Appendix: Supplemental Figures for Experiment

10°F

Iteration-Obj

—=—1 thread
—— 4 threads 3
—v— 8 threads
—o—12 threads 3
—>—16 threads

—=—20 threads

—&— 24 threads
—— 28 threads
—<— 32 threads

Time-Obj

——1 thread
—+—4 threads
—v—8 threads
—e—12 threads
—>—16 threads
—=—20 threads
—4— 24 threads
—*— 28 threads
—<— 32 threads

0.5 1 15 2 25 3

x10°

Iterations

L L L L L
20 40 60 80 100 120 140 160 180

Time

200

Figure 1: Deep neural network for synthetic data using Algorithm M. The Algorithm [0 algorithm
is run on various numbers of machines from 1 to 32. The curves of the objective loss against the

number of iteration and the running time are drawn in the left and the right graphs respectively.
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Figure 2: Model blending with Yahoo! Music test data set using ASZD.
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Figure 3: We zoom in for the first a few thou- Figure 4: Running time speedup of Algorithm @
sands iterations in Figure D.  Our algorithm is almost linear. On a 10-core machine we can
quickly approaches to a reasonable RMSE. achieve a 8x speedup.
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Supplemental Materials for Proofs

We first show some preliminary results about the dependence between the zeroth-order gradient and
the true gradient, and then prove the convergence property for GASA (Algorithm ).

.1 Preliminary results

Given a function p(z) : RN — R and a predefined approximation parameter vector
(ks pioy - - .un) " € RY,, we define the smoothing function of p(z) with respect to the ith di-
mension:

1 i 1 1
Pi(@) 1= Bunti ) (P& +vei) = 5 / plo+vei)do = / p(@ + vpies)dv. (22)

v =g -1
where v ~ Uj_,,, ,,] means that v follows the uniform distribution over the range [—p;, ;). V.,
and V,, denote taking gradient with respect to variable x and v respectively. V; is short for e;e; V.

Lemma 6 (Zeroth Order Approximation). Suppose that function p(x) : = € RY — R has Lips-
chitzian gradient with parameter L and p(xz + ve;) : v € R — R has Lipschitzian gradient with
parameter L for all x. Given an approximation parameter vector (fi1, fiz, - - - un)T € Rf+, we
have:

1. The smoothing function p; is differentiable, and also has the Lipschitzian gradient with Lipschitz
constant L.
2. For the i coordinate,

1
2% (p(z + piei) — p(x — piei))ei.

3. Foranyz € RN i€ {1,...,N}, we have

Vipi(z) =

Ly
pi(e) —p(@)| < ZG (23)
L i) Hi
IVipi(a) - Vip(@)l] < =5, (24)
w
EVipi(a) - V)P < %, @s)
where w is defined in ().
4. If p is convex, then p; is also convex.
Proof. To prove the first statement, we note that
1 1
Vpi(z) = 3 / Vep(x + pyve;)dv.
-1
Since function p(z) has Lipschitzian gradient, we have
IVpi(z) = Vi)l = [Ep~v_, 3 (VP + pive;) — Vpy + pive;)) ||
< Epev, 3 (Lllz —ylf)

L”Z‘—y”,

which implies the first statement.
To prove the second statement, we have

1 1
Vinta) = 3 ([ Vit t pveao)

1 /1
= Vop(z + pive; dv> e;
o ([ 7 )

1
= 20 (p(x + pie;) — p(x — pies))ei,

where the last step comes from the Stokes’ theorem.
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Next we prove the third statement. First (Z3) can be proved by

pi(x) = p()]

/N

1 1
5 ‘/ P(I + :U'ivei) - p(l’ + O;Liei)dv
-1

1 1
—1
1

< 3 [ e+ piven) - plo) — (Vupla), piv)lds

-1

UL 202
< 1/ ZORY g
2)., 2

Liyps
~ 2 bl

where the second step is based on the observation
1
/ (Vop(x), pivydv =0,
-1

and the second last step uses the assumption that p(z 4 ve; ) has Lipschitzian gradient (with constant
L;)) with respect to v. (Z4) can be proved from

1
[Vipi(z) = Vip(z)|| = o (p(x + pie;) — p(x — piei))e; — Vip(x)
1
iy ((p(x + pies) — p(x — pies))ei — 2Mivip(33))H
1
< | g0+ e < p0)es - Tl
3
1
| 00 = plo = e - (o)
L i
(I3) can be proved by
@) LEyni  w
E;[|Vipi(z) = V; < @ _ =
[Vipi(z) = Vip(z)| Z AN =1
For the last statement, given any 6 € [0, 1], we have
1 1
Opia) + (L= Opilo) = 5 [ ol psves) + (1= O)ply + paves)do
-1
1
> 5/ p(0x + (1 — O)y + pive;)dv
-1
= pi(0z+(1—-0)y).
It proves the convexity of p; (). O

.2 Proofs to Theorem [
We first prove the general convergence property for Algorithm 0 and then apply it to prove Theo-
rem [I.

Theorem 7 (Convergence). If the stepsize vy in Algorithm W is appropriately chosen to satisfy

T 3/2 )
_ N 2Ly o s N2 VSIS i a (o) (ky Vi
Ok = 5 27 % N* - 2LT7Y2 Tk ;7k+u Y +

VN

> 0,Vk,
(26)
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we have

K K

1 L2 3N

SN REIVF@)2 < flag) - 7+ 2NEL <°"+3 )Z w3 A2
k=0 = j

[\

+(LYN LIy )Z’Yk+ Nwka

Proof. Besides of (B), we introduce one more notation here to abbreviate the notation:

N (Pt e ) — Fla — e 6)es.

Gi(z;§) = 2

Note that G;(z; &) = NV, F;(z;€) for any x and &, where F;(-; £) is defined using the same way in
(D) for p = F(-;£). We first highlight a frequently used inequality in the subsequent proof:

la+ 0l < 2al® + 2[[b]|*. 27)
We then start from the Lipschitzian property of f(-):

flzrg1) — flaxr) < (Vs flag), zps1 — zi) + %kaﬂ — z?
= (Vs f(zr),Gs, (Tr:&k))
oLy |G, (i &)
(C=)]

< <vSkf(xk)’GSk (i'k;gk»

N 2
+viLy szk (k3 &x)
N 2
+7iLy ||Gs, (215 &) — ?VSkF(ii"Mfk) (28)

Next we consider the expectation of three items of the right hand side of (Z8). Let {ix}X_, be
independent random variables uniformly distributed over {1, ..., N}. Note that iy is just a dummy
random variable independent of all Si’s. Let € be the set consisting of all possible Si’s. With this
new variable, we can rewrite Eg, (Vs, f(zx), Gs, (Z1;&k)) b

Es, (Vs, f(xk),Gs, (Zk; &)
- %Esk S (Vo @r), G (i3 €6))

meESy
= Z Z Vo f(@r), G (213 Er))
Y|Qk| SeQE mesS
1|y
= = Gn(Zr; &)
s (70 ¥ i)

= SVE (Vi fn), Giy (i 60))
= K, <v2kf(xk)v G, (Tx;Ek)) 5 (29

where the second last step is due to the fact that Sy, is selected uniformly randomly. Following
similar derivation yields:

2

N2 R
= 3Es > IV F (i &)l
meSk

N .
?VskF(xk;ﬁk)

N2 2
= 3 VEulViF (k&)
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and

N? N
— TE%”VMF(fEk;gk)HQ

1 .
= FEINV: F(@i: &)l

2

. N .
Es, ||Gsi (Zr;&k) — ?VSkF(xk; k)

Es, Y

meSk

Es, Y [Gm(@ri &) — NV F (@ &)

meSk

2

G (566) — 5V P 66)

1
y?

1 . .
73 VEic |Giy (k3 &) = NV, F (i &)

1 . .
B G (@ 66) = NVi F(a; &)

We give two more equalities which will be used soon in the following:
Ee, |VF(@r; &)l = Ee (IVF(@r: &) = Vf(@x) + VF(@r)|?)

and

)
= Ee,(IVF(@r; &) — VIF(@)12+ IV (@)%
+2E¢, (VF(2x;8k) — Vf(2k), VF(2k))
= Ee.(IVF(@r; &) — V(@) + IV S (@)%
+2(Vf(@r) — Vf(@r), V(2r))
= Ee,(IVF(@r; &) — V(@)1 + IV (@017,

-2 <Vikf(xk)a Vikfik (ik»
Vi £ (@) = Vi firs @) 1* = I Vi f@i)lI” = 1V, fir (B0l -

We then put (Z9), (BO), (BT) into (EX):

Ee,. 5, (f (Trs1) —

f@n)) < —nBep i (Vi f(zr), Gy (813 &x))

Ly 5
7 5 Bewin IN Vi F (285 6) [1°

Ly I T
92 5 Bevi G (@03 66) = NVi F(o0 60)|

L .
+%§7YN]E£LC IVF(&x; &)

L R a
R By |Ga, (805 &) — NV, F(ds €)1

= —NE,, (Vi f(zr), Vi, fi, (Zr))

<cr2

92 N (e IVF (@ 6) — V) P IV (2)

<NZ%w/4 from (Z3)

5L .
+’7k: ; ]Eék ik ||le(mk,£k) NvikF($k§§k)||2
®) 9
< (||Vf<xk>|\ + NEi, |V, fi, (2 >|| )

=T
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L .
FELN (o + V@)

27
R NP (34)
Then we study the upper bound for 77:
T = Ei Vi f(z) = Vi, fo (@)
= By |Vaf (2r) = Vi f(@8) + Vi f (@) = Vi fir (20|
() R .
< 2By, (IVaf(@0) = Vi @I + [ Viu f(36) — Vi fi (@)1
(3) R w
< 2EikHVz‘kf($k)—Vikf(xk)\\2+§
2 w
< L2 a2 -~
wyLrllze =2l + 35
2
2 w
— NL% ‘Z (a1 = 25)|| +5- (35)
Jj€J (k)
::T2
We then bound 7% by
2
E(TQ) ]E Z ($j+1 7$j)
Jj€J (k)
2
= E| Y %Gs,(25;4)
JEJ(K)
2
N .
E Z GS Ij)&] Z mem +? Z ’Yjvmfm(xj)
jed (k) Y oes, mes;
2
(2)
< 2E Z Y GS x]7€j Z mem
jeJ(k) mGS
::Tg
2
Z YD Vifm(Ey)]|| - (36)
jeJ(k meS;
::T4

Next we show the upper bounds for E(T}) and E(T3) respectively:
E(Ty)

2
= E Z Vi Z vmfm(:i‘j)
jeI(k) mes;
2

jeT (k) meS;

+2E( Y. (< > Vadm(@5), Y. Vo fur (@ >>)
J,3'€J(k),5>5" meSs; m/'eS;
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<

<

<

E( > 2VE,||Vi, fi, (3)|
JEJ (k)

+2E

>

J,3'€J(k),5>5"

Z 'yjz-YE ||vvjf1, (‘%J)H2

Y55 <ES Z vmfm

meS; m'eS;,

X Vo)

jeJ (k)
2 2
1 R N
+E Z YV > Es, Z Vi fm(Z5) —|—O¢Esj, Z Vo fnr (251)
33" €J(k),j>35" meS; m'eS;
N
Y GYE|Vi fi, ()]
jeJ(k)
2
FE( > ww HYEZJVszu M +0Bs, | D7 Vo foe(27)
3,3 €I (K)G >3 m' €S,
N
Z VYE(Vi, fi, (@)
jeJ(k)
Y? 2 NI
+E S v < Ei, Vi, fi; (&5)||” + aYE,, Vz‘j/fuij,,ij/(ﬂij')‘)
33" €J(k),j>35"
V23X grern) Vi 2
S| wY+ay DY o+ ’ Ojj\, ®) E ||V, fi, (&)
JEJ (k) 3'>34,4'€J (k)
Y3/2Z4 . "Y'/
reJ(k J N
> (%‘YJF ]\/J—\(,)\{]} E (Vi fi, (@),
jeJ (k)
where we set @« = \/Y/N in the last step. We next consider E(T5)
2
E(Ts) = E|| D v |Gs(@5:¢) - vafm
JEJ(K) meS
2
= E| Y 7 |Gs(@5:8) - Z Vo fon (2
JEJ(K) meS
2
2
= E Z Y7j2 YGSJ’(‘%J';SJ')_N Z vmfm(j’.j)
jeJ(k) meS;
’YQ' 2
= E{ > G, (:8) = NV, fi, (&) ] (37)

JEJ (k)

where the last equality is due to the same reason of (BIl) and the second last equality is from

2E

>

3>3"35,3'€J (k)

¥ T4, Tjr)
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= 2E S v <E5]GS (2;:6) — vafm >
(k)

J>3"53,5'€J mES
= 0,
where

Iy = Gs,(25:¢) — Z Vo fm(Z

mES

Ly = Gs, (&:8) Z Vot fonr (1)

m ES -
Note that we have the following inequality
Ee ]| Gil:€) — NV, fi(a)?
Ee il|Gi(w;€) = NViF(x;€) + NViF(x;€) = NVif(2) + NVif () = NVifi(2)|?

< BB I8 - NVF@ QI+ NTF:€) - Vof )] + NVef(@) - Vi) )
2

< 3 (%524 NIVF (i) - VI@)1?)

=IO

where the first step uses |la + b + ¢||? < 3(||al|? + ||b]|* + ||c||?). Applying it into (B7) yields:

3]\72 3N0
JjeJ (k)

Applying the upper bounds of E(73) and E(7}) to (Bf) we obtain

E(Tz) < QE(T3)+2§\;—2E(T4)

3N2w 3NJ
S 2( 2Y ) >

jeJ(k)
N2 Y3/2EA,€J(]C)\{.}’)/]-/
1255 > v <7Y+ E J E||V; fi. ()%
2 J J 151\
Y jeJ(k) VN
We apply the upper bound of E(7%) to (B3):
2 w
E(Ty) < NL%]E(TQ)JFE
412 3Nw
S y( ) > +*
JE€J (k)
N Y?’/QZ-, Y
2 3SR\ {5} 1 N
+4lr3s g(:k)%‘ (%’YJF N E ||V, fi, (&5)]"-
J

Substitute the upper bound of E(77) into (B4)
E(f(zrs1) = flax))

< =5 (EIVS@0I? + NE| Vi, fi, (20) )
I A w
+%NE(T1)+w§7YN(02+]E||Vf($k)||)+7k N2
; :
< = (EIVF@I? + NE Vs, £ (@0)I)
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\'/
N

V3R eamniy W
—|—2’yk LT Z Y (’}/JY+ i J EHszfzJ
e JjeJ (k) VN

L . L w
RS N +EIV(@0)]%) + i3 N7

oL
SEIVF @)l + 25N —Enwm)w
%,_/

(”’“N>Evzkfzk< ok

Y3/
+2’Yk LT Z ’)/J (’}/jy+ Z? EJ(k)\{J} ’Y] )EHVZ]‘]Z] j)||2

rearrange

:ZT5

7€J(7€) VN
Yk 3Nw
5N Y( ) > +*
JjeJ (k)
Ly Ly w
Note that
1
T = LEIV@I
= E|Vi f(@)
(e2)

< 2BV, fi @017 + 2B Vi, £ (@) = Vi fi (@)
3

) w
< 2BV, fi, (@)1 + 3"

Substitute this upper bound of 75 into (BR):
E(f(zr41) — f(zx))

L
< —DEIVH@r)|? + o N
2y
’)/kN Ly
- (2 - PN BN @)
N2 Y32y, reJ(k)\{5} V3’ 2
2 | Li—5 Z Vi <'YJY+ ! B[V, fi, (2))]|
e JEJ(K) VN
Yk 3NUJ
5N Y( ) Z v +*
jeJ(k
,Ly L
12 5rNo? +47 YNQW
Y
VeV Ly
< BV - (22 PN BNV b o)l
N2 V32 Y eamniy W 2
+2’Yk LT Z Vi <’Y]Y+ : ]EHVUfZJ ])H
y? jeJ(k) \/N
L2 (3N
+27N T( ~+ ) >

JjEJ (k)
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L L
+1R=FNo? + =X N%w + 2 Nw. (39)

Summarizing (BY) from k& = 0 to kK = K (note that Oy is defined in (Z8)) yields:

1 K
5 D WEIV £ ()
k=0

< flwo) = flars) ZekEnvzkﬁk( wlI?
K
3Nw 9
—|—2NY <+3 )Z Vi Z'y]
k=0 jeJ (k)
- LYN 2y Ly Z + 1Nwz
Te T g Tk
0420 L% (3Nw . )\ w )
< flao) = ST H2NTE (T 307 ) D (e .Z ;
k=0 jeJ(k)
L u 1. &
Y 2
+( No? + N w) ka—FZNwZ%.
k=0 k=0
It completes the proof. O

Corollary 8. Set all steplength yy, to be a constant y in Algorithm [

Y 1
= 4
1= N (40)
where x satisfies
Y Y327
\/1+LQ<N+N3/2>T+1. (41)
It ensures the following convergence rate
K
1 2(f(wo) — f*)Ly N Nw+ 02 2L2YT 1
—>Y E 2 < 1 T — ]+ Nw.
ok LBVl < T ) v

Proof. To apply Theorem [1, we first verify that the choice of v in (E0) satisfies the prerequisite (Z8).
Letting vy, = v, the prerequisite (Z) in Theorem [ reduces to

N’Y 2LY 2 2N2 YS/QT’Y
— 22 EENZ 212 4 (Y Ty > 0,VEk,

or equivalently

Lz , ys/2 Ly 1
L2y THy=— —— < 0,Vk.
y?! ( TN )Y T
N———
=

Here we denote (Y + ¥ \/ﬁT) T by [ for short here.

To satisfy the above inequality, it suffices to show
~Ly /Y ++/L2 /Y2 + (L2/Y?)I/N
2L21)Y?

y Ly + VI3 + L3l/N

2021

7S
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Ly L2l
=Y 1 —1
2121 ( TN

_ o, L VTEY-1
T T 2LyN Y
B 11
" 2LyN o’
where
2 y3/2T
Vo A :LT(Y+ )T
L2N L2ZN ’
13 (v + X5 T
Xo = VI+xX+1=4|[1+ sz +1.
Y

Due to x > xo, the choice of ~ in (8) satisfies the prerequisite (Z8).
Now by applying Theorem [

1 & L3 (3Nw =
3 BVl < o) - 2N (B s) S o ¥ 52
k=0 ;

+( No? +— )ZWF Nwka

and letting v, = ~ and dividing both sides by Ky, we obtain

2 f( o) = f* 3Nw 2
§ E(V f(xx)]© < Ky +2N 5 + 302 ) Ty
L L 1
+ (YYNO—2 + YYN%J) 7+ g Nw. (42)

Substituting «y into (E2), we have

1 X
?ZE||Vf($k)||2
k=0

N

S(xo) — f* 3Nw
K~ 2N ( 5 +302) T~?

L L 1
+ (YN(72+YYN2U}>’Y+ ENW

Y
_ 2(f(xo) — )Ly N
KY
L2TYT <3Nw 2) 1 1
—— 4+ 30 + (0% + Nw)— + Nw
2L3 N 2 X2 (* )QX
o 2(f(zo) = 1)Ly N
= KY
2L2TYT o 1 3 1
Nw+0o*)— 4+ (6 + Nw)— + Nw
el )t )
2 — )Ly N N 2 2I2YT 1
_ 2f@) SN Nwto (1 ; ) N,
KY LY N x
which completing the proof. O

Theorem 9. Set all steplength ;, to be a constant vy in Algorithm Il
Y 1

’Y:Nm’
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where

o
Y= + VE(Nw + 0%)as. 3)

K(Nw+0?)as + oy

It ensures the following convergence rate

Yo BIVA@)l? 20, L WNwto? | 2RYT
2K = KO{Q\/K(NW+02)042+CY1 \/KOZQ L%/NKQQ '

Proof. In order to apply Corollary B, we first verify that the choice of x in (E3) satisfies the require-
ment in (E). (E3) suggests that

2
2 ag

> K (N Hag > .
K(Nw+02)a2+a1+ (Nw +0%)az 2 o

X
where the second inequality is due to that K = 0 minimize the second part. Also note that

2 Y32
13 (Y + L) T

L3N
o[ (Y vy )
- T\
2
LZ (Y y3/2T

Therefore the choice of x in (E3) satisfies the condition in (B) required by Corollary B. Applying
Corollary B yields the following convergence rate

(05] = 4 ].+

1 K
75 2 EIVF ()
k=0

_fx 2 2
2(f($0) f )LYNX+ Nw+o (1 + QLTYT ].> 4+ Nw

S KY IZN X
@  2(f(zo) — f*)Ly N af
KY K(Nw+ 0?)as + o
2(f(wo) — f*)Ly N
+ Nw + 02)a
VKY ( Joz
Nw + o2
+
of +vEK(Nw+ o?)a
K(Nw+0o2)as + oy 2
discard
2LLYT Nw + o
2N 2
o +y/E(Nw + 02)
w+o0?)a
K(Nw+ 0?)as + o 2
discard
+Nw

2(f(zo) — f*) Ly Nay
KY\/K(Nw+ 0%)as + a;
L 20@) ~ )Ly N NG T oD
VKY
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n vVNw + o2 2L2YT

N
VRKas  IZNKay ¢

201 3\/m N 2L2YT N
= w.
Kaz\/K(NoJ—i—aQ)ag—i—al VEos L3 NKay
It completes the proof. O

Proof to Theorem [0

Proof. Note that in Theorem [l we have the same steplength as in Theorem B, so we can safely apply
Theorem H to obtain

S BV ()2

2K
- 20 3¢m N 2L2YT N
= KQQ\/K(Nw+02)a2+a1 VEKas L2 NKas
y3/2T
o s(1+H#% (v +245))
412T Y327
K K(N 2 4 T Y
Qg (Nw+ o2)as + +L2YN( + \/JV>
discard
N 2 2L2YT
SN | YT
\/KO[Q LYNKa2
L2T y3/2p
) ; st (v )

_l’_
Kag\/K Nw+o0?)ag +4 Kozg\/K Nw+o?)as +4
3\/No.)+02 N 2L2YT
JKas | LZNKas

Next from the condition of 7" in Theorem [ and the definition of a3, we can obtain

13 (v + 20T

+ Nw. (44)

)T L2
<K(Nw+o%)ag +4=a3—L

VN
. (45)
L3N L
To see why it is true, it suffices to show that

i —Y VN + /NY2 + 4Y3/2N3/20;4

= 2Y3/2

_ —VN+ /N +4Y-1/2N3/2q,

- 2y1/2

JN
- i (\/1 LAY -12N1/2q4 — 1) (46)

which is implied by the prerequisite for 7" in Theorem M.
Then we apply (E3) to (B4) and obtain

S BV S ()
2K

—
8 L2 N

Kag\/K(Nw+02)a2+4 Kag\/K Nw+o0?)as + 4
YT, 3VNw + o
L2 NKay VEas

L2 (Y+ y3/27 )T

+ Nw
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@8 8 +8\/K(Nw+02)a2+4

<
Kas\/K(Nw + 02)as + 4 Kas
L2/ NY <\/1 +4Y ~1/2N12q3 — 1) 3v/Nw + o2
N,
+ [2NKas T Ry, Y
o 8 +8\/K(Nw—|—02)oz2+ 16 +3\/Nw+02+
N Kag\/K(Nw+02)a2+4 Kas Kag VEKas
112 VY (VIF O TIN ey - 1)
"Kas 12 N
<4
_ 1 16+&\/}7(\/1+4Y71/2N1/204371)+ 8
Kas L3 VN VE(Nw+o02)as +4
11V N 2
+7w+0— +Nw
\/KCEQ
1 2 VY (VIHW PN Pag 1)\ /N T
Kas L3 VN VEKas
=1/2N1/2¢q0 — ]
20 1 L% VY (\/1 +4Y 3 )
= — 11/ N 2K Nw.
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It completes the proof.

.3 Proofs to Corollaries
We prove all corollaries using Theorem [ in this subsection.

Proof to Corollary 2

Proof. For ASCD, letting 0 = 0, w = 0, and Y = 1 in Thereon [, we have

2
-1 !
= 2LmaxN K(Nw + 02
7 <\/K(Nw—|—a2)a2—|—a1 +VEWNw o )a2>

= 2LmaxN\/ arg,

and the prerequisite becomes
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2
= VN <\/1—|—4§§;(K(Nw—|—02)a2+4)]\f1/2 - 1)

T <

2

VN L2
= “max ar1/2 _

5 1+16 7 N 1].
= O(N3/%

The convergence rate turns out to be
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(f({L‘()) - f*)LmaxN

1/2 Lax _
_ 201 L2 +/1+16N i1 1

K Liax VN

It completes the proof.
Proof to Corollary 3

Proof. For ASGD in (), letting w = 0 and Y = N in a1, ao, and a3 in (@), we have

LZ2(1+T)T
(03] = 4(1+T(L2 ) )a
1
Q2 = T
(f(wo) = f*)L
L? 9
as = L—Q(KG as +4).
T
Next letting w = 0 and Y = N in Theorem [Il, the prerequisite for 7' becomes
N
T < VN (\/1 T AN-12N1/2q, — 1)
2v'N
1

= 5 (VIFda-1)

2 o2
B 3(%”%(@%”)*)
= O(\/K02+1>.

We finally obtain the following convergence rate
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It completes the proof.
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Proof to Corollary @ and Corollary B

Proof. Corollary B can be considered a special case of Corollary B with w = 0. We only prove
Corollary B here, which automatically implies Corollary B. Letting Y = 1 in (i) and Theorem [, we
obtain

2
1 aj
= 2LaxN K(N 2 ,
gl : (\/K(Nw—l—a?)ag—i—alJr (Nw+o )ozz)
and
2 T
o = 4 1+—LT <1+W)T
' B LI2]']8-XN ’
1
Qg = )
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T
N
w - >im1 L%i)#?
— N

The prerequisite for 7" in Theorem [ becomes
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- 0 (\/N3/2 T KN1/2(72> .

The convergence rate becomes
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Since w = == if we use a constant 4 for all y;, and if we let Nw < O(N/K), —Kw <

O(N/K), we need
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Iflet Nw < O(‘/\/N?"), 1\\//\%5 < O(\/\/N?‘T) it suffices that

<0 (min{ Gy e VA )

Since (IB) satisfies either (EX) or (E9), we obtain a convergence rate of

S ElIV £ ()| N VNo
K S O(K f)

The prerequisite (E2) becomes

T < O<N3/4\/K<w+ +1>
< O<N3/4 )

which completing the proof.
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