A DC Proximal Newton Algorithm

Algorithm 1 DC Proximal Newton Algorithm

Input: 6%}, Atgts B35 €
Warm Initialization: 011} « ProxNewton (1%}, A, ¢), K + 1
Repeat:
INCSEV I I if\ej”\ > BAgt
7 Mges i 03] < B
t+ 0,00 = piK}
Repeat:
61+ argmin, Q(6; M), \E+1})
t—t+1
Until Wr{K+1} (e(t)) <e
PUE+HY  p)
K+ K+1
Until Convergence
Return: 91K}

Algorithm 2 Proximal Newton Algorithm (ProxNewton)

Input: 00, Ay, e
Initialize: ¢ < 0, \j < Aggp, ¢ 0.9, 0 1
Repeat:
0(+2) « argmin, Q(0; 0, \)
AOD — gt+3) _ ()
= VL(OD) - A0D 4+ [N o (00 + A00) ||, — ||A @ 6],
N 1,0
Repeat:
e < pe
qg+—q+1
Until ), (6 +n,A0®)) < Fy (09) + amyye
O+ — ) 4 AGM®)
t—t+1
Until w) (01) < ¢
Return: 6(*).

B Active Set Proximal Newton Algorithm

We first provide a brief derivation of the quadratic approximation (4) into a weighted least square
problem. For notational convenience, we omit the indexes { K'} and (t) for a particular iteration of a
stage. Remind that we want to minimize the following ¢; regularized quadratic problem

A = argmin E(A)-l—||)\®(9—|—A)H17 @)
A

where £(A) = ATVL(0) + LATV2L(0)A. For GLM, we have

RS T T )2
£06) = 5, 20l ) = a0
where 1 is the cumulant function. Then we can rewrite the quadratic function in subproblem (7) as
an iterated reweighted least squares [10]:

~ 1 n 1 n
LA) =5 > 2(yi = (2] 0) 2l A+ 9" (2] 0)(x] A = —— > wi(z — x] A)? + constant,
i=1 i=1

n-
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R / T . . .
where w; = " (x] 0), z; = %(%)6), and the constant term does not depend on A. This indicates

that (7) is equivalent a Lasso problem with reweighted least square loss function:
~ R
A:arggnn %;wi(zifxiTA)2+\|)\®(0+A)||1. (8)

By solving (8), we can avoid directly computing the d by d Hessian matrix in (7) and significantly
reduce the memory usage when d is large.

We then introduce an algorithm for solving (8) leveraging the idea of active set update. The active set
update scheme is very efficient in practice [10] with rigid theoretical justifications [43]. The algorithm
contains two nested loops. In the outer loop, we separate all coordinates into two sets: active set and
inactive set. Such a partition is based on some heuristic greedy scheme, such as gradient thresholding
(also called strong rule [31]). Then within each iteration of the middle loop, the inner loop only
updates coordinates in the active set in a cyclic manner until convergence, where the coordinates in
the inactive set remain to be zero. After the inner loop converges, we update the active set based on
a greedy selection rule that further decreases the objective value, and repeat the inner loop. Such a
procedure continues until the active set no longer changes in the outer loop. We provide the algorithm
description as follows and refer [43] for further details of active set based coordinate minimization.
We use (p) and (1) to index the outer loop and inner loop respectively.

Inner Loop. The active set .4 and inactive set A are respectively set as
A {j10; #0} ={j1,42,-.,js} and AL < {j|j ¢ A},
where j; < jo < ... < js. A coordinate-wise minimization of (8) is performed throughout the

inner loop. Specifically, given 6(P-!) at the I-th iteration of the inner loop, we solve (8) by only
considering the j-th coordinate in the active set and fix the rest coordinates in a cyclic manner for all

j = j17j2a s 7js’ i'e"
~ 1 &
Aj = ar%mm o Zwi(zl — ] A2 4 N0 + A )
g i=1
Then we update 95.” D 0§.p Dy ﬁj. Solving (9) has a simple closed form solution by soft
thresholding. Given a thresholding parameter 7 € (0, 1), we terminate the inner loop when
0P+ — gDy < 7.

Outer Loop. At the beginning of the outer loop, we initialize the active set .A(®) as follows

A G VL00)] > (1= v)A U {j |67 £ 0},
where V;£(0()) is the j-th entry of VL(0(?)), v € (0,0.1) is a thresholding parameter, and the
inactive set is Af) ={jlj¢ AO},

Suppose at the p-th iteration of the outer loop, the active set is .A(?). We then perform the inner loop
introduced above using .A(®) until the convergence of the inner loop and denote 1) = §(P:1) the
output of the inner loop. Next, we describe how to update the active set .A(®) using the following
greedy selection rule.

e We first shrink the active set as follows. The active coordinate minimization (inner loop)
may yield zero solutions on A(P). We eliminate the zero coordinates of #(**+1) from A®),
and update the intermediate active set and inactive set respectively as

AP (j e AP |9 20} and ATTE  (j]j ¢ APT),
e We then expand the active set as follows. Denote
@ = argmax |V;L£(0PFD)].
jearts)
The outer loop is terminated if
IV LOPTD)] < (1+ ),

where § < 1 is a real positive convergence parameter, e.g., § = 107°. Otherwise, we update
the sets as

APTD o A@+2) (P} and AP A(er%)\{j(p)},
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C Proofs of Main Results

We provide proof sketches for the main results of Theorem 4 and 5 in this section.

C.1 Proof of Theorem 4

We provide a few important intermediate results. The first result characterizes the sparsity of the
solution and an upper bound of the objective after sufficiently many iterations as follows.

Lemma 8. Suppose that Assumption 1 ~ 4 hold. After sufficiently many iterations T" < oo, the
following results hold for allt > T':

) ~ ) o, 1BAZ s
10s 1o <5 and  Fyy (0') < Fany (0°) + ———.
4ps*+2§

We then demonstrate the parameter estimation and quadratic convergence conditioning on the sparse
solution and bounded objective error.

Lemma 9. Suppose that Assumption 1 ~ 4 hold. IfHGgiHO <5, and Fyy (0W) < Fyy (0°) +
152, 8"

tgt S

= , we have
4P x oz

16® — 6*||, < A Vs™ g o+ — g, < Lo g gl
% 427 ps*+2§

Moreover, we characterize the sufficient number of iterations for the proximal Newton updates to
achieve the approximate KKT condition.

Lemma 10. Suppose that Assumption 1 ~ 4 hold. If||9$3\|0 < 3, and Fypy (01) < Fyn (07) +

152 . s* . .
et qtf some iteration T, we need at most

3% as
T; < loglog <p6+26>
€

extra iterations of the proximal Newton updates such that w1y (6 (T+T1)) <

4P s oz

>\tgt
] -

Combining Lemma 8 ~ 10, we have desired results in Theorem 4.

C.2 Proof of Theorem 5

We present a few important intermediate results that are key components of our main proof. The first
result shows that in a neighborhood of the true model parameter 6*, the sparsity of the solution is
preserved when we use a sparse initialization.

Lemma 11 (Sparsity Preserving Lemma). Suppose that Assumptions 1 and 2 hold with € < %.
Given 09 € B(0*, R) and HQ‘(SZ) [lo <8, there exists a generic constant Cy such that

Cl /\tgt \/57

ps*+2§

|\9§f1)llo <5 and ||0FY — 90|, <

We then show that every step of proximal Newton updates within each stage has a quadratic conver-
gence rate to a local minimizer, if we start with a sparse solution in the refined region.

Lemma 12. Suppose that Assumption 1 ~ 4 hold. If 9 € B (6%, R) and ||6") s, Ho < 3, then for
each stage K > 2, we have

—{K} Ly o3 (K}
|00+D g ||, < 252190 g2,

ps*+2§

In the following, we need to use the property that the iterates #() ¢ B(E{K}, 2R) instead of
0 ¢ B (6*, R) for convergence analysis of the proximal newton method. This property holds

14



{K}

since we have 0(Y) € B (6*, R) and 1" en (6*, R) simultaneously. Thus §() € B (5 ,2R>,

where 2R = Zs%ﬁ is the radius for quadratic convergence region of the proximal Newton algorithm.
Next, we present a upper bound of estimation error after a proximal Newton update in terms of the

estimation error before the update.

Lemma 13. Suppose that Assumption 1 ~ 4 hold. If ||0® s ||o < 5 and 0®) € B(
for each stage K > 2, we have

3 —{K}
16+ — 60| < 2160 — 8"

8" 2R), then

The following lemma demonstrates that the step size parameter is simply 1 if the the sparse solution
is in the refined region.

Lemma 14. Suppose that Assumption 1 ~ 4 hold. If0*) ¢ B(g{K}, 2R) and ||0®) s, ||o < 5 at each
stage K > 2 with i <a< % then n, = 1. Further, we have

1
Faory (D) < Fy ey (00) + 17

Moreover, we present a critical property of ;.
Lemma 15. Denote A9 = () — 9(t+1) and

.
=VL (9“)) A0 Ry ) (9“) + M(“) — Ry (9<t>) .
Then we have v; < —||A0®) ||2V2£(9<,)).

In addition, we present the sufficient number of iterations for each convex relaxation stage to achieve
the approximate KKT condition.

Lemma 16. Suppose that Assumption 1 ~ 4 hold. To achieve the approximate KKT condition
Wy{K} (G(t)) < e forany e > 0 at each stage K > 2, the number of iteration for proximal Newton

updates is at most
30t oz
log log <p8+25> )
€

We further present the contraction of the estimation error along consecutive stages, which is a direct
result from oracle statistical rate in [9].

Lemma 17. Suppose that Assumption 1 ~ 4 hold. Then there exists a generic constant ¢, such that
the output solution for all K > 2 satisfy

[0V = 07[]a < ex [ IVLO)s]la + Mg, [ 1103 < B)2 +&v/s™ | +0.7][011 — 67|
JES

Combining Lemma 11 — Lemma 15, we have the quadratic convergence of the proximal Newton
algorithm within each convex relaxation stage. The rest of the results hold by further combining
Lemma 16 and recursively applying Lemma 17.

D Proof of Intermediate Results for Theorem 5

We first introduce an important notion that is closely related with the SE property is defined as
follows.

Definition 18. We denote the local {1 cone as
Cls, 0, R) = {0,0:8 € M, IM| < 5, [oms, |1 < Ilvalls, 10— 072 < RY.

Then we define the largest and smallest localized restricted eigenvalues (LRE) as

v V2L(O)
7:19,12 = 513(190 {’UTU i (v,0) € C(s,ﬁ,R)} ,
_ L [vTV2L(O)
Ts,0,R = Lng {vTv i (v,0) € C(s,#},R)} )
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The following proposition demonstrate the relationships between SE and LRE. The proof can be
found in [6].

Proposition 19. Given any 0,0’ € C(s, ¥, R) N B(0*, R), we have

P17 9 r S Ps < P27,y gy and Ty R <pi < 7/’27'5193
where ¢1, ¢o, 1, and Vo are constants.

D.1 Proof of Lemma 11

We first demonstrate the sparsity of the update. For notational convenience, we omit the index { K’}
here. Since (**1) is the minimizer to the proximal newton problem, we have

V2LOD) (O — 90y 4 vLO®) + A @D =0,
where ¢ € 9]|9¢+1) ||,
It follows from [9] that if Assumptions 3 holds, then we have minjes {A;j} > Atgt/2 for some set
&’ O S with |S’| < 2s*. Then the analysis of sparsity of can be performed through A directly.
We then consider the following decomposition
V2LO®) (0D — oWy v LeW)
= V2LOD) (0D — %)+ V2LOD) (0" — D)+ VLOD) — VL") +VLO").

——
Vi Va Vs Vi

We then consider the following sets:
A ={j €8 |(Vi)j] > Mgt /4}, foralli € {1,2,3,4}.

Set A;. We have Ay = {j € &'+ [(V2L(OD)(0* — 01));| > Aige/4}. Consider a subset S’ C
Ay with |S'| = s/ < 3. Suppose we choose a vector v € R such that ||v s = 1 and ||v||g = s’ with
8" Aige /4 < vTVELOW)(6* — 6P)). Then we have

gt /4 < 0T VPLOW) (07— 00) < [o(V2LOM))2 |2 (V2LOW))2 (6" — 6Y)]5

() (i4)
S /e *+25Ps HUH [0 — 9(t)||2 < Sp o425 ,||9 _(9(1‘1)”2

(i C'\[8' % s o5Pd Atgt\ﬁ 00

ps*+2s
where (i) is from the SE properties, (i) is from the definition of v, and (i44) is from ||§() — 6% ||, <
C'XigtV's* /P 1 o5 Then (10) implies
Cap?.

(p5*+2§)2
where the last inequality is from the fact that s’ = |S’| achieves the maximum possible value such
that ' < 5 for any subset S’ of As. (11) implies that s’ < 5, so wo must have S’ = As to attain the
maximum. Then we have

/ *+28ps

< 02H§*+2§5*, (11)

|Ao| = §' < CokZi ozs™

Set As. We have A3 = {j € S : [(VL(OWD) — VL(6")),| > Aige/4}. Suppose we choose a
vector v € R? such that ||v||e = 1, ||v]jo = | 43| and

T )y _ ) — v, )y _ o) — )y _ %
(V/:(e) VLo )) 3 (vc(e ) — VL0 ))i i;;g‘(vae ) — VL0 ))

%
1€A3

> )\tgtlA3|/4~ (12)
Then we have

T (TL(69) = TL0%)) < [ol]2l VEOD) VL@ l2 € Vsl -[VEO®) - VLG

(1)
< p22+2§\/|,473|- 164 — 67|, (13)
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where () is from the definition of v, and (4¢) is from the mean value theorem and analogous argument
for As.

Combining (12) and (13), we have

(i)
Mgtz < 4plh oo/ As| - 110 — 0|2 < 8Aigekise 15/ 35| As|

where (4) is from [|§®) — 6%, < C’ /\tgmﬁ/p

and definition of K405 = p *+23/p . o5
This implies

s* 425
|As| < 03n§*+2§s*
Set A,. By Assumption 3 and Ayt > 4||VL(6%)]||oo, wWe have

0<|val< T' VLO"))il - LUVLO))il > Mgt/ (4) = Y TI(VE(G*)) [-0=0,

tg tg

7,63* ZES*
(14)
Set A;. From Lemma 20, we have F((+1) < Fy (6*) + 2 ||§(+1) — §*||,. This implies
LOUD) = £67) < Aege(1167][2 = 16D ]1) + )\tgt 164 —6*Ix
= Mege (1103112 — 1165l ||9t+”||>+%He<f+l>—e*n1
< 2208 0D — g |1, — 200 — 05, . 13)
where the equality holds since G*L = 0. On the other hand, we have
L) — £(07) 2 TEO)OD —07) = ~JeL0") oo 0 — 7],
E e ey = A gy - A gy L a6

where (4) is from the convexity of £ and (u) is from Assumption 3. Combming (15) and (16), we
have

105, = 05, 1 < 31165 — 03[
which implies that §(“+1) — 6* € C(s*, 3, R) with respect to the set S’
We have Ay = {j € S : [(VZL(OM) (0" — 0¢FD));| > Ay /4}. Consider a subset S’ C A with
|S’| = s’ < 5 and a vector v € R? similar to that in A;. Then we have
Mgt /4 < vTVELOD)OUTD - 0%) < [lo(V2LOD))? |2 (V2LOD))2 (00D — 67)]5
(1)

(i)
p;+2§p:||v|\2||0* A ||2 < C1 s’p;+25p;’7||9* *e(tH)Hz
= : (17
ps * 423

where (7) is from SE condition and Proposition 19, (i4) is from the definition of v, and (7i7) is from
[00FD — 0%y < C'AigV/s * /Py« o5 Following analogous argument in for Az, we have

2
|A1| < C1RG. 958"
Combining the results for Set A; ~ A4, we have that there exists some constant Cy such that
(t+3)
||95L >||o < Cor? w1058 <5

From Lemma 14, we further have that the step size satisfies 7, = 1, then we have g+ — g(t+3)
The estimation error follows directly from Lemma 21.
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D.2 Proof of Lemma 12
For notational simplicity, we introduce the following proximal operator,
1
prox9(9) = argmingr(0') + g (6’ — ) + §||9/ — 0|3

Then we have

9(t+l) _ proxvgf(eu)) VE(Q(t)) (0(0) .
N3 (0(2))
By Lemma 11, we have

1651l < 5.
By the KKT condition of function min F (x3, i.e., —VE(Q{ }) € 8R§1{K} (H{K}), we also have
_ (t) tEYy
) = pron 0 )50 (5000
RMK} @ h

By monotonicity of sub-gradient of a convex function, we have the strictly non-expansive property:
for any 0,0’ € R, let u = prox19(f) and v = prox1:9'(¢'), then

T
(w=v) HO—=0) = (u—v)" (9—g) > lu—oll7.
Thus by the strictly non- expansive property of the proximal operator, we obtain

UK}

g(mww_a”“) ﬁﬂﬁw“»(mﬂ—é”“)+(vc@““)—V£w@nﬂ

g|w@H>_§“”H4hﬂﬁw@n(mﬂ_5“”)+(vz@“”)-vgw@h)m. (18)
Note that both ||#(*+D)||, < 5 and ||§{K}
lote+ 52

[lo < 8. On the other hand, from the SE properties, we have

{K} {K} {K}
vargten = (01T =) TVRLE )0 — 9

A{K}
> ool [00T) =05, (19)
Combining (18) and (19), we have
oo o]
2

< L [wreio) (00 -3%) + (ve@™) - wew)
5% 423
= psir% 1 [VQE (9(1‘) +r (g{K} _ e(t))) v (9(,5))} ) (é{K} B Q(t)) dr 2

et [l 0% 0) - ()] (6 -0) o

ps*+2

Ls:+2§ ’0(75) g

2ps*+2§

where the last inequality is from the local restricted Hessian smoothness of £. Then we finish the
proof by the definition of R.

<

D.3 Proof of Lemma 14

Suppose the step size 7; < 1. Note that we do not need the step size to be 7 = 1 in Lemma 11 and
Lemma 12. We denote A9 = 9(t+2) — 9(!) Then we have

Jore], 2 o -, o5,
2 2

’wﬂ*#KWQ
2

o3+ L
204 1oz

(41i) 3 _
< Zllp® —
=1

(20)

18



where () is from triangle inequality, (¢7) is from Lemma 12, and (4i%) is from HQ(t) _ gt H

Poxpas
R< i

* +25

By Lemma 11, we have
o], <3
To show 1, = 1, it is now suffice to demonstrate that
Fatr (079) = Frim (00) < 1
By expanding F, (x}, we have
Fauer (0% + A0W) — Fy ey (6))

= L0 + A0D) — L(0W) + R, (00 + A9W) — RYY o, (6D)

3

(i)
< VLEOED)YTAID + %A(a@)fv%( JAYH)  ZEE2 Lo425 || A gt

6 2
Rﬁ\l{K (9(15) + Ag(t)) _ Ril{K} (g(t))
(i) 1 Ly 4oz 3 (m> 1 Ly o3
< oy 22 A9<t>H R 20|
=T 2% * 6 H 7 + 6p [ V2L(0) 2
(i<v) 1 B Loz ’Aﬁ(t)H o (2) 1%
T \2 6p o 2 R

where () is from the restricted Hessian smooth condition, (7¢) and (iv) are from Lemma 15, (4i4) is
from the same argument of (19), and (v) is from (20), 7; < 0, and He(ﬂ — g{K} H <R< Z**“S .

*425
This implies (1) = gt+3)
D.4 Proof of Lemma 15
We denote H = V2L£(61"). Since A" is the solution for

min VL (W)T A0 % HAG(‘) Z + R, (60 +2600)

AO)

then for any 1, € (0, 1], we have

wve (90) " 200+ 200 | RS, (00 4200
>VL (Q(t)) AWM 4 HAQ“)H +R/\{K} (e(t) + Ag(t))

By the convexity of Ril{ x> We have

VL (e)(t)) NG HAO O R (09 +860) + (1= )R, (00)

> VL (9<t>) A0 + 2 HAQ(”HH + RO, (9(“ + A9<t>) .

Rearranging the terms, we obtain

T 1—n2 2
_ O\ A £ RE (00 — Ap®) —RE (9®)) + LT [ Ag)
(1) (v,c (0) - 20 + R, (60 = A69) = RY ) (6 )) +-5 |20 ;

<0

Canceling the (1 — 7)) factor from both sides and let 5, — 1, we obtain the desired inequality,

2
s - e,

19



D.5 Proof of Lemma 16

We first demonstrate an upper bound of the approximate KKT parameter w) (x}. Given the solution
6(=1) from the (t — 1)-th iteration, the optimal solution at ¢-th iteration satisfies the KKT condition:

V2L D)W — gDy £ vLt D) 4 A o e® = o,
where £ € 9]|§(®||,. Then for any vector v with |[v||2 < ||v|[; = 1 and ||v||o < s* + 25, we have
(VLEOD) + X\ 0 e Ty = (vL(W)To — (V2L D) (00 — 0Dy 4 vLet—1)) Ty
= (VLOD) = vL@ D) To — (V2L D)0 — gDy Ty

| vze@t e ot T rc@n|,

i H(V2L(9(t71)))%(9(t) _ 0(#1))“2 ) HUT(VQL.(Q(tq)))%

2
(@)

< 2 a5 |00 - 60| 1)

2

where (i) is from mean value theorem with some 6 = (1 — )01 + af®) for some a € [0, 1] and
Cauchy-Schwarz inequality, and (47) is from the SE properties. Take the supremum of the L.H.S. of
(21) with respect to v, we have

HVﬁ(W)) + A g e Hoo < 2t HGW - 0“—1)“2 . 22)

s* 425
27 Z
Hg(tJrl) _ g{K}H < Laj+2§ Hg(o) _g{K}H < sz+2’5 Hg(o) _g{K}H .
2 2ps*+2§ 2 2ps*+2§ 2

By (22) and (20) by taking A9~ = () — 9(t=1) 'we obtain
WAL (9@)) = 2p;i+2gH9“) - 9“‘1>H2 < 3p7 ~He<t—1> —E{K}Hz

s*+23
ot
‘9(0) _ g{K}H ) .

20 o7 2
By requiring the R.H.S. equal to € we obtain

Bpt _
10g <56+25> + -~
3Pgv 425 205 495
—loglo ST 425
- g 10g

= loglog —
o 2 40 Lyyos |00 -8
& Ls*+2§H9(0>—§{K}H2 2

@ 305 oz 30, o5
< loglog <p35+2s> —loglog4 < loglog <p5‘6+25> ,

where () is from the fact that HH(O) _gt H <R= 2‘)52”;,
2 s* 425

Then from Lemma 12, we have
) 14244+4... 4271

Lo iox
+ s$*+2s
< 3,05*+2g <

t =log

E Proof of Intermediate Results for Theorem 4

E.1 Proof of Lemma 8

Given the assumptions, we will show that for all large enough ¢, we have
165110 < 3.
Following the analysis of Lemma 14, Lemma 15, and Appendix H, we have that the objective F 13

has sufficient descendant in each iteration of proximal Newton step, which is also discussed in [37].
Then there exists a constant 7" such that for all ¢ > T, we have

A
Faw (00) < Fre (607) + %H@(t) —0"|],
where HH(t) — 0|1 < c)\tgt\/;*/p;+3 from similar analysis in [9]. The rest of the analysis is
analogous to that of Lemma 11, from which we have ||9§i [lo <5.
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E.2 Proof of Lemma 9

The estimation error is derived analogously from [9], thus we omit it here. The claim of the quadratic
convergence follows directly from Lemma 12 given sparse solutions.

E.3 Proof of Lemma 10

The upper bound of the number of iterations for proximal Newton update is obtained by combining
Lemma 8 and Lemma 16. Note that
< 3”:* 427 )
log | —

log 2P 95
Ls*+2§H9(T+1> —gtt ”2

Then we obtain the result from HG(T‘H) - 5{1} H <R= ;in*f;
2 s S

T <log

F Proof of Theorem 7

It is demonstrated in [24] that Assumptions 1 ~ 3 hold given the LRE properties defined in Defini-
tion 18. Thus, combining the analyses in [24] and Proposition 19, we have that Assumptions 1 ~ 3
hold with high probability. Assumption 4 also holds trivially by choosing e = ﬁ for some generic

constant c. The rest of the results follow directly from Theorem 5 and the analyses in [40].

G Further Intermediate Results
Lemma 20. Given w)x) (§{K}) < %, we have that for all t > 1 at the { K + 1}-th stage,

A A
wron (00) < S and Fyoen (01) < Fycn (07) + =209 = 0|1

Proof. Note that at the { K + 1}-th stage, (9 = 15} Then we have
wyrern (1) = min  |[VLEO) + AMEH o ¢
£€0]10 |y
(%)
< min [[VLE?) + AP O €loe + [|AFFT AT 0 ¢
£EN0O]]y
(i) (ii9) \ A A
< wate (00) + AU — A T S S < S
where (4) is from triangle inequality, (i7) is from the definition of the approximate KKT condition
and &, and (i) is from w xy (0(0)) = wy (xy (O1FY) < % and || AMEF N EY| < %.

For some £() = argmingc (g, IVLOD) + MEF © €|, we have

(i)
Foircrny (07) = Fapuenr (0D) = (VLOD) + X EF o )T (90 — )
> Faiceny (0) — [[VLOD) + AEFTH @ )| |[0®) — 0],

() At

2 Py (60) = 20 )l
where (i) is from the convexity of F, (x+1) and (i) is from the fact that for all ¢ > 0, ||[VL(6®")) 4
AEH @ @), < A& This finishes the proof. O

Lemma 21 (Adapted from [9]). Suppose ||t9‘(sti llo < §and wyxy (6Y) < %. Then there exists a
generic constant c1 such that

C1 )\tgt V s*

ps*+2§

16 — 6%[J; <
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H Global Convergence Analysis

For notational convenience, we denote F = F, and R = Rf\l in the sequel. We first provide an
upper bound of the objective gap.

Lemma 22. Suppose the F(0) = R(0) + L(0) and L(0) satisfies the restricted Hessian smoothness
property, namely, for any 6, h € R?

d
VL0 + 7h)| =0 < C\RTVELO)- VL),
=

for some constant C. Let A0 be the search direction and let 04 = 0 + 1A for some T € (0,1]. Then
F(04) S FO) + [=r+ 0] |A0]7;

Proof. From the convexity of R, we have
F(03) = F(6) = L(03) — L(0) +R(65) — R(6)
<LOL)—LO)+TRO+ A+ (1 —1)R(O) — R(9)
=L(0+)— L(O)+7(R(O+ Af) —R())
=VL®O) - (TA0) + 7 (RO + AO) —R(H)) + T / (A0)TV2L(0 + aAd) Abda.
0
By Lemma 15 and the restricted Hessian smoothness property, we obtain

F(0:) - F(6)

IN

—7 |80 g2 0y + T/ (A0)TV2L(0 + aAd)Abda
0

—THMHVWQ)M/ da/ dzdilz(Ae)Tv‘Zz:(9+er)Aa+r/ da(A0)TV2L(9)AG
0 0 0

(=7 +0(r)) ||A9||2v2£(9) :
O

Next, we show that Af # 0 when 6 have not attained the optimum.

Lemma 23. Suppose the F(0) = R(0) + L(0) has a unique minimizer, and L(0) satisfies the
restricted Hessian smoothness property. Then A% = 0 if and only if 0V) = 6.

Proof. Suppose A is non-zero at §. Lemma 22 implies that for sufficiently small 0 < 7 < 1,
FO+71A60) — F(6) <o.
However () is uniquely minimized at §, which is a contradiction. Thus A = 0 at 6.

Now we consider the other direction. Suppose Af = 0, then 6 is a minimizer of F. Thus for any
direction h and 7 € (0, 1], we obtain

1
VLEO) (1h) + 57—2hTHh +R(0+Th) —R(0) > 0.
Rearrange, we obtain
1
RO +7h) —R(0) > —7VLO) " h — §TQhTHh

Let DF (6, h) be the directional derivative of F at 6 in the direction h, thus
F(O0+Th) — F(8)

DF(0,h) = lim

T7—0 T
I TVLO) h+ O(1?) + R(0 + Th) — R(0)

= I, ;

. TVLO)Th+O(1?) —7VLO) " h — %TthHh

> lim =0

T—0 T
Since F is convex, then 6 is the minimizer of F. O
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Then, we show the behavior of || Af|| ;; and R(6 + A#) when A # 0.
Lemma 24. Suppose at any point § € R?, we have VL(0) € span (VZL(0)). If A8 # O then either
|AG]; >0 or R(O+A0) <R(6).

Proof. Recall that A@ is obtained by solving the following sub-problem,
Af = argmin R(0 + AB) + VL(O) T A0 + ||A]]; .
A0

If || A8 ;; = 0 and A # 0, then

Af L span(H) and VL(0)TAH =0.

Thus
R(E+ A <R(H).
Notice that R (6 + Af) # R (), since otherwise Af = 0 is a solution. O

Finally, we demonstrate the strict decrease of the objective in each proximal Newton step.

Lemma 25. Suppose at any point 6 € R?, we have VL(0) € span (V2L(0)). If Af # 0 then
F(0+ TA0) < F(0),

for small enough T > 0.

Proof. By Lemma 24, if A@ # 0, then either ||Af||; > 0or R(6 + Af) — R(F) < 0. If it is the
first case, then by Lemma 15,

v =VLO)TAO+ RO+ AO) —R(0) < — || A9, < 0.
It is the second case, then VL(6) T Af = 0 and
v=TR(O+ A) —R(0) <O0.
Moreover, we have
F (04 TA0) — F(0)
=L+ T7A0) — L(O) + R(8 + TAI) — R(9)

2
< TVLO)TAO + %AGTHM +O) + RO+ TA0) — R(6)

2
< TVLO)TAG + TR0 + Af) + (1 — T)YR(0) — R(H) + %MTHM + 0%

=7(v+ O(1)).

where the first inequality is from the restricted Hessian smoothness property. Thus F (6 + 7A6) —
F(0) < 0 for sufficiently small 7 > 0. O

Since each step, the objective is strictly decreasing, thus the algorithm will eventually reach the
minimum.
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