Supplemental Material: Nonlinear random matrix theory for deep learning

1 Outline of proof of Theorem 1
1.1 Polygonal Graphs

Expanding out the powers of M in the equation for moments E [ Lotr M k} we have,
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Notice that this sum can be decomposed based on the pattern of unique ¢ and p indices, and, because
the elements of Y are i.i.d., the expected value of terms with the same index pattern is the same.
Therefore, we are faced with the task of identifying the frequency of each index pattern and the
corresponding expected values to leading order in ng as ng — oo.

To facilitate this analysis, it is useful to introduce a diagrammatic representation of the terms in
eqn. (S1). For each term, i.e. each instantiation of indices ¢ and y in the sum, we will define a graph.

Consider first any term in which all indices are unique. In this case, we can identify each index with
a vertex and each factor Y;, ,, with an edge, and the corresponding graph can be visualized as a
2k-sided polygon. There is a canonical planar embedding of such a cycle.

More generally, certain indices may be equal in the term. In this case, we can think of the term as
corresponding to a polygonal cycle where certain vertices have been identified. The graph now looks
like a union of cycles, each joined to another at a common vertex.

Finally, we define admissible index identifications as those for which no ¢ index is identified with
a p index and for which no pairings are crossing (with respect to the canonical embedding). The
admissible graphs for k = 3 are shown in Figure S1, and for £ = 4 in Figure S2.

Proposition 1. Every admissible graph is a connected outer-planar graph in which all blocks are
simple even cycles.

The proof follows from a simple inductive argument. We will show that these admissible graphs
determine the asymptotic (in ng) value of the expectation.

1.2 Calculation of Moments

Let E¢ denote the expected value of a term in eqn. (S1) corresponding to a graph G. We begin
with the case where G is a 2k-cycle. Each 2k-cycle represents a multi-dimensional integral over the
elements of W and X. Here we establish a correspondence between these integrals and a lower-
dimensional integral whose structure is defined by the adjacency matrix of the graph. For a given
2k-cycle, the expectation we wish to compute is,
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we can do by adding delta function contraints enforcing Z = W X. To this end, let Z denote the set
of unique Y;, in eqn. (S2). Let Z € R"° *d pe the matrix whose entries are,
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For each y € Z we introduce an auxilliary integral,

E2k=/ I 0Cas— ZWakaB (Zir s ) (Ziopa) -+ f(Zigp) f (Zia ) DZDWDX, (S5)

2apEZ

where

T dzas- (S6)

2apEZ
Next we use a Fourier representation of the Dirac delta function,
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for each of the delta functions in eqn. (S5). As above, we define a matrix A € R"™*¢ whose entries
are,
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Then we can write,
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Note that the integral is bounded so we can use Fubini-Tonelli Theorem to switch integrals and
perform the X and W integrals before A and z integrals. We first perform the X integrals,
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Next we perform the W integrals,

52 1,10 2 AT T
DU o— % rANTWWT _ H _dwyy e (2o 91, +02AN yww
L\ (2mog, /no) 1/2
ij=

dnl 1 /0 , .
H/ 2mo2 /no ”1/2 exp |:_2wj (glnl +O’¢AA )wj

Hdet |1, + i IAAT\1/2
- 1
det I, + T2 AT |no/2”

(S12)

where w; € R™ is the jth column of W and I,,, is the n; X n; identity matrix. Compiling the
results up until now gives,
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where we have introduced the abbreviation,
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to ease the notation. So far, we have not utilized the fact that ng, n;, and d are large. To proceed,
we will use this fact to perform the A integrals in the saddle point approximation, also known as the
method of steepest descent. To this end, we write
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and observe that the ) integrals will be dominated by contributions near where the coefficient of
ng is minimized. It is straightforward to see that the minimizer is A = 0, at which point the phase
factor tr AZ vanishes. Because the phase factor vanishes at the minimzer, we do not need to worry
about the complexity of the integrand, and the approximation becomes equivalent to what is known
as Laplace’s method. The leading contributions to the integral come from the first non-vanishing
terms in the expansion around the minimizer A = 0. To perform this expansion, we use the following
identity, valid for small X,
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Using this expansion, we have,
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To extract the asymptotic contribution of this integral, we need to understand traces of AAT. To this
end, we make the following observation.

Lemma 1. Given the matrix A = [\;;], there exists matrix A such that
-~ 1
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where A is the weighted adjacency matrix defined by the undirected bigraph with vertex set V =
(I,U), where

I = {2i|3pst yiu € 2}, (520)
U = {2u—1|Fisty,, € Z}, (S21)

and edges,
E={{2p—1,2i}|yi, € Z}, (S22)

with weights w({2p — 1,2i}) = \ij.

The proof follows by defining an adjacency matrix:
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where the I vertices are ordered before U vertices, and observe that the weights agree. Therefore,
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Observe that the traces agree as required.

Now suppose that the middle exponential factor appearing in eqn. (S17) is truncated to finite order,
m,
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Since we are expanding for small A, we can expand the exponential into a polynomial of order 2m.
Any term in this polynomial that does not contain at least one factor \;, for each Y;,, € Z will vanish.
To see this, denote (any one of) the missing A;,, as A and the corresponding z;,, as z. Then,
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The last line follows from eqn. (2).

The leading contribution to eqn. (S17) comes from the terms in the expansion of egn. (S25)
that have the fewest factors of A, while still retaining one factor \;, for each Y;,,. Since A — 0, as
ng — oo (the minimizer is A= 0), it follows that if there is a a term with exactly one factor of )‘w

for each Yj,,, it will give the leading contribution. We now argue that there is always such a term, and
we compute its coefficient.

Using eqn. (S19), traces of tr(f\f\T) are equivalent to traces of A2, where A is the adja-
cency matrix of the graph defined above. It is well known that the (u,v) entry of the A is the
sum over weighted walks of length k, starting at vertex v and ending at vertex v. If there is a
cycle of length k in the graph, then the diagonal elements of A* contain two terms with exactly
one factor of X for each edge in the cycle. (There are two terms arising from the clockwise and
counter-clockwise walks around the cycle). Therefore, if there is a cycle of length 2k, the expression
1/2tr A%* contains a term with one factor of X for each edge in the cycle, with coefficient equal to 2k.

So, finally, we can write for & > 1,
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where in the second to last line we have integrated by parts and we have defined,
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We also note that if k£ = 1, there is no need to expand beyond first order because those integrals will
not vanish (as they did in eqn. (§26)). So in this case,
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The quantities 7 and ¢ are important and will be used to obtain an expression for G.

The above was the simplest case, a 2k cycle. For any admissible graph GG, we can view it as a tree
over blocks, each block being a (even) cycle. If G has 2k edges then one can write the integral above
as a product of integrals over cyclic blocks. In this case, each block contributes a factor of ng to the
integral, and if there are c cyclic blocks, with k7 blocks of size 1 and kg blocks of size greater than 1,
the resulting expression for the integral has value nk" F¢kopkt Since k = ko = 1 for a 2-cycle, we
have the following proposition.

Proposition 2. leen an admissible graph G with c cyclic blocks, b blocks of size 1, and 2k edges,
Eg grows asn§ ™" - nb¢eb,

1.2.1 Non-Admissible Graphs

Finally, we note that the terms contributing to the admissible graphs determine the asymptotic value
of the expectation. The number of terms (and therefore graphs) with k indices and c identifications is
O(n 8’“ ¢). Although the fraction of non-admissible graphs with ¢ identifications is far larger than
that of admissible graphs as a function of k, the leading term for the integrals corresponding to latter
grow as n(c)_k', while the leading terms for the former grow at most as ng_l_k. The underlying reason
for this subleading scaling is that any partition of a non-admissible graph into ¢ blocks, where no
two blocks have an edge in-between, requires c index identifications in the original 2k-polygon, as
opposed to ¢ — 1 identifications for an admissible graph. Therefore, we may restrict our attention
only to admissible graphs in order to complete the asymptotic evaluation of G.

1.3 Generating function

Let p(k, v;,v,, b) denote the number of admissible graphs with 2k edges, v; i-type vertex identifica-
tions, v,, p-type vertex identifications, and b cycles of size 1. Similarly, let p(k,v;, v,, b) denote the
same quantity modulo permutations of the vertices. Then, combining the definition of G(z) (eqn. (7))
and Proposition 2, we have,
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where we have defined,
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Let P(t) = Y, P(k)t* be a generating function. Let 2k refer to the size of the cycle containing
vertex 1. Summing over all possible values of & yields the following recurrence relation,

P=1+tPyPyn+ Y (PyPyct)*
k=2 (S32)
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Note that if vertex 1 is inside a bubble, we get a factor of 7 instead of ¢, which is why that term
is treated separately. The auxilliary generating functions Py and P, correspond to the generating
functions of graphs with an extra factor ¢ or v respectively, i.e.

Py=1+({P—-1)¢ Py=1+(P—1)p, (S33)

which arises from making a i-type or u-type vertex identifications. Accounting for the relation
between G and P in eqn. (S30) yields,

G(z) = Yp (Q) L Ll=v (S34)
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Hence, we have completed our outline of the proof of Theorem 1.

2 Example Graphs
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Figure S1: Admissible graphs for k = 3
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Figure S2: Admissible topologies for k = 4

3 Hermite expansion

Any function with finite Gaussian moments can be expanded in a basis of Hermite polynomials.
Defining

p 22 O a2
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we can write,
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for some constants f,,. Owing the orthogonality of the Hermite polynomials, this representation is
useful for evaluating Gaussian integrals. In paticular, the condition that f be centered is equivalent
the vanishing of fjy,
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The constants 77 and ( are also easily expressed in terms of the coefficients,
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and,
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which together imply that n > {. Equality holds when f;~; = 0, in which case,
f(@) = fili(z) = fix (540)

i.e. when f is a linear function.

The Hermite representation also suggests a convenient way to randomly sample functions
with specified values of 7 and . First choose f; = 1/C, and then enforce the constraint,

N
n—1=> f2, (S41)
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where we have truncated the representation to some finite order N. Random values of f,, satisfying
this relation are simple to obtain since they all live on the sphere of radius /i — 1.



4 Equations for Stieltjes transform

From eqn. (11), straightforward algebra shows that G satisfies,

4
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a1 =YY — @) +(n(e — ) +z))
ay = =C (¢ —¥)* + ¢ (n(d —¥)* + ¥z (2¢ — ¥)) — Yz (S43)

az = ((=2)9(2¢Y — 2C¢ — 2mp + 2n¢ + Y2)
a4 = CZ2¢2(77 - C) .

The total derivative of this equation with respect to z is,
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where,
ay =47,
ay = —¥(C( — 20) + nYe) ,
ay = =206(C(Y — ¢) + (o — ) +¥2),
ay = 202¢%(n — (),
bo = (Y — @) +(n(d — V) +2))
b =21 (C(6 —9)? = 9*20) — 2C (((p —¥)* +vz(¢ — 29))
by = —3C2p(2¢Y — 20 — 209 + 20 + ¥z)
by = 4¢z"¢%(n - ¢).
To eliminate G from eqs. (S43) and (S45), we compute the resultant of the two polynomials, which

produces a quartic polynomial in G’. Using eqns. (21) and (22) to change variables to Fi,, we can
derive the following equation satisfied by Eiin,
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where the ¢; ; are given below. Notice that n = ( is a degenerate case since a4 = b3 = 0 and the
resultant must be computed separately. We find,
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where the d; ; are given below. By inspection we find that
ci g (A, AC) = X¥77¢; j(n,¢) and  d; (AC) = Ad5(C), (548)

which establishes the homogeneity of Fii, in v, 1, and (. From the coefficients c; o we can read off
the quartic equation satisfied by Fyi, when v = 0 and i # (. It has two double roots at,

Etrain|'y:0 =0 and Etrain|'y=0 =1- ¢/1/J . (S49)
In accordance with the condition that G — 1/z as z — oo, the first root is chosen if ) < ¢ and the

second root chosen otherwise.

If n = (, then the coefficients d; define a cubic equation for Fii, that has three distinct
roots,

Etrain‘fy:(),ﬂ:( = 07 Etrain|’y=0,7]=( =1- ¢a and Elrain|’y=0,n=§ =1- ¢/1/) (SSO)



In this case, the first root is chosen when ¢ > max (v, 1), the second root is chosen when ¢, ¢ < 1,
and the third root chosen otherwise.

Finally we give the coefficients c; ;,
c,0=0, co1=0, c2=0, co3=0,
c10=0, ¢c11=0, c36=0, c46=0,

and,

coa = 00% (P (4 — 1) — 2 — *¢?) (C((¥ — )Y + ¢* + 20¢) —
20mpd — n’e?)

o5 =200°0° (=¥ + ¢+ 1) + (n( —¥* + ¢ — 30 + @) + 1°¢o)

co6= —C(p—)pP¢?

1o = Voo — ¢)* (C (4 — 1) = 20 — n*¢%) (¢P (49 — 1) — 2(ng—
7’¢*) (W + ¢ — 1) —n*vo)

c13= —2¢0°0(¢ — ) (P (= (¥ — 1)Y® — ¢* + (= 320" + 9 + 1)¢” + (9 — 4)¢) +
(= (= DY + (4 — 1) + (12¢% — 8¢ + 1) ¢® + 29617 + 17 — 2)* + 4p? (> —
20 —1)¢) — CrPvd (¥ — 2)0° + ¢* + (T — 2)¢° + (T + 8)¢) +
2P (V2 + (1 — 4)° — 40°¢) + 3¢n*p?” (V> + ¢°)+
°Y* ¢ (¢ + )

c1a =90(=¢) (¢ — ) (¢* (= (¥ = D? + (4 — 1) + (= 167 + ¢ + 1)¢° + (4> — ¢p—
9)¢) + 2o (¢ — 1) + ¢° + (120 — 1)) + 2C%7° e (3¢° + (3 — 9¢)d°+
(¥ — 8¢%)¢) + 6¢n* P ¢° (¢ + ¢) + 1*>¢%)

15 = 20007 (C(( — D) — ¢% + 20 + ¢) + 2(n (¥ + (20 — 1) — )+
Yoy — ¢))

cr6 = PP (Y + (¥ — 1))

c2.0 = Y =)o — ) (Y — 1) — 20 — n*?) (P (49 — 1)—
20n¢ —n°¢?%)

coq = =203 (C —m)(¢ — ) (¢°(— B¢ + ¥ + (169 — 5)¢” + (163> — 63 + 1))+
(= (W =3)9 + (49 — 1)¢° + (= 409° — Ty + 3)¢* + ¢* (4 — T)p) + °n” (29° + (2—
99)9° + 349%¢* — 99’ ¢) + Yo (¥ + (8¢ + 1) 4 20 (4 — 3)¢) —
3¢n* 2 (Y + ¢) — 2n°Y°¢%)

o2 =V (= (0 —9)?) (°(— ¢ (¥? = 8y + 1) + (49 — 1)¢* + (— 148¢° + 22¢) + 8)¢°—
(148¢° — 118¢% + 219 + 1) + 1 (4y® + 22¢° — 219 + 3) ) — 2¢°n( — 3(¢p — 1)9p® + (19—
3¢t + (— 1479% + 244p + 3)¢® + ¢ ( — 14792 + 66y — 8)d” + ¢* (119% + 241) — 8) )+
P (= 69" + (669 + 99 — 6)* + 9 (28¢% — 1999 + 27) ¢ + 2 (66¢% — 1993 + 29) >+
9P (Y + 3)¢) + 2030 Y (59> + (5 — 4dap)® + (21 — 200)9pd” + (21 — 449)Y?¢) +
e (2497 + (24 — 139) 9% + (23 — 139)9pe) + 10¢n %> (¥ + ¢)+
it



a3 =20° (P (= (0 — D' + (3¢ — 1)¢° + (— 369> + 19¢ + 1) ¢* + ¢ (98¢* — 261 — 7)¢°—
207 (1842 + 139 — 7)¢* + ¢ (3¢ + 19¢ — 7)) + ¢*n(2¢° + (— 409 + 5¢ + 2) ¢+
¥ (249° + 549 — 19)¢* + 207 (12¢° — 67 + 10) ¢ + 2¢° ( — 209% + 27 + 10)¢* + ¢* (59—
19)¢) + CrPd( — 119% + (509 — 11)¢* — 20(21¢) + 1)¢* — 64*(T¢) — 5)¢* + 24°(25¢)—
1)¢) + 2029 (= T¢° + (5¢ — 7)¢° — 2(¢ — 3)pe® + ¢* (5 + 6)¢) +
('’ (= 5* = 5% + 4pg) — n’ ot (¥ + ¢))
coa = PO (CP (W + (= 319° + Ty + 1) 8" + ¢ (T0¢* — 61 — 13)¢* + ¢*( — 319% — 6+
31)¢% + ¢ (79 — 13)8) + 2o ( — 8¢ + (17 — 8)¢° + 3(3 — 16¢))9¢” + ¢*(1TY+
9)¢) + Cn*?¢” (— 149° + (179 — 14)¢* + (1T¢ + 14)¢) — 6¢n° > ¢* (¢ + ¢)—
4.4 5,4
n'ytet)
o5 = — 2000 (C(20° + (¥ +2)8° + (¥ — 5)v9) + (nd(2¢ + (2 — 3¢)9)+
2,12 412
n*Y*¢?)
co6 = — (Plg?

cg0 = 23— 1)* (6 — ¥)° (P 4y — 1) — 200y — *¢?) (P (49 — 1)—
20n¢ — n*¢*)

csq = — 4 (C—n)(¢ —¥)* (¢°(—5¢° + ¥ + (169 — 5)¢° + (16> — 64 + 1))+
(= (W =39 + (49 — 1)¢° + (— 400 — 7Y + 3)¢* + > (4 — T)p) + (P (20° + (2—
9)¢* + 349%¢” — 9 B) + PP Yo (VP + (8¢ + 1)¢” + 29 (41p — 3)¢) —
3¢ P (v + ¢) — 20" ¢°)

csp= —200°(p — ) (P (= * (¥ — 8¢ + 1) + (49 — 1)¢" + ( — 132¢° + 18¢ + 8)¢*—
(1324 — 944 + 169 + 1) * + 246 (24 + 99 — 8¢ + 1)) — 2¢*n( — 3(¢ — 1)y* + (11—
3)¢* + (— 13992 + 23¢ + 3)¢® + ¢ ( — 1399 + 56 — 7) ¢ + ¢* (119% + 23¢) — 7))+
20302 (= 39" + (3192 + 5 — 3) ! + ¥ (20? — 93¢ + 13) ¢ + 12 (319% — 93¢ + 12)¢*+
(50 4+ 13)0) 4+ 2C°0° Yo (5¢° + (5 — 43¢) 9" + (19 — 109) 1 + (19 — 434)9°¢)+
(6% (2307 + (23 — 8Y)¢? + 2(9 — 4¢) o) + 87’6 (v + )

cs3 = 4CY0 (¢ — ) (¢ (= (¥ — D)® + (3¢ — 1)¢° + (= 30¢* + 169 + 1)¢° + (39> + 16—
4)8) + 230 (v + (= 18 + 20 + 1)¢° + ¥ — 184> + 2Ty — 7)¢* + ¢* (20 — 7))+
CPyo(— 1197 + (499 — 11)¢° + (499 — 22)¢) + 2(n°¢*¢* (¢ — 6)¢p — 6)—

2% 9%)

c3a = =207 (¢ — ) (P (= v* + (279 — 69 — 1) +2(5 — 3¢)¢p) —
ACYe((99 — 4)6 — 4) + 8’y ¢?)

c35 = 8C Y P(Y — §)
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ca0 = ¢ =) (6 — ) (P4 — 1) = 20y — *¢?) (P46 — 1) -
20n¢ —n*¢%)

can = —20°(C—n)(¢ —)*(¢°(—5Y° + ¢ + (169 — 5)¢” + (169> — 63 + 1))+
(= (W =3)9® + (49 — 1)¢° + (= 400° — Y + 3)¢* + > (4 — T)p) + (*n” (20° + (2—
99)¢* + 349%¢* — 92 B) + PP Yo (VP + (8¢ + 1)¢” + 29(4p — 3)p) —
3¢n* 2o (Y + ¢) — 20°Y°¢%)

cap= —CYO(CP (=2 (v* —8Y +1) + (49 — 1)¢* + (— 1324)> + 18¢ + 8)¢* — (132¢)° — 94y?
+ 169 + 1)¢* + 29 (20 + 99* — 8¢ + 1)) — 2¢* (= 3(¢ — ) + (119 — 3)¢* + ( — 1399+
23Y + 3) ¢ + 1 ( — 139¢* 4+ 561 — 7)¢* + ¢* (119° + 239 — 7)¢) + 2¢°n° (- 3¢+
(3197 + 59 — 3)¢* + (200> — 93¢ + 13) ¢° + 1* (319 — 93¢ + 12)¢* + ¢* (5 + 13)¢) +
20 P (5% + (5 — 43¢)¢” + (19 — 109)9e” + (19 — 43¢)¢* ) +
(P % (23¢° + (23 — 8¢)6° + 2(9 — 44)v9) + 8n°Y°¢* (¢ + ¢))

a3 =207 (CH( = (¥ — DY? + (3¢ — 1)¢* + (— 30¢° + 169 + 1) ¢ + 1 (3¢ + 16¢—
4)8) 4+ 2¢3n(¢° + (= 18 + 20 + 1)¢* + ¢ ( — 18 + 279 — 7)d* + ¢* (24 — 7)) +
CrPp( — 1197 + (499 — 11)6% + (499 — 22)¢) + 2(n°¢Y*¢* (¥ — 6)p — 6¢)—
2% 9%)

caa = YR (C (7 + (=279 4+ 69 + 1)¢° + 20(3¢ — 5)¢) + 4w (99 — 4)p—
4) — 8n*y*¢?)

cis = —ACYY¢

And the coefficients d; ; read,
doo =0, do1=0, dps=0, d3s=0,
and,
doo = — (Y = 1)*92¢” (¢ — )
dos =200 0% (Y + 20 +1)
do.s = V°¢*

dio= ¢ —1)%(¢ = 1)°(¢ — ¢)°

dig =200 —1)(—¢* (W + 1) + (¥* — 40 + 1)¢* + (6¢° + ¢ + 1)¢* — ¢ (* + 64>+
5)¢* + 4% (44° — ¢ + 5)¢)

dip = (P + (P2 = 110 + 1)¢* — (¢ + 1) + 24 (50 + 6 + 5)¢°—

119% (¢ + 1)9)
diz = 200" ( — 20 — 3¢ + Yo + ¢)
dig=P° (- ¢?)

dy0 = C*(p — 1% (¢ — 1)*(¢ — ¥)*(—2¢ + ¥ + ¢)

gy =200 (=20 (0 + 1) + (¥° = 3¢° =30 + 1)¢" + (V! +¢° + 12¢° + ¢ +1)¢°—
6 (V> + 9% + 1 + 1) + ¢* (9% — 29 + 9)B)

dap = (= 2% + (v° — 90° — 90 + 1)¢° — 12(¢° + ¥)¢* + 219% (¢ + 1))

dys = —4CY* P(—2¢ + Yo + ¢)
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dso = ¢ — 1)%Y(¢ — 1)%(¢ — ©)?
31 =232 (V2 (Y + 1) + (2 — 49 + 1) + (¥ + 207 + 29 + 1)¢? + 20 ( — 20 + p—

2)¢)
dso = CYP (V2 + (¥ — 100 4+ 1)¢* — 109 (¢ + 1))
d3s = —4CY°¢
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