A Lipschitz Continuity and Robustness

In order to understand capacity control in terms of Lipschitz continuity, we review here the relevant
guarantees. Given an input space X" and metric M, a function f : X — R on a metric space (X', M)
is called a Lipschitz function if there exists a constant Cr4, such that | f(z) — f(y)| < CpM(z,y).
Luxburg and Bousquet [14] studied the capacity of functions with bounded Lipschitz constant on
metric space (X', M) with a finite diameter diam(X') = sup,, , ¢ x M (7, y) and showed that the
n
capacity is proportional to (%) diam y((X). This capacity bound is weak as it has an exponential
‘margin
dependence on input size.

Another related approach is through algorithmic robustness as suggested by Xu and Mannor [29]].
Given € > 0, the model f,, found by a learning algorithm is K robust if X" can be partitioned into K
disjoint sets, denoted as {C; } X ,, such that for any pair (x, y) in the training set s E]

x,z € C; = |[{(w,x) — L(w,z)| <€ (6)

Xu and Mannor [29]] showed the capacity of a model class whose models are K -robust scales as K.

For the model class of functions with bounded Lipschitz C| |, K is proportional to Ay‘#"—coverlng
margin

number of the input domain X under norm ||.||. However, the covering number of the input domain

can be exponential in the input dimension and the capacity can still grow as (%)
‘margin

Returning to our original question, the C,_ and Cy, Lipschitz constants of the network can be
bounded by T]%, [Will; o (hence ¢1-path norm) and TT, [Will,, respectively [29, 26]. This will

n
I, Wil

P , which is exponential in both the
margin

result in a very large capacity bound that scales as (

input dimension and depth of the network. This shows that simply bounding the Lipschitz constant
of the network is not enough to get a reasonable capacity control.

B Experiments Settings

In experiment with different network sizes, we train a two layer perceptron with ReLU activation and
varying number of hidden units without Batch Normalization or dropout. In the rest of the experiments,
we train a modified version of the VGG architecture [24] with the configuration 2 x [64, 3, 3, 1],
2 x [128,3,3,1], 2 x [256,3,3,1], 2 x [512,3,3,1] where we add Batch Normalization before
ReLU activations and apply 2 x 2 max-pooling with window size 2 and dropout after each stack.
Convolutional layers are followed by 4 x 4 average pooling, a fully connected layer with 512 hidden
units and finally a linear layer is added for prediction.

In all experiments we train the networks using stochastic gradient descent (SGD) with mini-batch
size 64, fixed learning rate 0.01 and momentum 0.9 without weight decay. In all experiments where
achieving zero training error is possible, we continue training until the cross-entropy loss is less than
1074,

When calculating norms on a network with a Batch Normalization layer, we reparametrize the
network to one that represents the exact same function without Batch Normalization as suggested
in [21]. In all our figures we plot norm divided by margin to avoid scaling issues (see Section [2),
where we set the margin over training set S to be 5¢"-percentile of the margins of the data points in S,
i.e. Pres { fw () [yi] — maxy-y, fw(x)[y]|(xi,y;) € S}. We have also investigated other versions
of the margin and observed similar behavior to this notion.

We calculate the sharpness, as suggested in [12] - for each parameter w; we bound the magnitude
of perturbation by a(|w;| + 1) for @ = 5.10~%. In order to compute the maximum perturbation
(maximize the loss), we perform 2000 updates of stochastic gradient ascent starting from the minimum,
with mini-batch size 64, fixed step size 0.01 and momentum 0.9.

To compute the expected sharpness, we perturb each parameter w; of the model with noise generated
from Gaussian distribution with zero mean and standard deviation, «(10 |w;| + 1). The expected

3Xu and Mannor [29]] have defined the robustness as a property of learning algorithm given the model class
and the training set. Here since we are focused on the learned model, we introduce it as a property of the model.
*Similar to margin-based bounds, we drop the term that depends on the diameter of the input space.
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sharpness is average over 1000 random perturbations each of which are averaged over a mini-batch
of size 64. We compute the expected sharpness for different choices of a. For each value of o the KL

2
divergence can be calculated as =z >, (W) .

C Bounding Sharpness

We have discussed margin based and sharpness based complexity measures to understand capacity.
We have also discussed how sharpness based complexity measures in combination with norms
characterize the generalization behavior under the PAC-Bayes framework. In this section we study the
question of what affects the sharpness of neural networks? For the case of linear predictors, sharpness
only depends on the norm of the predictor. In contrast, for multilayered networks, interaction between
the layers plays a major role and consequently two different networks with the same norm can have
drastically different sharpness values. For example, consider a network where some subset of the
layers despite having non-zero norm interact weakly with their neighbors, or are almost orthogonal to
each other. Such a network will have very high sharpness value compared to a network where the
neighboring layers interact strongly.

In this section we establish sufficient conditions to bound the expected sharpness of a feedforward
network with ReLU activations. Such conditions serve as a useful guideline in studying what
helps an optimization method to converge to less sharp optima. Unlike existing generalization
bounds [5} [19} 14} 29, 26]], our sharpness based bound does not suffer from exponential dependence
on depth.

For a given x € R™, let D" denote the diagonal {1, 0} matrix corresponding to activation in layer
1. To simplify the presentation we drop the x superscript and use D; instead. We can therefore write
fw(X)=WyDg 1 Wy_q -+ DyWix=W, (Hf;llDiWi) x where we drop the x, w superscript
from D" and use D; instead but remember that D; depends on x and the parameters W; for any
J<i.

Now we discuss the conditions that affect the sharpness of a network. As discussed earlier, weak
interactions between layers can cause the network to have high sharpness value. Condition C'1 below
prevents such weak interactions (cancellations). A network can also have high sharpness if the
changes in the number of activations is exponential in the perturbations to its weights, even for small
perturbations. Condition C'2 avoids such extreme situations on activations. Finally, if a non-active
node with large weights becomes active because of the perturbations in lower layers, that can lead to
huge changes to the output of the network. Condition C'3 prevents having such spiky (in magnitude)
hidden units. This leads us to the following three conditions, that help in avoiding such pathological
cases.

(C1) : Givenw,letz = Wy and Do = I. Then, forall 0 < a < ¢ < b < d, || (I°_, D;W;) ||p >
F M DiWi || (T, D W3) || -

(C2) : Given z, for any level k, h% D ielh] lwk,inj;ijszgé < Cy6.
Here, W}, ; denotes the weights of the i'" output node in layer k. ||W;||2,« denotes the maximum

L2 norm of a hidden unit in layer ¢. Now we state our result on the generalization error of a ReLU
network, in terms of average sharpness and its norm. Let ||z|| = 1 and h = max?_, h;.

Theorem 1. Let v; be a random h; X h;_1 matrix with each entry distributed according to N (0, 01-2).
Then, under the conditions C1,C2,C3, with probability > 1 — §,

Evr@oy [L(fwte)] = D(fuw) < O ([ (144) — 1

d
I, (14 7:CaC) (H¢71(1+%0502)—1)] CLZM L L Zw+mzﬁ ,
= = - m m\ = o} 5

where v; = % Vli‘l;l and Cs = 2+/In(dh/$§).
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Figure 5: Verifying the conditions of Theoremon a 10 layer perceptron with 1000 hidden units in each layer,
i.e. more than 10,000,000 parameters on MNIST. We have numencally checked that all values are within the
displayed range. Left: C'1: condition number of the network, i.e. e . Middle: C2: the ratio of activations that

flip based on magnitude of perturbation. Right: C'3 : the ratio of norm of incoming weights to each hidden units
with respect to average of the same quantity over hidden units in the layer.

To understand the above generalization error bound, consider choosing v; = ﬁ, and we get a bound
that simplifies as follows:

By 00y (L wi)] — Efw) < O <o<1+<1+aczcg>cz>cLZﬂv”J:;'“’“’)"l”)

1 d2 h; hifl 2m
+al= = +In—

If we choose large o, then the network will have higher expected sharpness but smaller norm’ and
vice versa. Now one can optimize over the choice of o to balance between the terms on the right hand
side and get a better capacity bound. For any reasonable choice of o, the generalization error above,
depends only linearly on depth and does not have any exponential dependence, unlike other notions
of generalization. Also the error gets worse with decreasing p and increasing Co, Cs as the sharpness
of the network increases which is in accordance with our discussion of the conditions above.

Additionally the conditions C'1 — C3 actually hold for networks trained in practice as we verify in
Figure and our experiments suggest that, 4 > 1/4,C2 < 5 and C3 < 3. Figure @compares con-
dition C'1, C2 and C3 on learned weights to that of random initialization respectively. Interestingly,
we observe that the network with learned weights is very similar to its random initialization in terms
of these conditions.

Proof of Theorem[I] We bound the expectation as follows:
B[ furv (@) = L(fu(@))|
< OLE| fw+o(2) = fw(@)lF
D CLE|(W + v)g (Hf:_ff)i(W + u)i) vz — Wy (Hff:—llDiWi) || p
SCLE|\(W+1/)¢( 2 Dy(W + v) )*1:— d( %= D, Wl) «z|F
+ CLE|(W + v)4 (nf - D; (W+l/))*x7( V)4 ( a- fDi(WJru)i)*xHF

< CLE|(W + )4 (H;fD (W +v) ) wx — Wy (T2} D; W) «z||p + CLE|Erralle, (1)

where Errg = (W +v)q4 (Hf;lll/ji(W + I/)i) xx— (W) (Hf;llDi(W + I/)i) * x| p and

152- is the diagonal matrix with O’s and 1’s corresponding to the activation pattern of the perturbed
network fy ().

The first term in the equation (7)) corresponds to error due to perturbation of a network with unchanged
activations (linear network). Intuitively this is small when any subset of successive layers of the
network do no interact weakly with each other (not orthogonal to each other). Condition C'1 captures
this intuition and we bound this error in Lemma [§]
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(a) Condition C'1: condition number 1 of the network and its decomposition to two cases for learned weights.

Top: random initialization Bottom: learned weights. Left: distribution of all combinations of a < ¢ < b — 1.
Middle: when a < ¢ < b — 1. Right: whenc =aorc=5b—1.
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(b) Condition C1: condition number = of the network and its decomposition to two cases for random

initialization. Top: random initialization Bottom: learned weights. Left: distribution of all combinations of
a < c<b-—1. Middle: whena < ¢ < b— 1. Right: whenc=aorc=5b—1.
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(c) Ratio of activations that flip based on the magnitude of perturbation. Left: random initialization. Middle:
learned weights. Right: learned weights (zoomed in).
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(d) From left to right: Condition C'3 for random initialization and learned network, output values for random and
learned network

Figure 6: Comparing conditions in Theorem [I]on learned weights to that of random initialization.
We have trained a 10 layer perceptron with 1000 hidden units in each layer, i.e. more than 10,000,000
parameters on MNIST. We have numerically checked that all values are within the displayed range.
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Lemma 1. Let v; be a random h; x h;_1 matrix with each entry distributed according to N (0, 0?).
Then, under the condition C1,

E|(W +v)q (I Dy(W +v);) + 2 — Wy (I DW;) + 2| p

< (Hf_l (1 ; W) - 1) @)

w2 |1 DiWil| P

The second term in the equation (7) captures the perturbation error due to change in activations. If a
tiny perturbation can cause exponentially many changes in number of active nodes, then that network
will have huge sharpness. Condition C2 and C'3 essentially characterize the behavior of sensitivity of
activation patterns to perturbations, leading to a bound on this term in Lemma 2}

Lemma 2. Let v; be a random h; X h;_1 matrix with each entry distributed according to N (0, af).
Then, under the conditions C'1, C2 and C3, with probability > 1 — 6, forall 1 < k < d,

|Di — Dyl < O (CohiCson|| fE71|F)
and

E||Erryllp < O (TIZ; (1 +7C2C5) (TIZy (1 +7:C5C2) — 1) || fE |1 p) .

where ; = % ;Vh”_; and Cs = 2+/In(dh/9).

Hence, from Lemma [§|and Lemma 2] we get,
E[L(furv (@) = L(fu(@))|

< [y (1 90) = 14+ TS (14 7o) (T (14 3 C5Ca) = 1) | Cull (@)

Uiﬁ\/hi—l

Here v; = 2 DWillr Substituting the above bound on expected sharpness in the PAC-Bayes result
(equation (3)), gives the result.

Proof of Lemmall] Define gw . s(x) as the network fy, with weight W in every layer i € s replaced
by v;. Hence,

(W +v)g (I Dy(W +v),) * & — Wy (L2} D;W;) * 2| ¢
<D gwaitay @l + 1D gwatiy@)E + -+ | (@) F ®)
3 i,

Base case: First we show the bound for terms with one noisy layer. Let g ,, ¢} () denote fy ()
with weights in layer k, W}, replaced by v,. Now notice that,

Ellgw v (13 (@)l = E|WaII{ ! DiWi « Dy + (L2 DsW3) + x| g

(1)

< ok |WalliZg s DiWi| e ||| (T2 DiW3) + ||

(74) v hihp_1 d—1

< op————||Wyq (IL;,Z; D;W;) x x
kMQHDkaHFH d ( i=1 ) ||F

Vhihi—1

— | fw (@ .
i Rl

= 0

(i) follows from Lemmal[3] (i7) follows from condition C'1.
Induction step: Let for any set s C [d], |s| = k, the following holds:

Vhihi—1

ngusx S fwx H’L sOi 5o i
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We will prove this now for terms with k& 4 1 noisy layers.
\/hjhj,1
1| D; Wi
< 0, VUML) Y L
I R T =——T | A 4 FllesOi—Sm A 111
! 12| D Wl RV PATATS

vV hihi—1

U0 ST T T
T A

Ellgw,v,suii}: 2)llF < 0 E|lgw,v,s (@)l F

= [[fw (@) 1L

Substituting the above expression in equation (§) gives,

(W +v)a (2 Di(W +v);) xx — Wy (I D;W;) || p

< (H;u (1 ' W) _ 1) (@)l

2| DiWill p
O

Proof of Lemmal[2] We prove this lemma by induction on k. Recall that ﬁz is the diagonal matrix
with 0’s and 1’s corresponding to the activation pattern of the perturbed network fy 1, (z). Let

Cs = 24/In(dh/§) and 1 denote the indicator function, that is 1 if the event F is true, 0 else. We
also use fX () to denote the network truncated to level &, in particular fX () = TI¥_, D}, W),

Base case:

1D1 = Dilli = D 1w tw)usayeiWaimh<0 = D Liwys o) <— ()1 ss0)x((whn,ioc)

K2

< D ) <l @)

Since v is a random Gaussian matrix, and ||z|| < 1, for any i, |((¥)14,2)| < 2014/In(dh/d) =
01Cs with probability greater than 1 — %. Hence, with probability > 1 — Ly

|Dy — Dyl < Z Lw)ray|<orcs < Cahi1o1Cs.

This completes the base case for k = 1. 51 is a random variable that depends on v;. Hence, in the
remainder of the proof, to avoid this dependence, we separately bound D; — D using the expression
above and compute expectation only with respect to ;. With probability > 1 — 2,

E||Err|F = IE||131 * (W +v)iz— Dy« (W+v)iz|r
< E||(Dy — Dy) * Wyz| g + E||(Dy — Dy) * v12|

(%)
<V C2hi101Cs501 + +/ Coh101Cs01
= 2\/ Cghlongal.

(i) follows because, each hidden node in E||(ﬁ1 — D) * Wiz||F has norm less than 01 Cj (as it
changed its activation), number of such units is less than C3hq01Cs.

k =1 case does not capture all the intricacies and dependencies of higher layer networks. Hence we
also evaluate the bounds for k = 2.

[1D2 = Dsflx < Z LW )ity Ve (Wasi ) <0 S Z L wa i) 1< (o e ) (Wi~ 1)
K2 7
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Now, with probability > 1 — 22 we get:

’<V2i7fvlv+l/>’+‘<w2i7fvlv+l’ ‘

fu)
< Csoo ( ‘fw |F + 24/ 02h10'1050'1> + HWQ 7,H2\/ Coh101Csoq

|| D W
< Csog (Hfl |7+ 2/ C2h1010501> + Cs | i/—QHF Caohi01Cs01
ha

@ P AT J1
< Csoz [ 1l +2y ) 20 | +20 -
< Cs02 <||f 72 . 1) ! W hi 4+ hi—1

1/d
~ oo (Il + 1) + UL 5,5

) _ &1 . I . .
where, f; 2 fm (i) follows from condition C1, which results in

Hd pllDiWillr pllDiWiz|r <|
1= \/h \/}11

fw(z)|| . Hence, if we consider the rebalanced networ < where all
layers have same values for %, we get, % < || fw(z) ||;d Also the above equations

G
C2Cs+/hithi—1 ’

. g 26
Hence, with probability > 1 — <7,

follow from setting, o; =

- o Csllfw l/d
D2 — Dsl|1 < Cy % ho <0502 <||fv1v||F+ﬁ101) —&-?’fu()n ) .

Since, we choose o; to scale as some small number O(c), in the above expression the first term

scales as O(o) and the last two terms decay at least as O(c”/?). Hence we do not include them in the
computation of Err.

E||Errs| g = E||[Dy(W + v)a % Dy (W + v)12 — Do(W + ) % Dy« (W + )1z p
< E|[(Dy — Do)(W + 1) % (D1 — Dy) (W 4 v)12|| ¢ + E||Da(W + v)g # (D1 — Dy) % (W + v)12|| p
+ E|(Dy — D2)(W + 1)y Dy % (W + )12 p.

We will bound now the first term in the above expression. With probability > 1 — 275,

E|(Dz — Da)(W +v)2 * (D1 — D1) * (W + v)iz
S E”(EQ — D2)W2 * (ﬁl — Dl) * Wll'”F =+ EH(BQ — DQ)WQ * (.51 — Dl) * Vll'”F
+ EH(EQ — DQ)I/Q * (f)l — Dl) * Wlx”F + EH(EQ — DQ)VQ * (f)l — Dl) * V1.’)3||F
< 24/ * haCsoa|| iy |l o0 | fiy L/ Co oy G e
+ 2\/6’2 * hoCs0a|| fiy || FCs02\/ hiy/Ca % hy % C501Cs01 + O(0?

C20501vh1
<z Genie | oo,

Induction step:

Now we assume the statement for all ¢ < k  and prove it for
kE + 1. HDk — Dk”l < O(Cghkc(;aknf‘lfv_lHF) and ]E”E’I"T'kHF

IA

The parameters of ReLu networks can be scaled between layers without changing the function
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w2 IWillr n2Willr
prove the statement for k + 1.

O<H§_1 | 4 oA/ 1030y (H;_c_l(Hm wm%)_l) kaVHF) Now  we

| D41 — Drsill = Z 1<(W+u)k+1’i,l'[§:1f)i(W+V)i*w>*(W2,i,D1W1w)§0
i
< Z 1|<Wk+1,i7H§:13i(W+V)i*1>|§|<Vk+1,ivH§:15i(W+V)i*I>|
1

- Z 1|<Wk+1,17f\];/+u> |S| <Vk+1’7"’f‘];’+">|
i

< Z 1|<Wk+1,i7f‘l/¢i/>|§|(Vk+1.'i7f‘]fv>‘+|<Vk+1,iva’f,+,,_fv,f,> |+ (Wita,6, 78— 15D
3

Hence, with probability > 1 — “2,

[ Dis1 — Drsll < Cohisr [Coonpr (| fullr + 1 fasw — Falle) + 1Weirillll for s — forll 7]
< Colyei1Cosopia || f4 | + Cohii1Coorrll foy i — Fhllr + Cohigr Wikl fh 0 — Farlle-

Now we will show that the last two terms in the above expression scale as O(o?). For that, first

. . [oF) hihi,
notice that || f& _ , — f&||p < (Hf_1 <1 + oW Vle;) - 1) | fw(x)||F + Errg, from lemma

Note that the second term in the above expression clearly scale as O(o?).

Hence,
| Dit1 — Disilli € O (CahyeyrCson || 5 7) -
k rk
| Erreal = |FE5L, — FE4L || g

= | Dis1(W + 0) 5 a T Dy (W + )i — Dy 2 (W + ) 1 I Dy(W + v) |
< [(Drs1 — D)) (W + )t IES Dy(W + )iz || + | Dyt (W + v)i1 Errg || o

< (Drs1 = Dy ) (W + ) IS Dy(W + v)iz|| p + |(Disr — Disr)(W + )1 Errg || o
+ ||Dk+1(W + I/)k_;,_lETTkHF

Substituting the bounds for Bk+1 — Dy+1 and Erry gives us, with probability > 1 — %‘5.

E|Errill < \/ColnriCsonin |l Caonin| i | FEITLEDUW + v)ic| s

# BB e (y/CahirCaoual Bl rCaonanl e + 1DkaWesi e + owia /s

Now we bound the above terms following the same approach as in proof of Lemmal(I] by considering
all possible replacements of W; with v;. That gives us the result.

O
Lemma 3. Let A ,B be ni X ng and nz X ng matrices and v be a ny X n3 entrywise random
Gaussian matrix with v;; ~ N (0, 0). Then,

Ef|Axv«B|r] <ollAllr|Blr-
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Proof. By Jensen’s inequality,
E[|A*v*B|p)* <E[|A*v+B|%]
=E[|Y.) AuwvnBy
ij Kkl
=22 ARE V] B
ij ki
= o*|| A% Bl
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