

mirror descent step 3( f) is solved by the COMID algorithm with p-norm divergence [13} Sec. 7.2].

We denote the mirror descent step as pPCOMID in Alg. 3] All other parts are standard steps in the

Katyusha framework except some parameter settings. For example, instead of the custom setting

p =1+ 1/log(d) [21,[13]}, a particular choice p = 1 + 6 (§ is defined in Alg. [2)) is used to minimize
26

the C' = 4122

on the extra constant C. Furthermore, the step size ) = ~———~—

(1+255= ) L
in (2). Finally, unlike [T} Alg. 2], we let the batch size b as an algorithm parameter to cover both the
stochastic case b < n and the deterministic case b = n. To the best of our knowledge, the existing
GCD algorithms are deterministic, therefore by setting b = n, we can compare with the existing

GCD algorithms better.

%(d). Meanwhile, a1, depends
is used, where L1 is defined

Based on the efficient SOTOPO algorithm, ASGCD has nearly the same iteration complexity with
the standard form [1} Alg. 2] of Katyusha. Meanwhile we have the following convergence rate.

Theorem 2. If each f;(x)(j € [n]) is convex, Ly-smooth in @) and x* is an optimum of the
0y -regularized problem (1), then ASGCD satisfies

* |12
BIFGE)] - Flt) £ g (14 0 il =0 (1) ae)

where 3(b) = b(n 1), S, b, m and C are given in Alg. In other words, ASGCD achieves an

e-additive error (i.e., E[F(3%)] — F(x*) < € ) using at most O (7‘(’%1\/!36“1) iterations.

In Table 1, we give the convergence rate of the existing algorithms and ASGCD to solve the /¢;-
regularized problem (I). In the first column, “Acc” and “Non-Acc” denote the corresponding
algorithms are Nesterov’s accelerated or not respectively, “Primal” and “Dual” denote the corre-
sponding algorithms solves the primal problem (1] and its regularized dual problem [22] respectively,
£o-norm and /1 -norm denote the theoretical guarantee is based on ¢5-norm and ¢; -norm respectively.
In terms of ¢5-norm based guarantee, Katyusha and APPROX give the state of the art convergence rate

0] (7W> . In terms of ¢;-norm based guarantee, GCD gives the state of the art convergence rate

o(==h Lallzll ), which is only applicable for the smooth case A = 0 in (I). When X > 0, the generalized
GS-r, ‘GS-s and GS- -q rules generally have worse theoretical guarantee than GCD [19]. While the

bound of ASGCD in this paper is O(%), which can be viewed as an accelerated version

of the ¢;-norm based guarantee O (== Lallelif ). Meanwhile, because the bound depends on ||z*||; rather

than ||z*||2 and on L, rather than Lo (L1 and L are defined in (2)), for the ¢1-ERM problem, if the
samples are high-dimensional, dense and the regularization parameter A is relatively large, then it is
possible that L; < Lo (in the extreme case, Lo = dLq [11]]) and ||z*||; & ||2*||2. In this case, the

¢1-norm based guarantee O(%) of ASGCD is better than the /5-norm based guarantee

0] (%) of Katyusha and APPROX. Finally, whether the log d factor in the bound of ASGCD
(which also appears in the COMID [13] analysis) is necessary deserves further research.

Remark 2. When the batch size b = n, ASGCD is a deterministic algorithm. In this case, we can use
a better smooth constant Ty that satisfies |V f () — Vf(Y)|loo < Thl|lz — y||1 rather than Ly []].

Remark 3. The necessity of computing the full gradient beforehand is the main bottleneck of GCD
in applications [19]. There exists some work [L1l] to avoid the computation of full gradient by
performing some approximate greedy selection. While the method in [|11|] needs preprocessing,



Table 1: Convergence rate on ¢;-regularized empirical risk minimization problems. (For GCD, the
convergence rate is applied for A = 0. )

ALGORITHM TYPE PAPER CONVERGENCE RATE
NON-Acc, PRIMAL, /2-NORM SAGA [110] O (%)
ACC, PRIMAL, ¢3-NORM KATYUSHA [[1]] (@) (%)
Acc, Acc-SDCA [23]
DUAL, SPDC [26] VIz|z* ||z 1
£3-NORM APCG [16] % ( Ve log(z))

APPROX [14]

k(12

NON-ACC, PRIMAL, ¢1-NORM GCD [3] O (M)
ACC, PRIMAL, £1-NORM ASGCD (THIS PAPER) O (%)

incoherence condition for dataset and is somewhat complicated. Contrary to [11)], the proposed
ASGCD algorithm reduces the complexity of greedy selection by a factor up to n in terms of the
amortized cost by simply applying the existing stochastic variance reduction framework.

4 Experiments

In this section, we use numerical experiments to demonstrate the theoretical results in Section E]
and show the empirical performance of ASGCD with batch size b = 1 and its deterministic version
with b = n (In Fig. [[they are denoted as ASGCD (b = 1) and ASGCD (b = n) respectively). In
addition, following the claim to using data access rather than CPU time [21]] and the recent SGD
and RCD literature [15} (16, [1]], we use the data access, i.e., the number of times the algorithm
accesses the data matrix, to measure the algorithm performance. To show the effect of Nesterov’s
acceleration, we compare ASGCD (b = n) with the non-accelerated greedy coordinate descent
with GS-q rule, i.e., coordinate gradient descent (CGD) [24]]. To show the effect of both Nesterov’s
acceleration and stochastic optimization strategies, we compare ASGCD (b = 1) with Katyusha
[, Alg. 2]. To show the effect of the proposed new rule in Section [2} which is based on ¢;-norm
square approximation, we compare ASGCD (b = n) with the /5-norm based proximal accelerated
full gradient (AFG) implemented by the linear coupling framework [4]. Meanwhile, as a benchmark
of stochastic optimization for the problems with finite-sum structure, we also show the performance
of proximal stochastic variance reduced gradient (SVRG) [25]]. In addition, based on [1]] and our
experiments, we find that “Katyusha” [[1, Alg. 2] has the best empirical performance in general for
the ¢;-regularized problem (I). Therefore other well-known state-of-art algorithms, such as APCG
[L6] and accelerated SDCA [23]], are not included in the experiments.

The datasets are obtained from LIBSVM data 9] and summarized in Table@ All the algorithms are
used to solve the following lasso problem

. 1 2
min {f(z) + M|zl = 5-[lb — Azlz + Allfl } (17)

on the 3 datasets, where A = (a1, az,...,a,)T = (h1,ha,...,hy) € R"*¢ with each a; € R?
representing a sample vector and h; € R" representing a feature vector, b € R is the prediction
vector.

Table 2: Characteristics of three real datasets.

DATASET NAME  # SAMPLES n  # FEATURES d

LEUKEMIA 38 7129
GISETTE 6000 5000
MNIST 60000 780

For ASGCD (b = 1) and Katyusha [1, Alg. 2], we can use the tight smooth constant L; =
maxe(n)ic(d) [@7 ;| and Lo = max;e(, [la;|3 respectively in their implementation. While for AS-
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Figure 1: Comparing AGCD (b = 1) and ASGCD (b = n) with CGD, SVRG, AFG and Katyusha on
Lasso.

1|12 p
GCD (b = n) and AFG, the better smooth constant T} = w and T, = w are used re-
spectively. The learning rate of CGD and SVRG are tuned in {107¢,1075,107%,1072,1072,1071}.

Table 3: Factor rates of for the 6 cases

A LEU GISETTE MNIST
102 (0.85,1.33) (0.88,0.74) (5.85,3.02)
107 (1.45,2.27) (3.51,2.94) (5.84,3.02)

We use A = 107% and \ = 102 in the experiments. In addition, for each case (Dataset, \), AFG is
used to find an optimum z* with enough accuracy.

The performance of the 6 algorithms is plotted in Fig. [I} We use Log loss log(F'(x) — F'(z*)) in the
y-axis. x-axis denotes the number that the algorithm access the data matrix A. For example, ASGCD

(b = n) accesses A once in each iteration, while ASGCD (b = 1) accesses A twice in an entire outer

iteration. For each case (Dataset, \), we compute the rate (r1,72) = ( V\/CLilulfHHI, V\/CTE”LL‘/I;’HHI)
2 2 2 2

in Table First, because of the acceleration effect, ASGCD (b = n) are always better than the
non-accelerated CGD algorithm; second, by comparing ASGCD(b = 1) with Katyusha and ASGCD
(b = n) with AFG, we find that for the cases (Leu, 10~2), (Leu, 10~%) and (Gisette, 10~2), ASGCD
(b = 1) dominates Katyusha [1, Alg.2] and ASGCD (b = n) dominates AFG. While the theoretical
analysis in Section (3| shows that if 7; is relatively small such as around 1, then ASGCD (b = 1)
will be better than [[1, Alg.2]. For the other 3 cases, [, Alg.2] and AFG are better. The consistency
between Table 3]and Fig. [T demonstrates the theoretical analysis.
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A Proof of Lemma/(ll

Proof. By using the variational identity ||g||? = infpen, Zle g—f in [5]] and the definition of J (g, )
in (@), it follows that (3)) can be rewritten as

h= arggé@m{ongd J(g,0)}.

By the joint convexity of J(g, ), we can find the minimizer h by swapping the optimization order of
g and 6, which is to say based on the definition of §(#), J(6) and 6, we have

h=g(0).

Therefore, the minimization problem to find hin (@) can be equivalently transformed to the problem
(7). Meanwhile, it is observed that .J(g, 8) is coordinate separable, i.e.,

d
ef 1 2
J(g,0) = Ji(gi,0:), where J;(g;,0;) Y f(@)gi+ 50

Az + gil. Al
2 o ot |z + gl (A.1)

By the definition of §(6) in (6)), g(6) is also coordinate separable, i.e. for all € [d],
y _ def : 1 g
Gi(0) = gi(0;) = argmin< V, f(x)g; + — == + N + gi ¢ -
gi€R 2n 0;
By using the iterative soft thresholding (IST) operator [7], for all ¢ € [d],
3i(0;) = sign(z; — 0;nV,; f()) - max{0, |z; — 0,7V, f(z)| — O;nA\} — ;. (A.2)
Then it implies that J(0) is also coordinate separable, i.e.,

d
J(O) = Ji(6:), where J;(6;) = Ji(3i(6:),05). (A3)

=1

B Proofs of Lemma 2} Corollary [I| and Proposition 1]

Proof of Lemmal2] Forall i € [d], dueto § € A4, we have 0 < 6; < 1. By substituting (8) into (9),
we get the expression of J;(6;). Taking the derivate of J;(6;) and setting 6; = 0, 1 respectively, then
we get the expressions of .J/(0), J/(1) as follows.

For all i € [d] and 6; > 0, denote

e (max{|Vif(2)] = A,01)* ) & (sign(z; — 0inVif (@)X + Vif(x))*n
T — 2 ) 1\Y1) — 2 ’
(B.1)
then the derivate J/(6;) at §; = 0,1 are
i) i=0, —o lzi —=nVif(z)] < nA
JI(0) = {” v . Ji(1)={ 2 . (B2
D=0, w0 POV, it @) > ma

For all ¢ € [d], according to the values of x; and V, f(z), by classified discussion, we can show
that J/(0;) belongs to one of the 4 cases in Lemma Assume that r;; and ;> have been defined in



Lemma[2] Firstly, we denote

0 ({0 € Vif(x) + Adlmil}, B3)
U {iclde>0,Vif(x) < —A}

U{i € [d]|z; <0,V f(x) > A}

U{Z c [d”l’z > O,sz(x) > —>\,7’i1 > 1}

V= {ieldr; >0,-A<Vif(z) <A <1}
U{Z eld |IL’1 <0, A< sz(:c) < /\7Ti1 < 1}

[d]
U{i € [d]|z; >0,V f(x) > A\, riz > 1}
Ui € [d]|z; <0,Vif(z) < =Xz > 1}, (B.5)
W L {ie[d]z>0,Vif(x) > Ao < 1}
U{i € [d]|z; <0,V f(x) < =X\, rig <1} (B.6)

Then based on the expressions of J;(6;) in (A1), (A-) and (A:3), we can summarize the results as
follows

If i € O, then J/(6;) belongs to the (case a) in Lemmal|2}

If i € U, then J{(6;) belongs to the (case b) in Lemmal|2}

If i € V, then J/(6;) belongs to the (case ¢) in Lemmal 2}

If i € W, then J/(6;) belongs to the (case d) in Lemma 2}

O

Proof of Corollary[I} Corollary [I] can be obtained by simply summarizing the 4 cases in Lemma
O

Proof of Proposition[l] Assume that x;(6;) is defined in (B.I), O, U,V and W are defined in (B.3)-

Firstly, by checking i € O, U,V or W orderly and using the expression of J/(0) and J/(1), it follows
that

e Fori € OUU, J/(0) = J/(1). Therefore 0 < \/_2{7{(0) - \/_2{;{(1) < 2A.

e For i € V, by the definition of V' and Lemma [2} it follows that J/(0) = x;(0) and
z2
Ji(1) = —35.

- If =X < V,;f(x) <\ then

\/ ~2Ji0) _ \/ —25i) ¢ 2{75(0) — [sign(z) A + Vif (@) < A+ [Vaf(2)] < 2A.

n n

— If V, f(xz) > )\, then analyzing the expressions of J;(6;) in this case, there exists é, >1

such that J/(6;) = x;(0;). By the non-decreasing property of J/(6;) in Corollary

(which can be extended to 6; > 1 trivially), J/(1) < J/(6;). Then



\/—2J;<0>_ w%{(% \/—2J;<0>_ ~271(6:)
n n B n n

Isign(z;)A + Vi f (z)| — |sign(z; — 0inVif(2))A + Vi f ()]
)

e |

(sign(x:) A + Vi (x)) — (sign(a; — 0inVif () A+ Vi f (2))
= (sign(x;) — sign(z; — éinvif(x))))‘
< 2Aa

where (D) is by the fact that V; f(z) > A
- If V;f(x) < —X, we can give a similar analysis as the case V, f(z) > .

e If i € W, by the definition of W and Lemma [2] it follows that J/(0) = x;(0) and
JI(1) = xi(1). Because if i € W, then |V, f(z)| > A, we can give a similar analysis as the
caseini € V.

By the above analysis, it follows that

—9J! —-2J:H(1 —2.J! —2J!
max M — max 7J() < max 2J; 0 — ZJZ(l) < 2.
i€ld] n jE[d] n i€(d] n n

In addition, by Corollary [T}

—2J! —2J%(1
0< max{ 2JZ(O)} — max 7j( )

i€[d] n JEld] n

Proposition|[T]is proved. ]

C Proof of Lemma[3

The Lagrangian of the problem (7)) is (IEI) By the property of KKT condition, if (7, 6, ) is a

stationary point of the problem (10}, then 6 is an optimal solution of (7). Based on the value of 6, one
can divide [d] into two disjoint parts S and T', where

S=1{i:0;>0}and T ={j:60; =0}

Then Vi € S, by the complementary slackness Ci; = 0,onehas ; = 0and 5 = —J! (9 ) > 0;

Vj € T, similarly, one has {; > 0 and 5 > —J5(0 (f;) > 0. Thus the KKT condition can be
equivalently written as (T2)).

D Proof of Lemma/d

Proof of Lemma[] By Lemma 2} it follows that J;(0) < 0. Combing with the condition J;(0) <
J;(0), we have J.(0) < 0 and thus J(6,) belongs to (case b), (case c) or (case d). Denote

_ {1, J%(05) belongs to (case b);

= D.1
" (05) belongs to (case ¢) or (case d), ®-D

!
T's1, Js

‘zS‘

v/ —2nJ.(0

Assume by contradiction that 6, =0 yet 6, > 0. Let § be a vector of which the elements are equal to
the elements of 6 except that

where by the definition of r;; in Lemma L Te1 =

0, = min{ét,rs}; (D.2)
0, = max{0,0, —r,}. (D.3)



By the definition of 0, §, in (D.2) and (D3), it follows that

VO, € 05,04,  JL(8s) = JL(0) (D.4)
VO, € [0,,0,],  J(6;) > J/(0). (D.5)
Then
i ) a. f,
10~ I60) = 20+ [ L)+ 50+ [ T8,
0 0
d, 0,
)~ [ 2w, - 10~ [ 000
0 0
s 0t

[ 71(6,)d6, + / ' J1(6,)d6;
Os 04

s b,
> / J.(0)dO, + / J;(0)db,
[

0
> J(0)(6, — 0,) + J/(0)(6, — 6;)

s

Then by the expressions of 0, 8, in (D.2) and (D-3),
7 sy _ JJH(0) = JU(0) - 0, O <1
J(@)—J(O) = s - .
=10 ={ o)) ne. o

By the assumption .J/.(0) < J/(0), J(6) — .J() > 0, which contradicts the fact that @ is the optimal
solution. ]

(D.6)

E Proof of Lemma

Proof of Lemma[3] By the KKT condition (12) in Lemma it follows that for all i € S, —J/(6;) >
max;e7 —J;(0); meanwhile by Corollary , for all ¢ € [d], —J/(6;) is a non-increasing function.

Therefore combing the KKT condition (12)), we have

Vie s, —Ji(0) > —J{(0;) > Ijnea%({—Jj'-(O)} > rjneajg({—J]/-(l)}. (E.1)

In addition, by the KKT condition (I2), for all iy € S,iy € S, —J], (0;,) = —J, (6;,). Because by
Corollary for all i € [d], —J!(0;) is a non-increasing function, therefore

Vii€ S,in €S, —JL(0) > —J/ (6:,) = —J},(0:,) > =T, (1).
Therefore it follows that

Vi e S, -J/(0) > meaégcfjj'-(l). (E.2)
j
By combing (E-I)) and (E-2)), we get
—J/(0) > max —J}(1). (E.3)
jeld]
O

F Proof of Theorem 1]

Proof. To prove Theorem |1} by Lemma we only need to show 6 in Alg. [1]is the optimal solution
of the problem (. By Lemma to prove the optimality of 6 in Alg. [1} we only need to show the
7,0 in Alg. |1|satisfy the KKT condition in Lemma 3| Equivalently, we rewrite the KKT condition as

follows,
> 0 =1, (F.1a)

i€[d]
foralli € [d], 6; >0, (E.1b)
foralli € S, 7= —J/(6;) > max—J}(0), (F.1c)

jeT



where as in Lemma S ={ield]|f; >0}, T=1{ie[d|f; =0}

By checking the step 5 in Alg. [T} it is found that (ETa) is already satisfied. Meanwhile, for
i € R,)\{i,} and i € [d|]\R,, §; > 0. So the remaining work is to show that the two conditions
6;, > 0 and can be satisfied, which is given in Lemmas@and

Lemma 6. Assume 7 is defined in the step 4 of Alg. |1} then 7y > maxe(q) —J;(0).

Lemma 7. As in the step 5 of Alg. for alll € R,\{i,}, by setting 0, = \}%, it follows that
5= —J/(6)).

Lemma 8. As in the step 5 of Alg. |l by setting éip =1- ZkeRP\{ip} O, then it follows that
éin > 0 always hold. Meanwhile, if@in > 0, then ¥ = fJ{p (01{))

By Lemma 0;, > 0. To show can be satisfied, we give the following discussion.

o If0; =0,let S = R,\{i,} and T = [d]\(R,\{i,}), then by Lemmas@and is

satisfied.

o If éip > 0,let S = R, and T = [d]\R,, then by Lemmas@and is satisfied.

Therefore Theorem|T]is proved. O

G Technical Lemmas and Proofs of Lemmas 6}, [7|and

The main difficulty in the proof of Lemmas [7and [§] comes from the fact that by Lemma 2] for all
i € [d] and 0 < 6; < 1, the expression of J/(6;) has 4 different cases. Here we give Lemma [9|to
show an equivalence relation between the expression of J/(6;) and the relation of J/(0) and J/(1).

Lemma 9. Foralli € [d] and 0 < 6; < 1, J/(6;) belongs to the (case a) or (case b) in Lemmal2]
if and only if J/(0) = J/(1); J/(6;) belongs to the (case c) or (case d) in Lemma 2|if and only if
Ji(0) # Ji(1).

Proof of Lemma(9] For all i € [d] and 0 < 6; < 1, by observing the (case a), (case b), (case ¢) and
(case d) of J/(6;) in Lemma|2] it follows that .J/(6;) belongs to the (case a) or (case b) if and only if
it is a constant function, which implies J;(0) = J;(1). J;(6;) belongs to the (case c) or (case d) if
and only if it is a piecewise function, which implies J/(0) # J/(1). O

By LemmaEl, the condition J; (0) = J; (1) in the step 3 of Alg. is used to identify which case
Jz'l,- (6;,) belongs to. Lemma|10|introduces an implied result of the conditions in the step 3 of Alg.
(In the following lemmas, we assume that r;;, ;2 (i € [d]) have been defined in Lemmal[2]and
im> Um; @, 0, p, 7,15, R;(j € [|Q] + 1]) have been defined in Alg. [1})

Lemma 10. For all j € [p — 1], it follows that all the following conditions

JL(0) # JL (1), (G.1a)
7wl < /203, (G.1b)
ZGRJ‘

J<1Ql+1, (G.1¢)

must be satisfied.

Proof of Lemma([I0} By the step 3 in Alg. [} p is the minimal index that can satisfy one of the 3
following conditions

i, (0) = J;, (1),

Z 21| > V210,

IER,
p=1Q|+1,



which implies that for all j € [p — 1], j satisfies all the 3 conditions in Lemma O

By Lemmall0] j € [p — 1] shares the 3 common properties in -(GId), which is important for
the proof of the subsequent lemmas about j € [p — 1]. In Lemma|l 1} we can find useful inequalities.

Lemma 11. Forall j € [p—1], v; =2 7 2 vy = vm = —J (1)

Proof of Lemmal(I1] By the step 4 in Alg. [I] 4 has two possible values.
5 =Cer, , |1])2/(2n), it follows that

e In Lemma letj=p—1lwehave}  p  |vk| <\/2nvp—1. Thenv,_y > 7. Then
by the definition of v, v1 > vy > --- > v,_1. Thus forall j € [p — 1], we have v; > 7.

e In the step 4, when § = (ZkeRp_l |7x])2/(2n), by the condition ZkER,,_l lzk| > /210,
we have 7 > v,,.

If ¥ = v, by the definition of v, v1 > vy > --- > v,. Then it follows that for all j € [p — 1],
Vi >N > v,.

i =7 ZVp

By the definition of v, v1 > vy > -+ > v, > -+ > vy,. By the definition of v,,, for all j € [p—1],
U, = max;e(q) —J; (1) = —J; (1 ) Therefore Up = v > —J; (1).

Combining the above analysis, Lemma [IT]is proved.

O

Lemma. gives 7 both lower and upper bounds, which then further bounds the range of 6, = \/T‘
Before continue, we show the relation between R,_1 and R,\{i,}.
Lemma 12. Ifp < |Q| + 1, then R, 1 = R,\{ip}; if vig+1 = —Ji . (1), then Rig =

QI+1
Rigi\lijgi+1t: ifvigi # —Jj ., (1), then Rig) = R|g|+1.

Proof of Lemmal(I2)
° pr < |Q| + 1, then by the step 2 in Alg. |1} 41,2, ..., 4| are different coordinates. Thus
R,—1 = R,\{ip}.
o Ifvg1 = —Ji,,, (1), b?f the definition of @ in the step 1 of Alg. (I} i|g+1 ¢ Q.
Therefore R‘Q‘ = R‘Q‘+1\{Z|Q|+1}.
o Ifujg11 # — 1\Q\+1( ), then by Lemmal?l, ors (04,4, ) belongs to (case c) or (case d).
It follows that —J; | (0) > —J; , . (1) = vy,. Then by the definition of |Q| in the step 1
of Alg. [T} iq|+1 € Q. Therefore R|q| = R|g|+1-
O
Based on the above technical lemmas, we can prove Lemmas[6] [7]and 8]
G.1 Proofs of Lemma 6} [7 and [§]
Proof of Lemmal6] By the step 4 of Alg. if EleR,,,l |z > 2nv,, then 7 =
(ZkeRp,l |zx|)?/(2n) which means 7 > v,; otherwise, ¥ = v,,.
In addition by the definition of v, it follows that v; > v2 > --- > v, > > Uy =
mane[d] —J]/- (0)
Therefore 7 > v, > max;e(q —J}(0). Lemma|§| is proved.
O



Proof of Lemma[/} By Lemma[12} R,\{i,} C R,—;. Then by Lemmal|I0] for all I € R,\{i,},
J;(0) # J/(1). Then by Lemma(9] for all l € R,\{i,} and 0 < §; < 1, J/(6;) belongs to (case c) or

(case d) in Lemma 2}

Assume that for ¢ € [d], r;; = \/% and r;o = \/%(1 have been defined in Lemma By

Lemma we have —J; (0) = v; > 5 > —J; (1). Thenr;; < 0, = \|/7| < 7o
Lo > Gl . ,
In addition, if ¥ = (ZkeR,,_l |zk])?/(2n), when 6; = Dy < 1;if ¥ = v, by the step 4 in

Alg.the condition ;e [wk] < /210, holds. Then 6, = \‘/% = \}% <1

Therefore ;1 < 6; < min{r, 1}. By the form of (case c) and (case d) in Lemma we can find that
~ 2
forall I € B,\{i,}, J{(6,) = —5ths = .

O

To prove the KKT condition (FIc), besides Lemma 7] for the case j € [p — 1], we also need Lemma
[]for the case j = p.

Proof of Lemmal[8] By the step 4 in Alg. [T} 4 has two possible values.

£y =Cher, , lor )2/(2n), by analyzing the following 3 cases, we can show that §; > 0 always
holds and if 6;, > 0, then J] (6;,) = —7.

o If p < Q| + 1, then by Lemma 0 R,\{i,} = Rp 1. By the step 5 in Alg. Iand
= (Cren, , [wx)?/@n), for all | € R,\{i,}, 0 = \;;)7 = zf‘ =7~ Then
ZZGRP\{iP} 0, = ZleR,,fl 0, = 1. Therefore 0;, =1 -, . RV 0, = 0.

o If p=|Q| +1and J; (0) = J; (1), then by Lemman it follows that R,\{i,} = R,—1.
Therefore, by the same analys1s inthe case p < |Q| +1,60;, =1~ D okeR,\iy} 0 = 0.

o If p=|Q|+1and J; (0) # J; (1), then by Lemma|lO R,_1 = R, = (R,\{i,}) U {i,}.
Therefore 0 < éip =1- Zk-eRp\{z‘p} 0, = |z,

ZkgR |xk|
Ji, (éip) belongs to (case c) or (case d) in Lemma Due to 4 = (ZkeRpfl lzx])2/(2n),
then the condition ZkeRp_l |zk| > \/2nv, holds. Thus

< 1. Meanwhile, by Lemma

o N £ L P

ip < = =
VI, Ivae g (1)

where 7; 5 is defined in Lemma Q Meanwhile, in Lemma @ let ; = p — 1, then

0 |24, | |z, | .. )
ZkeRp,l lxk] < \/m. Thus 6;, > \/2171;71 \/27]2 = . In addition, due to i, € Q,
we have v;, > v|qg|. Thus

=Ti,2,

where r; 1 is defined in Lemma@ Combing the above analyses, we have

0< Ti,1 < éip < min{l,n—pg}.

~ T

Therefore by the form of (case c) and (case d) in Lemma JZ.’p (Gip) =——£ =7




If % = vy, according to the condition in the step 4 of Alg. |IL >°,cp | |z:| < \/2nv,. Mean-
while by Lemma we have R; \{i,} C Ri, ,. Then ) p \{Z.p}ég = D leRr: \{i,} \};;7'- <

_ lzl 1. Therefore 6, =1-— 10 > 0. We can give the analyses by
lER:, | \V2ny P leR; ,\{ip}

discussing the following 3 cases.

o Ifv, = *Ji/p(l), then by Lemmal?l, Ji,(0;,) belongs to (case a) or (case b). Therefore
J{P(élp) - J{p(o) = _,Up — _;}'/

e Ifv, # —J; (1) and >icr, |1l = /210, then by LemmaEI, Ji (0;,) belongs to (case c)
or (case d) in Lemma Meanwhile for [ € R,\{i,}, by 6; = 2 2l e have

v2ny 2nv,
; ; |z1] |3, |
0, =1— Z O =1- Z < e =75 1,
P — p
1ER,\ i} ter i,y V2T V200

where 7; 1 is defined in Lemmaand the last inequality is due to the condition } ;. [7:] =
v/2nv,. Therefore by the form of (case c) and (case d) in Lemma |2} it follows that
T, 6) = T, (0) = ~up = =7

o Ifv, # —J; (1), Xjer, Il < /2nv, and p = Q[ + 1, then by v, # —J; (1) and

LemmaELJi’p (6;,) belongs to (case c) or (case d) in Lemma By ZleRP |z < /210,
we have that the Ti,2 in Lemma|Z| satisfies

|3, e, w,l ier, |$l|<

Ti,2 = = =
! \/—znjgpa) Va2, /2,

therefore J; (6;,) belongs to the (case d) in Lemma |2, For all I € R,\{i,}, by 6, =

1p

L

EJ0]

— =l
s = \/ﬁ and ZleRP |z;| < \/2nv,, we have

b, =1- Y Go> el (G.3)

=Ti,2
kerpG,) VT
Therefore, by the form of the (case d) in Lemma Ji (éi,,) =J (1) = —v, = 7.

Summarizing the above analyses, we prove Lemma|]

H Proof of Theorem 2

H.1 Some necessary Lemmas and Definitions

For 1 < p < oo and the £,-norm || - ||,,, we denote its dual norm as |||, = max, <12’y =

(X%, |24]9) 7, where >+ ¢ = 1 Forp = 1, by the definition of dual norm, the dual norm of
¢1-norm is £o.-norm. In Lemma[[3]and [[4] some classical results are described.

Lemma 13. ([8 §3.1.9]) If Va,y € RY,1 < p < oo, + ¢ =1, and 1 > 0, then |(z,y)

Izl llylly < 35 lllZ + Fyll3-
n

<

Lemma 14. IfVa € R% 1 < p < oo, then ||z||, < ||z]i < n'~7 ||z,

For a continuous differentiable function f(x), we give the following definitions.
Definition 1. f{x) is L,-smooth (1 < p < co) w.r.t. |||, if Vz,y € R? and % + % =1, |[Vf(z)—
Viwle < Lpllz = yllp.



By Definition[I} we have Lemma T3]
Lemma 15. If f(z) is L,y-smooth (1 < p < co) w.r.t | - ||, and % + % =1, then

S IVIE) = VW < F0) - 1)~ (V5@ =) < Pl —ylf 0D

Proof. Firstly it is showed that f(z) being L,-smooth w.r.t. || - ||, implies that Vz,y € R?
y g Lp p 1Mp

F) < 7(@) + (VT @)y —2) + Ly~ ol
Consider the function g(7) = f(z + 7(y — x)) with 7 € R. Then
fy) = @) = (Vf(2),y —x) = g(1) = g(0) = (Vf(2),y — )

-/ 1 (2 - (vr@)y-a)) ar

1
- / (VF(@+ 7y — 2)y —2) — (Vi(2).y —2)) dr

- / (Vf(@+ 7y —2)) — Vf(x),y — z) dr

< / IVf(@+7(y— 2)) = VF@)glly — ol dr
1

< / Lyrlly — 2|2 dr

L 1
= 22y - al

0
L
= S lly = =I5,

To subsequently show iHVf(a:) —VIWIZ< fly) — flx) — (Vf(x),y — x), fix s € R? and
consider the function

o(y) = f(y) —(Vf(2), ),

which is convex on R? and also has an L,-Lipschitz continuous gradient w.r.t. || - |, as

16" (y) = &' (@)llg = (V£ (y) = Vf(z) = (VF(x) = VI(2))llg
IVF(y) = Vi)l

< LpHy - 9[7”1)'

As the minimizer of ¢ is x (i.e., ¢'(z) = 0), forany y € R4, we have
L
o) = min (o) < min {8(6) + (&) 0 — ) + 1o - ol
L
= ély) —sup{(=¢'(y),v —y) — v =vl3}

_ 1 ! 2
= ¢(y) 2Lp||<f> @)l
Substituting in the definition of ¢, we have

f(@) = (Vf(x),x) < fly) = (VI(z),y) - 2ipllvf(y) ~Vi@)lg

= 5 IVF ) = VI < F) = @) ~ (VS(a).y — ).



Definition 2. f{x) is 0,-strongly convex (1 < p < oo) w.rt. || - |, if Vo,y € R and % + % =
L f(y) = f@) = (Vf(@).y—2) > Flz -yl

Taking %||x||§ (1 < p < 2) as an example. It is known that %HxH% is (p — 1)-strongly convex w.r.t.
I |l [6]. Based on %Hl’”% (1 < p < 2), one can define p-Bregman divergence

1 1 1
By(y,x) = 5llylly — 5llzl; — (V5 llelzy — ). (H.2)

Lemma 16 ([6L2)). Forz,y € R, 1 <p <2 By(y,z) = 3lylly — 3ll} — (V3ll=lF.y — =)
satisfies the 3 properties.

2

—1
* By(y, @) = B |ly — |3

e B,(y,z) =0ifand only ify = x;

* By(x,y) + By(y, 2) = By(w,2) + (3VIzII; — 3VIyll5. = — v).

H.2 Proof of Theorem[2l

Theorem 2]is proved by following the steps of the proof in [1I]. First, in Section[H.2.1, ASGCD is
analyzed for the fixed k-th iteration. In the one-iteration analysis, yx, zx and x4 are assumed to be
fixed and thus the selection of the mini batch B in the k-th iteration is the only source of randomness.
For simplicity, let & = 2%, 7 = 7 5, @ = o, where s = LTZJ is the epoch corresponding to k. Let

B(b) &f b{:l__bl) and denote o7 &f IV f(2rs1) = Vis1]|%. Then Elo7, ] is the variance measured

by || - [|e of the gradient estimator V1 in this iteration. Second, in Section|[H.2.2] Theoremis
proven by combing the one-iteration analysis in Section into the outer-iteration analysis in
Section[H.2.21

There are 3 differences from the analysis in [[1]]. First, the analysis is used for the specific ASGCD
algorithm that combines SOTOPO and pCOMID and thus the value of the parameter « is different
from the setting in [I]]. Second, the analysis is given under the mini batch selection setting and || - ||
rather than one sample selection setting and || - ||2. Third, we use a different way to represent the
convergence result for ¢1-regularized problems ().

H.2.1 One-iteration analysis

Lemma 17 (SOTOPO). If

Yptl = SOTOPO(@;HMac;Hl,)\,77)7 and
. 1+28(b))L ~
Prog(zr+1) = — Heler}i {( ﬁz( JE2! ly — 2ps1llf + (Vist1, ¥ — 1) + Ayl — >\||$k+1||1} >0,
Yy

it follows that if b < n (where the expectation is only over the randomness of 6k+1 ), then

1
F(wkin) = EIF (i) 2 EProg(rin)] = orrElodal: (H3)
if b = n (no randomness exists), then
F(wrs1) — E[F (g 1)) = ElProg(ans)) (H4)

10



Proof. If b < n, it follows that

. 1+28(b)) L -
prog(ons) = —min {TE22EEL Y oy (g = i) + Mol — M1
@ 14 28(b)) Ly =
D (WO s sl (T = 20 + M1~ Mgl

Ly
= = (Bt = 2wl 97, = 2050 + Mo~ Mgl

+ ((VF(@ri1) = Vipryin = wisa) = BO Ll -z )
1
4B(b) Ly

IN®

—(f(yr+1) = f(@rar) + Alypsalls = Allzrgalln) + IV f(zrt1) — Vit ],

where @) is by Theorem [} @) is by the smoothness assumption (2), Lemma [13] and Taking
expectation on both sides, (H.3) is obtained.

If b = n, then 5(b) = 0. By using a similar analysis as the case b < n, (H.4) is obtained. O

Lemma 18. (variance upper bound). If b < n, then

E[|Vir1 = Vi (@er)llZ] < 280) La(f(@) — fersr) = (VF(@r41), & — 2p41)). (HS)

Proof. Before the proof, it should be noted that the variance upper bound measured by Il - |l2 of
mini-batch selection has been proved in [27]]. The variance in our case is measured by H |l Because
some properties of | - || such as E[[|lz — E[z]||3] = E[||=(|3] — |E[«][|3 and || 3, 313 = 3, ; =7 2

can’t be generalized to || - ||oo directly, the proof is slightly different from the proof in [27].

Let ¢; = (Vfj(zx11) = V(@) = (Vf(2rt1) = V() and ¢ = (Vifj(xr11) — Vif;(Z)) —
(Vif(zgs1) — Vif(Z)). Denote iyax = arg max; |V, f(xps1) — @k+1’i|. It follows that

2

1 Tmax 1 imax Aimax
E |29 7] 2:¢ s

JEB oo | J1,J2€8

I
=

- Le| S an | be

b2 | J17#j2€8
b—1
_ Tmax Almax ]E Tmax \ 2
Y mﬁ% i + S E [(¢77)?]
b— -1 )
- T L e — B L) + R [
szE[n
b—1 _
_ Tmax zmax _ HE “max 2
1) MZG[nf BOE [(¢7)?]
2 BOE 6]
o)
< BOE[l¢sl1%] (H.6)

11



where (D is using the fact 2?21 q[);‘““" = 0, @ is by definition of || - ||. Denote i, . =
arg max; |¢%|. Hence

2 [ostn - ]

ING

BOE[IVfi(z11) = V(@) = (VH(@re1) = VI(@)]13]
2 BOE (Vi fi(@ns1) = Yy Si(E) = Vi fensn) = Vi, f(@)°]
= BOE[(Viy,. Sior) = Vi f@) = (Vi f@ren) = Vi, F(@)°]
< BOE (Vi fi(ors1) = Vi, @)
2 AE 194 V@)
< 2B(0)LiE[f;(Z) — fi(@r41) — (Vi (@h11), T — Tpt1)]
@

26(0)La(f(Z) = fahgr) = (VF(@rt1), T — Thy1)),

where @ is by (H.6), @ is using the fact E[(z — E[2])?] = E[2?] — (E[2])*, @ is by the definition
of || - [|oc, @ is by Lemmal[l3]

O

Lemma 19 (p)COMID). Fixing V11 and letting
(Zk+170k+1) :pCOMID(@k—Fl?ekvq,Aaa)a (H7)
it satisfies for all u € RY,
Vit 21 — ) + aM|zip1lh — aX|lullt < =Bp(zr11, 21) + Bp(u, 21) — Bp(u, 2541).(H.8)
Proof. From [13]], we known that pCOMID exactly solves the following mirror descent problem,
. ~ 1
241 = argmin{{Vy11,2z — z5) + EBP(Z’ zi) + Allzll1}- (H.9)
z
By the optimality condition of zy 1, it follows that
1 2 1 2 S
Vollznsl2 = Vool +aVigs +ag =0,
where g € O\||zg+1|l1- Then the equality
1 2 1 2 =
<V§||Zk+1Hp - VQHZ’C”p +aVip +ag,zp1 —u) =0
holds. In addition by Lemma it follows that (Vi||lzxt1[2 — VillzkllZ zk41 — u) =

By (zk+1, 2k) — Bp(u, z) + Bp(u, zk41). By the convexity of A||z||1, (g, zk+1 — w) > A|zk+1]1 —
Al|lw||1. Therefore, we can write

Oé<@k+17 Zip1 — u) + o[ zpg1 |1 — oA |ull:

1 1
~(V5llzrally = VS lzelps 241 — 1) = (ag, 2641 — ) + aMl2xgall — @A [Julls

—By(2k+1, 26) + Bp(u, 21) — Bp(u, 2541).

IN
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Lemma 20 (Couping step 1). If zx11 = 712k + 72 + (1 — 71 — 71 )y, where 71 < m
and 19 = %

(Vf(@kt1), 26 — u) — a[|ullx

a . -

— (F(zk41) — E[F(yp41)] + 2 F(Z) — RE[F (2g41)] — 2V f(Th41), T — Tpe1))

CV(]. —T1 —7'2)

o

<
T1

o
+Byp(u, z1,) — E[By(u, zi41)] + Allgell = —Allzesally:

Proof. 1t follows taht

(Vi1 2x — u) + o\ zira 1 — aA|ullx

Vi1, 26 — 2ks1) + 0(Vig1, 2e1 — u) + oM zeg1 1 — ad||ullx

® 3
< Vi1, 2k — Ziy1) — Bp(2kt1, 2) + Bp(u, 2) — Bp(u, 2p41)
® 1
< Vi 2 — ze1) = ol — zell2 + Byl @) — By(u, 2n41)
©) - -1 _q_1
< Vi1, 2k — Zht1) — pTd = 2ee1 — 22l + By(u, 21) — Bp(u, zit1),
- 1
D a(Visr, 2 — 2611) — %HZIHI — 2|17 + Bp(u, 2) — By(u, 2x41), (H.10)

_26
where (D is by Lemma , @ is by Lemma Q) is by Lemmaand @ is by the setting C' = ¢ 16 d
and p =1+ J in Alg. 2]

By defining v def T12k4+1 + 7@ + (1 — 71 — T2) Yk, we have 11 — v = 71 (2 — 2x+1) and therefore

. 1 o~ 1
Elo(Vis1, 2k — 2k41) — 55112041 — 2ll7] = E[—(Vit1, Tr1 — v) — 555 |2es1 — v||]
2C 5l 2CT
1

o ~ 1
= E|— ((V — V) — —ol|2 =\ A
[ﬁ (Fusrvna = 0) = gar—llon = ol = Aol + Al )

(e
+— (Aol = /\Ik+1|1)]
1

« ~ 1+28(b))L
o E[ﬁ (Funsnin = op = C2EE o ol = Ao + Aol
Q
2 ol - Amlm]
T1
(@) o 1 «
S B (Foun) - Pl + gy 0be) + ol = Mowal)|
(©) o 1 N -
2 B[S (Flonn) - Flon) + 507 ~ flawn) = (Vi = o))
8] ~
+;1(71A\|Zk+1||1 + 2]l + (1 =71 — 72)Alykllr — /\||l‘k+1||1)}, (H.11)

where @) is by the setting ar; = m, @ is by Lemma , @ is by Lemma w and the
convexity [[v]l1 = [|T1zk41 + 72F + (L= 11 = 72)yllt < Tall2ealln + 72|21 + (1= 71— 72)llywll1-
Then, it is showed that E[(V 41,z — u)] = (Vf(2k41, 2k — u) and 75 = 3. Combing (H.I0) and
(H.IT), Lemma[20]is obtained. O
Lemma 21 (Coupling step 2). Under the same choices of 11,72 as in Lemma[20} one has
Oz(l—Tl—TQ) « [0 « ATy - «
———(F(y) = F(z") = —(E[F(yr11)] — F(z7)) + —(F(2) — F(z"))
T1 T1 T1
+By(a*, ) — E[By(e", 2p41)]

0 <

13



Proof. Tt follows that

o f () = F@W) 2 (T f (Bhn)s Trer — )
AV f(@ps1), Tr1 — 26) + AV f(Trg1), 26 — w)

2 0%-2<Vf(xk+1),:? — Tpt1) + Oé(l%ll_ﬁ)<vf(xk+l)7yk = zhp1) + AV (2hi1), 25 — u)
2 )i - e + ST ) — @) + alf @), 5 - ) (12

Tl T1
where (D is by the convexity of f(z), @) is by the convex combination xy+; = 712k + 722 + (1 —
71 — T2)yk, Q) is again by the convexity of f(z). Applying Lemma[20|to (HZT2), it follows that

a(f(wrg1) — F(u)) < @(F(yk) — f(Trt1))

8] - (61
+;1(F($k+1) — E[F(yk+1)] + 2F(Z) — 7o f (v141)) + Bp(u, zx) — E[Bp(u, 241)] — ;IA||$k+1||1,
which implies

a(l =7 — 72)

a(F(zp41) — F(u)) < o (F(yk) — F(zr11))

+%(F($k+1) — E[F(yk+1)] + 2F (%) — 2 F(2k+1)) + Bp(u, 21) — E[By(u, 2141)]-

After arrangement and setting  to some minimizer z*, Lemma 21]is obtained. O

H.2.2 Proof of Theorem[2

Proof. Assume the parameter 71, and o, satisfies the assumption 71 sav in Lemma

_ 1
T (142B(b))CLy
Let Dy, = F(yy) — F(z*) and D? = F(z®) — F(z*), Lemma[21|can be rewritten as

ag(l—m s — T Qg 0T = N N
0< MDk — —2E[Dpi1] + =2D° + By(z*, z) — E[Bp(z*, z141)] -
T1,s T1,s T1,s
In the s-th epoch, summing up the above inequality for all the iterations k = sm,sm +1,...,sm +
m — 1, it follows that
l—-ms—7 1,5 + T2 o
E S%D s m 5’7 Dsm
« s (s+1)m + & s 1_21 +l
1l—ms—T T - N N
< QS%DM + ag 712 mD® + By(z*, zem) — E[By(¢*, 2(s11ym)]. (H.13)
1,s 58

It should be noted that in (H.13), we fix all the randomness in the first s — 1 epochs and take
expectation on the current epoch s.

By the definition Z°* = % > Y(s—1)m-t in Alg. and the convexity of F(z), we have mD?® <
11 D(s—1)m-1- Then for each s > 1, by (HI3), it follows that

m—1
1 Ti,s T T2
£ L?D(m)m + =) Dsm“}

1,s Tl,s 1=1
1—7 Ty e
— Il,s 2 * *
< 7 D + — ; Ds—1ym+1 + (1 +28(0))CLBp(2", 2sm) — (1 4 26(b)) CLE[By (2", Z(s+1)m)]-

For s = 0, (H.I3) can be written as

1 Tro+ T2 e
E| 5D+ —3— > Di
71,0 LN —

1— - .
< — TR p 4 PO 4 (1428(b) CLiB, (2", 2)
T1,0 T1,0
— (14 28(b)) CLiE[By(z*, 2)]. (H.14)
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Choose 71 5 = 54%4 < 1 which satisfies

1 1 - S S
S i LS R I EC A S B (H.15)
T1,s Ti,s+1 Tis T1,s+1
Then it follows tl_lat
m ~
E | D%+ (1+28(b)) CL1By(z", 25m)
| 71,51
@ [ T g
< E TDSm + % Z D(S—l)m+l + (1 + 2/8(b)) CLpr(.T*, ZSm)
| 71,51 1,51 1
o [ 1 Ty e
< E|=—Dsm+ ==Y Dis—tymsr + (1+28() CL1 By(a*, z5m)
| T1,5-1 T8 1=
©)] 177’1_077’2 T2 ~ %
1,0 71,0
@ T2 ~o *
D0+ (14260)) CLiBy(a”, )

where (@) is by mDs < 27;1 D(s—1ym+i1>» @isby 72 > 71 51 > 71,5, @ uses (H.15) to telescope
(H.13) and (H.14) forall s =0,1,...,S —land @ isby 110 = 72 = %
E[F(3°) — F(*)]
~ 7'2 _ ToT ~
= E[D%) < -L5-L. Z2D° + (14 28(b)) CL1 By(z*, %)

m 7'170

m (2m(F(:EO) — F(z")) + (1+28(b)) CL1By(z", ZO)). (H.16)

Meanwhile, by setting o = z¢ = 0, using the optimality condition 0 € V f(x*) + 9\||x*||; we have
F(7%) - F(z") J0) = f(@") = Alz" |1

2 (VI 0 -+ D - Mt
2 (e, —a") + 2~ Al
2 oM ol + 222 = M
2 A+ 2~ M

L *
<5 I3, (H.17)

where (D is by the smoothness assumption of f(z), @) is by selecting the subgradient of A||z*||; with
—0A||z*||1 = Vf(z*), @ is by lemma[13] @) is by using the property of subgradient [|OA||z* (|1 [|oo <
. In addition, for 1 < p < 2,

x « I, 1 1 .
Byat,z0) = Byla',0) = S|~ 0] ~ (Vo] " ~0)
1 * 1 *
= sl < 5l (H.18)
_26
Furthermore, minimizing C' = dl;‘; w.r.t §, we get § = log(d) — 1 — /(log(d) — 1)2 — 1 and

p=1+74=log(d) — \/(10g(d) —1)2-1€(1,2],
Then combing (H.16), (H.17) and (H.18)), we get the final result.

BIFGS) - )] < g (14 e 2C) Ll (H.19)
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