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In this supplementary material, we provide the proof of Theorem (Section [A), the optimality
of v, (Section @, the algorithm of DASVRDA"™ with warm start (Section@ and its convergence
analysis (Section [D)), the lazy update algorithm of AccSVRDA (Section [E) and the experimental
details (Section [F). Finally, we briefly discuss DASVRG method, which is a variant of DASVRDA
method (Section|G).

A  Proof of Theorem 3.1]

In this section, we give the comprehensive proof of Theorem [5.1] First we analyze One Stage
Accelerated SVRDA algorithm.

Lemma A.1. The sequence {0} >1 defined in Algorithm|[7satisfies
Op —1="0;_o

fork > 1, where 6_4 def 0.

Proof. Since 6, = % for k > 0, we have that

O
Lemma A.2. The sequence {0 }>1 defined in Algorithm|[7satisfies
Ombm—1 =D Or_1.
k=1
O
Proof. Observe that
m(m+1 "k -
OmOm—1 = % “25" kgek_l.
O
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Lemma A.3. Forevery z, y € R?,
"1
F(y) +(VF(y),z —y) + R(z) < P(x) — —=— Tq”vfi(x) — Vi)
i=1 1t

Proof. Since f; is convex and L;-smooth, we have (see [7]])

1
fity) +(Vfi(y),x —y) < fi(x) - ﬁllvfi(:c) - Vil
By the definition of {¢; }, summing this inequality from ¢ = 1 to n and dividing it by n results in
111
F F(y),z —y) < F(z) — ==Y —|Vfi(z) = V£i)?
() +(VE(y),z —y) < Flz) - 57— 2 g IV fi(x) = Vfi(y)ll

Adding R(x) to the both sides of this inequality gives the desired result. O
Lemma A 4.

Proof. Fork=1,g1 = g1 = 75t Yp._, & - g by the definition of .
2
Assume that the claim holds for some k > 1. Then

1 1
Jk+1 = (1 - ) gk + ——Gk+1
Or41 Or11

2 4 2
(1 k+2> (k+1)k Ze’“’lg’“ NPT

k'=1
4 k+1
= ———— 9 ’ /
kt2)kt 1) ];1 k' =19k
k+1
9 ’ ’
9k+1 0. k/z:l k' 19k’ -
The first equality follows from the definition of gj;. Second equality is due to the assumption of the
induction. This finishes the proof for Lemmal[A.4] O

Next we prove the following main lemma for One Stage Accelerated SVRDA. The proof is inspired
by the one of AccSDA given in [9].

Lemma A.5. Letn < 1/L. For One Stage Accelerated SVRDA, we have that
E[P(zm) — P(z)]
2 2 2

[ p——— | — |
n(m—l—l)m” 0 n(m+ 1)m I I

2§~ (ks DRl - VPG k1
(m + m 2= 1(:-1) " aLn:

for any x € RY, where the expectations are taken with respect to I,(1 < k < m).
Proof. We define

+

%Enwi(yk) ~ V@),

U (z) = Fye) + (VF(yr), z — yx) + R(z),
Up(z) = F(yk) + (g, T — yx) + R(z).
Observe that ¢y, / k is convex and ¢ < P by the convexity of ' and R. Moreover, for k£ > 1 we have

that
k

Z O 1Ly (2 Z Or 1 F (yr) Z (On—19x7, 2 — ypr) + Z Or—1R(2)

k'=1 k'=1 = k'=1

= (0k0k—13Jk, 2) + OkOp—1 R(2) + Z9k' 1F(yr) 291« G Yne )
k=1 k=1



The second equality follows from Lemma [A:4] and Lemma [A2] Thus we see that z, =

argmin {Zl,z,:l Or—103 (2) + e — onQ}. Observe that F is convex and L-smooth. Thus
z€R4
we have that

L
F(xy) < F(yk) + (VEF(yx), o6 — yr) + §||$k — k. (1)
Hence we see that

L
P(ak) < be(e) + 5 o — vl

=/ 1 1 + ! + L 1 1 + 1
=Lk o, Tk—1 szk 5 A Tk—1 szk Yk

1 1 L
< o . I _ 2
< (1 0k> U (zp—1) + okgk(zk) + 202 Iz — z—1]|

1 1 . L
1— — | Plzx_ _ — — 212
( Gk) (Tp—1) + 00, (9k 1 (zr) + > |zt — 261 )

1
- 9*<9k — VEF(yr), 2k — Yr)
k

1 1 . 1
1— — ) P(zp_1) + —— | Op—10x(2) + — |2k — 25— 2)
( 9k> (211) M_l(klk(k) 3l = 7l

1 1 _ 1
- - [Z_F — g 42— =g — VF —
ST <77 >||Zk Zg—1| o (9 — VF(yx), 21 — 2k-1)

2

IN

1
- 9*<9k — VF(yr): Zk—1 — Yk)-
&

The first inequality follows from (T). The first equality is due to the definition of z. The second
inequality is due to the convexity of ¢ and the definition of ;. The third inequality holds because
¢, < P and 012 < erk .

Since % > L, we have that

1 1 — 1
- = — L) 2k — 21> = 5= {gr — VF(y), 25 — 2k
201,011 <77 > ”zk Zk 1H 0 <gk (Z/k)vzk 2k 1>

<1 Okallgr — VF(ye)|?

~0 L_ T
2(%‘ )

A

- 2(%,@

The first inequality is due to Young’s inequality. The second inequality holds because 01 < 0.

Using this inequality, we get that

P(xy) < (1 - 91) P(zp—1) + 75— <9k—lgk(zk) + %sz - Zk—lz)

k 0101
—VF 2 1
+ M - 9*<9k — VF(yk)s 2k—1 — Yk)-
2 (% - L) b

Multiplying the both sides of the above inequality by 661 yields
A 1
OkOk—1 P(wx) < Op_1(0r — 1)P(xr—1) + Op 1l (2x) + %sz — z—1)?

010k—1llgr — VF(yr) |2

+ — — Orp—1(gr — VF(yr), 2k—1 — Yk)- 2
2(5-1)

1
n



By the fact that 35, 04 10 (2) + a5 12 = 20[|? is -strongly convex and 2,1 is the minimizer
of Z]Zf:ll O —103 (2) + %Hz — 292 for k > 2, we have that

k1 k-1
> Ol (2r 1)+f||zk 1 — 20l + 7sz_zk 1P < ) e 1fk'(2k)+*|\zk—ZoH2
k=1 k=1

for k > 1 (and, for k = 1, we define 22/21 =0).

Using this inequality, we obtain

k
OOk P(ax) — > O 151@'(21@)—*”%—20“
k=1
2 Okbr—r 2
<Op—10k—2P(xk-1) Zek’ 10p (2-1) — ||Zk 1= 20ll” + ———llgr = VF(yi)|
TR
k=1 .

—Ok—1{gx — VF(Yr), 2k—1 — Yr)-

Here, the inequality follows from Lemma (we defined 6_; et 0).
Summing the above inequality from k& = 1 to m results in

m

1
00— 1P mm Zok 1€k Zm —?n||2m—20||2

" 0.0k - VF 2 &
< 3 Bbimillos = VEWOIE 5> o~ V), 2t — wi).
k=1

2(L-1) =

Using %-strongly convexity of the function >}, Or—10n(2) +
Zm., We have that

312 = 20||* and the optimality of

m m
. 1 1
Zek—lék(zm ||Zm_20|| < Zek 1€k )‘1‘%”50_33”2 - %”Zm_x”2

k=1

From this inequality, we see that

9 9m 1P($m)

1
< Z9k e +*||20—33||2—*||2m—w||2

" 0,0 —VF
+Z KOk — 1||91~c1 . 0l Zek 1{gr — VF(Yr), 2k—1 — Yk)
Pt 2(5_1’) k=1
m 1
O 1la(a >+f||zO—xII2—*IIZm—m”2
k=1

0.0 - VF
+Z kOk—1|| gk (ye) |l ng 1{gx — VF(yr), 2k—1 — ).

2(5-1) =i

By Lemma[AJ3]with © =  and y = yj, we have that

n

l(2) < P(a) — =~ 3+

. _ . 2
oL n 2 nquva(x) V filyn)|”.



Applying this inequality to the above inequality yields
OO —1 P(2m) Zek 1Pz

1 1
< = o2 2
< 5o llz0 =l = 5ol — ]

| Ob-1llgr — VE@)? k11~ 1 2
+ - - 72— IVfilx) = Vi(y)ll
’; 2(%—L) 2L n = ng;

= Ok-1{gx — VF(yk), 211 — ).
k=1

Using Lemma@ and dividing the both sides of the above inequality by 6,,,6,,,—1 result in

P(an) — P(x)
1 1
<L —— B | —_ 2|2
_2779m9m71 HZO IH 2779m9m71 ”Zm x||
L | Gbirllge = V@RI Gia 1§ 1 o )
T D Dl Eee e LS LIV - V)]
k=1 n i=1
1

> Ok-1lgr — VF(yr), 261 — @),
0m9m71 —1

Taking the expectations with respect to I (1 < k& < m) on the both sides of this inequality yields
E[P(zm) - P(z)]

1
20 — 1 —

— Fllz, — z|?
20y Ellem — 2l

1
< -
_2n9m9m71

n 1 | OkOk—1Ellgr — VE (y)||? _ 9k:1 1
Gmem_l = 9 (% o E) 2L n P n

Here we used the fact that E[g, — VF (yx)] = 0 for k = 1,...,m. This finishes the proof of Lemma
AL O

(@) = V iy

Now we need the following lemma.

Lemma A.6. For every z € R?,
Proof. From the argument of the proof of Lemma[A.3] we have

By the optimality of x., there exists £, € OR(x,) such that VF(z,) + & = 0. Then we have
—(VF(z.),2 — x.) = (&, 2 — x,) < R(z) — R(z.),

g |sz = Vfi(w.)|? < 2L(P(x) = P(x.)).

g ||sz = Vii(z)IIP < 2L(F(2) = (VF(2.), 0 — 2.) = F(2.)).

and hence

%Z Ti}i IV fi(z) = Vfi(z.)|I? < 2L(P(x) — P(z.)).



Proposition A.7. Lety > 1 andn < 1/((1+~(m +1)/b)L). For One Pass Accelerated SVRDA, it
follows that

~ 2 2 2 2
E[P(zm) — P(7)] < m”y —z|” - MEH% —z|%,
and
E[P(zm) — P(z.)]
1 - 2 _ 9 2 5
< ;(P(QT) — P(z,)) + m”y — " - mEllzm — %,

where the expectations are taken with respect to It,(1 < k < m).
Proof. We bound the variance of the averaged stochastic gradient E|| g, — VF(y)|*:

Ellgr — VF(yx)|?
=E[E, llge — VF(y)|? | [k — 1]]

1 ~ ~
= 3B [Eincll(Vfilyx) = V£i(@))/ng; + V(@) = VF (i) |* | [k — 1]
1 ~
< EE [Ei~Q||(Vfi(yk) - sz‘(ﬂ”))/mh”2 | [k — 1]]
eIy Liwrm - i@ 3
- b n v ng; i\Yk i\ T
2 |1~ 1
<ZE|= il , v 2
< 3B |7 g V) Vﬂ@ﬁ”]
2 |11 _ )
+2E ng;mivﬂ@ﬂ—vﬂ@U{
2 |1~ 1 4L
<ZE|= ; —Vf; 2| + Z(P(7) — .
< 3B |7 2 g 1950 = A | + FP(E) ~ Pla) @
The second equality follows from the independency of the random variables {iy, ..., i} and the

unbiasedness of (V f;(yx) — Vfi(Z))/ng; + VF(Z). The first inequality is due to the fact that
E|X — E[X]||* < E||X||>. The second inequality follows from Young’s inequality. The final
inequality is due to Lemma|[A.6]

Since % > (1 + @) L and v > 1, using (3) yields

(k4 1)k , k_J1& 1 U
TR Rilgs — VE@)|? — —F | = () — V f; <0.
- llgr = VE@)I” = 557 nE nqusz(yk) V@7 <0
4 L =1

n
By LemmalA.5|(with z = ) we have

2

E[P(zy) — P(7)] < n(m+1)m

~ 2 ~12
— |y - - E|lzm — Z||°.
< el lom
Similarly, combining Lemma[A:5](with = z,) with (@) results in
E[P(zm) — P(x.)]
1 2 2
< —(P@) - P(z))+ ———— |7 — 2| - ———
< S(P@) ~ Pla)) + el -
These are the desired results. O
Lemma A.8. The sequence {0} >1 defined in Algorithmlélsatisﬁes
~ [~ 1 .
05 (6‘5 -1+ ) <6?
Y

Ellzn — 2.

forany s > 1.



. N o 1) s+2
Proof. Since 0, = (1 — ;) > for s > 0, we have

This finishes the proof of Lemmal[A.8] O

Now we are ready to proof Theorem[5.1]
Proof of Theorem[5.1] By Proposition[A.7] we have

2 2
EP~S _P~sf <———E ~s_~sf 2_7154 ~s_ 5— )
and
E[P(Z.) - P(x.)
<L EPG._) - P@)+ > Elfs - a — ——E|5 — .
=5 s—1 * n(m+ 1)m Ys * n(m+ 1)m s ||

where the expectations are taken with respect to the history of all random variables.

Hence we have

~ ~ 4 o _ 2 o
E[P(zs) - P(zs—l)] < mﬂz(?«'s —Ys, Ts—1 — ys> - ME”ZS - ysH s (5)
and
E[P(zs) — P(x.)]
1. 4 L N 2 o
< ;]E[P(Is—l) — P(z.)] + mﬂi% — Ys, Tx — Ys) — WE”ZS —sll*. (6)

Since v > 3, we have 6, > 1 for s > 1. Multiplying (5) by 53(53 — 1) > 0 and adding 0, x @ yield

@EP@QP@M@(@1+i>HP@kOP@M

4 ~ ~ ~ 92 _
7E 05 Ns - ~s ) 05 - 1 ~s— - 95~s *x/ T 71}3 05 ~s - ~s 2-
< o T B G = 5, (O = DTt = 00 + 20} — LB, — )]

By Lemma (A:8), we have
[~ 1 o
0, (93 14 > <,
Y

fors > 1.
Thus we get
OIE[P(F,) — P(2.)] — 02_ E[P(Fs-1) — P(x.)]
4 ~ ~ - -
7E95~5_~saes_1~s— _es~s * _7Ees~s_~s 2-
2 - - - -
=——|E 95_1~sf _05~s *2_E Hs_]-’vsf _9s~s *2>
oDy (BIG = DTy = 8,5+ 2 — BN, = DFos = 007 + 2.
Since 7, = T5_1 + 55’93_1 (Ts—1 — Ts—2) + 5‘;51 (Zs—1 — ZTs—1), we have

(,és - 1)is—1 - gsgs + Xy = (53—1 - 1)53—2 - gs—lzs—l + Xy



Therefore summing the above inequality from s = 1 to .S, we obtain
02E[P(is) — P(x.)]

~ 9 ~ ~
< OR(P(To) — P(x4)) + —————||(0p — 1)T_1 — OpZo + x.||?
SRPEo) = Pla) + ool o = D7y = 8o + 2
1\° 2
= (1-=) (P@o) — P(x.)) + —————|1Z0 — z|*
(1-2) @) - Pl + o |
Dividing both sides by gf finishes the proof of Theorem O

B Optimal choice of

In this section, we prove the optimality of .. We can choose the optimal value of « based on the
following lemma.

Lemma B.1. Define g(7) « %

def . 1 8b
Y arggln 9(7) 5 ( A/ - 1)

Proof. First observe that

for v > 1. Then,

A
g = 2
o)
v
Hence we have
g'(n)=0
2
med (1o 2) (1 2 (1) L
b b v /)
m+1(72f,y)f2 1+'y(m+1) 0
b b
2b
=P -3y - ——=

1 8b

Here the second and last equivalencies hold from v > 1. Moreover observe that g'(y) > 0 for vy > ~,
and ¢'() < 0for 1 < v < .. This means that +, is the minimizer of ¢ on the regiony > 1. [

C DASVRDA™ with warm start

In this section, we provide the algorithm of DASVRDA™® with warm start and its convergence analysis.
First we describe the details of the algorithm. Algorithms|[I]is a combination of DASVRDA™ with
warm start scheme. At the warm start phase, we repeatedly run One Stage AccSVRDA and increment
m,, exponentially until m,, o m, where m is the number of the inner iterations of DASVRDA"®.
After that, we run vanilla DASVRDA™. This algorithm gives a faster rate than vanilla DASVRDA"®.
Remark. For DASVRDAS®¢, the warm start scheme for DASVRDA™ is not needed because the
theoretical rate is identical to the one without warm start.

Theorem C.1. Suppose that Assumptions and hold. Let Ty € R% v = 7,, m € N, mg =
min { [\/(1 +y(m + 1)/b)fzp‘(|§(?)+;§(“;) ,m} €N be [n], U= [log z(m/mg)] and S € N.
Then DASVRDA™ with warm start(To, Vs, {Li "1, mo,m, b, U, S) satisfies

BP(@Es) - P0)] < 0 (g5 o + o ) Ll - .l )

S2 \m2 " mb




Algorithm 1: DASVRDA"® with warm start (Zo, 7y, {L;}?_,, mo, m, b, U, S)
Zo=To. L= 50 L Q= {ai} = {3}
foru=1to U do

My = (\/’Y(muq + 1)mu71~|
end for

my = [/ (Tan + Dmy /(1 —1/7)].

~(ml+1) =
—Y— L

(1+
foru=1toU do
(T, Zu) = One Stage AccSVRDA (Z,—1, Zy—1, 1, My, b, Q).
end for
return DASVRDA™ (zy, zy, v, {Li}{—1, my, b, S).

For the proof of Theorem |[C.1] see Section[D). From Theorem|[C.I] we obtain the following corollary:
Corollary C.2. Suppose that Assumptions and hold. Let 7o € RY, v = ~,, m o n/b,

mo = min { [\/(1 +y(m + 1)/b)l_,},|(§;’)%%—‘ ,m} EN b€ [n]and U = [log 5(m/mo)]. If

we appropriately choose S = O(1+(1/m+1/vmb)\/L||Zo — . ||?/¢), then a total computational
cost of DASVRDA™ with warm start(Zo, v«, {L;i } 11, mo, m, b, U, S) for E[P(Zg) — P(x.)] < eis

0] <d (nlog (M) + (b+v/n) ”M))'

For the proof of Corollary see Section

Remark. Corollary implies that if the mini-batch size b is O(y/n), DASVRDA™ with warm
start(Zo, Vs, {Li }'_1, mo,n/b, b, U, S) still achieves the total computational cost of O(d(nlog(1/e)+
\/nL/¢)), which is better than O(d(nlog(1/¢) + \/nbL/¢)) of Katyusha.

Remark. Corollary also implies that DASVRDA™ with warm start only needs size O(y/n)
mini-batches for achieving the optimal iteration complexity of O(+/L/e), when L/e > nlog?(1/¢).
In contrast, Katyusha needs size O(n) mini-batches for achieving the optimal iteration complexity.
Note that even when L /e < nlog?(1/¢), our method only needs size O(n+/z/L) mini-batche that
is typically smaller than O(n) of Katyusha.

D Proof of Theorem

In this section, we give proofs of Theorem[C.T]and Corollary [C.2}

Proof of Theorem |[C.1} Since n = 1/((1 + y(mj; + 1)/b)L) < 1/((1 + v(my + 1)/b)L), from
Proposition we have

BIP@) - Ple.)] + oo Bl — |
< %(P@u_l) _P(a) + mnzﬂ "
1
=2 (@)~ Po) 4 2 - ).
Since my, = [/v(my—1 + 1)m,_1], we have
2y < 2

n(mu + 1)mu - n(mufl + 1)mu71 '

'Note that we regard one computation of a full gradient as n/b iterations in size b mini-batch settings.



Using this inequality, we obtain that

E[P(Fy) — P(x.)] + mw% 2

1/ P N )
< : (P(acU_l) - Pt Bl ol )
<.

1 R
< U( Pl + )

L 72 To — 2. ]|%
:O<1U(P( o) — P(x*))>.

The last equality is due to the definitions of mg and 7, and the fact m;; = O(my) = O(ﬂUmo) =
O(m) (see the arguments in the proof of Corollary[5.2] Since

2
1
(1 — 7) (my + 1)my > (my + D)my,

we get
2

(1 - %)2 n(my + 1)my,
<0 (71,] (P(F0) P(a:*))) .

Using the definitions of U and m and combining this inequality with Theorem|[5.1} we obtain that
desired result. O

Proof of Corollary[C.2] Observe that the total computational cost at the warm start phase becomes

U
10) (dnU + demu> .

u=1

E[P(zv) — P(x.)] + E||Zy — o

Since my, < AMu—1 + T+ 1 < Amas1 + 207 < JFoMu2 + 27 + 270 < - <
VAt mo+23 0 /A" = O(y7"mg), we have

U
0 <dnU by mu> = O (dnU + dby/7" mo)

u=1

Suppose that m > mg+/(P(Zo) — P(z+))/c. Then, this condition implies U = [log 5(m/mo)] =
log, ((P(Zo) — P(z4))/e). Hence we only need to run u = O(log, ((P(Zo) — P(z.))/e)) <
U iterations at the warm start phase and running DASVRDA™ is not needed. Then the total
computational cost becomes

0 (4P By [T PET)) < 0 (P22,

9

here we used mb = O(n). Next, suppose that m < mg+/(P(Zo) — P(zx))/e. In this case, the total
computational cost at the warm start phase with full U iterations becomes

o) (d <nlog:;0 n mb)) <0 (d (nlogw» .

Finally, using Theorem [C.1]yields the desired total computational cost. O

10



E Lazy Update Algorithm of DASVRDA Method

In this section, we discuss how to efficiently compute the updates of the DASVRDA algorithm for
sparse data. Specifically, we derive lazy update rules of One Stage Accelerated SVRDA for the
following empirical risk minimization problem:

1 — A
ﬁZwi(a?w)+A1||x||1+32\|x||§, A1, A2 >0

i=1

For the sake of simplicity, we define the one dimensional soft-thresholding operator as follows:

soft(z, \) 1 sign (z) max{|z| — A, 0},

for z € R. Moreover, in this section, we denote [21,20] as {z € Z | 21 < z < 2z} for integers
21,20 € 7.

Originally, lazy update was proposed in online settings [3]]. Generally, it is difficult for accelerated
stochastic variance reduction methods to construct lazy update rules because (i) generally, variance
reduced gradients are not sparse even if stochastic gradients are sparse; (ii) if we adopt the momentum
scheme, the updated solution becomes a convex combination of previous solutions; and (iii) for non-
strongly convex objectives, the momentum rate must not be constant. [4] have tackled the problem
of (i) on non-accelerated settings and derived lazy update rules of the “mini-batch semi-stochastic
gradient descent” (mS2GD) method. [[1] has only mentioned that lazy updates can be applied to
Katyusha but did not give explicit lazy update rules of Katyusha. Particularly, for non-strongly convex
objectives, it seems to be difficult to derive lazy update rules owing to the difficulty of (iii). The
reason we adopt the stochastic dual averaging scheme [9] rather than stochastic gradient descent for
our method is to be able to overcome the difficulties faced in (i), (ii), and (iii). The lazy update rules
of our method support both non-strongly and strongly convex objectives.

The explicit algorithm of the lazy updates for One Stage Accelerated SVRDA is given by Algorithm 2}
Let us analyze the iteration cost of the algorithm. Suppose that each feature vector a; is sparse and the
expected number of the nonzero elements is O(d’). First note that | A;| = O(bd’) expectedly if d’ <
d. For updating zj_1, by Proposition we need to compute Zk,eKJi Orr—o/ (1 + 10k —10k —2A2)

and Zk/eK; Ok 103, 5/ (1 + 0By —10k _2X2) for each j € Aj. For this, we first make lists

{SiHiis = {Smi Ov 2/ (14 0010 —2X0) ey and {SPHEy = {5, 0w 107 /(1 +
N0k —10k —2A2) } 7 before running the algorithm. This needs only O(m). Note that these lists
are not depend on coordinate j. Since Kji are sets of continuous integers in [k; + 2, k] or unions
of two sets of continuous integers in [k; + 2, k], we can efficiently compute the above sums. For
example, if K;° = [k; + 2,5_] U [sy, k] for some integers s+ € [k; + 2,k], we can compute
Zk/eKj Ok —2/(1+n0p 101 _2X2) as S — Sy, 11+ S — s, —1 and this costs only O(1). Thus,
for computing z,_; and yg, we need only O(bd’) computational cost. For computing g, we need
to compute the inner product a; yy, for each i € I and this costs O(bd’) expectedly. The expected
cost of the rest of the updates is apparently O(bd’). Hence, the total expected iteration cost of our
algorithm in serial settings becomes O(bd’) rather than O(bd). Furthermore, we can extend our

algorithm to parallel computing settings. Indeed, if we have b processors, processor b’ runs on the

set Ail def {j € [d] | as,,.; # 0}. Then the total iteration cost per processor becomes ideally O(d’).

Generally the overlap among the sets Az/ may cause latency, however for sufficiently sparse data,
this latency is negligible. The following proposition guarantees that Algorithm [2]is equivalent to
Algorithm|7|when R(z) = Ay ||z||1 + (A2/2)] (3.

Proposition E.1. Suppose that R(x) = Ai||z||1 + 22||[|3 with A\, A2 > 0. Let j € [d], k; € [m] U
{0} and k > k; + 1. Assume that ¥V ; f;(yy) = V,; fi(Z) = 0 foranyi € bl and k' € [k; + 1,k —1].
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IAlgorithm 2: Lazy Updates for One Stage AccSVRDA (y, z,n,m, b, Q)
To = 20 — g
g6 =0(j € [d]).
fo = 1.
k=0 (e ld).
V = VF(Z).
for k = 1tomdo
Sample independently i1, ..., i, € [1,n] according to Q, set I, = {i1,...,ip}.
Ar={jed| W €[b]:a,,; #0}.
0, = EEL.
for j € A do
Update 1,5, Y&,; as in Proposition [E.T}
end for
for j € A; do B
9kd = 3 2ier, ng (Wila] yp)ai g — ¥i(al Dai ;) + V.
?En = g}il;? + 91@7191@,3‘ + (9]@9]@71 - ij ij,l) Vj-

R S L sum
Zkj = Thrr soft(zo,; N9 ,NO0kOk—11).

T = (1 - é) Tp-1,5 + eikzk,j.
k; = k.
end for
end for
return (Z,,, Zm ).

In Algorithm[J] the following results hold:

To,j (k =
Ok Ok —1 1 0,/
3 Yk . k' —2 L +
Th—1,j = § Oorbo s Thod T 01005 Zk/eKj* Tty 100 5% 00 — Mio ;) (k=>2)

1 k/—2 - —
+ Ok—10k—_2 Zk’EKj_ 14m0,/ _10, _5A2 (ZOJ Mk’,j)
o, (k=1)
1 o0 1
Yk,j = (1 N 9k> Th—1,5 T Ok 1400k _10k—2A2 X (k > 2) s

soft (Zo,j =gy = N(0k—10k—2 — Ok, 0k, -1)V, 7791@—191672/\1>

and

Zk,j soft(zo0,; — 195 > N0kOk—1M1),

TN TP
where
def ~ sum —
My = nbk 10k 2(Vj £+ A1) +ngit™ — 0k, 0,1V,

and Kji C [kj + 2, k] are defined as follows:

def nV; def def = . . .
Let ¢; = nZ’, ey = % and c3 = ngn — n@kj Or;—1V; to simplify the notation. Note that

kj.j
co > 0. Moreover, we define

def
Dy = (c1 £c2)* +4(c1 £ c2) (20,5 — c3),

S+d£fC1+CQZlZ\/D+
+ c1 + C2 ’

7d§f Cl—CQi\/D,

S
* C1 —C2

where lfsi are not well defined, we simply assign 0 (or any number) to si.
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1) If ¢1 > co, then

1 det [0 (D4 <0)
K= ﬂk+2knwutypg](p+>o)’
_def [[k; +2,K] (D_ <0)

" {[kj +2,[sZ]JU[[si 1K) (D->0) °

2) If c1 = co, then

0 ((32 :0/\207]‘ SCg)
K+ def [k‘] + 2, k‘} (CQ =0A 20,5 > 03)
J 0 (c2>0ADy <0)
(ki + 2,k N[[sT],[sT]] (c2>0A Dy >0)
_def [[kj +2,K] (20,5 < c3)
Kj B {@ (20,5 > c3)
3) If |e1] < co, then
oo def {@ (D4 <0)
! [k; + 2,k N [[sX], [s{]] (D4 >0)
oo def {@ (D_<0)
! (ki + 2,k N [[sZ], [s7]] (D->0) ~
4) If ¢; = —co, then
o def {@ (20,5 < c3)
! [k; + 2, k] (20, > c3)

(CQ =0 Nzg 5 < 03)

def @ (CQ = O/\Zo,j > 63)
1] (CQ>0/\D_§O)
(c2>0AD_>0)

5) IfCl < —co, then

e fl 2 (D, <0)
! [k +2,[sZ]JU[[sI].k] (D4 >0)
_def [0 (D_<0)
= {[kj + 2,k 021 [s3)] (D->0)

Proof. First we consider the case k£ = 1. Observe that

1 1
Y15 = <1 - 91> Zo,j + 9*120.,;‘ = 20,j = T0,5,

and

1
21,5 = ———soft (ZOJ 7]9190

6160
1+ n616p2 91,5160 )

01

1
= — soft (z0.; — nBog1.i, 0100\
1+n0190/\280 (20, — 1m00g1,5,m0100\1)

1
= —_— ft L sum 9 9 )\ )
1 —|—7’]0100A2SO (zoﬂ ngl,j 7"7 1Y0 1)

Next we consider the case k > 2. We show that
9k ) ij —1

xkfl,j:ﬁxkj,j R 0 Z Opr—221—1. @)
k—10k—2 k=102 5=

13



Fork = k; + 1, holds. Assume that (7) holds for some kK > k; + 1. Then
1 1
xk,lyj = ]_ — ek/ l’k’fl,j + Qik_,zkl*j

1 010k, —1 1 1
— 1 _ J J X 1 — 0 1" " ’ s
< 9k1> 9;9/7191@'7235]6]7] + 00 ) o100 19k' ; Z k' —22k1—1 T O -2k 5

k" =k;+2
k'
= ekjekj_lx 1 9 " 21 + 1 — 2L 5
- kj, j 9 0 k' =2~k —1 9 k'3
OO —1 L Wt
k' +1
Ok; 01, —1 1 *
= J J x 9 " 2t
0110, kj, j 9 ’ek’ k" —2<K!" —1-
k' Ok —1 k U S

The first equality is due to the definition of /. The second equality follows from the assumption of
induction. The third equality holds by Lemma[AT] This shows that (7) holds.

Next we show that
1

Zl! — =
S A N0k —10k —2 X2

soft (ZO,J NGhg — MOk —10k—2 — O, akjfl)%j7779k’719k’72)\1) ;

®)
for k' € [k‘j +2,k].

By the definition of zj/_1, we have that

k=15 = prOXnek,,lek,,QR(Zo — N0k 10k —2Gr 1)

1 _
=17 7 Y R soft(z0,; — MOk 10k —2Gkr —1,5, MOk — 1087 —2A1)

From Lemma[A.4] we see that

k-1
Ok 10k —2Grr—1,5 = E O —19krr
k=1
k; k-1
= E ak‘”—lgk”,j + E ek//_l V]
k=1 k'=k;+1

=g,y + (O —10k—2 — Ok, 0k, 1)V -

The first and third equality are due to Lemma The second equality holds because gi—1; = %j
for k" € [k; + 1, k — 1] by the assumption. This shows that (8) holds. Observe that

1
1400k 10k _2Xo
1

1+ MOk —10p _2 Ao sign (ZO J ng’?;r? (O 1012 — O, ekj_l)vj)

Zpr_1,j = soft (ZO,j =095, — N0k —10k —2 — 9kj9k_,»—1)6j777914—191@'72)\1)

X max{‘zoj ngk ] — 77(9]4 19k’ 2 — 9k Qk _1)V — 779]4 19k/ 2)\1,0}
1 +
Tt ars (00~ M) (705> My ;) .
0 (M, ; < 205 < My ;)

1 — —
T o e (205 — My ;) (205 < My, ;)

)

where M,ij = nﬁk/,lek/,g(%j M)+ ng;““; 0Oy, Ok, ,1%j. We define the real valued functions
M# as follows:
Mi(x) def (1 £ cz):c2 — (1 £ o)z + ca,
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where ¢; = "Zj, cy = ’744 and cs = ng,i‘j‘f;’ — N0k, 91%.71%]» Then we see that Mji(k’) = Ml;:,]
Let

def
Dy = (01 + 62)2 + 4(61 + Cg)(ZOJ — 63),

def €1 +C2 £ /Dy

sT =

c1+ co
- def C1 —cot\/D_
= ci—co

where if si are not well defined, we simply assign 0 (or any number) to si. We can easily show that
the following results:
1) If ¢; > c¢o, then

' i zel (D+§0)
20,5 > M (2) < {g* <z<st (Dy>0)
B xR (D-<0)
< M-
20,5 < M (z) = {x <sZVxz>sy (D->0)

2) If ¢; = ¢y, thendAA

zcl (CQZO/\ZQJSCg)
€R (c2=0A2z; > c3)
Ve z J
205> M (@) = oy (2 >0AD, <0)
(

st <a<s] c2>0A Dy >0)

{x eR Ezo,j < c3)

< M =
20,5 j (:L‘) el 20,5 > 03)

3) If |¢1] < ¢o, then

205 > My (@) = {s+ <z <sh (Dy >0)
_ x €D (D_<0)
205 < My (@) = {s <z <sy (D_ >0)
4) If ¢; = —ca, then
4 4 T €D (20, < c3)
20,5 > Mj (z) < {x cR (05 > c3)

20,5 < M; (z) <

5) If ¢; < —co, then

205> Mj (@) {:ﬂ<sJ_r\/x>s]Lr (Dy>0) °
_ x €D (D_<0)
205 < My (@) = {s<:13<sJr (D_ >0)

The lazy update rules of x;_; ; is derived by combining with these results and noting that
k' € [k; + 2, k]. Finally, combining the definition y; ; = (1 —1/6x)zr_1,; + (1/0;)2k—1,; With
gives the lazy update of yy, ;. The update rule of 2 ; is obvious from the proof of (8). U
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F Experimental Details

In this section, we give the experimental details.

The details of the implemented algorithms and their parameter tunings were as follows:

For non-strongly convex cases (A1, A2) = (107%,0)),

SVRG™ [2]] with default initial epoch length m = n/(4b) El We tuned only the learning
rate.

AccProxSVRG [8]]. We tuned the epoch length, the constant momentum rate and the
learning rate, and additional dummy /5 regularizer weight for handling a non-strongly
convex objective.

UC [3] + SVRG [10] with default epoch length m = 2n/ b We tuned « in [5] and the
learning rate. We fixed n = 1 in the algorithm of UC (note that 7 is not learning rate).

UC + AccProxSVRG. We tuned « in [5], the epoch length, the constant momentum rate and
the learning rate. We fixed 7 = 1 in the algorithm of UC (note that 7 is not learning rate).

APCG [6]. We tuned the convexity parameter of the dual objective and the learning rate,
and additional dummy /5 regularizer weight for handling a non-strongly convex objective.

Katyusha™® [I]] with default epoch length m = 2n /b and Katyusha momentum 7 = 1/2
following the suggestion of [1]]. We tuned only the learning rate. We did not adopt AdaptReg
scheme because Katyusha with AdaptReg was always a bit slower than vanilla Katyusha in
our experiments.

DASVRDA™ with epoch length m = n/b and v = ... We tuned only the learning rate.

Adaptive Restart DASVRDA with epoch length m = n/b and v = .. We tuned only the
learning rate. We used the gradient scheme for the adaptive restarting, that is we restart
DASVRDA™ if (7, — Ts) " (Y541 — 25) > 0.

For strongly convex cases (A1, A2) = (1074,1079), (0,1079)),

SVRG [[10] with default epoch length m = 2n/b. We tuned only the learning rate.

AccProxSVRG [8]. We tuned the epoch length, the constant momentum rate and the learning
rate.

UC [3] + SVRG [10] with default epoch length m = 2n/b 4. We tuned «, ¢ in [5] and the
learning rate.

UC + AccProxSVRG. We tuned x, ¢ in [5], the epoch length, the constant momentum rate
and the learning rate.

APCG [6]. We tuned the convexity parameter of the dual objective and the learning rate.

Katyusha [1]] with default epoch length m = 2n/b and Katyusha momentum 7 = 1/2
following the suggestion of [1]. We tuned 7 in [1]] and the learning rate.

DASVRDA®¢ with epoch length m = n/b and v = ... We tuned the fixed restart interval S
and the learning rate.

Adaptive Restart DASVRDA with epoch length m = n/b and v = 7,. We tuned only
the learning rate. We use the gradient scheme for the adaptive restarting, that is we restart
DASVRDA"™ if (§s — ) " (Js41 — Ts) > 0.

For tuning the parameters, we chose the values that led to the minimum objective value. We selected
the learning rates from the set {10?,2 x 107,5 x 10?7 | p € {0,+1, £2}} for each algorithm. We
selected the epoch lengths from the set {n x 107%,2n x 107%,5n x 107% | k € {0,1,2,3}} and

’In [2], the authors have suggested a default initial epoch length m = n,/4. Since we used mini-batches
with size b in our experiments, it was natural to use m = n/(4b). We made sure that using this epoch length
improved the performances in all settings.

3In [10], the authors has suggested a default initial epoch length m = 2n. Since we used mini-batches with
size b in our experiments, it was natural to use m = 2n/b. We made sure that using this epoch length improved
the performances in all settings.
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the momentum rates from the set {1 — 107% | k € {1,2,3,4}} for AccProxSVRG. We chose the
additional dummy /5 regularizer weights from the set {107%,0 | k € {4,5,6,8,12}} for AccSVRG
and APCG. We selected k, ¢ from the set {107% | k € {1,2,3,4,5,6}} for UC. We chose the
convexity parameter from the set {107% | k € {3,4,5,6,7}} for APCG. We selected 7; from the set
{107%,2 x 107%,5 x 107% | k € {1, 2, 3}} for Katyusha. We selected the restart interval from the
set {10%,2 x 10%,5 x 10 | k € {0,1,2}} for DASVRDA™.

We fixed the initial points 0 € R? for all algorithms.

For a fair comparison, we used uniform sampling for all algorithms, because AccProxSVRG does
not support non-uniform sampling.

G DASVRG method

In this section, we briefly discuss a SVRG version of DASVRDA method (we call this algorithm
DASVRG) and show that DASVRG has the same rates as DASVRDA.

In Section[d] we apply the double acceleration scheme to SVRDA method. We can also apply the one
to SVRG. The only difference from DASVRDA is the update of z; in AccSVRDA (Algorithm 7).
We take the following update for DASVRG:

.= 1 R
2 = argmin {(gk, z)+ R(z) + 0

i o= s1all} = D105y, (1 c100) . )
z€R:

For the convergence analysis of DASVRG, we only need to show that LemmalA.5]is still valid for
this algorithm.

Proof of LemmalA.3|for DASVRG. From (@) in the proof of Lemma[A.5|for DASVRDA, we also have

A 1
010k—1P(xr) < Op_1(0x — 1) P(z—1) + 010 (2x) + %sz — 25|

OxOk—1llgx — VE(y)I”
2(L-1)
because the derivation of this inequality does not depend on the update rule of z;,. Observe that
2 = azg;&in{@;c,llfk(z) +1/(2n)||z — zx—1|*} from (ﬂ) Since 010 (2) + 1/(2n)||z — zk—1]?

is n-strongly convex, we have

+

—0k—1{gx — VF(Yr), 2k—1 — Yk),

A 1 1 A 1
Or—10k(21) + %sz — 2P+ %sz —z||? < Op_10n(x) + %szq — |2

Moreover, using the definitions of £ and ¢, and Lemma we have

le(z) = Lr(2) + (gx — VF(yx), © — yi)
1 1<~ 1
<P(z)— == —||Vfi(z) — Vii(ys)|? — VF(y), 2 — yr).
<P) = 57 22 g VA = VAGOI + {90 = VF (.2~
Hence, we get
1
OrOk—1(P(xx) — P(z)) < Op—1(0 — 1)(P(x-1) — P(z)) + +%(H2k71 —z|? = |z — z||?)
OkOk—1llgr — VEWe)? oo 1
* 1 7 B oL ﬁ
Q(E—L) Pt
—Op—1{(9x — VF(yx), 25—1 — 2).

Note that 01 (0 — 1) < 0;_10;_o for k > 2 and §; = 1. Finally, summing up the above inequality
from & = 1 to m, dividing the both sides by 6,,,0,,—1 and taking expectations with respect to I
(1 < k < m) give the desired result. ]

niqiuvmx) V)P
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