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Abstract

We study the generalization properties of ridge regression with random features
in the statistical learning framework. We show for the first time that O(1/4/n)
learning bounds can be achieved with only O(+/n logn) random features rather
than O(n) as suggested by previous results. Further, we prove faster learning
rates and show that they might require more random features, unless they are
sampled according to a possibly problem dependent distribution. Our results
shed light on the statistical computational trade-offs in large scale kernelized
learning, showing the potential effectiveness of random features in reducing the
computational complexity while keeping optimal generalization properties.

1 Introduction

Supervised learning is a basic machine learning problem where the goal is estimating a function
from random noisy samples [1, 2]. The function to be learned is fixed, but unknown, and flexible
non-parametric models are needed for good results. A general class of models is based on functions
of the form,

M
fl@) =) aiqlz,w), )

i=1
where ¢ is a non-linear function, wy,...,wy € R? are often called centers, Qay,...,ap € Rare
coefficients, and M = M,, could/should grow with the number of data points n. Algorithmically, the
problem reduces to computing from data the parameters wy, . ..,was, oy, ...,y and M. Among

others, one-hidden layer networks [3]], or RBF networks [4], are examples of classical approaches
considering these models. Here, parameters are computed by considering a non-convex optimization
problem, typically hard to solve and analyze [5]]. Kernel methods are another notable example of
an approach [6] using functions of the form (T)). In this case, ¢ is assumed to be a positive definite
function [7]] and it is shown that choosing the centers to be the input points, hence M = n, suffices
for optimal statistical results [8} 9, [10]. As a by product, kernel methods require only finding the
coefficients (v );, typically by convex optimization. While theoretically sound and remarkably
effective in small and medium size problems, memory requirements make kernel methods unfeasible
for large scale problems.

Most popular approaches to tackle these limitations are randomized and include sampling the centers
at random, either in a data-dependent or in a data-independent way. Notable examples include
Nystrom [[11} [12]] and random features [13] approaches. Given random centers, computations still
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reduce to convex optimization with potential big memory gains, provided that the centers are fewer
than the data-points. In practice, the choice of the number of centers is based on heuristics or memory
constraints, and the question arises of characterizing theoretically which choices provide optimal
learning bounds. Answering this question allows to understand the statistical and computational
trade-offs in using these randomized approximations. For Nystrom methods, partial results in this
direction were derived for example in [[14] and improved in [15]], but only for a simplified setting
where the input points are fixed. Results in the statistical learning setting were given in [[16] for
ridge regression, showing in particular that O(y/n log n) random centers uniformly sampled from n
training points suffices to yield O(1/4/n) learning bounds, the same as full kernel ridge regression.

A question motivating our study is whether similar results hold for random features approaches.
While several papers consider the properties of random features for approximating the kernel function,
see [17] and references therein, fewer results consider their generalization properties.

Several papers considered the properties of random features for approximating the kernel function,
see [17] and references therein, an interesting line of research with connections to sketching [18]] and
non-linear (one-bit) compressed sensing [19]. However, only a few results consider the generalization
properties of learning with random features.

An exception is one of the original random features papers, which provides learning bounds for a
general class of loss functions [20]. These results show that O(n) random features are needed for
O(1/+/n) learning bounds and choosing less random features leads to worse bounds. In other words,
these results suggest that that computational gains come at the expense of learning accuracy. Later
results, see e.g. [21 22| 23], essentially confirm these considerations, albeit the analysis in [23]]
suggests that fewer random features could suffice if sampled in a problem dependent way.

In this paper, we focus on the least squares loss, considering random features within a ridge regression
approach. Our main result shows, under standard assumptions, that the estimator obtained with a
number of random features proportional to O(y/nlogn) achieves O(1/4/n) learning error, that is
the same prediction accuracy of the exact kernel ridge regression estimator. In other words, there
are problems for which random features can allow to drastically reduce computational costs without
any loss of prediction accuracy. To the best of our knowledge this is the first result showing that
such an effect is possible. Our study improves on previous results by taking advantage of analytic
and probabilistic results developed to provide sharp analyses of kernel ridge regression. We further
present a second set of more refined results deriving fast convergence rates. We show that indeed
fast rates are possible, but, depending on the problem at hand, a larger number of features might be
needed. We then discuss how the requirement on the number of random features can be weakened
at the expense of typically more complex sampling schemes. Indeed, in this latter case either some
knowledge of the data-generating distribution or some potentially data-driven sampling scheme is
needed. For this latter case, we borrow and extend ideas from [23}16] and inspired from the theory
of statical leverage scores [24]. Theoretical findings are complemented by numerical simulation
validating the bounds.

The rest of the paper is organized as follows. In Section 2] we review relevant results on learning with
kernels, least squares and learning with random features. In Section 3] we present and discuss our
main results, while proofs are deferred to the appendix. Finally, numerical experiments are presented
in Section 4l

2 Learning with random features and ridge regression
We begin recalling basics ideas in kernel methods and their approximation via random features.

Kernel ridge regression Consider the supervised problem of learning a function given a training set
of n examples (x;,y;),, where z; € X, X = R and y; € R. Kernel methods are nonparametric
approaches defined by a kernel K : X x X — R, that is a symmetric and positive definite (PD)
functiorﬂ A particular instance is kernel ridge regression given by

n
fialz) = ZaiK(xi,x), a=(K+nl)ty. (2)
i=1
2 A kernel K is PD if for all Z1,...,2N the N by N matrix with entries K (z;, ;) is positive semidefinite.



Here A > 0,y = (y1,...,Yn), @ € R”, and K is the n by n matrix with entries K;; = K(z;, z;).
The above method is standard and can be derived from an empirical risk minimization perspective
[6]], and is related to Gaussian processes [3]]. While KRR has optimal statistical properties— see later—
its applicability to large scale datasets is limited since it requires O(n?) in space, to store K, and
roughly O(n?) in time, to solve the linear system in (2). Similar requirements are shared by other
kernel methods [6].

To explain the basic ideas behind using random features with ridge regression, it is useful to recall the
computations needed to solve KRR when the kernel is linear K (z,2') = = " 2’. In this case, Eq. ()
reduces to standard ridge regression and can be equivalenty computed considering,

A@) =" @y Oy = (XTX + D)~ 1X Ty, 3)

where X is the n by D data matrix. In this case, the complexity becomes O(nD) in space, and
O(nD? + D3) in time. Beyond the linear case, the above reasoning extends to inner product kernels

K(z,2") = () o (z') 4)

where ¢ : X — RM is a finite dimensional (feature) map. In this case, KRR can be computed
considering (3) with the data matrix X replaced by the n by M matrix 57, = (¢(z1), ..., d(zn)).
The complexity is then O(nM) in space, and O(nM? + M?) in time, hence much better than O(n?)
and O(n?), as soon as M < n. Considering only kernels of the form (@) can be restrictive. Indeed,
classic examples of kernels, e.g. the Gaussian kernel e~llz=2"1”  do not satisfy (@) with finite M. It is
then natural to ask if the above reasoning can still be useful to reduce the computational burden for
more complex kernels such as the Gaussian kernel. Random features, that we recall next, show that
this is indeed the case.

Random features with ridge regression The basic idea of random features [13] is to relax Eq. @)
assuming it holds only approximately,

K(z,2") = ¢ (x) o (2). (5)

Clearly, if one such approximation exists the approach described in the previous section can still be
used. A first question is then for which kernels an approximation of the form (3)) can be derived. A
simple manipulation of the Gaussian kernel provides one basic example.

Example 1 (Random Fourier features [13]])). If we write the Gaussian kernel as K (x,z") = G(z—2a'),

BT . . . . .
with G(z) = e 202 1= , for a o > 0, then since the inverse Fourier transform of G is a Gaussian,
and using a basic symmetry argument, it is easy to show that

1 2 2 2
Glx—2) = ﬁ//o V2cos(w' z +b) vV2cos(w' ' +b) e~ T qw db

where Z is a normalizing factor. Then, the Gaussian kernel has an approximation of the form () with
brr(x) = M2 (\/2cos(w] x4 by),...,V/2cos(wix+bar)), and wy, ..., wyr and by, ... by

sampled independently from %6_02““’“2/ 2 and uniformly in [0, 27], respectively.

The above example can be abstracted to a general strategy. Assume the kernel K to have an integral
representation,

K(z,2') = /Qw(m,w)w(x’,w)dﬂ(w), Yo,z € X, 6)

where ({2, ) is probability space and ¢ : X x Q — R. The random features approach provides
an approximation of the form (5) where ¢pr(2) = M~'/2 (¢(z,w1),...,%(x,wy)), and with
w1, .. .,wpyr sampled independently with respect to 7. Key to the success of random features is that
kernels, to which the above idea apply, abound- see Appendix [E|for a survey with some details.

Remark 1 (Random features, sketching and one-bit compressed sensing). We note that specific
examples of random features can be seen as form of sketching [18|]. This latter term typically refers
to reducing data dimensionality by random projection, e.g. considering

d(zw) =z w,



where w ~ N(0,I) (or suitable bounded measures). From a random feature perspective, we
are defining an approximation of the linear kernel since E[p(z,w)y(z',w)] = ElzTww 2] =
2 Elww |2’ = xT2'. More general non-linear sketching can also be considered. For example in

one-bit compressed sensing [|19)] the following random features are relevant,

(a,w) = sign(aTw)
withw ~ N(0,1) and sign(a) = 1 ifa > 0 and —1 otherwise. Deriving the corresponding kernel is
more involved and we refer to [25]] (see Section in the appendixes).

Back to supervised learning, combining random features with ridge regression leads to,
Pt (@) o= oar(@) " @aar, with @ = (S5 8w + M) 7S, (7
for A > 0, §Z—\r/[ =072 (b)), dr(n)) and § = Y2 (y1, .. ).

Then, random features can be used to reduce the computational costs of full kernel ridge regression
as soon as M < n (see Sec.[2). However, since random features rely on an approximation (3)), the
question is whether there is a loss of prediction accuracy. This is the question we analyze in the rest
of the paper.

3 Main Results

In this section, we present our main results characterizing the generalization properties of random
features with ridge regression. We begin considering a basic setting and then discuss fast learning
rates and the possible benefits of problem dependent sampling schemes.

3.1 O(y/nlogn) Random features lead to O(1/\/n) learning error

We consider a standard statistical learning setting. The data (x;,y;)}_, are sampled identically and
independently with respect to a probability p on X x R, with X a separable space (e.g. X = RP,
D € N). The goal is to minimize the expected risk

E(f) = / (f(z) - y)%dp(z.y),

since this implies that f will generalize/predict well new data. Since we consider estimators of the
form (2)), (7)) we are potentially restricting the space of possible solutions. Indeed, estimators of this
form can be naturally related to the so called reproducing kernel Hilbert space (RKHS) corresponding
to the PD kernel K. Recall that, the latter is the function space H defined as as the completion of the
linear span of { K (z,-) : = € X} with respect to the inner product (K (z,-), K(z',-)) := K(z,2')
[7]. In this view, the best possible solution is f3; solving

}réiqr{lé'(f). (3)

We will assume throughout that f3; exists. We add one technical remark useful in the following.

Remark 2. Existence of f3 is not ensured, since we consider a potentially infinite dimensional RKHS
H, possibly universal [26]]. The situation is different if H is replaced by Hr = {f € H : || f|| < R},
with R fixed a priori. In this case a minimizer of risk £ always exists, but R needs to be fixed a priori
and H g can’t be universal. Clearly, assuming fy to exist, implies it belongs to a ball of radius R, .
However, our results do not require prior knowledge of R, 3 and hold uniformly over all finite radii.

The following is our first result on the learning properties of random features with ridge regression.

Theorem 1. Assume that K is a kernel with an integral representation (). Assume 1 continuous,
such that Y (x,w)| < k almost surely, with . € [1,00) and |y| < b almost surely, with b > 0. Let

§ € (0,1]. If n > ng and \,, = n~"/2, then a number of random features M,, equal to

108k2
M, = co v/n log +ﬁ

is enough to guarantee, with probability at least 1 — ¢, that

¢1 log? %8

E(Pannr,) — E(fa) < N

In particular the constants cy, ¢1 do not depend on n, A, d, and ng does not depends on n, \, 3, p.



The above result is presented with some simplifications (e.g. the assumption of bounded output) for
sake of presentation, while it is proved and presented in full generality in the Appendix. In particular,
the values of all the constants are given explicitly. Here, we make a few comments. The learning
bound is the same achieved by the exact kernel ridge regression estimator () choosing A = n=1/2,
see e.g. [10]. The theorem derives a bound in a worst case situation, where no assumption is made
besides existence of fz, and is optimal in a minmax sense [10]. This means that, in this setting,
as soon as the number of features is order /nlog n, the corresponding ridge regression estimator
has optimal generalization properties. This is remarkable considering the corresponding gain from
a computatlonal perspectlve from roughly O(n?) and O(n?) in time and space for kernel ridge
regression to O(n?) and O(n+/n) for ridge regression with random features (see Sectlon' Consider
that taking § o< 1/n? changes only the constants and allows to derive bounds in expectation and
almost sure convergence (see Cor. [T]in the appendix, for the result in expectation).

The above result shows that there is a whole set of problems where computational gains are achieved
without having to trade-off statistical accuracy. In the next sections we consider what happens under
more benign assumptions, which are standard, but also somewhat more technical. We first compare
with previous works since the above setting is the one more closely related.

Comparison with [20]. This is one of the original random features paper and considers the question
of generalization properties. In particular they study the estimator

Fr(x) = oar(x)T BR 00 ﬂRoo = argmin *Zf ()" Byyi),

n
Bllc <R " =4

for a fixed R, a Lipshitz loss function ¢, and where ||w||cc = max{|81],--- ,|Bm]|}. The largest
space considered in [20] is

G ={ [v0p)in) | 136)] < R ac). ©)

rather than a RKHS, where R is fixed a priori. The best possible solution is fg_ solving
minyeg, £(f), and the main result in [20] provides the bound

R R
S Vn VAR

This is the first and still one the main results providing a statistical analysis for an estimator based
on random features for a wide class of loss functions. There are a few elements of comparison with
the result in this paper, but the main one is that to get O(1/4/n) learning bounds, the above result
requires O(n) random features, while a smaller number leads to worse bounds. This shows the main
novelty of our analysis. Indeed we prove that, considering the square loss, fewer random features
are sufficient, hence allowing computational gains without loss of accuracy. We add a few more
tehcnical comments explaining : 1) how the setting we consider covers a wider range of problems,
and 2) why the bounds we obtain are sharper. First, note that the functional setting in our paper is
more general in the followmg sense It is easy to see that considering the RKHS #H is equivalent to
consider Hy = { [(-,w)p w) | JB(w)[?dr(w) < oo} and the following inclusions hold
Gr C Goo C Ha. Clearly, assumlng a mlmmlzer of the expected risk to exists in Ha does not imply
it belongs to G, or G, while the converse is true. In this view, our results cover a wider range of
problems. Second, note that, this gap is not easy to bridge. Indeed, even if we were to consider G,
in place of G, the results in [20] could be used to derive the bound

E(fr) — E(f5,) < (10)

—+ A 11
where A(R) := E(f5,) — E(f5_ ) and f§__ is a minimizer of the expected risk on G In this case
we would have to balance the various terms in (1 1)), which would lead to a worse bound. For example,
we could consider R := log n, obtaining a bound 7~ /2 log n with an extra logarithmic term, but the
result would hold only for n larger than a number of examples n at least exponential with respect to
the norm of f.,. Moreover, to derive results uniform with respect to f.,, we would have to keep into
account the decay rate of A(R) and this would get bounds slower than n~'/2,
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Figure 1: Random feat. M = O(n®) required for optimal generalization. Left: & = 1. Right: o = .

Comparison with other results. Several other papers study the generalization properties of random
features, see [23] and references therein. For example, generalization bounds are derived in [21]]
from very general arguments. However, the corresponding generalization bound requires a number of
random features much larger than the number of training examples to give O(1/+/n) bounds. The
basic results in [23]] are analogous to those in [20] with the set G replaced by H . These results
are closer, albeit more restrictive then ours (see Remark@) and especially like the bounds in [20]
suggest O(n) random features are needed for O(1/+/n) learning bounds. A novelty in [23] is the
introduction of more complex problem dependent sampling that can reduce the number of random
features. In Section[3.3] we show that using possibly-data dependent random features can lead to
rates much faster than n=%/2, and using much less than /n features.

Remark 3 (Sketching and randomized numerical linear algebra (RandLA)). Standard sketching
techniques from RandLA [[I8] can be recovered, when X is a bounded subset of RP, by selecting
Y(r,w) = x'w and w sampled from suitable bounded distribution (e.g. w = ((1,...,Cq) inde-
pendent Rademacher random variables). Note however that the final goal of the analysis in the
randomized numerical linear algebra community is to minimize the empirical error instead of &.

3.2 Refined Results: Fast Learning Rates

Faster rates can be achieved under favorable conditions. Such conditions for kernel ridge regression
are standard, but somewhat technical. Roughly speaking they characterize the “size” of the considered
RKHS and the regularity of f3;. The key quantity needed to make this precise is the integral operator
defined by the kernel K and the marginal distribution px of p on X, that is

(Lg)(x) = /X K(z,2)g(z)dpx (), Vg € I3(X, px),

seen as a map from L?(X,px) = {f : X = R | ||f]IZ = [|f(z)]?dpx < oo} to itself. Under
the assumptions of Thm. [T} the integral operator is positive, self-adjoint and trace-class (hence
compact) [27]. We next define the conditions that will lead to fast rates, and then comment on their
interpretation.

Assumption 1 (Prior assumptions). For A > 0, let the effective dimension be defined as N'(\) :=
Tr (L + M)7'L) , and assume, there exists Q > 0 and ~ € [0, 1] such that,

N <@\ (12)
Moreover, assume there exists 7 > 1/2 and g € L*(X, px) such that
fu(x)=(L"g)(z) as. (13)

We provide some intuition on the meaning of the above assumptions, and defer the interested reader
to [LLO]] for more details. The effective dimension can be seen as a “measure of the size” of the RKHS
. Condition (T2)) allows to control the variance of the estimator and is equivalent to conditions on
covering numbers and related capacity measures [26]. In particular, it holds if the eigenvalues o;’s of
L decay as i—'/7. Intuitively, a fast decay corresponds to a smaller RKHS, whereas a slow decay
corresponds to a larger RKHS. The case v = 0 is the more benign situation, whereas 7 = 1 is the
worst case, corresponding to the basic setting. A classic example, when X = RP, corresponds to



considering kernels of smoothness s, in which case ¥ = D/(2s) and condition (T2)) is equivalent to
assuming H to be a Sobolev space [26]. Condition (T3) allows to control the bias of the estimator
and is common in approximation theory [28]. It is a regularity condition that can be seen as form
of weak sparsity of fz,. Roughly speaking, it requires the expansion of f7;, on the the basis given
by the the eigenfunctions L, to have coefficients that decay faster than o} . A large value of 7 means
that the coefficients decay fast and hence many are close to zero. The case r = 1/2 is the worst case,
and can be shown to be equivalent to assuming fy; exists. This latter situation corresponds to setting
considered in the previous section. We next show how these assumptions allow to derive fast rates.

Theorem 2. Let 6 € (0,1]. Under Asm.|l|and the same assumptions of Thm. || if n > ng, and
An = niﬁ, then a number of random features M equal to

14y(2r=1) 108k2n
M, = con =+ log 5

is enough to guarantee, with probability at least 1 — 9, that

~ 18 __2r
E(Fann,) — E(fr) < c1log’ i
for r < 1, and where cy, c1 do not depend on n, T, while ng does not depends on n, f1, p.

The above bound is the same as the one obtained by the full kernel ridge regression estimator and
is optimal in a minimax sense [10]. For large r and small ~ it approaches a O(1/n) bound. When
v = 1and r = 1/2 the worst case bound of the previous section is recovered. Interestingly, the
number of random features in different regimes is typically smaller than n but can be larger than
O(y/n). Figure. provides a pictorial representation of the number of random features needed for
optimal rates in different regimes. In particular M < n random features are enough when v > 0 and
r > 1/2. For example for r = 1, = 0 (higher regularity/sparsity and a small RKHS) O(y/n) are
sufficient to get a rate O(1/n). But, for example, if r = 1/2, = 0 (not too much regularity/sparsity
but a small RKHS) O(n) are needed for O(1/n) error. The proof suggests that this effect can be a
byproduct of sampling features in a data-independent way. Indeed, in the next section we show how
much fewer features can be used considering problem dependent sampling schemes.

3.3 Refined Results: Beyond uniform sampling

We show next that fast learning rates can be achieved with fewer random features if they are somewhat
compatible with the data distribution. This is made precise by the following condition.

Assumption 2 (Compatibility condition). Define the maximum random features dimension as

pPx?

FooA) = sup [(L+A)"2y(w)|5,, A>0. (14)
weN

Assume there exists o € [0, 1], and F > 0 such that Foo(A) < FA™%, VA > 0.

The above assumption is abstract and we comment on it before showing how it affects the results.
The maximum random features dimension (I4) relates the random features to the data-generating
distribution through the operator L. It is always satisfied for & = 1 ands F = 2. e.g. considering
any random feature satisfying (6)). The favorable situation corresponds to random features such that
case o = . The following theoretical construction borrowed from [23]] gives an example.

Example 2 (Problem dependent RF). Assume K is a kernel with an integral representation (6).
For s(w) = |(L+ X)~Y%y(-,w) and Cy = | ﬁdﬂ'(w), consider the random features
Ys(x,w) = Y(z,w)\/Css(w), with distribution 7ws(w) := Cﬂ(;z’i). We show in the Appendix that
these random features provide an integral representation of K and satisfy Asm.2lwith o = .

[P

We next show how random features satisfying Asm. [2]can lead to better resuts.
Theorem 3. Let § € (0,1]. Under Asm. and the same assumptions of Thm. if n > ng, and

1
An = n" 20+, then a number of random features M,, equal to

at(ity—a)(2r—1) 108k2n
M, = con 2y 1 5
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Figure 2: Comparison between the number of features M = O(n°) required by Nystrom (uniform
sampling, left) [16] and Random Features (o = 1, right), for optimal generalization.

is enough to guarantee, with probability at least 1 — 6, that

-~ 18 _ _or
E(Fann,) — E(fr) < c1log’ 5T
where ¢y, ¢1 do not depend on n, T, while ny does not depends on n, f, p.

The above learning bound is the same as Thm. [2} but the number of random features is given by a
more complex expression depending on «. In particular, in the slow O(1/4/n) rates scenario, that
isr=1/2,v =1, we see that O(n“/Q) are needed, recovering O(y/n), since v < « < 1. On the
contrary, for a small RKHS, that is v = 0 and random features with « = +, a constant (!) number of
feature is sufficient. A similar trend is seen considering fast rates. Fory > O and r > 1/2,ifa < 1
then the number of random features is always smaller, and potentially much smaller, then the number
of random features sampled in a problem independent way, that is « = 1. Fory = 0 and r = 1/2,
the number of number of features is O(n®) and can be again just constant if o = . Figure 1| depicts
the number of random features required if o = «. The above result shows the potentially dramatic
effect of problem dependent random features. However the construction in Ex.|2|is theoretical. We
comment on this in the next remark.

Remark 4 (Random features leverage scores). The construction in Ex. [2|is theoretical, however
empirical random features leverage scores 5(w) = v(w) " (K + Anl)~ 0 (w), with 5(w) € R,
(U(w)); = Y(x;,w), can be considered. Statistically, this requires considering an extra estimation
step. It seems our proof can be extended to account for this, and we will pursue this in a future work.
Computationally, it requires devising approximate numerical strategies, like standard leverage scores
4.

Comparison with Nystrom. This question was recently considered in [22] and our results offer
new insights. In particular, recalling the results in [[16]], we see that in the slow rate setting there is
essentially no difference between random features and Nystrom approaches, neither from a statistical
nor from a computational point of view. In the case of fast rates, Nystrom methods with uniform

sampling requires O(n~ 7 ) random centers, which compared to Thm. [2} suggests Nystrom methods
can be advantageous in this regime. While problem dependent random features provide a further
improvement, it should be compared with the number of centers needed for Nystrom with leverage

scores, which is O(n™ ﬁ) and hence again better, see Thm. |3} In summary, both random features
and Nystrom methods achieve optimal statistical guarantees while reducing computations. They are
essentially the same in the worst case, while Nystrom can be better for benign problems.

Finally we add a few words about the main steps in the proof.

Steps of the proof. The proofs are quite technical and long and are collected in the appendices.
They use a battery of tools developed to analyze KRR and related methods. The key challenges in the
analysis include analyzing the bias of the estimator, the effect of noise in the outputs, the effect of
random sampling in the data, the approximation due to random features and a notion of orthogonality
between the function space corresponding to random features and the full RKHS. The last two points
are the main elements on novelty in the proof. In particular, compared to other studies, we identify
and study the quantity needed to assess the effect of the random feature approximation if the goal is
prediction rather than the kernel approximation itself.
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4 Numerical results

While the learning bounds we present are optimal, there are no lower bounds on the number of random
features, hence we present numerical experiments validating our bounds. Consider a spline kernel
of order ¢ (see [29] Eq. 2.1.7 when g integer), defined as Ay (z,2') = > po _ e*Tikee=2mikz || —a

almost everywhere on [0, 1], with ¢ € R, for which we have fol Ay(z, 2)Ay (2, 2)dz = Ay g (2, 27),
forany q,¢' € R. Let X = [0, 1], and px be the uniform distribution. For v € (0,1) and r € [1/2,1]
let, K(z,2') = A%(w,x’), P(w,z) = A%(ww), fulx) = A$+%+E(x,xo) with € > 0,20 € X.
Let p(y|z) be a Gaussian density with variance o and mean f*(z). Then Asm are satisfied
and o = 7. We compute the KRR estimator for n € {102,...,10*} and select A minimizing the
excess risk computed analytically. Then we compute the RF-KRR estimator and select the number of
features M needed to obtain an excess risk within 5% of the one by KRR. In Figure 3} the theoretical
and estimated behavior of the excess risk, A and M with respect to n are reported together with their
standard deviation over 100 repetitions. The experiment shows that the predictions by Thm. [3| are
accurate, since the theoretical predictions estimations are within one standard deviation from the
values measured in the simulation.

— 00

5 Conclusion

In this paper, we provide a thorough analyses of the generalization properties of random features with
ridge regression. We consider a statistical learning theory setting where data are noisy and sampled
at random. Our main results show that there are large classes of learning problems where random
features allow to reduce computations while preserving optimal statistical accuracy of exact kernel
ridge regression. This in contrast with previous state of the art results suggesting computational
gains needs to be traded-off with statistical accuracy. Our results open several venues for both
theoretical and empirical work. As mentioned in the paper, it would be interesting to analyze random
features with empirical leverage scores. This is immediate if input points are fixed, but our approach
should allow to also consider the statistical learning setting. Beyond KRR, it would be interesting
to analyze random features together with other approaches, in particular accelerated and stochastic
gradient methods, or distributed techniques. It should be possible to extend the results in the paper to
consider these cases. A more substantial generalization would be to consider loss functions other
than quadratic loss, since this require different techniques from empirical process theory.
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Generalization Properties of Learning with Random Features
Supplementary Materials

The supplementary materials are divided in the following four section

A. Proofs - where the proofs for Section 3 are provided

B. Concentration Inequalities - where probabilistic tools necessary for the proofs are recalled
C. Operator Inequalities - where some analytic inequalities used in the proofs are recalled

D. Auxiliary Results - where some technical lemmas necessary to the proof are derived

E. Examples of Random Features - where examples of random features expansion are recalled

A Proofs

In Sect.[A.T] the notation is introduced and some standard identities are recalled. In Sect.[A.2] the
excess risk is decomposed in five terms (Eq. (I7)-(Z1)) that are further simplified in Lemma [2] 3] {] [5]
The complete decomposition is presented in Thm. {4} In Sect. the terms in decomposition are
bounded in probability, in particular Lemma [7]bounds the variance term, Lemma [§] the computational
error term, while Lemma|l0|controls the constants. Finally the proofs of the main results are presented
in Section[A.4]together with the more general results of Thm. [3

First we recall the assumptions needed to derive the results. They are already presented or implied in
the main text, here we collect and number them.

Assumption[z] (Compatibility condition) There exists « € [0, 1] and F' > 0 such that

Foc(\) S FA™™, YA > 0.

Assumption 3 (Random Features are bounded and continuous). The kernel K has an integral
representation as in Eq. @ with 1) continuous in both variables and bounded, that is, there exists
k > 1 such that |¢(z,w)| < k for any x, € X and w € Q). The associated RKHS H is separable.

Note that the assumption above is satisfied when the random feature is continuous and bounded and
the space X is separable (e.g. R%, d € N or any Polish space). Indeed the continuity of +/ implies the
continuity of K, which, together with the separability of X implies the separability of H.

Assumption 4 (Noise on the y is sub-exponential, and there exists f3;). Forany z € X
1
E[ly|P | z] < 5])!0231’_27 Vp > 2.

Moreover there exists fy € H such that E(fy) = inf pepy E(f).

Note that the above assumption on y is satisfied when y is bounded, sub-gaussian or sub-exponential.
In particular, if |y| € [—%, 2] almost surely, with b € (0, 00) then the assumption above is satisfied
witho = B =b.

Assumption 5 (Effective dimension). Let A > 0. There exists Q@ > 0 and v € [0, 1] such that, for
any A > 0

N < Q2.

It is the first part of Asm.|l} for the sake of clarity we need to split it in two, since many results
depend either on the first or on the second part.

Assumption 6 (Source condition). There exists 1/2 < r < 1and g € L*(X, px) such that

fu(x)=(L"g)(z) as.

We denote with R the quantity 1V ||g]| p-
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A.1 Kernel and Random Features Operators

In this section, we provide the notation, recall some useful facts and define some operators used in
the rest of the appendix. In the rest of the paper we denote with ||-|| the operatorial norm and with
||| 75 the Hilbert-Schmidt norm. Let £ be a Hilbert space, we denote with (-, -) . the associated
inner product, with |||z the norm and with Tr(-) the trace. Let @ be a bounded self-adjoint linear
operator on a separable Hilbert space £, we denote with A, (@) the biggest eigenvalue of (), that is
Amax(Q) = sup| . <1 (f, Qf) ;- Moreover, we denote with @ the operator @ + AI, where Q is a

linear operator, A € R and [ the identity operator, so for example c M = c v+ M. Moreover we
recall some basic properties of norms in Hilbert spaces.

Remark 5. Let Vy,...,V, witht € N be Hilbert spaces. Let q € Vo and A; : V; — V;_4
bounded linear operators and f € Vi. We recall that the identity ¢ = (A1) --- (Ay)(f), implies
lallve < [[Axll- - (A1 llv,-

Let X be a probability space and p be a probability distribution on X x R satisfying Assumption 3]
We denote px its marginal on X and p(y|x) the conditional distribution on R. Let L?(X, px ) be the
Lebesgue space of square px-integrable functions, with the canonical inner product

(9.0, = [ a@h@)dpx (o). Vah € LY. p),

and the norm ||g[|2 = (9,9),, forall g € L3(X, px). Let (Q,7) be a probability space and
1 : 2 x X — R be a continuous and bounded map as in Asm. [3] Moreover let the kernel K be
defined by Eq. (6). We denote with K, the function K (z, -), for any x € X. Then the Reproducing
Kernel Hilbert Space H induced by K is defined by

H =span{K, |z € X}, completed with (K,, K, ), = K(z,2') Vz,2’ € X.

We now define the operators needed in the rest of the proofs. Let n € N, and (x1,y1), ..., (Tn,Yn) €
X x R be sampled independently according to p.

Definition 1. Let P : L*(X, px) — L*(X, px) be the projection operator with the same range of
L. Let f, : X — R be defined as

fo() :/ydp(ylz) a. e.

We now recall a useful characterization of the excess risk, in term of the quantities defined above.

Remark 6 (from [2,30]). When [ y*dp is finite, then f, € L*(X, px) and f, is the minimizer of
& over all the measurable functions. When f K (z,x)dpx is finite, the range of P is the closure

of H in L?>(X, px), that this the closure of the range of L. When both conditions hold, for any
f € L3(X, px) the following hold

E() - inf £(9) = If = PL I,

Moreover if there exists fy € H minimizing &, then Asm. [0is equivalent to requiring the existence of
r>1/2, g€ L*(X, px) such that

Pf,=1L1"g, (15)
with R := ||g||L2(X7/>X)'
In the following we define analogous operators for the approximated kernel K s := ¢ps () T dar (),
with
QSM(‘%) = M_1/2(1/)(9C7 wl)? cee 7¢($7W1\4))7
for any z, 2’ € X, where M € Nand wy,...,wy € Q are sampled independently according to 7.

We denote with v, the function ¢ (-, w) for any w € ). According to the following remark, we have
that v, € L*(X, px ) almost surely.

Remark 7. Under Asm. E]and the fact that p is a finite measure, 1., € L*(X, px ) almost surely.

Now we are ready for defining the following operators, depending on ¢ or K.
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Definition 2. Forallg € L*(X,px), B € RM, a e R" andi € {1,..., M}, we have
o Sy :RM = L2(X,px),  (SmB)() = onm() 7B,
o Sir: LP(X,px) = RM, (S3,9)i = 7= [x Y, (2)g(x)dpx (2),
o Ly : L*(X,px) = L*(X,px), (Lmg)() = [x Kn(-,2)g9(2)dpx (2).
o Cor :RM RM Oy = [ b)) (z) Tdpx (z),
o Cor :RM RM, Cor =157 onr(mi)on(z)T.

Note that the operators above satisfy the properties in the following remark.

Remark 8 (from [10]). Under Asm. E| the linear operators L is trace class and
Ly, Cor, Sy (AI'M, §M are finite dimensional. Moreover we have that L = SS*, Ly = Sy Sy,
Cy = S3y Sy and Cv = §J*W§M' Finally L, L, Cyy, Ch are self-adjoint and positive operators,
with spectrum is [0, 2.

In the next remark we rewrite f ps in terms of the operators introduced above.

Remark 9. Let ]?,\7M defined as in Eq. B Under Assumption J/”:\,M € L*(X, px) almost surely,

since v, is in L*(X, px ) almost surely (Rem.|7) and fx ar is a linear combination of 1, , . . ., Yy,
In particular,

Faar = SuCy\Sarb.
A.2 Analytic Result

In this subsection we decompose analytically the excess risks in different terms, that will be bounded

via concentration inequalities in the next section. Under Asm.|3| since fy r € L?(X, px) almost
surely, we have

E(Paan) = juf E() = 1Faar = Pl (16)

(for more details see Rem.[6} [9). In our analysis we decompose the excess risk in the following five
terms

Pt = Pfy = fanr = SuCif\Sir s (17)
+ SuCi\Si(I = P)f, (18)
+ SuCy/\S3Pfy— LuLy \Pf, (19)
+ LyLy \Pf,— LLy'Pf, (20)
+ LLY'Pf,— Pf,. 1)

The first controls the variance of the outputs y, the second the interaction between the space of models
spanned by 1, , ..., ¥, and H, the third the approximation of the inverse covariance operator

C/'» the fourth controls how close is the integral operator Ly to L, while the last controls the

approximation error of the models in . The L?(X, px ) norm of f)\ M — Pf, is bounded by the
sum of the L?(X, px ) norms of the terms, that are further bounded in Lemma. The final
analytical decomposition is given in Thm. ] First we need a preliminary result.

Lemma 1. Under Asm.[3) the operator L is characterized by

L= /ww ® Ydr(w).

Proof. By Asm.[3] we have that 1, € L?(X, px ) almost surely and uniformly bounded. By using
the kernel expansion of Eq. (6), the linearity of the Bochner integral and of the dot product, we have
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that for any f, g € L?(X, px) the following holds
(1:29),, = [ F&)K @, 2)a(2)dpx (0)dpx (2
=/f(ﬂi)?//(%WW(%w)g(z)dPX(x)dPX(Z)dW(w)

= [0 0.0 () = <f7 [wto0a,, dw(w)>px
([ wonda)a)

Now we are ready to prove that the second term of the expansion in Eq.[T7is zero. We obtain this
result by proving that ||(I — P),|| = 0 almost everywhere.

Lemma 2. Under Asm. EI the following holds for any A > 0, M,n € N,
”SMC]\_/[%)\S;FM(I = P)follpx =0 as.

O

Proof. Note that, since P is the projection operator on the closure of the range of L and L is trace
class, then (I — P)L = 0, this implies that Tr(( — P)L(I — P)) = 0. By the characterization of L
given in Lemmam the linearity of the bounded operator I — P and of the trace, we have that

0="Tr((I - P)L(I — P)) = Tr ((1 —p) (/ Yo ® wwdﬂ(w)) (I - P))
= [T (= PYa v~ P))dr()

— /H(I — Py} dr(w),

where the last step is due to the fact that Tr(A(v ® v)A) = Tr(Av ® Av) = [|Av]|? for any
bounded self adjoint operator A and any function v € L?(X, px ). The equation above implies that
(I — P),, = 0 almost surely on the support of 7. Now we study S3,(I — P), for any 3 € RM and
any f € L?(X, px) we have

M
(B,S5,(I—P)f)gn = \%\7 > BT = Py, ), =0 as.,
=1

where the last step is due to the fact that (0, v) = 0 for any v and (I — P)t),,, = 0 almost surely,
since w; are distributed according to 7 and (I — P)v,, = 0 almost surely on the support of 7. Now

1S3 C i Sar (I = P) follos < 182 Caf IS (T = P)I| follpx =0 a.s.

Lemma 3. Under Asm.[3| and Eq. (13) the following holds for any X > 0, M,n € N
1S3 CrinSirPy = Lt Laf xPfoll < R Lyg i L2 (1153 G Car i IICh 8 (Cor = Can)-

Proof. First of all we recall that Z* f(ZZ*) = f(Z*Z)Z* for any continuous spectral function and
any compact operator Z. By the characterization of L, in Rem. [§|under Asm. 3] we have

Ly Ly s = SuSh(SuSa + M)~ = Su(SiSu + M) 7 Sy = SuChf S

since (- + AI)~! is a continuos spectral function on [0, 00), which contains the spectrum of L that is
in [0, x2]. Equivalently, the equation above could be proven algebraically via the Woodbury identity.
Now we have

(SMé&},\S&_LMLJT/[l,,\)Pfﬂ = SM(aJT/I}/\_C]&%A)STVIPfP = SM@JT/I},\(CM_6M)CICI%/\S7WPJCP’
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where the last step is due to the identity A~! — B~! = A=Y(B — A)B~! valid for any bounded

invertible linear operator A, B. In particular by multiplying and dividing by CM \ we have the
following decomposition

SuCi (Ot — Can) OS5 Pf, = (SuCiaCaA) (CrP(Car — Can)) (Cif\SarP o)

The result is given by bounding the norm of the lhs of the identity above, by the product of the norms
of the parentheses on the rhs (see Rem. [5). Note that by applying Eq. (I3), we have that there exists

g € L*(X, px), such that Pf, = L"g and by dividing and multiplying for L}\f/\, we have
CJ\_/I}/\SJ*VIpr = (CJQ}/\SJDLM?/\) (Lﬁ’{\?le) 12

Now note that, by Asm.@ we have 7 > 1/2, ||g||, < Rand |[L"/2| < k! since L is compact
with the spectrum in [0, k2] and 2 — 1 > 0. By the fact that (- + A\I)~2 is a continuous spectral
function on [0, co) containing the spectrum of C), we have that S MC;I?/\SE‘W = L]Tf’ yLv and so
forany A > 0

_ * 1/2 1/2 1/2 _
IOv NSt LA 1P = LY SOt Sa Lar |l = LA L3l < 1.

Lemma 4. Under Asm.[3| and Eq. (13)) the following holds for any A > 0, M € N

I(LLYY = LarLyf )P Foll < RVAILy ALY ILY 2 (L — Lan) |2 YLy V2 (L — Lar) LY 2 )22

Proof. By the algebraic identities A(A + AI) = I — A\(A + AI)~! valid for any bounded positive
operator and A=t — B~! = A=Y(B — A)B~! valid for any invertible bounded operators, we have

(LLY' = Ly \)Pfo = MLyt s = Ly)Pfy = ALy (L — Lar) Ly P,

By applying Eq. (T3), we have that there exists ¢ € L*(X, px), such that Pf, = L"g, so by

multiplying and dividing by L}éz, we preform the following decomposition

(LLYY = La Lyt )Pfy = VA (VALY (L LY (L P(L — Lan Ly U 77) (L7L) g

The result is given by bounding the norm of the lhs of the identity above, by the product of the norms
of the parentheses on the rhs (see Rem. |). Note that |[v/ AL, 3 12 | <land|L,"L"|| <1 for any
A > 0and |g||,x < R. Now we apply Prop051t10n|§|on Ly 1/2(L - LM)L;(PT)H, indeed note

that 0 < 1 —7 < 1/2, s0 by setting 0 = 2 — 2r, X = L} "/*(L — Las), A = L, */* and applying
the proposition, we have

—1/2 —0o/2 —1/2 r— —1/2 —1/2 —or
1LY 2L = Lan) Ly 7P| < 1LY — Lan) [Py V2L — Lag) Ly 222

Lemma 5. Under Asm.[3| and Eq. (13)) the following holds for any X > 0,
ILLY'Pf, — Pf,| < RX".
Proof. By the identity A(A+X)~1 = I —X(A+X)~! valid for A > 0 and any bounded self-adjoint

positive operator and by Eq. (I3) for which there exists g € L*(X, px) such that Pf, = L"g, we
have

(I —LLYPf, = ALy Pf, = AL;'L7g = X" ALY (Ly°L7) g (22)

The result is given by bounding the norm of the lhs of Eq.[22] by the product of the norms of the
parentheses on the ths (see Rem. . Note that ||/\1_TL;(17T)|| < land |[L,"L"|| < 1, while
R := ||g||,x according to Eq. (T3). O
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Theorem 4 (Analytic Decomposition). Under Assumptionsand Eq. (13) let fA M as in Eq. E For
any X > 0and M € N, the following holds

Ehan) = mEENM2 < BSOMn) + COM) + B ) (23

Sample Error Computational Error Approximation Error

where v = min(r, 1),

1. SO\ M, n) == |03 (S35 — Sirfo)llox + R Cof 42 (Cor — Cad),

2. C(A, M) := RVX|L; (L — L) |2 | Ly V2 (L — Lar) Ly V222,

3.8 = max(1,(1 — B1) ") max(1,(1 — B2)"V2), with f1 = Amax(Cy/{*(Cas —
Crni)Ch A7) and B = Amax (L /*(L — Lag) L3 7).

this subsection. We decomposed the quantity f M — P f, according to the terms in Eq.|17421] The
L?(X, px) norm of f,\ M— Pfi is bounded by the sum of the L?(X, px ) norms of the terms, that

Proof. Under Asm.[3] the excess risk is characterized by Eq.[I6|as we recalled at the bei ginning of

are further bounded in Lemma. |2 I I 5t In particular, for the first term, by writing f A,M in terms of

the linear operators in Def. [2|(see Rem. gi and by multipling and dividing by C M/ \ We have

f/\M SMCMASJVIfP_SMCM)\(S Y- Spr) = (SMG&%AC}\/;,Q,\) (Ch 1/2(5 Y- Spr))

then we bound the norm of the term with the norm of the parenthesis in the decomposition above (see
Rem.[5). By collecting the result above with the bounds in Lemma. [2] 3] ] B} we have

[E(Faar) = inf E(P'? <A+ bibyB +bsC(\ M) + D,

where by = [ S\l be o= Ly L2 bs = (113 7Ly

A= HC’_l/Q(S =St fo)llpx> B = R&*"~ 1HC’;11/<2(C’M — Cy)|l and D := RA". Now note
that by < b3 for any A > 0 since, for any X, 7', bounded linear operators, with 7" positive, by
multiplying and dividing for T the following holds

IXT| < | XTATS T, (24)

and ||T 'T|| < 1, for any A > 0. Since A, B,C(\, M), D will contribute to the rates of the bound,
while b1, b3 are responsible for the numerical constants, we are going to bound the excess risk in
order to collect by, bs in a multiplicative term as follows

1E(Faar) — figf{e(f)ﬁ/? < max(1,by) max(1,b3)(A + B + C(A\, M) + D).

Finally, we further simplify by, b3, in particular we apply Prop. [§]in the appendix, obtaining b3 <
(1 — Bo)~1/2. For by note that,

1/2 1/2 1/2 ~1/2 1/2 ~1/2
1S3 CaaCarAll < 15 Cr CINC ANl < 110 A,

since, ||SMC 1/2 | < ||C1/2 C’Ml<2|| for the same reasoning in Eq. (24). Then we apply Prop.in
the appendix, obtammg by < (1—p51)" L O

In the next subsection, we are going to find probabilistic estimates for terms in the analytic decompo-
sition of the excess risk in Thm. @]

A.3 Probabilistic Estimates
In this section we provide bounds in probability for the quantities 5,S,C of Thm. E| and for the

empirical effective dimension. The notation is introduced in Sect.[A7]] First, we fix the notation on
the random variables used in the rest of the subsection. Recall that 3, S, C are expressed with respect
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to the random variables z := ((z1,41),..., (Zn,Yn)), and w := (wy,...,wps). The associated
sample space is W := Z x QM and Z := (X x R)", with probability measure P := p®" @ 7®M
In particular let Q@ C W be an event, we denote with QQ|w the subset of Z associated to the event @
given w, that is Q|w := {2 | (2,w) € Q}. By denoting p®™ with Pz and 7®M by Py, we recall that

P@ = [ | Po(Qlw)dPoew). es)

Moreover, we recall the following basic facts about F, () and A/()\). We can characterize the upper
and lower bounds for F. (), in particular we have that F,(A) < x*A~! when 1) is uniformly
bounded by £ (see Asm. [3), moreover Fi (A) > N(X) indeed N () is characterized by NV'(\) =

Eu|[(L+ M)~ 24,12, (see Eq., S0

N ) =By [[(L 4+ A1) ™22, < supl[(L 4+ A1) ™20, = Fao(N).
we

A.3.1 Estimates for S(\, M, n)

The next lemma bounds the first term of S(A, M, n) and use a similar technique to the one in [10],
while Lemmalbounds the whole S(A, M, n). Flrst we need to introduce Ajs () that is the effective
dimension induced by the kernel K ;. For any A > 0 define V() as follows,

N]u()\) = TI‘((LM + )\I)_lLM).

In Prop. mln the appendix, we bound N () in terms of the effective dimension A()) that is the
one associated to the kernel K. Prop. [I0|refines the result of Prop. 1 of [16], with simpler proof and
slightly improved constants.

Lemma 6. Let 6 € (0,1], n, M € Nand A > 0. Given wy, ...,wp € €, under Assumptions
the following holds with probability at least 1 — §

. Bk a2 Nar (A 2
1Cy 1/2(S]V[y Sufoll <2 <\An + TJL/[( )> log

Proof. In this proof we bound the quantity under study, by using the Bernstein inequality for sum of

zero-mean random vectors (see Prop. 1n the appendix). Since S Mﬁ =n"t 30 o)y (see
Def.[2) we have

O 2 (Sud — Siut,) = Zcz,

where (1, ...,(, are defined as (; = z; — p with z; := C’A_/[< éar(x:)yi, and p € RM defined as

w=C), 1 25* 1fo, for 1 < i < n. Note that (3, ..., (, are independent and identically distributed

random vectors given wy, . ..,wys, since (z1,41), .. ., (Tn, yn) are assumed i.i.d. with respect to p.
Moreover note that, by definition of f,,

/ orr(2)ydp(z, y) = / ydp(y|z)dpx (z / ori (@) (2)dpx () = S5ty

So, by linearity of the expectation the (;,

Ez; = Oy / orr(@)ydp(z,y) = Crp2Stef, =

which implies that ; = z; — p is a zero-mean random variable for 1 < ¢ < n. Let z be another
random variable independent and identically distributed as the z;’s. To apply the Bernstein inequality
for random vectors, we need to bound their moments. First of all note that for any p > 1

EIGIP = Ellzs - ulP” = Ellzs — E2|?
< Eo Bz — 2P < 2T ELE(lalP + [2]P) = 2B,
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In particular, by applying Asm. [3]and Asm.[d] we have
BAal = [ e ont@iante.) = [ 1C ou@lr [ luPdstula) dox(a)
X

IN

1 _ —
510!02Bp 2/||CM%/<2¢M($)||deX(x)

IN

1
Po B (SupncMi%M( s ) / 1€ % bar () Pdpx

1 2 ( Bk
= Zp/INeE (28
PV I Ne (ﬁ)
where J (A fX||C]\_41§2¢M( )?dpx (x), while ||C];>/\2¢M(ac)|| < k/vXas. is given by

M
1/2 21 o L 2
1C3" ou(@)I° < 5 suplén(@)* = 577 ;ggz:\%(af)

2
_AMZsup e _AMZ swp_ o) < ()

i—1 weR,zeX

where the last step is due to Asm. [3] Finally, to concentrate the sum of random vectors, we apply
Prop. |2 l To conclude the proof we need to prove that J(\) = N (A). Note that, by Rem. |8, we have
that L, = SMSM and Cyy = S% SM, SO

Nu(N) =TrLy Ly = Tr Sy Lyt Su = TrCyCyly,

since Ly = Sy Sy and Sy Ly, S v = Cy Ot Ao BY the the ciclicity of the trace and the definition
of Cyr in Def. 2] we have

Tr CyCifty = /X Tr(¢us (2)dar (z) ' Crfly)dpx (o / 103 bar(2) |2 dpx () = T(N).
O

Lemma 7 (Bounding S(\, M, n)). Let 6 € (0,1/3], n € N and let S(\, M, n) be as in Thm.
point 1. Let B = B + 2Rk*", 5 = 0 + VRK". Under Asm. the following holds with probability

at least 1 — 30
Bk 2N () 2
log =
S(m.n) < ( VT ) 0g 3, 6)

when 0 < X\ < ||L|| and M > (4 + 18F o ())) log =% 12” .

Proof. Let0 < A < ||L| and M > (4 + 18F.(\)) log 125 (the assumption on X, M are necessary
for the application of Prop.[I0). Let @ C W be the event satlsfylng Eq.[26 The goal is to prove that
the probability associated to the event @ is P(Q)) > 1 — 34. Since the quantity S(\, M, n) is defined
in Thm. @ as

SO M,n) = |Co L2 (Siry — St fo)ll + Re¥ 1 Co 2 (Car — Cua),

we are first going to bound in probability the single terms on the rhs, given wy, . . . ,wys, then we take
the union event, and we use this to prove that P(Q)) > 1 — 3¢.

First of all we need to define four other events. Define the event E&, C Z, as the event satisfying

- ~ B Nm (A 2
e (537 - st,,><2< " M( )>1og5. @7)

By Lemma@we know that £}, holds with probability Pz (EL) > 1 — 6 almost everywhere for w.
Then, define the event E2, C Z, as the event satisfying

4k%log 2 42N (X) log 2

1/2 <
1C22" (Cnr = Can)ll < == + »

(28)
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By applying Prop. [5| with v; = 2z; = ¢ar(z;) for 1 < i < n, we have that E2 holds with probability
Py (Ei) > 1 — ¢ almost everywhere for w. Define F,, C Z as the event satisfying

Bk + 2Rg?rH1
Van

Denote with ¢ the right hand side of the equation above and with s1,t1, So, t2 respectively the
lhs and the rhs of Eq. (27), . We have that s; < ¢; and sy < to implies S(A\, M, n) < t,
indeed S(\, M,n) = s; + Rx*""1sy and t; + R~y < t, since log(2/5) > 1. In set terms
(ELNE2) C E,, thatimplies Pz (E,) > Pz(EL N E2), in particular

S\, M,n) <2 < + (0 + Rk™) Mff”) log 2, (29)

]

Pz(Ew) > Pz(E, NEL) > Py(EL) + Pz (EL) — 1> 126,

where we used the fact that for any probability measure P and two events A, B, we have P(ANB) =
P(A)+ P(B) — P(AUB) > P(A) + P(B) — 1. The last event that we need to define is A C QM
satisfying N (A) < 1.5A(A). By Prop.[10] we know that A holds with probability Po(A) > 1 — 4.

Now we characterize the probability of QQ|w when w € A. Denote with ¢ the rhs of Eq defining
E,, and t, the rhs of Eq.[26]defining Q (and so Q|w). When w € A, we have that N (A) < 1.AN(X)
and so tgy < tg. Then, when w € A, we have that S(A\, M, n) < tg implies S(\, M, n) < tq, that
is B, C Q|w,implying that Pz (E,) < Pz(Q|w). By using the expansion of P(Q) in Eq.[25|we
have

P(Q) = /A P (Qlw)dPo(w) + / P (Qlw)dPo(w) > /A P2(Qlw)dPa(w)

M\ A

> [ Pa(Bu)dbaw) = (1-25) [ dPofw) > (1-20)(1-8) 2 1- 35
A A

A.3.2 Estimates for C(\, M)

Lemma 8 (Bounding C(\,m)). Let C(A, M) as in Thm. 4| point 2. Let § € (0,1/2] and A > 0.
Under Asm. |3| following holds with probability at least 1 — 26

C(A,m) < 4Rk* ! AF o (N) log§ n \/)\N(/\)%l}-oo()\)zzr log% -
? — MT M ,

when M > (4 + 18F())) log % andt :=log %
Proof. We now study C(\, M) that is

CO\ M) = R\ LY — Lag) 1P YLy (L — Lag) Ly P22

We are going to bound the two terms in probability, via Prop. [5|and Prop.[6] First of all, we recall
that Foo (N) = supweQHL;l/waH%X and that N'(\) = IEHL;l/wa |2, , indeed by Lemma.

PX’
characterizing L in terms of 1,,, the linearity and the ciclicity of the trace, we have,

NQA) :=Tr(Ly'L) = Tr (L;1 /ww ®1/de7r(w)) = /Tr(Lgl(% ®1y))dm(w)  (30)

=/<wwL;1ww>pX dﬂ(w)=/||L;”2ww||f,xdw(w), 31)

where the last steps are due to the identity Tr(A(v ® v)) = (v, Av) = || A'/?v||? valid for any vector
v and any bounded self-adjoint positive operator A on a Hilbert space.

Define A C QM the event satisfying

—1/2 4y/Fos (AN K2 log 2 4K2N (X) log 2
L5 2( — Lag)) < YT lo8s | [ARN (s
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By the fact that ||-|| < ||-|| s and by Prop. with v; = L;l/wai and z; = v, fori € {1,..., M}
and Q =T = L, T,, = Ly, we know that the event A has probability Po(A) > 1 — 6.
Define B C QM the event satisfying
1+ 7)) | [20F(Y)

3M M

with 7 := log %. By Prop.@ with @ = L and v; = ), fori € {1,..., M}, we know that B has
probability Po(B) > 1 — 6.

_ _ 2
VLYY — Do)z 2] < 21 (32)

Now set E = AN B. When E holds and under the assumption that M > (4 + 18 Fo.())) log %,

we have that the right hand side of Eq. (32)) is smaller than 4/ ﬁj\’;(’\), and n = log 2 + log %, SO
2r—1 oo
4y/Foo (N2 log 2 4k2N (M) log 2 4
C(A,M) S RAl/Q (J\}K 0og 5 4 K Ew) 0g 5 77;]\040(/\) (33)

2\ 1—7r
2\r 2r—1 2—2r 2 4r”
< st [ VAT log ) \/)\N(A) Fuo(A)2~" log 2 (ng A) |

Mr M log %
(34
The event E holds with probability Po(E) > Pq(A) + Pq(B) — 1 > 1 — 2§. We recall that since F

does not depend on z, the probability of F in W is given by the canonical extension £’ = Z x E
whose probability is again P(E’) = Pq(E) > 1 — 24. Finally, we further upper bound in Eq.(33) the

term (log 2)" with log 2 since log 2 > 1,7 € [1/2,1], and 1 + (log %) /(log 2) with log 125 for
the same reasons and the fact that 1 + log 4 = log 4e < log 11. O

A.3.3 Estimates for 3

Lemma 9 (Bounding the norm of Cy). Let § € (0,1]. Under Asm. |3} the following holds with
probability at least 1 — 6,

3
ICall = 11,

2
when M > 32 (HFUTH + /*62) log %.

Proof. Define the event A € QM as the one satisfying

452 2 2K2 2
L — Ly, < —log=—1/—log —.
[ Mmllas < M og 5 Vi 0g5

LIl
using the characterization of Cs, Ls in Rem. [8and the fact that ||-|| s > ||-]|, we have

1Cxmll = 153 Smll = 150 Sl = 1 Laal| = WL = 1L = Lavll]

Note that when w € A and M > 32 (“—2 + n2) log %, we have ||L — Ly||zs < |/L|| and, by

1 3
2 LI = 1L = Lacll 2 [ILI = I1L = Lallars 2 LI = ZILI = Z LI

Now we find a lower bound for the probability of A. Let {; = L — ¢, ® 1, be a random
operator with w; independently and identically distributed w.r.t w and i € {1,..., M }. We have that

L—Ly= ﬁ Zfﬁl (; and E¢; = 0, by the characterization of L in Lemma Denote with £ the

Hilbert space of Hilbert-Schmidt operators on L?(X, px ). Now note that, since it is trace class, ¢; is a
random vector belonging to £, so we can apply Prop. , with T = sup,,cq||L — ¥ ® ol s < 26>
and S = E||(1]|%¢ < %, obtaining that Po(A) > 1 — 4. O

Lemma 10 (Bounding ). Let 6 € (0,1/3], and 8 be as in Thm. @} point 3. Under Asm. |3} the
following holds with probability at least 1 — 30,

B <2,
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when 0 < X\ < 3||L|, and
2 2 42

4 4 2
n> 18 (2+ ;) 1ogT”6, M > 18(2+]~"oo()\))log)% V32 (HLH +n2) log .

Proof. Let 3, 31, B2 be defined as in Thm. @] point 3. To bound 3 in probability, we first bound
(1 and By in probability, and then, under the intersection of the events, we control 5. First of
all, denote with (a) the condition on A, with (b) the condition on n and with (c.1) the condition

M > 32 (ﬁ + ,#) log 2, while with (c.2) the condition M > 18 (2 + Fao())) log %5, Define
the event & C W as the one satisfying 57 < % To bound the probability of F we need an auxiliary

event A € QM that is the one satisfying 2||L|| < ||Ca||. The specific choice of A will be made clear
later. We have

P(E) :/A]P’Z(E|w)dIP’Q(w)+/QM\A

By Prop.[6land Rem. [10] point 3, we know that Pz (E|w) > 1 — 4, for any w, when A < ||C)|| and
condition (b) hold. Note that, when w is in A then 3||L|| < ||C)/|| and so the condition A\ < ||Cy/||
is always satisfied by assuming (a). Then under (azs, (b), we have Py (E|w) > 1 — § when w € A,
and so under the same conditions

P(E) > /AIP’Z(E|w)dIP’Q(w) >(1- 6)/Ad]P’Q(w) =(1-90)Pq(A).

By Lemma |9} Po(A) > 1 — &, when (c.1) holds, so P(E) > (1 — §)Po(A) > (1 —6)>>1—20
when (a), (b), (c.1) hold.

Define Dy C QM as the event satisfying 3, < % By Prop. |§| and Rem. oint 3, we know
that P (Do) > 1 — J, when the condition (c.2) and (a) hold. So the event D := Z x Dy has
probability P(D) = Pq(Dg) = 1 — §, when (c.2) holds. Finally, note that under the conditions
(a), (b), (c.1), (c.2), when the event D N E hold, we have 3 < (2/3)3/2 < 2. The probability of
D N E under the conditions (a), (b), (¢.1), (¢.2) has probability

P(DNE)=P(D)+P(E)—P(DUE) >P(D)+P(E)—1>1-36.

]P’Z(E|w)d]P’Q(w)ZAPZ(E|w)dPQ(w).

A.4 Proof of the Main Result

Here we prove Thm. [T} 2] [3] that are the main results of the paper. In particular the following Thm. [3]
is a general version of the three theorem above, without the need of Assumptions 3} [2]and valid for a
wide range of A\, M. In Thm.[6] we specialize the result of Thm.[5] selecting M in terms of A such
that the upper bound of the excess risk depends only on A and is proportional to the same upper
bound for kernel ridge regression that leads to optimal generalization bounds. Note that Thm. [6]is
again independent of Asm.[5] 2} Finally, Thm. [7)is obtained by Thm.[6] by adding Asm. 5] 2]and
has all the constant explicit. Then Thm. [Tis a specification of Thm. [7] for the simple scenario where
it is only required the existence of f, (that is Asm. ] satisfied with v = 1, Asm. [f]satisfied with
r =1/2 and Asm. with a = 1, see discussion after the introduction of the assumptions). Thm.
is a specification of Thm. [/|for the fast rates (Asm. |Z|is satisfied with = 1), while Thm. El is a
simplified version of Thm.|7|where the constants have been hidden.

Theorem 5 (Generalization Bound for RF-KRLS). Let § € (0, 1]. Let ]?A um be as in Eq. (7). Under
Asm.@when 0 <A< 3|L| and
K2 36r2
n > 18 (2—1— /\) logW,
10852
PY I
with go = 2(2 4+ ﬁ + K2), then the following holds with probability at least 1 — 6,

4Bk n 1652N(N)
Van n

M > 18(qo + Foo(N)) log

feHr

\/E(fx,M) — inf £(f) <2 + €\, M) + R)J”) 1og% (35)
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where B = B + 2Rk, 6 = 0 + 2V Rk,
)\ o )\ 2r—1 o 2—2r _
¢\, M) :=Rs”"! <\/ z\fw( )y \/W(A) Foo%) ) ¢ (36)

M

andt :=log %

Proof. Under Asm. [3] the existence of f3; in Asm.[]and Asm.[6} plus Rem. [6] we have the following
analytical decomposition of the excess risk, by Thm, 4]

E(Faar) = inf E(F)[V? <B(SOAM,m) + CLM) + RA), (37)

where the quantities 3, C(\, M) and S(), M,n) are defined in the statement of Thm. [d] Under
the same assumptions, Lemma 7] [§]and [[0]are devoted to bound in probability the three quantities,
with the help of the concentration inequalities recalled in Section [B] plus some auxiliary results in
Section[D] of the appendixes.

Let 7 := §/9. Define the event D C W as the one satisfying 5 < 2 (see Subsection for the
definition of the sample space W for learning with random features, and the associated probability
measure P). By Lemma we know that the event D has probability P(D) > 1 — 37, when the
following conditions hold

452

Y

(ds) M >18(2+ Fas(N) o 27 (L2 10g 2
v = I T

() 0< A< 2NLI,  (da) n > 18(2+w/A)log

Define the event E C W as the one satisfying

Bk T N(N) 2
S(\ M,n) < 4 (ﬁn + i ) log = (38)

By Lemmawe know that the probability of £ is P(E) > 1 — 47, when the following conditions
hold

12x2
(1) 0 <A< |L|,  (e2) M > (4+18F()\))log A’; .

Define the event G C W as the one satisfying
C(A, M) < €A, M),

By Lemma 8| we know that G holds with probability P(G) > 1 — 27, when the (d; ) and the following

condition holds )
8
(91) M > (4+18Fo (V) log =—.

Finally Eq. (33) is obtained from Eq. (37), by bounding 3 with 2, S(\, M, n) with Eq. (38) and
C(\, M) by €(\, M). So by definition, Eq. (33)) holds under the event D N E'N G and the conditions
(d1),(e1) on A, (d2) on n and (d3), (e2), (g1) on M. The event D N E' N G has probability
P(ODNENG) = PW\(W\D)UW\E)UW\G))

>z 1 - [(A=-PD)) + 1-P(E) + (1-P(G))]

= PD)+PE)+P(G) -2 > 1-9r
Finally note that the conditions on A\, n, M in the statement of this theorem imply, respectively,
conditions (d;), (e1) on A, (d2) on n, and (d3), (e2), (g1) on M. O

Theorem 6 (Generalization Bound for RF-KRLS). Let § € (0, 1]. Let f:\ w be as in Eq. (7). Under
Asm.@ when 0 < A < 3||L|| and

K2 36K2
>18(2+ — |log———
n > 8<+)\>og SV

2r—1 2\ 2—2r 2
M > 4r? (N§A)> (]—'oo()\) log 11; ) V18 (go + Foo(N)) log 105; :
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with qo = 2(2 + ﬁ + K2), then the following holds with probability at least 1 — 6,

\/g(ﬁ’M) - mf e(f) < (f—ﬁn + 62AT/;(/\) + RAT> log ? (39)

Here B = B+ 2Rk, 5 = 0 + 2V RE.

Proof. First we apply Thm. 5] then we add a condition on M with respect to A such that we can
bound €(A, M) with RA". The condition we will consider is the following

(92) M Z 4’€2)\172UN(/\)21)71]:00(/\)2721)75272?0-

Indeed lower bounding with (g5) the occurrences of M in €(\, M), we have

1+4r2—2r 1+4r2—4r 2r
(’:()\7M) < RFLQT_l (\/ A ]:oo(/\) + )\>

427‘,147'72./\/'()\)47‘272rt6r74r272 4K2

)\27' )\27' ,
<R 427‘,{127”—87‘2—4N()\)4T2—2Tt67‘—47‘2—2 + Qpri—4r < RA ’

where the second step is due to Foo (\) < k2/X and 1+ 472 —4r > 0 for r > 1/2, while the last step
is due to the following three facts. First, that 42" A/(A)4"" =2 > 4, since 4r2 —2r > Oonr € [1/2,1]
and, by denoting with (\;(L));>1 the eigenvalues of L, with ||L|| := A1 (L) > Ao(L) > --- >0,
and recalling that 0 < A < 2||L||, we have

M(L) 1Ll
A) == Tr(LL, = 1/2.
N 1= T Z/\ )\_Al(L) AT Y
Second, that t7=4°~2 > 1 since 6r — 472 — 2 > Oonr € [1/2,1] and ¢ > 1, since 0 < A <

||L|| < 3k2. Third, that £27~ 8?4 >land k* % > 1,since 12r — 82 —4>0and4 —4r > 0
onre [1/2,1],k > 1. L]

The following theorem is a specialization of the previous one, under [3} 2]and an explicit relation of
with respect to n.

Theorem 7. Let § € (0,1]. Under Asm. and@ @ EI letp = (2r+~—1)"1%, and

pt1 1+p
n > (2/||L||)% v (264/~eplog (55625~ \/p/#)

1
Ay = n T,
at@r—1)(ty—a) 108k2
M, > cyn 2r 1 ,
V)

with co = 9(3 4 4x” + HLH + %walfﬂ*?”), then the following holds with probability at least
1-4,

N 18 2r
— inf < log? == n 34~ 40
E(fanm,) flgﬂg(f) < alog”—n , (40)
and c; = 64(Bk +5Q + R)2.

Proof. Let A\ = n~ 7+ in Thm. |§|and substitute Fo,(A\) and AV(\) by their bounds given in
Asm.[5][2] Note that to guarantee that n satisfies the associated constraint with respect to X, in Thm.[6]

pt+1

and that A is in (0, 2| L||] we need that n > (3”L”) » and
1+p
2 Sop2
n > (264&2]7 log W) ,
withp = 51— 0

2r4~y—1°
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Note that the theorems in Sect|Z| are corollaries of the theorem above. For the sake of readability, in
contrast to Thm. , the results in Thm. are expressed with respect to 7 := log %. Moreover
in the statement of Thm. [T} 2} [B] the constants and the logarithmic terms are omitted. They can be
recovered by plugging the coefficients detailed in the following proofs in the statement of Thm.[7]

Proof of Theorem[Il This is an application of Thm. [7] with minimum number of assumptions.
Indeed the existence of f; and the fact that |y| < b a. s. satisfies Asm. 4| with 0 = B = 2b. The fact
that X is a Polish space and that 1) is bounded continuous satisfy Asm.[3| and so the kernel is bounded
by 2. Since the kernel is bounded, we have that Asm.is always satisfied withy = 1, Q = x; Asm.

is always satisfied with r = 1/2, R = 1V || fx||2; Asm. is always satisfied with o = 1, F' = k°.

2
In particular we have the following constants ng := 4||L|| =2 Vv (264%;2 log @) ,

4K _
co:=9 (3 + 4K% + ﬁ + /<;4/4) , c1:=8(Br+ark+ 1V | fuln),
with B := 2b + 2,‘6(1 V Hf'HHH) and o :=2b+ 2k4/1V qu.[”q.[ O

. . ) 105627855 | 2
Corollary 1. Under the same assumptions of Thm.\l| if n > || L||=* V (1056 log T) and

An = n~ Y2, then a number of random features M,, equal to

M,, = 2¢cq v/n log (can),

is enough to guarantee that

" 4061
E €& -& < —.
(Fxnnr,) = E(fn) < NG
1 : _ 82V
In particular the constants cy, c1 are as in Thm. |I|and co = -

Proof. In the rest we will denote &£ (f,\n M,) — E(fu). with R(f)\n u,,) and will use the notation
of Sect. Fix §p = %n_l. Denote with E, the event satisfying R(fx, a,) > to, with
to := c1 log % n=1/2,

First, note that M,, > 2co/nlog (&\/%/En), satisfies M,, > ¢ \/ﬁlogw and any n >

Vo785 |

|L||=2 Vv (1056 log L\/gs“b) satisfies n > ng(dg) with ng(d) as in Thm. So, we can apply
Thm.[1] from which we know that F holds with probability smaller than .

Second, by Rem. [f|and Rem. [9] we have that

R(n;c\)\n,]\/jn) = ||SM6]\741,)\§X{§/\_ pr”px 41)
< NSulNCHAMNS AT lrn + 1P Follox 42)
K2b 2k2b
< — < = 4
=7 +b< h Ry, 43)

where we used the fact that || Saz||, Hé\j\‘/lﬂ < K (see Def., that ||5A7[1/\H < AL, that ||7)|? = %Zi,

that f,(x) = E[y|z], that the y’s are bounded in [—b, b], and the fact that k2/\ > 1, by definition of
Ky A

Now, by denoting with 1 the indicator function for F, we have

E R(J?An,Mn) =E ]-ER(}:AH,M”) + E 1Z\ER(J?AW,,MW)-
In particular
E15R(fr,.a1,) < RoE 15 = RyP(E) < Ryby.
For the second term we have

~

E 12 eR(fnm) = B Lgigo <y Rim,) = /O P(R(fx,.0,) > t)dt.
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By changing variable, in the integral above, via t = -k log? 15—8, and using the fact that

Jn
P(R(fx, m,) > % log? 18) < 6, we have

2, [15 log 18

tO ~
/’MMhMm>wm:—f
0

P <R(ﬁmMn) > L og? 18> o

v Js, 0 Vvn 1)
2¢; (18 18
< — log —do
vn s, Y
2¢1 18 36¢1
= — (18— (1+log— < —.
\/ﬁ( 0(+Og5o)> -~ Vn
So finally we have
-~ 3661 4001
ER < Ryd = —.
(fan.m,) < Rodo + NN

O

Proof of Theorem[2l This is an application of Thm. [7] where assumption Asm. [2)is satisfied with
F = k% and a = 1. Indeed the existence of f3; and the fact that |y| < b a. s. satisfies Asm. 4| with
o0 = B = 2b. The fact that X is a Polish space and that 1 is bounded continuous satisfy, Asm. [3] and
so the kernel is bounded by 2. Since the kernel is bounded, we have that Asm. is always satisfied
with @ = 1, F = k2. Asm.[d]and Asm.[6are directly satisfied by Asm.[I] In particular we obtain

1+
no == (Q/HLH)%I Vv (264/{21) log(556n2571\/ﬁ)) p’

o AP R o B 1 = 2
co: =93+ 4k +m+ 1 Q , 61:264(B’§+0Q+R) ’
with B := 2b + 2xR and & := 2b + 2xkV/R. O

Proof of Example 2} By definition of 1, 75 we have

/ws(x,w)ws(x’,w)dws(w) = /ql)(x,w)\/css(w)ws(x’,w)\/CSs(w)Cs%(w)dw(w)
~ [vewn winw) = K2

Now we show that v, 7w, achieves Foo(A) = MN(A). By recalling that s(w) =
[(L+A)~Y2¢(-,w)||;2, we have

Foo(A) = sup|[(L + A1) 2, (w) 5, = Cs sup s(@) | (L + A1)~ 24(, w)I7
weR weN

= Cosup||(L+ A1)~ 2 (L )2 (L + AD720(w), = C.
weN

We recall that C;, = [ —*~dr. Denoting with 1, the function 9(-,w) and considering that
s(w)

| Az||,, = Tr(A%(z ® z)) for any bounded symmetrix linear operator A and vector v, and that the
trace is linear,

FoolN) = Co= L4 AD) 202 dn(e) = [ TH(L 4 A (0 b))
=Tr ((L +AN)71 /(% ® 1/Jw)d7T(w)> = Tr((L+ M)"'L) = N(\).
where the fact that L = [ 9, ® 1,dr(w) is due to Lemma O

Proof of Theorem[3 This is a version of Thm. [7} with simplified set of assumptions. Indeed the
existence of fy, and the fact that |y| < ba. s. satisfies Asm.[d] with 0 = B = 2b. The fact
that X is a Polish space and that ¢ is bounded continuous, satisfy Asm. [3] and so the kernel
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2. Asm.[d] and Asm. [6 are directly satisfied by Asm.[I]In particular we obtain

1+
=@/ v (2642 10g(556n25’1s/p/<;2)) "

is bounded by «

4 _
co :=9<3+4m +m+ Q” PP 2T), ¢1 = 64 (Br +5Q + R)’

with B := 2b + 2k R and & := 2b + 2kVR. O

B Concentration Inequalities

Here we recall some standard concentration inequalities that will be used in Sect. The following
inequality is from Thm.3 of [31]] and will be used in Lemma[I0] together with other inequalities, to
concentrate the empirical effective dimension to the true effective dimension.

Proposition 1 (Bernstein’s inequality for sum of random variables). Let x1,. .., 2, be a sequence of
independent and identically distributed random variables on R with zero mean. If there exists an
T, S € R such that x; < T almost everywhere and Ex? < S, fori € {1,...,n}. Forany § > 0 the

Jfollowing holds with probability at least 1 — §:

2T'1 25 log &
D

If there exists T' > max; |x;| almost everywhere, then the same bound, with T' instead of T\, holds
for the for the absolute value of the left hand side, with probability at least 1 — 26.

Proof. Ttis arestatement of Theorem 3 of [31]]. O

The following inequality is and adaptation of Thm. 3.3.4 in [32] and is a generalization of the previous
one to random vectors. It is used primarily in Lemma[6] to control the sample error. Moreover it is
used in Prop. Lemma([I0] to control the empirical effective dimension and to bound the term /3 of
Thm. [4] in the main theorem. Finally it is used to prove the inequality in Prop. 3]

Proposition 2 (Bernstein’s inequality for sum of random vectors). Lef z1, ..., 2z, be a sequence of
independent identically distributed random vectors on a separable Hilbert space H. Assume p = Ez;
exists and let o, M > 0 such that
1
Ellz — pllfy < plo*MP72, V¥p > 2,

foranyi € {1,...,n}. Then foranyé € (0,1]:
- 2M log 2 N 202 log %
o n n

Proof. restatement of Theorem 3.3.4 of [32]]. O

n

13

i=1

H
with probability at least 1 — 0.

The following inequality is essentially Thm. 7.3.1 in [33] (generalized to separable Hilbert spaces
by the technique in Section 4 of [34]). It is a generalization of the Bernstein inequality to random
operators. It is mainly used to prove the inequality in Prop. [6]

Proposition 3 (Bernstein’s inequality for sum of random operators). Let H be a separable Hilbert
space and let X1, ..., X, be a sequence of independent and identically distributed self-adjoint
positive random operators on H. Assume that there exists EX; = 0 and Anax(X;) < T almost
surely for some T > 0, forany i € {1,...,n}. Let S be a positive operator such that E(X;)? < S.
Then for any ¢ € (0, 1] the following holds

2TB 2|58
NI
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with probability at least 1 — . Here 8 = log nglg.

If there exists L' such that L' > max;|| X;|| almost everywhere, then the same bound holds with L'
instead of L for the operator norm, with probability at least 1 — 20.

Proof. The theorem is a restatement of Theorem 7.3.1 of [33]] generalized to the separable Hilbert
space case by means of the technique in Section 4 of [34]. O

C Operator Inequalities

Let H, KC be separable Hilbert spaces and A, B : H — H bounded linear operators.

The following inequality is needed to prove the interpolation inequality in Prop.[J] that is needed to
perform a fine split of the computational error.

Proposition 4 (Cordes Inequality [35]). If A, B are self-adjoint and positive, then

|A°B?|| < [|[AB||® when0<s<1

D Auxiliary Results

The next proposition is used in Lemma[7]to control the sample error. It is based on the Bernstein
inequality for random vectors, Prop.

Proposition 5. Let H, K be two separable Hilbert spaces and (v1,21), . .., (Un, 2n) € H X K, with
n > 1, be independent and identically distributed random pairs of vectors, such that there exists
a constant k > 0 for which ||v||7.[ < kand ||z||n < Kk almost everywhere. Let Q = Ev @ v, let
T=Ev®zand T, =23 v; ®z2. Forany0 < X <||Q| and any T > 0, the following holds

n

4y Foo(M)rlog 2 N 4k2N'(\) log 2

(Q + AD) VAT = Tp) |l ms < -

with probability at least 1 — T, where ess sup denotes the essential supremum and

Foo(A) i=esssup [[(Q +A)"Y20[2, N () == Tr((Q + M) 'Q).
vEH
In particular, we recall that N(\) < Foo () < “7

Proof. Define for any i € {1,...,n} the random operator ¢; = (Q + A)~/?v; ® z;. Note that

E¢; = (Q 4+ AI)~'/2T. Since (; is a vector in the Hilbert space of Hilbert-Schmidt operators on #,
we study the moments of ||(; — E(;|| s in order to apply Prop. 2} We recall that

esssup||¢; — EGl|ns < esssup||Gillms + E[[Gillns < 2esssup||(ifus
= 2esssupl|(Q + A1) 7?0 ® 2| s < esssupl[(Q + AL~ ;5| 2l
< 2esssup||(Q + M)~ 2v; |3 esssup||zillx = 2Fs0 (V)25

For any p > 2 we have
EI¢ — EGllys < (ess supl|¢; — EGIP"*)(E |G — EGllrs)
< (2FWN)2R)PE)G — EGl s
Now we study E||¢; — EG||% s
E|¢ — EGillirs = Tr(EG © G — (EG)?) < Tr(EG @ )

=E [z Te((Q + A1) ™* (v @ 0:)(Q + A)™1/?)
< esssup|zilli ETr((Q + M) ~"2(v; @ v:)(Q + AI) ™)
< esssuplzi| & Tr((Q + AD™V2E(v; © 0)(Q + A1) H?)
< K2Tr((Q 4+ M) 7EQ) = K2N(N),

28



for any 1 < i < n. Therefore for any p > 2 we have
1 2 - _
E|G — BGls < 5p1V262N () (2Fs(N)!/20)7 2.
Finally we apply Prop. 2} O

The following inequality, together with Prop. [8] is used in Prop. [I0] Lemmas [I0] [§] A similar
technique can be found in [36].

Proposition 6. Let vy, ...,v, withn > 1, be independent and identically distributed random vectors
on a separable Hilbert spaces H such that Q = Ev ® v is trace class, and for any A > 0 there
exists a constant Foo(X) < oo such that (v,(Q + M) ~'v) < Fuo(\) almost everywhere. Let
Qn = %Z?:l v; @ v; and take 0 < X\ < ||Q||. Then for any 6 > 0, the following holds with
probability at least 1 — 26

20(1+ Foc(N) | [28F(N)

3n n ’

1(Q + M)™Y2(Q — Q) (Q + M) Y2 <

where 8 = log 4T’ Q

. Moreover, with the same probability

2%, 57

n n

Amax ((Q+ADT2(Q = Qu)(Q+ADT2) <

Proof. Let Q) = @Q + M. Here we apply Prop. on the random variables Z;, = M — Q;l/ 20 ®

Q;l/gvi with M = Q;l/QQQ;\l/Z for 1 < i < n. Note that the expectation of Z; is 0. The random
vectors are bounded by

105 2QQ 1 — Q3 i @ Q) Puill < (vi, Q3 o) + Q5 ?QQN 2| < Fas(V) +1,
almost everywhere, for any 1 < ¢ < n. The second order moment is
E(Zz-)z =E (v;,Q5'v:) Q) Pu QP — Q2Q?
FaoMEQY?v: @ Q) v; = Fue(NQ = 8,
for 1 < i < n. Now we can apply Prop.ﬁ Now some considerations on 3. It is 8 = log 2@7‘5 =

2TOUQ oy Tr Q5 LQ < L Tr Q. We need a lower bound for [|Q} Q)| = -2
”Q;lQ”&,HOW r A Y . € need a lower bound 10r A

is

Y where o1 = || Q]

>1/2andso 8 < log@% < 10g41):%Q.

For the second bound of this proposition we use the second bound of Prop. [3] the analysis remains
the same except for uniform bound on 71, that now is

X 2

sup (. 21f) = sup (£.051Q1) = (1.3 ") < sup (1.05'Qf) <1

fern
O

In the following remark, we start from the result of the previous proposition, expressing the conditions
on n and A\ with respect to a given value for the bound.

Remark 10. With the same notation of Prop. @ assume that ||v|| < k almost everywhereﬂ then we
have that

- foranyt € (0,1}, when n > & (5 + Foo (V) log 55

, we have

Amax ((Q+ADTV2(Q = Qu(Q+AD ™) <4,

with probability at least 1 — 6.

30r equivalently define x? with respect to Foo (A) as 5% = infaso Foo (A)([|Q]| + ).
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2. The equation above holds with the same probability with t = 1/2, when gni log 55 <A<
Q| and n > 40552 V 67x2 log .

3. The equation above holds with thezsame probability with t = 1/3, when % log 4% <A<
Q| and n > 4052 v 67r? log %;.

The next proposition, together with Prop. |10]are a restatement of Prop. 1 of [[16]. In particular the
next proposition performs the analytic decomposition of the difference between the empirical and the
true effective dimension, while Prop. |10} bounds the decomposition in probability.

Proposition 7 (Geometry of Empirical Effective Dimension). Let £ be an Hilbert space. Let
L, Ly : L — L be two bounded positive linear operators, that are trace class. Given A > 0, let

NA) =Tr(LLy") and N(A)=Tr(LyLy, ),
with Ly = L + \I. Then

_ 2
A = O] < 2N + 12
where ¢(A) = Amax(B), d(\) = ||Bllus with B = LY*(L — La)Ly"? and e(\) =

Tr(Ly 2BLY?).

Proof. First of all note that )\max(é), the biggest eigenvalue of \p,,x, is smaller than 1 since B
is the difference of two positive operators and the biggest eigenvalue of the minuend operator is

HL;l/QLL;l/ZH = % < 1. Then we can use the fact that A(A+\I)~1 = T —A(A+\I)~!

for any bounded linear operator A and that LX;’ \ = L;l/ (I-B )_1L;1/ ? (see the proof of Prop. ,

since A\pax(B) < 1, to obtain

W) = N = | Tr(LypyLar = LN = N Tr(Lygy = L] = [NTe(Liygy (Las = L)LY
= NTe(L (1 = B) 'Ly (L~ D)LY PL)
= [ATe(Ly*(1 — By BL %)

Considering that for any bounded symmetric linear operator X the following identity holds

(I-X)"'X=X+X(I-X)'X,
when A\pax (X) < 1, we have
N Te(Ly Y21 = By ' BLY?) < A\ Te(Ly Y BLY?) | + A Te(Ly Y/ B(I — B) "' BL 7).

A B

The term A is just equal to Ae(A). Now, by definition of Hilbert-Schmidt norm, the term B can be
written as B = ||)\1/2L;\1/23(I — B)~'/?||3, thus we have

B = |N2LIPB(I = B) ks < INPLY PP IBIRs (T = B) 72 < (1—e(V) 1),

since ||(1 — B)~'/2||? = (1 — Amax(B)) ™! because the spectral function (1 — o)~ is increasing
and positive on [—o0, 1). O

The next result is essentially Prop. 7 of [[16], while a similar technique can be found in [36]. It is
used, mainly together with Prop.[6] to give multiplicative bounds to empirical operators. It is used in
the analytic decomposition of the excess risk, in Prop. [7] Thm. 4]

Proposition 8. Let H be a separable Hilbert space, let A, B two bounded self-adjoint positive linear
operators on H and \ > 0. Then

I(A+ADT2BY2 < [(A+ AD) V2B 4+ ANV < (1-8)~/2
with
B = Amax [(B+A)"V2(B — A)(B + AI)—l/ﬂ ,

Note that < %’ﬂ\ < 1 by definition.

30



Proof. Let By = B + AI. First of all note that < 1 for any A > 0. Indeed, by exploiting the
variational formulation of the biggest eigenvalue, we have

B = Anax(By (B - A)B?) = sup (BB - A)B VA
FEH,|Iflln<
= sup <f, B,\_l/QBB;UZf> _ <f, B/\_l/QAB/\_l/Qf>
FEH,|flln<
< sup <f7 B;l/zBB;1/2f> — (B V2BBY)
FeR | flln<
)‘max(B)

1

)

= (B + A
since A is a positive operator and thus <f, B;1/2A3;1/2f> > 0 for any f € H. Now note that
(A+ AL =[(B+ ) —(B-A)]"

_ [31/2 (1 — B V(B - A)B;l/z) Biﬂ o

-1
_ B/\_l/2 {I—B;1/2(B—A)B/\_1/2} B;1/2.

Now let X = (I — By '/*(B — A)B; '/*)~!. We have that,

I(A+AD)7Y2B)?|| = | BY(A+AD) 7 B2 V2 = || x|/
because || Z|| = || Z* Z||*/? for any bounded operator Z. Note that
I(A+ADTV2BY2| = |[(A+ AD)7V2BY2 B2 BY2| < ||(A+ AD)7V2BY || By 2 B2

< IXIMRNB B < X
Finally let Y = B;l/z(B - A)B/\_l/Q, we have seen that 8 = Ayax(Y) < 1, then
X1 =117 = Y)7 = (1 = Amax(Y)) 1,

since X = w(Y) with w(o) = (1 — o)~! for —0o < o < 1, and w is positive and monotonically

increasing on the domain. O

The following proposition is used to give a fine analytical decomposition of the excess risk in Prop.
Thm.[d] A similar interpolation inequality for finite dimensional matrices, can be found in [37]]. Here
we prove it for bounded linear operators on separable Hilbert spaces.

Proposition 9. Let H, IKC be two separable Hilbert spaces and X, A be bounded linear operators,
with X : H — K and A : H — H be positive semidefinite.

IXA7| < | X7 XAl7,  Voe[o,1]. (44
Proof.
o o * Lo 4ot * 1 z
[X A% = [[A7(X*X)=7A7][> < A(X"X)~ A2 (45)
where the last inequality is due to Cordes (see Proposition . Then we have that (X*X )% <
2(1—0)

| X~  X*X (where < is the Léwner partial ordering on positive operators) and so

2(1—0)

AX*X)7 A< X" 7 AX*XA

that implies
* 1 & —o * = —o o
A X)7 AT < [IX[' 77 AX X A% = | X' 77| X A (46)
O

In the next proposition, we bound A7 () in terms of the effective dimension A/(\) that is the one
associated to the kernel K. The proof of Prop. [I0] analogous to the one of Prop. 1 of [16], with
simpler proof and slightly improved constants.
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Proposition 10 (Bounds on the Effective Dimension). Let N (AN =TrL Mijl \ Under Assump-

tion[3] for any § > 0, X\ < | L] and m > (4 + 18F s () log 1267,
probability at least 1 — 6,

NA) =NV < e(A,m, HN(X) < 15N (N),

. 4F o (M) lo,
W”hc()\’m,(s):j\f?/\)-ﬁ-m-&-g( T(A —i—\/») andq—%

Proof. First of all we recall that N'(\) = Tr Lyy Ly, and that N'(\) = Tr LLy". Let 7 = 6/3. By
Prop. [7]we know that

. d(N)? Ae(N)
O =01 < (g + 3w ) 4
where ¢(A) = Amax(B), d(A\) = ||B|lus with B = L;"*(L — Ly)L;"? and e()) =

| Tr(L _1/QBL_1/2)\ Thus, now we control ¢(A), d(A\) and e(\) in probability. Choosing m such

that m > (4 4 18F (X)) log 4=, Prop. |§|guarantees that ¢(\) = Amax(B) < 1/3 with probability
atleast1 — 7.

To find an upper bound for Ae(\) we define the i.i.d. random variables 7; = <1/le. , AL;wai >pX €

R with i € {1,...,m}. By linearity of the trace and the expectation, we have M = En; =
E (Y, ALY Y, ), = ETr(ALY 0, ® ¢, ) = ATr(LyL). Therefore,

Ae(A, m) = ’)\Tr(L;”QBL;l/Q)‘ -

ATr <LA1LLA1 - %Z(L;lwwi) ® (Lf%)) ’

Z|;Zm.

By noting that M is upper bounded by M = Tr(ALy L) = Tr((I — Ly'L)Ly L) < N(N), we
can apply the Bernstein inequality (Prop. [I)) where 7" and S are

= |Tr (\Ly'LL}") ——Z(%,AL Vi),

sup [M = | S LIS P4 M S Foc () + N < 2P () = T,
w

E(m — M)?* =Eni — M? <Enf < (sup Im|)(Em) < Fao(MAN(A) = 5.
we

Thus, we have

AT Ly VPBLY?) <

)

4F o0 (A)log 2 N \/Qfoo(A)N()\) log 2

3m m
with probability at least 1 — 7.

To find a bound for d()\) consider that B = W — LS~ | ¢ where (; are i.i.d. random operators

defined as ¢; = L} "/ (¢, ® ¢, )Ly /? € Lforalli € {1,...,m},and W = E¢, = L;'L € L.
Then, by noting that [|[W| gs < ETr(¢1) = N (A), we can apply the Bernstein’s inequality for
random vectors on a Hilbert space (Prop.[2) where T" and S are:

W = Gillis < I1L3 a2 + 1Wilis < Fao) + [Wilis < 2Fc(d) =T,
Ell¢y = WI* = ETe(¢f — W?) <ETr(¢}) < (SEBIIQII)(ETY(Q)) = Fo(MN(A) = 5,

obtaining

d(\) = ||B <
(A) =|Bllus < -

AFNlog? \/ AF (NN (A) log 2
m
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with probability at least 1 — 7. Then, by taking a union bound for the three events we have

~ q [ 3q 3 3q ’

with probability at least 1 — §, where ¢ = M. Finally, if m > (4 + 18F())) log 1?\'32 ,

3Im

then we have ¢ < 2/27. Noting that N'(\) > ||LL,"| = Hgﬂx\ > 1/2, we have that

IN(A) = N(N)| < 155N ().

E Examples of Random feature maps

A lot of works have been devoted to develop random feature maps in the the setting introduced above,
or slight variations (see for example [[13} 38| 20} 25/ 139,140l 41} 42} 43 |44]] and references therein).
In the rest of the section, we give several examples.

Random Features for Translation Invariant Kernels and extensions [13} /38,41, 44] This ap-
proximation method is defined in [13]] for the translation invariant kernels when X = R, A kernel
k : X x X — R is translation invariant, when there exists a function v : X — R such that
k(x,z) = v(x — %) forall z,z € X. Now, let ¥ :  — R be the Fourier transform of v, with
Q= X x [0,2x]. As shown in [13]], by using the Fourier transform, we can express k as

k(z,z) =v(z—2) = /qu(w,:v)w(w,z)ﬁ(w)dﬂ, Vo, z € X,

with 7 proportional to 9, ¥(w,z) = cos(w'z + b) and w := (w,b) € Q, * € X. Note that
X, Q, m, 1 satisfy Assumption 3]

In [38], they further randomize the construction above, by using results from locally sensitive
hashing, to obtain a feature map which is a binary code. It can be shown that their methods satisfy
Assumption [3|for an appropriate choice of Q2 and the probability distribution 7.

[411144]) consider the setting of [13], but [41] selects w1, . . . , wy, by means of the fast Welsh-Hadamard
transform in order to improve the computational complexity for the algorithm computing K, while
[44] selects them by using low-discrepancy sequences for quasi-random sampling to improve the
statistical accuracy of K, with respect to K.

Random Features Maps for the Gaussian Kernel, which are functions in 7{. This set of random
features is related to the deterministic polynomial features in [45]. Let X = [0,1]¢ and = N9. Let
o > 0. We have

0—_2 Z]' wj

d
_ /2 fﬁnxnzn w; _ o
Y(w,x) =C%e 2 j:1;z;j, W(w)_Cwll...wd!’
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where C is the normalization factor C' = e <. Indeed by Taylor expansion of the exponential
function and of the power of a multinomial, we have

2 2 2t
e S le—a I — o= (el +1e'1?) g0z 7 — o= % (lel>+la 1) S 2 (T
|

t>0

— o= UelP 21 Z Z%

t>0
5 2t d
— e el ) ST § H
¢! .
t>0 Wi twa=t ¥ j=1
2t | 2 d 2 d
-y ¥ _ Ut orz2e-lal? [T+ | | c/2e 511 T o
| | | J J
= Ct! s Ty 1w il i

= 3 b, w)rw).

weNd

Note that it is possible to sample from 7 in the following way. By the steps above it is clear that a
sample from 7 can be obtained by first sampling ¢ from a Poisson distribution with parameter o->d
and then sampling wy, . . . ,wy from a multinomial distribution with probability p; = --- = pg = 1/d
and number of trials ¢.

Finally note that ¢)(w, -) is in H, the RKHS induced by the Gaussian kernel (to prove it apply Prop. 3.6
of [46] with b, = J,—(,,,....w,) and note that e, is exactly a multiple of 9 (w, -)). Additionally

note that Supw,x ‘QZ}(UJ,{EN < oo and moreover ||1l)(w7)||7_£ < oo for any w c Nd' However
g, 00|90 (W) +) [ = 00

Random Features Maps for Dot Product Kernels [39, /40, [43] This approximation method is

defined for the dot product kernels when X is the ball of R4 of radius R, with R > 0. The considered
kernels are of the form k(z,z) = v(z ' 2) forav : R — R such that

= Zcptp, with ¢, > 0Vp > 0.

[39], start from the consideration that when w € {—1,1}¢ is a vector of d independent random
variables with probability at least 1/2, then E ww " = I. Thus

Ep (z'w)(z"w) =Ez" (ww")z =2 "E(ww )z=21"z,

and (2" z)P can be approximated by g(W,,, z) " g(W,,, 2) with g(W,, ) = [[}_, 2 "w; and W), =

(w1, ...,w,) € {—1,1}P*¢ a matrix of independent random variables with probability at least 1/2.
Indeed it holds,
P p P
Ew, g(Wp,2)g(Wp, 2) = Ew, H (xTwl H z w;) = H (xTwi)(szi)
= i=1 i=1

P

= H By, (" w;)(z w;) = H 'z = (z'2)P.

=1

Therefore the idea is to define the following sample space 2 = Ny x (U;OZ1 TP) with TP =
{—1,1}P*4, the probability 7 on  as 7(p, W) = mn(p)m (W, |p) for any p, q € No, W, € T with
m(p) = 77:1 foraT > 1 and (W, |p) = 27745, and the function

Y(w,z) =/ cpmPTHT = 1)g(Wy,x), Yw = (p,W,) € Q
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where w; is the i-th row of W, with 1 < 7 < p. Now note that Eq. (6) is satisfied, indeed for any

r,z € X
/1/}wx Y(w, z)

/ Cpg(Wpa x)g(va Z)dde(Wq |p)
Nox (UpZ
= Z Cp ]Eng(WIN I)g(Wim Z)

p=0

=S 6 (@2 =v(a"2) = K(z,2).

Now note that Assumptionis satisfied when v(7R2d) < oo. Indeed, considering that (z T w)? <
l|lz)|?||w||* < R?d for any x € X and w € {—1,1}%, we have

sup |¢(w, z)* = sup TP HT = 1) gp (W, ) gp (W, 2)
weN,xeX pENg,W,eTP xcX
P
= sup ¢,7PT (1 —1)  sup 1_[(96—'—101-)2
reNop WyeT? ze€X
o0
< sup ¢, 7P (7 — 1)(R%*d)?

pENg p=0

__T 2
= 7__11;(7']% d).

[40l i43]] approximate the construction above by using randomized tensor sketching and Johnson-
Lindenstrauss random projections. It can be shown that even their methods satisfy Assumption 3] for
an appropriate choice of €2 and the probability distribution 7.

Random Laplace Feature Maps for Semigroup invariant Kernels [42] The considered input
space is X = [0,00) and the considered kernels are of the form
K(z,z) =v(x+2), Vr,z€X,

and v : X — R is a function that is positive semidefinite. By Berg’s theorem, it is equivalent
to the fact that ¥, the Laplace transform of v is such that ¥(w) > 0, for all w € X and that
[ ¥  O(w)dw =V < oco. It means that we can express K by Eq. (6), where 2 = X, the feature map is
P(w, a:) =VVe '@ forallw € Q,z € X and the probability density is m(w) = ”(‘f). Note that
Assumption[3]is satisfied.

Homogeneous additive Kernels [47] 1In this work they focus on X = [0,1]? and on additive
homogeneous kernels, that are of the form

d
= Zk(azl,zz), VCC,Z € (RJr)d,

where k is an y-homogeneous kernel, that is a kernel k on R™ such that
k(cs,ct) = c"k(s,t), Ve, s,t € RT.

As pointed out in [47], this family of kernels is particularly useful on histograms. Exploiting the
homogeneous property, the kernel k is rewritten as follows

k(s,t) = (st)2v(logs —logt), Vs,t€R" with o(r)=k(e"/?,e"/?), VreR.
Let © be the Fourier transform of v. In [47]], Lemma 1, they prove that v is a positive definite

function, that is equivalent, by the Bochner theorem, to the fact that 9(w) > 0, for w € R, and
Jo(w )dw <V < co. Therefore k satisfies Eq. @wnh Q = Rx 0, 27], a feature map 1o ((w, b), s) =

VVs% cos(b 4 wwlog s), with (w,b) € Q and a probability density 7o defined as mo((w, b)) =

@U (b) for all w € Q, where U is the uniform distribution on [0, 27r]. Now note that K is expressed
by Eq. [6] with the feature map 9(w,x) = (Yo(w,x1),...,%(w,x4)) and probability density

m(w) = Hle mo(w;). In contrast with the previous examples, [47] suggest to select wy, . . . , wy, by
using a deterministic approach, in order to achieve a better accuracy, with respect to the random
sampling with respect to 7.
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Infinite one-layer Neural Nets and Group Invariant Kernels [25] In this work a generalization
of the ReL.U activation function for one layer neural networks is considered, that is

Y(w,z) = (W' r)Plw'z), VweQreX

for a given p > 0, where 1(-) is the step function and 2 = X = R?. In the paper is studied the kernel
K, given by Eq.[6| when the distribution 7 is a zero mean, unit variance Gaussian. The kernel has the
following form

1
K(z,2) == —[la|”||z][P Jp(0(z, 2)), Va,z € X.

where J,, is defined in Eq. 4 of [25] and 6(z, z) is the angle between the two vectors x and z.
Examples of .J,, are the following

J()(@) =1-0

J1(0) =sin€ + (7 — 6) cos

Jo(0) = 3sinfcos® + (7 — 0)(1 + 2cos? 0).
Note that when X is a bounded subset of R then Assumptionis satisfied. Moreover in [25]] it is
shown that an infinite one-layer neural network with the ReLU activation function is equivalent to
a kernel machine with kernel K. The units of a finite one-layer NN are obviously a subset of the

infinite one-layer NN. While in the context of Deep Learning the subset is chosen by optimization, in
the paper it is proposed to find it by randomization, in particular by sampling the distribution 7.
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