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Khalil, 1996]. In particular,

and then present an important theorem that
we present a modification of this result that

linear systems theory [

we present preliminaries from non

s

In this section

)

we formally define local stability of dynamic systems

systems. Finally,

linear
will be crucial in proving stability of GANs under our assumptions.

helps us study stability of non

Consider a system consisting of variables @ € R™ whose time derivative is defined by h(60) i.e.,

(&)

0. Let

0(t) denote the state of the system at some time ¢. Then, we have the following definition of local

Without loss of generality let the origin be an equilibrium point of this sytem. That is, (0)
stability:

(Definition 4.1 from Khalil [1996]) The origin of the system in Equation

Definition A.1 (Stability).

5is

e stable if for each € > 0, there is § = §(e) > 0 such that

vt > 0.

10| <0 = 6@ <e,

e unstable if not stable.
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e asymptotically stable if it is stable and 6 > 0 can be chosen such that

160)]| <6 = Jim 6() =0

e exponentially stable if it is asymptotically stable and 0, k, A > 0 can be chosen such that
16(0)]| <6 = [18(2)[] < £[|60(0)[| exp(=At)

The system is stable if for any chosen ball around the equilibrium (of radius €), one can initialize the
system anywhere within a sufficiently small ball around the equilibrium (of radius 6(¢)) such that the
system always stays within the € ball. Note that such a system may either converge to equilibrium
or orbit around equilibrium perennially within the € ball. In contrast, a system is unstable if there
are initializations that are arbitrarily close to the equilibrium which can escape the e-ball. Finally,
asymptotic stability is a stronger notion of stability, which implies that there is a region around the
equilibrium such that any initialization within that region will converge to the equilibrium (in the
limit ¢ — 00). For example, as we saw, GANSs are always stable; however, WGANSs are stable but not
asymptotically stable.

Extension to multiple equilibria. Note that since a GAN system might have multiple arbitrarily
close equilibria, or a subspace of equilibria, we will define asymptotic stability to imply convergence
to any of the equilibria in the neighborhood of a considered equilibrium. That is, lim;_,~ 0(t) = 6*
where 6* is either the considered equilibrium point at the origin or any other equilibrium point that is
within some small neighborhood around origin.

We now present Lyapunov’s stability theorem which is used to prove locally asymptotic stability
of a given system. The basic idea is that a system is asymptotically stable if we can find a scalar
“energy” function V' (0) (also called a Lyapunov function) that i) is positive definite which means,

V() positive everywhere and zero at the equilibrium ii) its time derivative V(8) is strictly negative
around the equilibrium.

Theorem A.1 (Lyapunov function). (Theorem 4.1 from Khalil [1996]) Let B.(0) be a small region
around the origin of the system in Equation 5. Let V : B.(0) — R be a continuously differentiable
function such that

e it is positive definite i.e., V(0) = 0 and V (6) > 0 for @ € B.(0) — {0}
e V(0) <0for® c B(0)— {0}

Then, the origin is stable. Moreover; if
V(0) <0, V6 € B.(0) — {0}
then the origin is asymptotically stable.

We next present an important tool that simplifies the study of stability of non-linear systems. The
result is that one can “linearize” any non-linear system near an equilibrium and analyze the stability
of the linearized system to comment on the local stability of the original system.

Theorem A.2 (Linearization). (Theorem 4.5 from Khalil [1996]) Let J be the Jacobian of the
system in Equation 5 at its origin i.e.,

Then,

o The origin is locally exponentially stable if J is Hurwitz i.e., Re(\) < 0 for all eigenvalues
AofJ.

o The origin is unstable if Re(\) > 0 for all eigenvalues X of J.
The key idea in the proof for this result is that the system can be written as h(6) = J6 + g1 (0), where
g1(0), the remainder of the linear approximation is bounded as ||g1(8)| < O(]|@]|?) sufficiently
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close to equilibrium. Now, it turns out that when J is Hurwitz, one can find a quadratic Lyapunov
function for the original system whose rate of decrease is also quadratic in 6. Since, ||g1(0)]|| is only a
quadratic remainder term, one can show that the remainder term only adds a cubic term to the change
in the Lyapunov function. This is however smaller than a quadratic change near the equilibrium, and
therefore the quadratic Lyapunov function for the linearized system works as a Lyapunov function
for the original system too.

In all our analyses, we will linearize our system and show that the Jacobian is Hurwitz. However, it is
often useful to identify the quadratic Lyapunov function for the (linearized) system. Unfortunately,
for some of the Jacobians we will encounter, it is hard to come up with a quadratic Lyapunov function
that always strictly decreases. Instead, we will identify a function that either strictly decreases or
sometimes remains constant but only instantenously. While Lyapunov’s stability theorem does not
help us conclude anything about stability for this case, the following corollary of LaSalle’s theorem
(we do not state the theorem here) is sufficient to prove asymptotic stability in this case.

Theorem A.3 (Corollary of LaSalle’s invariance principle, Corollary 4.1 from Khalil [1996]). Let
B.(0) be a small region around an equilibrium 0 of the system in Equation 5. Let V : B.(0) — R
be a continuously differentiable function such that

e V(0) =0ifand only if @ = 0 and V() > 0 for 6 € B.(0) — {0} such that 6 # 0.
e V(0) <0for8 c B.(0) — {0}

e Let S = {0 € B.(0)|V(8) = 0}. There is no trajectory that identically stays in S except
for the trajectories at equilibrium points.

then the system is locally asymptotically stable with respect to O and other equilibria in its neighbor-
hood.

Finally, we prove an extension of the linearization theorem that helps us deal with analyzing the
stability of a special kind of non-linear systems, specifically those with multiple equilibria in a
local neighborhood of a considered equilibrium. The theorem, though inuitively follows from the
original linearization theorem itself, is not a standard theorem in non-linear systems, to the best of
our knowledge.

Formally, we consider a case where the system consists of two sets of parameters 6 and -~ such that
from the equilibrium, any small perturbation along ~ preserves the equilibrium. We show that it is
enough to show that the Jacobian with respect to 8 is Hurwitz to prove stability.

Theorem A.4. Consider a non-linear system of parameters (6, 7),

é - hl(oa’)l)?’y = h2(0a7) (6)

with an equilibrium point at the origin. Let there exist € such that for any v € B.(0), (0,) is an
equilibrium point. Then, if

_ 8hl (07 ’7)

J
00 (0,0)

)

is a Hurwitz matrix, the non-linear system in Equation 6 is exponentially stable.

Proof. The proof for this statement is quite similar to the proof of the original theorem for lineariza-
tion. The high level idea is that if J is exponentially stable, then there exists a quadratic Lyapunov
function that is always decreasing for the system 8 = J@. Then, we show that the same quadratic
function works for the original non-linear system too in a small neighborhood around equilibrium for
which the non-linear remainder terms are sufficiently small. In particular, we show that € converges
to zero, and ~y converges to a value less than e.

A subtle point however, is that this quadratic function would decrease only when it is within a
particular neighborhood of 8 around origin, and also a particular neighborhood of ~ around origin.
However, within this neighborhood, say S, we can only guarantee that 8 exponentially approaches
the origin; v might move away from the e-neighborhood around origin, and if it does, the system
may exit S and the system may not even converge! We carefully overcome this, by first identifying
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S, and then identifying a smaller space within S where « does not vary too much over the course of
convergence, so that the system stays within S forever — until convergence.

To identify S, let,
hi(0,7) =JO + g1(0,7).

The first crucial step is to show that for any constant ¢ > 0, for a sufficiently small neighborhood
around the equilibrium, we will have ||g1(0,)| < ¢||@]|. To show this, consider the Taylor series
expansion for the remainder ¢, (0,~) = h1(0,~) — JO around equilibrium. Clearly, the expansion
would not have a constant term because h1(0,0) = 0. It would not have a linear term in 6 because
that is accounted for already. Finally, it will not have any term that is purely a function of ~y, because
h1(0,4) = 0 in a small neighborhood around equilibrium (since (0, ~) are all equilibria). Therefore,
we can write:

g1(0,7) = 0g2() + 93(6,7)

where g2 () only consists of linear or higher degree terms in « and g3(6,~) consists only of terms
that are quadratic or higher degree terms in 0 (and any arbitrary degree of y). Therefore, we have
that:

g3 (97 '7)

li -0, lim 222" _
713%92(’7) 0, lim 0 0

Then, for an arbitrarily chosen small constant ¢, for a sufficiently close neighborhood around the
equilibrium, we can say that ||g2(7)|| < ¢/2 and ||g5(8,~)]|| < ¢||0]|/2. Thus,

g1 (8, V) < [10][lg2()I + [[93(8, ¥ < c[|€]]

We will use this property soon for a cleverly chosen value of ¢. Now, by Theorem 4.6 in Khalil [1996],
we have that for any positive definite symmetric matrix Q, there exists a positive definite matrix P

such that J'P + JP = —Q. Then, if we choose V(o) = 607P0 as the quadratic Lyapunov function

for the linearized system 6 = JO, the rate of its decrease is given by V(H) = —07'Q0 which is
negative at all points except at 8 = 0.

Now, if we use the same Lyapunov function for the whole system as V (0, v) = 07 P#, the rate of its
decrease near the origin would be V (8,~) = —07 Q8 + 267 P4, (6, ~). If we choose a sufficiently

small neighborhood such that for ¢ = 4HP1’||F Amin(Q)s 1191(8,7)|| < ¢||@]], then we have that,

2
AP|[p

: 1
V(8,7) < —Aain(Q)[10]* + Amin (Q)IP[|£[[0]* = =5 Amin(Q)[|0]* < 0

Now, as long as we ensure that the trajectory of the system remains in the neighborhood around origin
for which [g1(0,v)| < WAmin(Q)HBH and ||v]| < e, this system would then exponentially

converge to one of the equilibria near origin. Let us call this neighborhood § i.e., within this
neighborhood of « and 6, the Lyapunov function strictly decreases for the non-linear system.

This brings us to the second crucial part of this proof, which is to ensure that we always stay in S.
Let S contain a ball of radius d. We will show that for sufficiently close initializations which are
within a ball of radius d/2, the displacement of -y is at most d/2. Since € only approaches origin,
this means that the system never exited S.

To bound how much ~ changes with time, let us consider the Taylor series expansion of h2(8,~y).
First of all, there is no constant term. Next, there is no term that is purely a function of « because
h2(0,4) = 0. Then, we can say that:

h2(97 '7) = 94(0, 7)0

Since g4(0, 0) is finite, in a small neighborhood around equilibrium, there exists a fixed constant ¢’
such that ||g4(0,7)||2 < ¢. Then, ho(0,v) < |0)||.
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Figure 5: Illustration of Theorem A.4: S is the neighborhood within which @ converges exponen-
tially to O to a point on the «y-axis which corresponds to an equilibrium. However, all initializations
within S may not preserve the trajectory within S due to a lack of guarantee on how -~ behaves — as
illustrated by the dashed trajectory. We identify a smaller ball within S such that for any intitialization
within that ball, ~ is well-behaved and consquently ensures exponential convergence of 6.

Now, if the trajectory indeed always remained in S, we know that ||6(¢)|| = ||0(0)|| exp (—c"t) for

"
some constant ¢’ > 0. Assume we initialize 6(0) within a radius of ‘326‘,1.
at any point is,

The rate at which ~ changes

%[l < ¢[10(0) ] exp (—c"t)
Then, the maximum displacement in ~y can be,

oo

/ 100)]] exp (—"t) dt = ¢

t=0

1600

C/I

<

N

Thus, the trajectory always lies in S, which implies exponential convergence along 6 to a point where
0 = 0 and ||y|| < €. Thus the system exponentially converges to an equilibrium.

O

B GAN:s are not concave-convex near equilibrium

In this section, we consider a more general system than the one considered in the main paper to
demonstrate that GANs are not concave-convex near equilibrium. In particular, consider the following
discriminator and generator pair learning a distribution in 1-D:

dp
Dy (z) = Z w;x’
i=0

da
Ga(z) = Z a2’
3=0

where dp > 1 and dg > 1. Let the distribution to be learned be arbitrary. Let the latent distribution
be the standard normal. Then, the gradient of the objective with respect to the generator parameters
is:

dp i
éwéf:‘D) = ~Eanon) [f/ (Zwi(Ga(z))i) : (Z Z'wz‘(Ga(z))il> ~zj]

1=0
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The second derivative is,

2 dp dp
e = B [f/ (‘ 2 wi<Ga(z>>i> | (Z (i~ 1>wi<Ga<z>>i‘2> - ]
1=0

dp Zj 2
+E.on) | f” <_Zwi(Ga(z))i> : <<Z iwi(Ga(z))i1> 'Zj)
=0 i=1

Now, consider the case where f”'(x) < 0. For points in the discriminator parameter space where
wy # 0but w; = 0 for all 7 # 1, the term above simplifies to the following when j # 1:

Bexon [ (C0n(Ga(2) - (1))

which is clearly negative, i.e., the objective is concave in most of the generator parameters, and this
holds for parameters arbitrarily close to the all-zero discriminator parameter (as w; — 0).

On the other hand, consider the case where f”(x) = 0 for all z € R. Then, if dp > 2, we can
consider wo # 0 while w; = 0 for all ¢ # 2. In this case, the second derivative simplifies to:

—E.onvo) [f (—w2(Ga(2))) 2wez™] .

If f'(x) > O for all x (which is true in the case of WGANS), then in the region we > 0 the above
term is negative, i.e., the GAN objective is concave in terms of the generator parameters.

C Local exponential stability of GANs

In this section, we provide the full proof for our result about the local stability of GANs through the
following lemmas. First, we derive the Jacobian at equilibrium.

Lemma C.1. For the dynamical system defined by the GAN objective in Equation 2 and the updates
in Equation 3, the Jacobian at an equilibrium point (0}, 0F,), under the Assumptions I and 1V is:

3o [JDD JDG] _ |:2f”(0)KDD fI(O)KDG]
~Jbe Joa| ~ |-F(0KLg 0
where
Kpp = Epdata[(veDDeD (J:))(VODDQD (I))T] 0% =0
and

Kpe

| Voo Do (2) Vb poc ()i
X

Op=0},0c=0%

Proof. To derive the Jacobian, we begin with a subtly different algebraic form of the GAN objective
in Equation 2 by replacing the term E. ... [f(—Dep (Goc (2)))] with Ep, _ [f(—Dey (2))] =

S Poc () f(—Day, (). Effectively, we separate the discriminator and the generator’s effects in this
term. This is crucial because we will proceed with all of our analysis in this form. Observe that the
system then becomes,

V(Dop:Goc) = Epy,.. [f (Do (2))] + Epg, [f (= Dop (2))]
éD = Epdata[f/(DoD (2))Vep Doy, ()] — EpeG [fl(_DeD (2))Vep Do, ()]

bc = */){VGGPGG(I)f(*DGD(z))dx

Throughout this paper we will use the notation V7 () to denote the row vector corresponding to the
gradient that is being computed. Now, let np be the number of discriminator parameters and n¢ the
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number of generator parameters. Then the first np X np block in J, which we will denote by Jpp
is:

. D0

| _ 96p 7 Ploc—0,

(65,08) 90—~ T 90~
B8 00D |, oo o 90p

Jpp £ VgDV(Gecv DGD)

0 =05,
0 (Epdata [f/(DGD (x))VGD D9D (l‘)] - Epdata [f/(_DBD (m))VBD D9D ({E)])
90p 6p =067,

panea " (Don (2))Var, Doy, (2) Vg, Do, ()] + Eyp,,. [/ (Dop (2)) Vo, Doy (2)]) | o —o5,
. [/ (=Dey (2))Vep Doy, (2) Vg, Doy, (2)] — Ep,,.. [/ (—Dep (%)) Ve, Doy (z

"(0)Vop Dop, () Vg, Dop, ()] + Epy,., [f'(0) Vi, Dep ()])
+ (Epgar [/ (0)Vop Doy, (2) Ve, Do (2)] — Ep,,.. [f'(0)V, Doy (2)])
=2f"(0) Ep,... [Voo Do () Ve, Dop (2)] | g _p

E

+
A~~~
=

bS]

o

o

:

:

D loo—e,
’9]3:9]3

|9D:9]*3

The subsequent np X ng matrix, which we will denote by J p¢ is:

. 96
I, & IVonV(Cog. Doy) _ 99p _ " Plop=6p
90c (65.08) 90c 0p=0} 0c=0% 00c .
6c=0%
9 /
— 0B, 11'(0) Vo, Doy, (v)]
G Op=0%,0c=0%
= 7'0) [ Von Doty 2) Vi po (a)do ~ /(0K e
X =64 ,0c=0%
It is easy to see that the lower ng X np matrix is —JgG:
; 0 |
96 Slog—op
00 B 00
Dlon—6z.0c—0% D 0005
-
— g [ 1(Doo (@) Vocpoc (o)t = 3%
~ 90p

Op=6%,0c=6%

Furthermore, the lower ng X ng matrix J g turns out to be zero. Here, we will use an implication
of Assumption IV. More specifically, generators O that are within a sufficiently small radius eg
around the equilibrium have the same support and therefore i) Dgx (z) = 0 for z in this support.
Furthermore for all generators within a radius € /2, any perturbation of the generator is not going to
change the support, and therefore ii) Vg, pg () = 0 for x that is not in this support. >

Now, to show that J ¢ is zero, we take any vector v that is a perturbation in the generator space
and show that v7'J g = 0. Here, we will use the limit definition of the derivative along a particular
direction v.

> We can consider only e /2 perturbations and not eg perturbations because for ¢ that is e away from
0¢ ., perturbing it a little further might potentially change its support as a result of which Vg pec, (x) may not
necessarily be zero for all z ¢ supp(pey, )
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Oforxz ¢ supp(pe&)
0 0(;‘ T
Jx f(=Dey,(z))  Vggpoc(z) dx

r 00g T Op =07, .
- =V — = — lim
89(; N 80@ 0c—05=ev €
0p=07,,0c=0¢g . e—0
0c=0%

0
T
fsupp(p %) f(_ DOB (m))vecpec (:L‘)d.’L‘
=— lim °¢

0c—05=ev €
e—0

Vo fsupp(Pea) Pog (T)dz

—f(0) lim
0c—05=ev €
e—0

vE 1
—f(0)  lim e
O —B*G =€ev €
e—0

=0

O

To prove that the system is stable we will need to show that this matrix is Hurwitz. We show later in
Lemma G.2 that when i) Jpp < 0 and furthermore ii) J p¢ is full column rank, then J is indeed
Hurwitz. However from f”(0) < 0, we only have that Jpp =< 0. For these two conditions to be met,
we will need Kpp and KgGK pc to be full rank, which you may recall from our discussion in the
main paper below Assumption III, is met only when there is a unique equilibrim locally.

Now, we show why this is the case — by establishing a relation between the matrices Kpp and Kpa
and the curvature of functions in Assumption III — and further show how the null spaces of these
matrices correspond to a subspace of equilibria. Then, we show in Lemma C.3, how to consider a
rotation of the system and project to a space that is orthogonal to this subspace of equilibria. Then
from the Theorem A.4 that we have proved in Appendix A, it is sufficient to show that the Jacobian
of the projected system is Hurwitz.

In the following discussion, we will use the term “equilibrium discriminator” to denote a discriminator
that is identically zero on the support and “equilibrium generator” to denote a generator that matches
the true distribution, as defined in Assumption I. Note that for an equilibrium discriminator, the
generator updates are zero and vice versa for an equilibrium generator.

Lemma C.2. For the dynamical system defined by the GAN objective in Equation 2 and the updates
in Equation 3, under Assumptions I and IlI, there exists ep, e > 0 such that for all ¢\, < ep and
€ < €, and for any unit vectors u € Null(Kpp),v € Null(Kpg), (0F + €pu, 0 + e,v) is an
equilibrium point as defined in Assumption I.

Proof. Note that 2K pp is the Hessian of the function E,,, .. [Dg_ ()] at equilibrium:

OB i [Dop (2) Vop D(2)]

89]:) 9]*3

Pdata

V%D Epdata [DgD (I)] |9]*3 =2

=2 [ Epy,..[Vop Dop (2) Vo, D(@)] + By, [ Doy () Vo, D()]
0 at eqgbm ox

=2 (Epya [Vop Doy (2) Ve, D(2)])| o« = 2Kpp

2

Then, by Assumption III, E,,, .. [Dg_ (x)] is locally constant along any unit vector u € Null(Kpp).
That is, for sufficiently small ¢, if Op = 0F, + eu, E,,,.[Dg_ ()] equals the value of the function at
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equilibrium, which is 0 because Dgy () = 0 (according to Assumption I). Thus, we can conclude
that for all x in the support of paata, Doy () = 0. Then, the generator update is zero, because

éG = —f(O)/ v@cpec (l‘)dl‘ = _f(O)VGG/ Poc (x)da: = —f(O)Vch =0.
supp(Pdata) supp(Pdata)

In other words, Op is an equilibrium discriminator which when paired with any generator results in
zero updates on the generator.

2
Similarly, 2K5 K p¢ is the Hessian of the function H pasia VO Dop ()] — Epg, [Vop Doy, (2)] H
at equilibrium:

Vo [Enina V00 Do (2)] ~ Epgg (Vo Do ()|
=2 Voarae (00700 Do ()i ) (Eps. (Vo0 Do (0)] = By (V05 Do ()]

= vgc H]Epdata [V9D DGD (I)] EPOG VOD D9D H

05,0
T
- 2( / vecpec<x>veDDeD<x>d:c) ( / vecpec<x>veDDeD<x>dx>
X X or o*
D'YG
T
—2 | Epp Voo Do (2)] — Epo., (Voo Do ()] /X Vou Doy (2) V3 poe (2)dz

0 at eqgbm 05,05

= 2K Kpa

2
Then, by Assumption III, HEpdm [Vop, Dop, (7)] — Epg, [Vop Doy (7)] H is locally constant along
any unit vector v. € Null(Kp¢g). That is, for sufficiently small ¢, if 0¢ = 6% + €'v,

which is 0 because Pox = Pdata (according to Assumption I).

2
Epiaa Voo Dop (2)] = Ep,, [Vor, Dop, (m)]H equals the value of the function at equilibrium,

Now, we can’t immediately conclude that 65 corresponds to the true distribution. To show
that, we first note that that at (6%, 0¢), the discriminator update, whose magnitude is equal to
|f(0)] - H pasia VO Dop (7)] — Epg, [Vop Doy, (7)] H, is zero. However, as we have seen at 6 the

generator update is zero too. Therefore, (6%, 8¢ ) is an equilibrium point (both updates are zero) and
from Assumption I we can conclude that pg, = Pdata- Thus, O is an equilibrium generator i.e.,
when paired with any equilibrium discriminator, the discriminator updates are zero.

In summary, for all slight perturbations along u € Null(Kpp), v € Null(Kp¢) we have established
that the discriminator and generator individually satisfy the requirements of an equilibrium discrimi-
nator and generator pair, and therefore the system is itself in equilibrium for these perturbations. [

Now, we show how to rotate and project the system to get a Hurwitz Jacobian matrix.

Lemma C.3. For the dynamical system defined by the GAN objective in Equation 2 and the updates
in Equation 3, consider the eigenvalue decompositions Kpp = UDADUDT and KEGK =
UgAcUg”. Let Up = [T}, T and Ug = [T&, T4 such that Col(TS) = Null(Kpp) and
CoI(Tg) = Null(Kpg). Consider the projections, yp = TpOp and vg = TcOg. Then, the
block in the Jacobian at equilibrium that corresponds to the projected system has the form:

3 = Iop  Ibe| _ [217(0 )TDKDDTT F(0O)TpKpeTh
J0e 0 ~f(0)T6KpeTh 0
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Under Assumption II, we have that Y, , < 0 and ', is full column rank.

Proof. Note that the columns of Up and Ug correspond to eigenvectors, and furthermore, the
rows of T', and T, are the eigenvectors that correspond to zero eigenvalues. These eigenvectors
correspond to a local subspace of equilibria and the above lemma considers a projection of the system
to a space orthogonal to this subspace.

We first address a corner case where either T' p or T (the eigenvectors with non-zero eigenvalues)
is empty. In the case that T p is empty, it means that all discriminators in a neighborhood of the
considered equilibrium are identically zero on the support of the true distribution (as proved in
Lemma C.2). Then, for any generator, the discriminator update would be zero (because moving the
discriminator in any direction locally does not result in a change in the objective). At the same time,
the generator update would be zero too because these are all equilibrium discriminators. This means
that the considered point is surrounded by a neighborhood of equilibria. Then, the system is trivially
exponentially stable since any sufficiently close initialization is already at equilibrium.

Similarly when T is empty it means that all generators in a small neighborhood have the same
distribution, namely the true underlying distribution (as proved in Lemma C.2). Then, the generator
update for any discriminator would be zero (changing the generator slightly in any direction does not
change the generated distribution, and hence the objective). Furthermore, since these are equilibrium
generators, the discriminator updates would be zero too, for any discriminator. Thus, again we are
situated in a neighborhood of equilibria and the system is trivially exponentially stable.

Now we handle the general case. First note that, the Jacobian block of the projected variables must be

([TD:| J[Tp” TGT]> _ [Qf//a))TDKDDTg f(0)TpKpeTE
Te ~F'(0)TcKpeTh 0

where J is the Jacobian of the original system which we derived in Lemma C.1. Now note that,
TpKppTh = TpUpApUp”Th = A which is a diagonal matrix with only the positive
eigenvalues. Therefore, since f/(0) < 0, J,, < 0.

Next, in a similar manner we can show that TgK%)GK DgTT = A(GH, which is a diagonal matrix
with only positive eigenvalues. Thus, K Dng is full column rank. The non-trivial step here is to
show that the matrix TpK Dng which has fewer rows is full column rank too. This will follow
if we showed that for any u such that u"Kpp =0, u"Kpe = 0 too. That is, the left null space

of Kpp is a subset of the left null space of K p¢ and therefore projecting to the row span of Kpp
does not hurt the row rank of K p¢.

To see why this is true, observe that from Lemma C.2 for any small perturbation along such a u,
since we are always at an equilibrium discriminator i.e., Dg_ () = 0 for z in the true support, it
must be that u” Vg, Dg, () = 0. Furthermore, recall from our derivation of the Jacobian that
VOgpes (r) = 0 for z outside of this support. Then,

uTKDG = / uTVQD DQD (;v) VnggG ((L’) dzx =0
X

0 inside supp 0 outside supp =6} ,0c=6%

Therefore, since f/(0) # 0, this means f'(0)TpK peTg is full column rank.

The main theorem then follows from the above lemmas.

Theorem 3.1. The dynamical system defined by the GAN objective in Equation 2 and the updates in
Equation 3 is locally exponentially stable with respect to an equilibrium point (05, 0, ) when the
Assumptions I, 11, III, IV hold for (0]*3, Oa) and other equilibria in a small neighborhood around it.
Furthermore, the rate of convergence is governed only by the eigenvalues ) of the Jacobian J of the
system at equilibrium with a strict negative real part upper bounded as:
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_ 2" (0)£2(0AS) Kpp)ALH) (KL o Kbpe)
* [fIm(A) =0, then Re(N) < o 0ot o n Koo )+ £/ (02 AL] (KL Kpo)

min

o IfIm()\) # 0, then Re(N) < f”(0)AL") (K pp)
Proof. We have from Lemma C.2 that the considered equilibrium point lies in a subspace of equilibria
in a small neighborhood. Then, we have from Lemma C.3 that the Jacobian block corresponding to
the subspace orthogonal to this, satsifies properties from Lemma G.2 which make it Hurwitz. We
can then conclude exponential stability of the system from Theorem A.4. The eigenvalue bounds
presented in the theorem follow from Lemma G.2. [

Finally, we show that we can indeed find a Lyapunov function that satisfies LaSalle’s principle for the
projected linearized system.

Fact C.1. For the linearized projected system with the Jacobian J', we have that 1/2||v p —v* p||*> +
1/2||vg — ¥*¢|? is a Lyapunov function such that for all non-equilbrium points, it either always
decreases or only instantaneously remains constant.

Proof. Note that the Lyapunov function is zero only at the equilibrium of the projected system.
Furthermore, it is straightforward to verify that the rate at which this changes is given by f”(0)(~yp —

~* D)TTgK ppTp(vp —~*p). Observe that the generator terms have canceled out. Clearly this is
zero only when v, = v* , because TlT)K pp T p is positive definite; otherwise it is strictly negative.
Now, when this rate is indeed zero, we have that 4p = f/(0)TpK Dng('yG — v*) because the
other term in the update which is proportional to Kpp(vp — v* p) is zero. Now, again, this term
is zero only when v = ~v* because TpK Dng is full column rank. Thus, when we are not
at equilibrium which means v, # ~&, the update on the discriminator parameters is nonzero i.e.,
4p # 0. In other words, it does not identically stay in the manifold v, = 0 on which the energy
does not decrease. O

C.1 Realizable case with a relaxed assumption

In this section, we will relax Assumption IV and prove stability under certain conditions. Specifically,
recall that originally we required the equilibrium generator to share the same support with any
perturbation of the generator. Now, we will allow the generator to have different supports when
perturbed, and instead impose conditions on the discriminator.

Our first condition is that the equilibrium discriminator must be zero not only on the support of
07, but also on the supports of small perturbations of @¢,. If this were not true, 8¢ may not be at
equilibrium as the slope of the discriminator function Dgx () may be non-zero at the boundaries of
supp(pp,.) in X, thus potentially encouraging the generator to push data points away from the true
support.

To motivate our second condition, recall from Assumption III, we have that there could be directions
along which we can perturb 8F), while ensuring that the discriminator still outputs zero on supp(pgé).
The intention behind allowing this was that these directions could allow other equivalent equilibrium
discriminators in the neighborhood of 8f. However, under the relaxation of Assumption IV that we
are now aiming for, these perturbations will correspond to equilibrium discriminators only if they
satsify the above condition i.e., that they are zero on the support of perturbations of 8¢, too. We need

to explicitly assume that this holds as we describe below. ©

To state this assumption using the terminology we’ve developed so far, recall that imposing Property I
on the function E,,, . [Dg_ ()] at 8 (where it attains its minimum of zero) implied that perturbations
of 8, along the flat directions of the function retains the property that the discriminator is zero on
the support of pgata (i-€., pgy, ). Extending this, we will assume that this property holds at 6, for
the functions [, [DE,D ()] corresponding to every small perturbation g of 6 . Furthermore, the
flat directions of all these functions must be identical so that perturbing 87 along these directions
guarantees that all these functions are zero. Then, the output of the perturbed discriminator would be
zero on the support of all perturbations of 8¢, .

8Thanks to Lars Mescheder for identifying that such a condition was missing in earlier versions of this paper.
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Formally, we can state these assumptions as follows:

Assumption IV (Relaxed) Je, ep > 0 such that for all Og € B, (0¢):

L. forall z € supp(pec ), Doy, () = 0.

2. at (6}, 0¢), the function E,,, [Dg_ (z)] satisfies Property I in the discriminator space and

furthermore, Null (V3, By, [D3, (2)]| 5 _g: ) = Null (ngEmG D2 ()] IGD_B* )
—vD

Examples. It is useful to illustrate simple examples that satisfy or break the two conditions above,
for a clearer picture of what these assumptions imply. First, as an example that satisfies these
conditions (and not the original Assumption IV), consider a system where pqat, iS uniform over
[—1,1] (X = R), the generator is a uniform distribution over an interval parametrized as [0, 0],
and the discriminator is any polynomial, for example, a linear function 8 pz. Note that at equilibrium
0p = 0. Then, it can be verified that for this system the Hessian of Epdm[DgD (x)] is positive
definite at equilibrium, thus trivially satisfying the second assumption.

As a simple example that breaks these assumptions, specifically condition (2) above’, consider a
system where pqat, s just a point mass at 0 (X = R), the generator is also a point mass at 6 and the
discriminator is a linear function fpx. Again, at equilibrium 6, = 0 and 6 = 0. Surprisingly, even
though this is a unique equilibrium, the Hessian of K, [Dg_ ()] at equilibrium turns out to be
zero. Thus, the null space of Vg E,,... [Dg_ (x)] at equilibrium corresponds to the whole parameter
space. On the other hand, at equilibrium V3 E,, [Dj_ ()] = 267, which is non-zero for any ¢
arbitrarily close to equilibrium. Thus, in the second condition above, while we have a null space for
the first Hessian, there is no null space for the second Hessian, thereby breaking the condition. It can
be shown that this system which breaks the condition is in fact not locally exponentially stable!

We now show that if these conditions hold, local exponentially stability holds too.

Proof. Most of the original proof holds as it is because all we needed was that the equilibrium
discriminator be identically zero on the true support. We will prove only parts of the proof that
required more than just this.

First, we extend Lemma C.2 for this assumption. First, observe that any vector u € Null(Kpp ), also

satisfies u € Null <V§D]Epec [Dg, ()] ‘GD_B* > for all O € B.(0§) by the second condition in
—vD

Assumption IV. Then for any Op = 0F + eu, Do, (x) = 0 for all z in the support of pg, wWhere
0c € B.(0¢). Then, we can show that any perturbation of the discriminator within the null space of
K pp is an ‘equilibrium discriminator’ which when paired with any generator in small neighborhood
around @Y, results in zero updates on the generator. To prove this, recall that ¢ consists of two
terms integrated over X, Dy, (x) and Vg pec (). In our previous proof under the original version
of Assumption IV, we used an intricate fact about these two terms. In particular, we said that for a
generator within a radius of e /2 from equilibrium (where e¢ is as defined in the original version
of Assumption IV), i) the support of pg, is the same as pgata and therefore Dg, (x) = 0 for all =
in the true support and ii) for all x not in the true support, and for any generator g € B, /2(0§ ).

Vo Pog (z) = 0.
In this case, we only have a weaker guarantee that for a generator within a perturbation of e /2 from
0%, the support is contained in the combined support UQG€ B.y, (08) supp(pe )- But then, i) for all

2 in the combined support we have that Dg,, () = 0 and ii) for all 2 not in the combined support
and for any generator O € B, /2(0¢ ), VogPoc () = 0. Then, the generator updates are:

bc =~ | (= Dog(z) ) Vaoa(a)de = ~(0)Vaq po (x)da
combined supp  combined supp
=—f(0)Ve,1=0

"Thanks to Lars Mescheder for identifying this example.
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The second part of Lemma C.2 holds similarly.

We need to make a similar argument to prove that the generator’s Hessian J ¢ = 0 at equilibrium.

0 inside 0 outside
combined supp ~ combined supp

. 0 9'G‘ T = d
v 8070' =V e =— lim fx f(= 05 (z) ) Vg pog () dx
80(} 9D=0]3,9G=0*G 30G GG_EZE%):ev .
0c=0¢&
T
f(O) li UGGeBFG (0&) supp(pog ) vecpec (Zﬂ)dx
0 —0¢ =ev 6
e—0
T
£(0) i VOG fUGGEBeG (0%,) SUPP(Po) Do ()dx
== im
0c—05=cv c
e—0
Vi1
= —f(O) lim Oc” _ 0
0c—0g=cv €
e—0

A similar modification of the proof can be done for Lemma C.3 where we show that Tp K pg Tg
has the same column rank as K Dc;Tg. The rest of the proof follows as it did. O

C.2 The non-realizable case

In this section, we extend our results about local stability of GANs to the case in which the true
distribution can not be represented by any generator in the generator space. While this is a hard
problem in general, we consider a specific case in which the discriminator is linear in its parameters
and show that the system is locally stable at any equilibrium and its surrounding equilibria (none of
which may correspond to the true distribution). More formally, consider a discriminator of the form:

Do, () = 65, d(x)

where ¢ is any feature mapping. For example, ¢ (z) could be a polynomial basis or the representation
learned by a neural network (which we assume is not trained during the updates near equilibrium).
Thus, the objective in this case is:

V(Do Goc) = Epy [F (0D 0(@)] + Epgg, [f (05 ()]

We consider a generator space that does not necessarily contain the true distribution, but however
contains a generator ¢, that is an equilibrium point when paired with a discriminator that is zero on
the support of the true data and the generated data. It must be noted that 87, = 0 is not necessarily
the only equilibrium discriminator. Especially, if ¢ lies in a lower dimensional manifold, there could
be a subspace of all-zero discriminators. Now, for such a generator to exist, we need:

VQDV(DeDvGOG”(OB,Ga) =0
= Eppa[@(x)] = Epyy [b(x)]

In other words, we want the means of the generated distribution and the true distribution in the
representation ¢ to be identical. For a given generator space, this essentially is a restriction on the
representation ¢ that has been learned/chosen for the discriminator. If ¢ was a richer representation
that computes many higher order moments of the data, we may never find an equilibrium generator.

We now prove Theorem 3.1 for the non-realizable case. Our main idea is identical to that of the proof
in the realizable case. However, we need to be careful in a number of steps. We first prove a result
similar to Lemma C.1 that derives the Jacobian of the system at equilibrium.
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Lemma C.4. For the dynamical system defined by the GAN objective in Equation 2 and the updates
in Equation 3, the Jacobian at an equilibrium point (0%, 0% ), under the Assumptions I (for the
non-realizable case) and 1V is:

J:[JDD JDG]:Ff”(mKDD f’<o>KDG]

~J0¢ Jaa —f"(0)KDe 0
where
2Kpp £ Epdata[(VBDDeD (x))(voDDeD (x))T] +E Dok, [(VGDDGD( ))(VGDDBD (x))T] ox =0
D
and

Kpe £ / Voo Doy, (2) Vi, Poc (x)d
X Op=0%.0c=0%

Proof. Recall that,
V(DQD ) G9G) =Epiata [f(DOD (m))] + Epec [f(_DGD (.%‘))]
éD =Epiata [fI(DGD (x))VGD Doy, ((E)] - EPSG [f/(_DBD (x))VGD Doy, ((E)]

- /X V5 poe f(— Doy (2))dz

First we show that J pp has a similar form which is still negative semi-definite when f”(0) < 0:

: B éD‘

00p 0c=0¢%

_ 2 _ G=Y%
p = VooV (Goa: Don)l gy 0) = 5gy, ~ 06p
0p=05%,0c=0%
0 =05,
0 (Epdam [f/(DGD (x))VBDDgD (‘r)] - EPQ*G [f/(_DGD (x))VGDDgD (‘r)])
B 00p
0p=65
= (Epdam H DBD( ))VGD D9D (x)VgD D9D ((E)] + Epda,ta [f/(DGD (f))ng DGD (:L')] ) |9D=95
+ (Epe* D9D( ))VBDDGD (I)ngDQD (:L’)] - Epeé [f/(ngD (I))V3DD0D (I)]) ’0]3:9*
= pd'ztm VBDDBD( )ngDBD (.’L‘)] + ]Epdata f/(O) v(29DD9D (.1‘)
—_————
=0 Op=06%

+ | Engg, [7(0) V00 Do (2) V5, Do (2)] = By | 1'(0) V3, Do ()
N———’

=0 Op=06}%

= £"(0) (Bpaue. [Vou Don (2)Vh, Doy (2)] + By, [Vor Do (2)V, Doy (2)] )

=2f"(0)Kpp

0p =03

The most crucial step here is that we were able to ignore the terms corresponding to VQBD Dg, ()

because the discriminator is linear in its parameters i.e., Vg Doy () = ¢ (x) and thus the Hessian
is zero.

All other terms in the Jacobian are identical to the realizable case because we assume that at
equilibrium the discriminator must be identically zero.

O

Now, we again show that the equilibrium point in consideration lies in a subspace of equilibria.
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Lemma C.5. Under Assumptions I (Non-realizable), III, and 1V there exists ep,eq > 0 such
that for all €, < ep and €, < €q, and for any unit vectors u € Null(Kpp),v € Null(Kpg),
(0F + €pu, O + e v) is an equilibrium point.

Proof. Our proof is only slightly different from that of Lemma C.2. Note that 4K pp is the Hessian
of the function E,,, . [Dg_ ()] + E,,. [Dg_ ()] at equilibrium.
G

Since this is the sum of two positive semi-definite matrices, any vector in the null space of Null(Kpp)
is also in the null space of the Hessian of E,,,,, [Dg_ (x)]. Then, by Assumption IIL, E,,, . [Dg_ ()]

is locally constant along any unit vector u € Null(Kpp). That is, for sufficiently small ¢, if
Op = 0} + eu, ... [Dg_ (2)] equals the value of the function at equilibrium, which is 0 because

Dg: (x) = 0 (according to Assumption I). Thus, we can conclude that for all x in the support of

Pdatas Dop () = 0. Now from Assumption IV, the support of generators in a small neighborhood
is identical to the support of the true distribution, therefore these discriminators are equilibrium
discriminators i.e., when paired with any generator, the generator updates are zero.

2
Epavia (Vo Do (@)] = Epeg, [Vap Doy (@)

Similarly, 2KgGK pc 18 the Hessian of the function ‘

2
at equilibrium. Then, by Assumption III, HEZ’ auea [ Vo Do (7)] — Epg, [Vop, Doy, (2)] H is locally
constant along any unit vector v € Null(Kp¢). That is, for sufficiently small ¢, if g = 0 + €'v,

since this function is proportional to the magnitude of the equilibrium discriminator’s update, it
equals zero at equilibrium. Now, observe that

Epaaea Voo Dop (2)] = Epo, [Vop Dop ()] = Epg,,., [0 (2)] = Epg [ ()]

2
Epiua Voo Dop (2)] — Ep,, [Vor, Do, (7)] H equals the value of the function at equilibrium. Now,

is independent of the discriminator variables (Here, we have used the fact that the discriminator is
linear in its parameters.) . This means that for these generators along v, the discriminator update
must be zero. In other words, these generators are equilibrium generators in the non-realizable sense,
that their ¢ representation matches with the true distribution.

In summary, for all slight perturbations along u € Null(Kpp), v € Null(Kp¢) we have established
that the discriminator and generator individually satisfy the requirements of an equilibrium discrimina-
tor and generator pair, and therefore the system is itself is in equilibrium for these perturbations. [

It turns out that given these two lemmas, Lemma C.3 follows as it did earlier, and therefore the main
theorem follows too.

D Linear Quadratic GAN - Gaussian example

In order to illustrate our assumptions in Theorem 3.1, consider a simple GAN that learns an n-
dimensional Gaussian distribution AV (p, ), where 3 > 0. Let the latent variable be drawn from
the standard normal, A/(0,I,,). Consider a quadratic discriminator D(x) = x” Wyx + w? x, and a

linear generator G(z) = Az + b. We call the resulting system LQ (linear-quadratic). Let =12 pe
2
the unique real positive definite matrix such that (El/ 2) = 3. Then we have the following:

Theorem D.1. In LQ, A = 21/27 b = pand W4 = 0,w; = 0 corresponds to an equilibrium that
is locally exponentially stable provided " (0) < 0 and f'(0) # 0.

Proof. Since the system consists of parameters arranged in the form of matrices, we will need
vectorization calculus [Magnus et al., 1995] to arrange these parameters as a vector and differentiate
them/with respect to them.

To verify that the given point is indeed an equilibrium, let us look at the GAN objective:
V(G, D) = Exeon(uz [f (" Wox + wi'x)]
+Esono1,)[f(—(Az+ )T Wy(Az +b) — wi (Az + b))]
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The updates in Equation 3 for LQ can be written as :
W, =Exn(n,z) [XXTf/(XTWQX + wfx)]
—E,n(o1,)[(AZ+b)(Az + )T f/(—(Az + b) "W, (Az + b) — w{ (Az + b))]
W1 =Exn(u,5) [xf (xTWyx 4+ wix)]

— E,on(o1,)[(AZ+b)f'(—(Az + b)"W1(Az + b) — w] (Az + b))]

A =E,n(o,1,) (W2 + Wg)AzzT + (W3 + WQT)sz + wlzT)
f'(=(Az+b)TWy(Az +b) — w] (Az +b))]

b =E, n01.,)[(Ws + WI)Az + (W + WI)b + w)
f'(—=(Az+b)TWy(Az +b) — w] (Az +b))]

Clearly, when z ~ A/(0, I), we have that '/2z + p ~ N (u, X), therefore at A = /2 b =
and Wy = 0,w; = 0, all the above updates become zero, implying that it is an equilibrium for
which the generator has converged to the true distribution. To prove that it is locally stable, we need to
examine the Jacobian at that point. Note that since the Jacobian is a matrix with one cell for each pair
of discriminator-generator parameters, we need to calculate second-order derivatives after vectorizing
the parameter matrices QQ and A.

We first calculate the derivative of the discriminator updates with respect to the discriminator itself.

dvec(Wy) .
greaAvva) - Y W
0vec(W2) | beu, Wa=0, Ovec(Wa) vee( 2)‘b:u,A:21/2,w1:O Wa=0
w1=0,A=x1/2
0
= WEXNN(H,E) [UeC(XXT)(f/(XTW2X) - f/(—XTW2X))]‘

W3=0
= 21" (0)Exen(um) [(x @ %) (x @ %)}
dvec(Wy) (U@C(Wg) ‘

oW1 | b=p,w,=0, 0w
w;=0,A=%1/2

b—u,A—El/?Wz—O) ‘wl_o

0 / /
— Bl (7)1 (-wl)]

= 2f”(0)ﬂ“:x~/\/(u,z) [(x® X)XT]
0

= — [ Wi|p—, a— _
b=u,W2=0,  Jw, ( 1|b—“’A—21/2*W2—0)
w;=0,A=%1/2

ow

8W1 wi1=0

0
— Bt (W) = 1 (-]

:2f” (O)EXNN( p,X) [XXT]

wi=0

Then we calculate the derivative of the discriminator updates with respect to the generator parameters.
Note that we will be using the constant matrix T, ,, which is a matrix of zeros and ones defined in
vectorization algebra; this matrix is the vectorization equivalent of the transpose operator. That is, for
any square matrix V € R”, T,, ,vec(V) = vec(VT).

dvec(Wy) 0

— = ——— | vec(W ’
Ovec(A) | b=y, W,=0, Ovec(A) < (W2) b:u,WFo,wl:o) ‘A_21/2
w;=0,A=%1/2
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S avefm)vec (Epno,)[(Az + p)(Az + u)Tf'(O)])’

A=x1/?
_ 8 TAT T T AT /
= mvec (EZNN(O,I”)[(AZZ A. +AZ}1 + uZ A. )f (0)]) Asi/2
0 T
= — 7 _vec(AAT)f = (T2 +T, ) (=2 x1,)f
oo AADT O =l £ T2 L))
avec(Wg) 0 .
A7 = W
b b W0, b UEC( 2) w1=0,W,=0,A=%1/2 b

w1=0,A=x"/2

o !
b (EzNN(o,In) (2?2 +b)("%2+ b)" f (0)})

=— f'(0) a%vec(bbT)

b=p
== f’(O)(p@) L +I,® ”)
8\?\}1 - 0 (W ‘ )
vec(A) — Buec(A) \ T Hwr=0.Wa=0.b=n A_s1/2
5} /
= —&)T(A)EZ~N(O,LL) [(Az +Db)f'(0)] =0

ow, 0 /. 0 1/2 ,
= = o (Wil —ow,—0.a=51/2 == Eon(0,1,) (3772 + b) f/(0)]
ab ab( 0. W2=0,A=> >b=p gb NI

~—1//(0)

Recall that the Jacobian can then be written as:
[ Jpp J DG:|
~Jbe 0
where

Avec(Ws)
Ovec(W2)

Avec(Ws)
6W1

egbm egbm
JDD: q v q
W 1
ow1

Owq
Ovec(Ws)

eqbm
N [ExNN(u,E) (x@x)x©x)"] Exuun)x @x)x']
(Exmn(uz) [(x@x)x"]) Exnr(uz) [xx]

eqbm

} 2/(0)

and

Avec(Ws)
Ovec(A)

Avec(Ws)
ob
eqbm
Ow Ow,
Ovec(A) Ob legbm

JDG _ eqbm

eqbm

_ (In2 + Tn,n)(zl/z ® In) %8 X In + In & 33 / 0

We can show that J p p is negative definite because it is a moment matrix with a negative multiplicative
factor. This is proved in Theorem D.2. Recall that as long as f/(0) < 0, f'(0) # 0 and Jpg is
full column rank (in this case full rank because J p is a square matrix), the matrix has eigenvalues
whose real components are strictly negative.

To show that J p¢ is full column rank, first observe that the last few columns corresponding to b are
linearly independent because, if y belongs to its null space, then

peL+Lopl (koL +L,opn)y| _
I y_ y _07
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which implies that y = 0.

To verify whether the first few columns corresponding to A are linearly independent or not, consider
any V # 0. Then, we want to verify whether the following term is always non-zero or not:

(L2 4 Ton) (V2 @ L )vee(V) = (I 4+ T )vec(L, V(ST
= vec(V(ZV)T 4 212y,
which is equivalent to testing whether V(El/ HT 4 212V 7T is non-zero.

Now, we will show that if V(£/2)T + £/2Vv7T = 0, then V = 0. Recall that /2 = UAY/?U7.
Then,

V(El/Q)T — _El/Q'V'T
— VUAY?2UT = —UAY?UTVT
UTVUAY?UTVU = —AY2UTVTIVU

Observe that the left hand side is positive semi-definite while the right hand side is negative semi-
definite. Therefore these terms must be equal to zero, which would then imply that VIV =0ie.,
V = 0. Thus the Jacobian is indeed Hurwitz.

In summary, this means that Assumption III holds trivially because there are no zero eigenvalues
for the matrices involved in the Jacobian. This further means that there are no other equilibria in a
small neighborhood around the considered equilibrium. Therefore, Assumption I is also satisfied.
Finally, since the support of the distribution is R™, Assumption IV is also trivially satisfied. Thus, if
Assumption II holds, the system is exponentially stable.

O
We now prove that J pp is negative definite.

Theorem D.2. The matrix

{EXNN(u,z) (x®x)(x® X)TT} B (u,) [(x ® X)XT]}
(Exnn(us)[(x ® x)xT]) Ec () X7

is positive definite.
Proof. Let U be any arbitrary matrix and v be an arbitrary vector. Then,

) By e [

[x . x} T [vec‘(’U)} H2

= Exn(pn,3) [(XTUX + XTV) 2}

= Exn(u,3)

Now, (xTUx + XTV)2 = 0 forms a quadric n — 1-dimensional hypersurface in n dimensions, and

) . 2
therefore is of measure zero. For all other points, (x”Ux + x?v)~ > 0 and therefore the above
expectation is strictly positive.

O
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E WGAN:Ss are not necessarily asymptotically stable

We consider a specific case of the LQ WGAN that learns a zero mean gaussian distribution, and show
that there exists points near certain equilibria such that if the system is initialized to that point, it will
periodically come back to that initial point rather than converge to the equilibrium.

Theorem E.1. The LQ WGAN system for learning a zero mean Gaussian distribution N'(0,3)

(3 = 0) is not asymptotically stable at the equilibrium corresponding to A = 21/2, b = 0 and
W2 = O7 Wi = 0.

Proof. In order to show that the system is not asymptotically stable, we show that there are ini-
tializations of the system that are arbitrarily close to the equilibrium such that the system goes
orbits around the equilibrium forever. For simplicity, we first prove this for the one-dimensional
gaussian (0, o) and later extend it to the multi-dimensional case. Let the quadratic discriminator
be D(x) = w3z + wix and the linear generator be az + b. Then the WGAN objective in Equation 2
for the LQ system is:

V(G, D) = Eypn(0,0)[w2r® + wiz] — Epopno,1)[w2(az + b)* + wi (az + b)]
= wo(0?) — wo(a® + b?) — wib
The updates in Equation 3 for LQ simplify as follows:

Wy =02 — a?® — b?

Wy =—b
a =2wsa
b =2w2b —+ w1

The system has two equilibria, ws = 0,w; = 0,a = £0,b = 0. We will assume that the system is
initialized with w; = b = 0, which means that the system will forever have w; = b = 0 because the
respective updates are zero too. Hence, we only need to focus on the variables ws and a.

Now, it can be shown that if a is initialized to ag > 0, a never becomes negative (and similarly for
a < 0). Therefore, we will focus on the equilibrium where a = o, and assuming a > 0 examine
how the distance from the equilibrium w3 + (a — o')? changes with time. The rate of change of this
quantity is given by 2(wgte + (a — 0)a) = 2wz (a — o)2. Observe that when wy > 0, this term is
non-negative i.e., the system never gets closer to the equilibrium. Thus, when the system is in the
“bad” half-space wo > 0, the only hope for it to converge is to exit this half-space so that wo becomes
negative. However, we show that there exists initializations that are close to the equilibrium such that
even if it does exit the bad half-space it eventually re-enters it, going in a perpetual loop.

More specifically, let (w2 (t), a(t)) denote the system at time ¢. Let the initialization satisfy w(0) = 0
and a(0) € (0,0). We will now analyze the trajectory of this system. First note that w3 (0) > 0,
which means the system enters the bad half-space after immediately ¢ > 0. Thus, if the system had to
converge to the considered equilibrium, it would have to reach ws = 0 again at some time 7. First
observe that at this time a(7") > o because we need wy(7") < 0 at this time. (In fact we can say
that o(T) — 0 > o — a(0) because we know that the radius never decreased until time 7".) Now, we
claim that the system simply retraces back its path along a and reaches a(0) at time 27". More clearly,
we claim that the system at time 7" + ¢ can be described in terms of what it was at time 7" — ¢ as
(ws(T + 1), a(T +1)) = (—ws(T — t),a(T — 1)).

To prove this observe that this statement is true for ¢ = 0 because wy(7T") = 0. Then we only need to
show that at any ¢, if (we (T+t), a(T+t)) = (—we(T—t), a(T—t)), then wo(T+t) = we (T —t) and
a(T+t) = —a(T —t). This is indeed true because wo (T +1t) = 0* —a?(T+t) = 02 —a?*(T —t) =
wo (T —t) and ag(T+1t) = 2wo (T +t)a(T+1t) = 2(—wo (T —t))a(T —t) = —a(T —t). Therefore,
applying t = T, we get (w2(2T),a(2T)) = (—w2(0),a(0)) = (0, a(0)) i.e., the system has looped
back to its original state by following its old path mirrored across the line wy = 0. Since this holds
for initializations that are arbitrarily close to the equilibrium (i.e., a(0) can be arbitrarily close to o),
the system is not asymptotically stable.
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We extend this argument to the higher dimensional case as follows. Again, we initialize the system
so that w; = 0 and b = 0, then we can only focus on the updates on Wy and A:

W, =3 - AAT
A= (Wy+Wj)A

As before, we initialize W9 = 0. We will also consider a more sophisticated initialization compared
toa € (0,0). Since X is positive definite, let & = UAU”. We initialize A = UA 4(0)U” such
that A 4(0) has at least one diagonal element that is positive but strictly less than the corresponding
diagonal element in A% (where A2 = 0).

Now, we first establish that all the updates and the variables in the system remain in the eigenspace
defined by U. That is, at any point in time ¢, the variables can be expressed as Wy (t) = UAyy, (£)UT

and A (t) = UA 4 (t)U” for some real diagonal matrices Ay (t) and A 4(t). Clearly, this is true for
time ¢ = 0. Assuming this is true for arbitrary time ¢, observe that the updates are

W(t) =U(A — A% (t)U"
A(t) =2UAw UTUALUT = 2UA A, UT

Thus this is true for any time ¢. Therefore, we can analyze the system in terms of A 4, Ay and the
constant A as though there are n independent 1-dimensional Gaussian systems. Then, the orbiting
systems from the 1-dimensional updates must manifest here too. More specifically, these cycles

would correspond to the diagonal in A 4 which was initialized to be less than A2, O

F Gradient-based regularization

In Section F.1, we prove how our gradient-based regularizer stabilizes the both the GAN and the
WGAN system. Besides this property, in Section F.2 we provide an alternative mathematical intuition
that is based on arg-max differentiation, to motivate our regularization term. Finally, in Section F.3,
we discuss how our regularizer addresses mode collapse and 1-unrolled GAN updates.

F.1 Local stability of gradient-regularized GANs
We first restate our main result below.

Theorem 3.2. The dynamical system defined by the GAN objective in Equation 2 and the updates
in Equation 4, is locally exponentially stable at the equilibrium, under the same conditions as in

eorem 3.1, If N < sx———= . Lurther, under appropriate conditions similar to these, tne
Th 310 o (Tpyy- Further, und ' ditions similar to these, the WGAN

system is locally exponentially stable at the equilibrium for any 7. The rate of convergence for the
WGAN is governed only by the eigenvalues \ of the Jacobian at equilibrium with a strict negative
real part upper bounded as:

2720\ (KL Kpo)

min

o IfIm(\) =0, then Re(\) < RO e R Koo )1

o IfIm(A\) # 0, then Re(\) < —nf2(0A) (KE Kpe).

min

To prove this result, we first present the Jacobian of the system at equilibrium in the presence of the
gradient penalty. Recall that the penalty basically adds an extra —Vg, |V, V(Dey , Gog ) ||* to the
generator’s update.

Lemma F.1. For the dynamical system defined by the GAN objective in Equation 2 and the updates
in Equation 4, the Jacobian at an equilibrium point (0}, 0F,), under the Assumptions I and 1V is:

J— Jpp Jpa
~JLA+20Ipp) —20I5aIpe

where Jpp and J pg are terms in the Jacobian corresponding to the original updates, as described
in Theorem 3.1.
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Proof. Note that the only change to the Jacobian would be in the rows corresponding to the generator
parameters. Therefore, we will focus only on the additional terms in these rows.
T
65,05 )

The additional term added to —J TDG is:

— anV0G||V9DV(D9D7G9G)H2 = (8V9D|VBDV(D9D7G9G)H2
05,05

30[) 89G
T
8(2V29D V(Deop, Goe )VonV (Dep, ch))
-1 90
G
05,05
T
OV3_V(De,,G OV V(Dg,,G
= —<0 i ( oo GG) VBDV(D9D7G9G)+ Oc ( %o eG)V(%DV(DOD’GGG>
80(; aOD
0 at eqgbm or o
D'YG
=—2nJ5eI oo
Now, the additional term added to J g is:
Ve llVe,V (Dey, Gag)lI?
90 0505
0 OVe.V(Dg,,G
=-n (2 6V (Dop GG)VQDV(DQD,GQG))
00¢ 060p 05,05

[ 993,V (Dey. Goo)
= 900

OVe..V(Dg. .G T oV, V(De.,G
VGDV(DHD) GOG) + VGG ( > GG) VBG ( Op> BG)
80[) 39D

0 at eqgbm 05,05
=—2nJ5ed
=~ 4 pgdpG
O

Now, we will prove stability of the regularized system for conventional GANs. Observe that
Lemmas C.2 regarding the subspace of equilibria holds in this case too. Again, we can project the
system as follows:

Lemma F.2. For the dynamical system defined by the GAN objective in Equation 2 and the updates
in Equation 4, consider the eigenvalue decompositions Kpp = UDADUDT and K%GKDG =
UgAcUg”. Let Up = [T}, T and Ug = [TL, TZ] such that Col(TS) = Null(Kpp) and
Col(TZ) = Null(Kpg). Consider the projections, yp = Tpbp and vg = TcOq. Then, the
block in the Jacobian at equilibrium that corresponds to the projected system has the form:

3 — { /D%) IDG:| _ [ TTDJDDTIT) . TDJIQGTE .
= ) . =

—Jpe Jec —TeJpe(I+20dpp)Tp  —21TeIpeIpaTe
Under Assumption II, we have that ', , < 0 and 'y, is full column rank and J g, < 0.

It is straightforward to extend the proof of Lemma C.3 to prove this lemma. Now, recall from
Theorem A.4 that if we show J’ is Hurwitz the original system is exponentially stable. In the
non-regularized system, we showed this by making use of the structure of the matrix. For this system,
we will design a quadratic Lyapunov function that strictly decreases at non-equilibria points.

Lemma F.3. For the dynamical system defined by the GAN objective in Equation 2 and the updates

in Equation 4, ifn < m the linearization of the system projected to a subspace orthogonal

to the subspace of equilibria is exponentially stable with the Lyapunov function x” Px where,

P_ TD(I+26;JDD)TTD (I)
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and xT is [ypTve T - [ T'yaT] The function strictly decreases with time except at the equilibrium

v v TT

Proof. Note that when n < m, P = P? » 0 therefore the Lyapunov function is

indeed positive definite. Furthermore, note that the rate of decrease is given by x” Qx where Q =

(J'TP + PJ’). To show that this is strictly decreasing, we only need to show that 7P + PJ’ < 0.
First of all, note that Q =

Tp Jpop(I+210Ipp) —(I+2nJpp)Ipa n
Tq JEGTgTD (I + QT)JDD) 7277‘],1D1GJDG

T
[ (I+2’I7JDD)JDD (I+2T]JDD)TgTDJDG:| |:TD:|
~J b+ 20Ipp) 203 bed e Te

Here, the off-diagonal terms are T p(I + 2nJpp)(I — TgT p)J Dng and its negative. This can
be equated to zero because,

I
—

p(I+2nIpp)I—-ThHTp)=Tp —TpTHTp +29TpIpp — 2nTpIppTHTp
=20(TpIpp — TpIppTHTp)
= 2(TpTHApTp — TpTHAPTHTHTD)
=2(ApTp — ApTpTHETp) =0

Then, the above matrix is equal to the diagonal matrix:

Tp [Jpp(I+20Ipp) + X+ 203 pp)Ipp] Tn® 0
0 —nTeIE IpeTE

Note that by our choice of 9, (I + 2nJpp) > 0. Therefore, Jpp and I + 2nJ pp share the same set
of eigenvectors. Thus, the null space of Jpp and the term Jpp(I+ 2nJpp) + (I + 2nJpp)Ipp
are the same, specifically orthogonal to T p. In other words, the top-left block above is a diagonal

matrix with strictly negative eigenvalues. Similarly, we also know that —2nTgJ %,GJ peTgl isa
diagonal matrix with negative values. Hence, the above matrix is negative definite. O

F.1.1 Exponential stability of gradient-regularized WGAN

We now proceed to the Wasserstain GAN scenario. First we lay down equivalent assumptions for the
WGAN under which we can guarantee exponential stability in the regularized case. Note that even
under these conditions, the unregularized update does not ensure asymptotic stability.

First, we note that due to the linearity of the loss function, it is not necessary that the discriminator be
only identically zero on the support for the system to be at equilibrium — it could also be constant on
the support. Thus, we relax Assumption I for this case to accommodate this.

Assumption I. (WGAN, Realizable) pg;, = pdata and Dy (7) = ¢, V = € supp(pdata) for some
ceR.

Next, we state an assumption equivalent to Assumption III. Recall that earlier we wanted
Epaa. [Dg,, ()] to satisfy Property I in the discriminator space. Instead of this function, we will now
require that the magnitude of the generator updates satisfy Property I in the discriminator space. Note

that the Hessian of this function at equilibrium is K po K.
Assumption III. (WGAN) At an equilibrium (6},6%), the functions

2
HfX Voc Do (x)DeD (‘T)H ‘GG—B* and ‘ Epgata [VOD Doy, (l’)] EPBG V9D D9D H
=0c

must satisfy Property I in the discriminator and generator space respectively.

=06}
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Note that in effect, we get rid of the assumption on the other function and introduce a different
function here; in either case, the original system is not asymptotically stable due to zero diagonal
blocks in its Jacobian. Next, we retain Assumption IV as it is. These are the only three assumptions
we will need.

We will now begin with a lemma similar to Lemma C.2

Lemma FA4. For the dynamical system defined by the WGAN objective in Equation 2 and the updates
in Equation 4, under Assumptions I and III under the WGAN case, there exists €p, e > 0 such

that for all €, < ep and ¢y, < e, and for any unit vectors u € Null(K5.),v € Null(Kpg),
(0 + €pu, OF + € v) is an equilibrium point.

Proof. Note that 2K p K] is the Hessian of the function || [, Vg poe () Doy (2) H2 at equilib-
rium, namely the magnitude of the generator update. Then, by Assumption III, this function is locally
constant along any unit vector u € NuII(KTDG). That is, for sufficiently small ¢, if p = 05 +€u, the
function value is equal to the value at equilibrium which is zero, because by definition at equilibrium
the generator update is zero. Now at (6p, 8¢, ), the discriminator update is zero too since the generator
matches the true distribution. Then by Assumption I, it means that Dy is identical over the true
support. Then, it is an equilibrium discriminator such that the update for any generator would be zero.

Similarly, as we  saw, 9K Kpe is the Hessian of the function

2
HEP daea [ Vo Do (7)) — Epg [Veop, Doy, (:1:)]” at equilibrium, namely the magnitude of the

discriminator update. We also saw that for sufficiently small €, if 0g = 0% + €'v, this function is
zero. Thus, at (0], 6g ), the discriminator update is zero. Furthermore, the generator update is zero
too because the discriminator is constant throughout the support. Thus, (0F,, 0g) is an equilibrium
point and from Assumption I we can conclude that pg, = pdata- Thus, it is an equilibrium generator
such that the update for any discriminator would be zero.

In summary, for all slight perturbations along u € Null(K5 ), v € Null(K p¢) we have established
that the discriminator and generator individually satisfy the requirements of an equilibrium discrimina-
tor and generator pair, and therefore the system is itself is in equilibrium for these perturbations. [

Now, we show that this system can again be projected to a subspace orthogonal the equilibrium
subspace such that the resulting Jacobian of the reduced system is Hurwitz. While earlier we chose

T p based on the matrix K pp now we will choose it based on KgG.

Lemma F.5. For the dynamical system defined by the GAN objective in Equation 2 and the updates in
Equation 4, consider the eigenvalue decompositions K DgKgG = UDADUDT and K%GK DG =
UgAgUg”. Let Up = [T, T ] and Ug = [TL, T such that Col(T) = Null(Kpp) and
Col(TZ) = Null(Kpg). Consider the projections, vp = Tpbp and vg = TcOq. Then, the
block in the Jacobian at equilibrium that corresponds to the projected system has the form:

J = [ /DTD ch] _ { 0 TpIpcTé
—J5¢ Joa]  |-TeIbeTh —20TaIbeIpeTh
Furthermore Jgi; < 0 and J /DTG is full column rank.

Proof. Observe that the form of J’ follows from Lemma F.1 by substituting J pp = 0. Furthermore,
like we have seen before, observe that T J EGJ DG Tg is a diagonal matrix with positive eigenvalues
and therefore J' o < 0. Similarly, J5,,Tp is a full column rank matrix because we have projected

it to the subspace orthogonal to its null space. However, we need to show that TgJ gGT p which may
have fewer rows, did not reduce in its rank. This is indeed true, since this is effectively a projection
onto the subspace orthogonal to its left null space.

We now compile the above lemmas to prove our main result in Theorem 3.2.

Proof. The first part of the theorem statement for the conventional GAN follows from Lemma F.1,
F2, E3.
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To prove the second part it is sufficient to show that the projected Jacobian of the linearized system
in Lemma E.5 is Hurwitz, from which exponential stability of the original system follows from
Theorem A.4. The fact that this is Hurwitz follows as usual from Lemma G.2 after we flip the
discriminator and generator variables:

{ oo —J ’Ea]
§ .
DG 0

The Jacobian is thus Hurwitz because Ji,; is negative definite and —J'3 is full column rank. Now,
for the eigenvalue bounds we have from Lemma G.2 that:

2 (+) T (+) T
o If Im()\) = 0, then Re(\) < — 2f (U)n)\mmJEKDC(?EDG)/\minquDGI({ﬁG) _
4f2(0)n?Amax (Kpc KL o)A\ mia KpeKE o)+ in (KL o Kbpa)

min min

e If Im()\) # 0, then Re(\) < —nf2(0)A") (K peKE )

min

However, this can be further simplified to arrive at the given bound by noting that all the non-zero
eigenvalues of any matrix AB is also equal to the non-zero eigenvalues of the matrix BA.. Therefore,

we can replace every occurrence of K p K with K5 K p¢ in the above inequality.
O

Additionally, we show that we can find a Lyapunov function that satisfies LaSalle’s principle for the
projected linearized system.

Fact F.1. For the linearized projected system with the Jacobian J', we have that 1/2||vy p —v* p||*> +
1/2||vg — Y*¢l? is a Lyapunov function such that for all non-equilbrium points, it either always
decreases or only instantaneously remains constant.

Proof. Note that the Lyapunov function is zero only at the equilibrium of the projected system.
Furthermore, it is straightforward to verify that the rate at which this changes is given by —2n(vg —

'ya)TTgKgGK peTa(va — ~¢&) which is non-positive. Clearly this is zero only when vg = v&
because TgKEGK Dng is positive definite. When this rate is indeed zero, we have that for the

linearized system, 4 = T¢KpHoThH(vp — v*p) because the other term becomes zero. For the
system to identically stay on the manifold yg = & we need ¥g = 0, which happens only when

¥p = v*p because TgKTDGTE is full column rank. When that is the case, we are at equilibrium.
O

F.2 Intuition based on arg-max differentiation

In an ideal world, an optimizer would hope to have access to a function 0} (0g) =
arg maxgy, V(Dep, Go ), Which is basically the optimal discriminator as a function of the generator;
given this, the optimizer should be able to update the generator with respect to that. Then, the update
can be shown to be the following (for clarity we use the superscript £ and ¢ + 1 to denote the current
and the updated parameters):

t+1 t
oUtY .—glt) VoV (Dgs g0 Goa) —

conventional update

()

90 Voo V(Do Gg))

6c=6%

0p=03(0(;)

Observe that the last term is zero because, for the optimal discriminator Vo, V(Dey,, Gy)) = 0.
G

However, in practice, we would not be at the optimal discriminator and therefore this term may be non-
zero. Our hypothesis is that, instead of ignoring this term like it is done for the conventional updates,
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retaining this term may prove to be useful. To do so, we simply plug in the current discriminator for
07 (0¢,) while computing this term, and furthermore, estimate the value of Vg 0% (6 ) using the
following equation:

0= Vo, V(6p, %)

0
0= % (vGDV(DGD ) GOG)|9D:9]*3(9G(t)))

_ OV, V(Doy, Gog)
90c

HD:BE)(GG(U)

Oc=0g®
005 (0c)
MGD:GB(&ﬁ 80G

2
op=op0c), ¥ o0 (Do Doger

0c=0c"

=0

®)

In the second step above, we apply the chain rule. Rearranging, we get:

005 (0c) )| >—1 OVorV(Dey,Gog)
90c Op =07 (0c) 00g

— (Y3, V(Don: Dygeo

=04 (0c),
0c=0c"

€))

0c=6%

Since we hope the objective to be concave in the discriminator parameters, we can approximate the

Hessian as Vg _V(Dey,, Dy, ) = —1/7. Plugging this into the update equation of B(GHl) and also

replacing the optimal discriminator with the current discriminator, we get the following update rule
which is equivalent to the original one presented in Equation 4:

8V9DV(D9D,G9G))T

08+1) = 085)_@ Voe V(D0D7G0G)|9G=98)_an ( 9

VgD V(Dg, Ge(é) )
0g=0g®

(10)

F.3 Mode Collapse and Relation to 1-unrolled updates

Our regularization term also has natural and intuitive connections to an important issue that arises in
GAN optimization called mode collapse. Mode collapse is a situation where a GAN may enter an
irrecoverable failure state where the generator incorrectly assigns all its probability mass to a small
region in space. This arises because a globally optimal strategy for the generator is to push all its
mass towards the single point that the discriminator is the most confident about being a real data
point. To overcome this the generator needs more “foresight” — it must know that when it collapses
all the mass, the discriminator will subsequently label the collapsed point as fake data. Our penalty
indeed encodes this foresight, because the discriminator’s ability to outdo the generator is quantified
by the magnitude of the discriminator’s gradient. More clearly, our generator seeks a state where it
can spread data out enough, to make sure the discriminator has no obvious countermeasure (i.e., no
big gradients).

In fact, we can show how our penalty term and 1-unrolled GANs have very similar structure
because intuitively both provide a one-step lookahead to the generator. More precisely, we can
arrive at 1-unrolled updates if we simplify our updates further and replace Op by an “unrolled”

Op + UVODV(DOD ) GQG)'

We begin by simplifying the 1-unrolled updates. The key idea of a 1-unrolled update is to allow
the generator to explicitly foresee how the discriminator would react to its update, and optimize
accordingly:

(t+1) ._ t)
O0c = OG( - avOGV(D9D +77VGDV(D9D ) GGG) ’ GQG)

unrolling 0c=0¢ (t)

— ) _ D
Oc Vo V(Dop +190p, V(Dop, Gy, )2 G6c) Do =008
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— aVgg V(D9D+7IV9D V(Dop,Gog)? GGG(‘) ) ‘ngeg(‘)

— OG(t) — avGGV(D9D+nngV(D9D’GGG(“)7 GGG)‘

—an <8V9DV(D9D, GGG)>T

0c=0c®

Vo, V(Dey, Gg )
0c=0g®

00¢g

05=6p+1nVer V(Der, G )

In the first step, we compute gradient with respect to O as the sum of the gradients with respect
to the two instances of Og that occur in V(D9D+nV9D V(Dop,,Gog ) G ), the first one that occurs
as the second argument to V(- -), and the second one that occurs in the unrolled update of the first
argument. In the second step, we apply the chain rule on the second gradient.

We can compare our updates in Equation 10 with the above to show how our updates are more flexible
in terms of using the lookahead. While both have two similar terms, a crucial difference is that in
the latter, every occurrence of the discriminator parameters (except one) has an additional unrolled
update, namely Vo,V (Dgy, Go., ). Clearly, this should provide more power to the latter; however
in practice, we observe that our technique can be more powerful than 1-unrolled or even 10-unrolled
updates (which are in fact much slower to run). The reason is that the unrolled updates constrain 7 to
be small, typically of the order 10~ which is the step size. It would not be possible to increase 7 to
greater magnitudes as it would be equivalent to a coarse step size in the unrolling. Our method on
the other hand, allows for larger 7 because the discriminator is retained as it is; in some sense, our
penalty provides a way of extracting and leveraging the unrolled update more flexibly.

G Eigenvalue bounds

In this section, we prove one of the most useful lemmas that we used in our proofs, that matrices of

the form [—Q P, —-PT 0] are Hurwitz when @ > 0 and P is full column rank. We also prove
eigenvalue bounds for such a matrix. To do so, we begin with a simple fact:

Lemma G.1. For Q = 0 be a real symmetric matrix. 1f a’Qa = ¢, then aTQ7Qa €

P\min(Q)Ca /\max(Q)Ca ]

Proof. Let Q = UAU7 be the eigenvalue decomposition of Q. Let x = Ua. Then, ¢ = xAx or in
other words, ¢ = 3" 22);. Similarly, a” Q' Qa = 3" #7\? which differs from ¢ by a multiplicative
factor within [Amin (Q), Amax(Q)]- O

‘We now prove our main result.
Lemma G.2. Let
-P" 0

where Q is a symmetric real positive definite matrix and P is a full column rank matrix. Then,
Re(X) < 0 for every eigenvalue \ of J. In fact,

[ 1]

o When Im(X\) =0,

Re(\) < — Amin (Q) Amin (P*P)
< )\max(Q)/\min(Q) + /\min(PTP)

o When Im(X) # 0,

Re()\) S . /\mu;(Q)

Proof. We consider a generic eigenvector equation and equate the real and complex parts together so
as to arrive at our bounds. Consider the following eigenvector equation:
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-Q PJ[a; +iay| . a; + iag
[—PT 0| [by +ibo| = A1 Hid2) [y 4,

where a;, b;, \; are all real-valued. We assume that the vector is normalized i.e., a?+a3+b?+b3 = 1.

So, in case Ay = 0, we assume that a% + b% = 1. We want to show that A\; < 0. Let us first rewrite
the above equation as follows:

—Qa; + Pby + i(—Qag + Pbg) _ A1a; — Aqag + ’i()\lag + )\231)
—Pla; +i(-PTay) ~ [A1b1 — Agbg +i(A1ba + A2by)

We can then equate the real and imaginary parts.

—Qa; + Pb; =\ ja; — Aap (11)
—PTa; =\1b; — \aby (12)
—Qaz + Pby =Aas + Aoy (13)
—PTay =\1by + \oby (14)

We now multiply the above equations by af’, bf, al’, bg respectively and add them:

al(—Qa; 4+ Pby) — b PTa; = aT(\a; — \ay) + b’ (A by — Asby)
+al(—Qay + Pby) — biPTa, +al (Aas + Asa;y) + b2 (A1 by + Aoby)

As a result, only square terms and \; terms remain:

—a’'Qa; —al'Qay = A\ (aTa; +alay + bib; + blby) =\

Proof for \; < 0. Now observe that —aj Qa; — alQa, < 0 because Q = 0. If —a7Qa; —
al' Qay < 0, it would immediately imply that A\; < 0.

However this may not be true, and that would happen only when a; = 0 and az = 0 because
Q;, Qy < 0. We will show that this case would not occur. First of all, this would force A\; = 0 to
ensure the above equality. By applying the Equations 12 and 14, we can conclude that Aoby = 0
and Aob; = 0. Since one of by, by # 0 this implies that A, = 0 too. Now, by applying Equation 11
and 13, we have that Pb; = 0 and Pby = 0. Since one of by, by # 0 (if they were both zero, our
eigenvector would itself be zero), this implies that P is not a full column rank matrix, which is a
contradiction of our assumption. Therefore, it cannot be the case that both a; = 0 and as = 0.

Stricter bound. Now, we prove our bounds on \;. (Note that an easy lower bound follows as
A1 > = Amax(Q)([la1]|® + [|a2]|?) > —Amax(Q) but we are interested in an upper bound). In order
to prove the upper bound, we multiply Equations 11 and Equations 13 by —a and aT respectively
and sum them up, and Equations 12 and Equations 14 by beT and blT respectively and sum them up.

agQal — aQTPbl — anag + a?PbQ =— aQT)\lal + a2TA2a2 + af)\lag + a?)\gal
—> —a; Pb; +a] Pby =)s([|az|* + [|a}]))
bsPTa; — bl PTay = — bl A\1b; + bl Aabs + bi A1by + b Aoby
— by P a; — b P ay =)o (||bal* + [|bs )

As a consequence,
Xa(laz? + [lat]l) = Az (l[b2]|* + by ]|*)

From the above we have that either Ay = 0 or ||bz||% + ||b1||* = |laz||® + ||a%]| = 1/2. Now, if
Ao # 0, since —al Qa; — al' Qa, = )\, we immediately get a bound \; < —Anin(Q)/2.

In the former case, since the imaginary part of the eigenvalue is zero i.e., Ay = 0, the imaginary part
of the eigenvector must be zero too i.e., a3 = by = 0. Then, we have the equations:
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—Qa; +Pb; =)\1a;
—PTal :)\1b1

Rearranging and squaring the first equation we get:
b{ P"Pb; =al (\MI+ Q)T (MI+ Q)ay
=aj (AT +20Q + Q' Q)ay

Then,
= Amin(PTP)[IbI] <A[a1]® — 2)7 + 2 Q" Qa
Amin(PTP) <(A2 4+ Apin (PTP)) ||y |2 — 202 + a7 Q7 Qa

<(=A% = Amin(PTP)A}) —2)7 = M Amax(Q)

1
Amin(Q)
A
§ - )\71((2) ()\% + 2)\min(Q)A1 + )\max(Q))\min(Q) + Amin(PTP)) .
In the first step, we make use of the fact that \; = —al Qa;. In the second step, we use ||a | +
b1 > = 1. In the third step, we use Lemma G.1 i.e., al Q7 Qa; < —A\ Amax(Q). We also use the

fact that since \; = —a Qay, ||a;]|? < Am_ir:\(lQ)'

How do we upper bound \; using this inequality?

Let us examine the quadratic in A; in the above expression. Since the discriminant of this quadratic is
402 (Q) — 4 Amax(Q) Amin (Q) — 4)\min(PTP) < —4)\min(PTP) < 0, the quadratic always takes
the same sign, specifically positive. Next, note that the quadratic reaches its minimum at —A,in (Q).
Now, A1 can either satisfy A\; < —Apin(Q) or 0 > A1 > —Anin(Q). Since the former is already an
upper bound, we will derive an upper bound in the latter case. Now, in the interval (—Amin (@), 0],
the quadratic in A; increases, and therefore for this interval, the above inequality can be rewritten by
plugging in A; = 0 inside the quadratic. On plugging it, we will get:

T )\1 T
>\min(P P) S - m (Amax(Q))‘min(Q) + Amin(]-) P))
. T
)\1 S - Amin(Q) /\l’ﬂln(P P)

Amax(Q) )\min(Q) + )\min (PTP)

Observe that the term on the right here lies in (—Anin(Q), 0). This is because the fraction that is
besides —Amin(Q) in this term lies in (0, 1). Thus, we will use this term as our bound on A;. O

Now, we provide a similar upper bound result, though only partially, for eigenvalues of matrices that
have the same structural properties as the Jacobian of our regularized system. Note that we have
upper bounds only for eigenvalues that are complex (we have not used them anywhere in the main
paper though).

Theorem G.3. Let
-Q P
-PT(I-9Q) -29P"P|’
where Q is a real symmetric positive definite matrix and P is a full column rank matrix. Let
< S @
Then, if Tm(\) # 0 for any eigenvalue X of J,

J =
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11— nAmax(Q)
Re()) < T T an(Q) </\min(Q) + nAmin(PTP)>

Proof. Consider the following eigenvector equation:

_Q P a; + iag o . a; + iag
{—PT(I “0Q) —2qPTP| |by +iby| = M HA2) |y ap |

where u;, v;, \; are all real-valued. We want to show that A\; < 0. Let us first rewrite the above
equation as follows:

—Qa1 +Pb1 —|—Z(—Q&2—|—Pb2) o
—PT(1-nQ)a; — P Pb; +i(—PT (I - nQ)ay — 27P  Pby)| —
)\1&1 — )\232 + i()\lag + )\Qal)
A1b1 — Aobs 4+ i(A1bg + A2by)

We can then equate the real and imaginary parts.

—Qa; + Pb; =M\ ja; — heap (15)
—PY(I-1nQ)a; — 2nPTPb; =\1b; — \yby (16)
—Qas + Pby =Ajas + Aoay (17
—PU(I-1nQ)ay — 2nPTPby =A1by + Asby (18)

19)

We now multiply the above equations by a?’, blT, al’, b2T respectively and add them:

al(—Qa; + Pby) — b/ PTa; — 2yb, PTPb; = aT(\a; — Asay) + b? (A by — Aoby)
+al'(—Qay + Pby) — biPTay — 2nbyP P, +al' (Aas + Asay) + bi (A by 4 Aoby)
+nb{ PTQay + b3 P* Qay

As a result, we get:

—a’Qa; — al'Qay — 2yb; PTPb; — 2pbyPTPby + bl PTQa; 4+ nbi PTQay = A,

Above, we can substitute for Pb; and Pbs in nblTPTQal + anTPTQaQ using the previous
equations.

—a’Qa;, — al'Qa, — 2yb; PTPb; — 2ybo, P Phb,

+n(Ma] Qa; — \a] Qa +a] Q' Qay)

+n(Mal Qaz + \2al Qa; +al Q" Qaz) = A\

—a’Qa; — al' Qay — nb;PTPb; — nbyPTPb, 4+ na’ Q7' Qa; + 7al Q7 Qa,
1—n(al'Qa; +alQay)

:)\1

We could do the above only because 1 < /\;(Qj and therefore the denominator 1 — n(al Qa; +
a3 Qap) # 0.

In order to prove our upper bound, we first note the following inequality:

(1 = P Amax(Q) Aumin (Q) (|1 [ + [[82]1) + 1 Amin (PTP) ([ ba] + [[b2]*)

Al >
[Aal T e (Q) (Jar ]2 + [[22]2)

(20)
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We now multiply the first and third equations by —aZ" and a{ respectively and sum them up, and
second and fourth by —b2T and blT respectively and sum them up. Then, we get:

—ay Pby + aj Pby =Xo(|az||* + [la7])
by PT(I-7nQ)a; — b] PT(I - 1Q)as =Xa([|b2| + [|by]?)

Using the above,
Ao (||bal|” + (b1 1) — Az ([laz]|® + [la1[|*) = —nbs P* Qay + nbi P* Qay
= —nal Q" (\az + Xoa; + Qay)+
nat Q' (\a; — \sas + Qay)
= 777)\2a¥1QTal — n)\gaQTQTag

Then, either Ay = 0 or when Ay # 0, we have ||bg||? + ||b1|? = [Jaz||® + |la1 > — nr2a? QT a; —
noal Q" a,. This translates to the inequality:

(1 = N Amax(Q)) ([l22]l* + [lar[|*) < [[ba]* + b1 ]]* < (1 — nAmin (Q)) ([l22[|* + [|aF[]),

By adding ||as||? + ||a;]|? everywhere and using the fact that ||as||? + [|a;[|? + ||b2||? + |[b1]|? = 1,
the above inequality becomes:

P
2— n)\min(Q> - ? ! - 2- n)\max(Q)
1- W/\max(Q> 2 2 1- nAmin(Q)
S P =) |12 4 [|by |2 <~ omint)
ey < ol oy < =

The above inequalities yield an immediate lower bound on the magnitude in the latter case by plugging
them in Equation 20:

(1= 1 Amax(Q) Mmin(Q) MAuin(PTP) (|1 + [[ba[*)
—— W (*) R R W (o) { PV R P [E)
> (1 - nAmaX(Q))Amin(Q) + n/\mm(PTP)(l - nAmax(Q))

N 2(1 - n)\min(Q)) 2(1 - nAmin(Q))

11— n)\max(Q) T
= 2T (@) (Ain(Q) + 1Amin (PTP))

Since, we know \; is negative, this implies an upper bound on \;.

[A1] >
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