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S.1 Some Results From Convex Analysis

In this section we collect some results from infinite-dimensional convex analysis that will play an
important role in our analysis of the Dual Averaging algorithm.

Lemma S.1 (Asplund} |[1968). Let f : X — (—o00, +00] be proper lower semicontinuous. For a pair
(z0,&0) € X x X* the following are equivalent:
(i) f* is finite and Fréchet differentiable at {y with Fréchet derivative D f*(&y) = xo.

(ii) For some v* € I'r,
fH€) < f7(8o0) + (0, € — &) + 77 (1€ = &oll), V&€ X™ (D
and f*(&) € R.
(iii) For some v € Iy,
f(@) = f(@o) + (z — w0, &0) +([|[x — oll), VeeX 2
and f(z9) € R.

(iv) f* is finite at &, dom f* is radial at &, and x; — x¢ in norm whenever
lim (z;, &) — f(2;) = (&) 3)
Jj—o0

Any of the above conditions implies that (xo,&y) = f(xo) + f*(£0) (in other words: the Fenchel-
Young inequality holds with equality) and that f(xz¢) = f** (o). The functions ~ and ~* in (i)
and|[(iii) form a pair of mutually dual functions.

Note that the function f in Lemma[S.T|need not be convex. The following result will be essential to
our analysis:

Theorem S.1 (Stromberg, 2011). Ler f : X — (—o00,400] be lower semicontinuous. Then f*
is proper and essentially Fréchet differentiable if and only if f is a convex proper function that is
essentially strongly convex.

S.2 Dual Averaging in Continuous Time

In this section we use ideas from |Kwon and Mertikopoulos| (2014) and introduce a continuous-time
regret minimization problem related to the one in discrete-time discussed in Section[2.2} In fact, this
analysis will be crucial in proving the discrete-time regret bound (7)) in Theorem

S.2.1 Regret Minimization in Continuous Time on Reflexive Banach Spaces

Consider a reflexive Banach space X with dual X* and regularizer i on X. Furthermore, suppose
that u® : [0, 00) — X™* is a continuous-time reward process satisfying the following assumptions:

Assumption S.1. The reward process u® is locally integrable for any x € X. That is, forall x € X,
re ot (uf, x) is Lebesgue-integrable on any compact set K C [0, 00).

Assumption S.2. There exists M < oo such that sup,¢ y |(u§, z)| < M forall t.
Let n° : [0,00) — (0,00) be a non-increasing and piece-wise continuous learning rate process.

t . . . . .
Furthermore, let U = fo uS dt be the cumulative reward function. We consider the continuous-time
process z¢ : [0,00) — X given by

ay = Dh*(n; Uy) )

Theorem S.2 (Continuous-Time Regret Bound). Let h be a regularizer function on X, let n° be
non-decreasing and locally piecewise continuous. Suppose that the reward process u° satisfies

Assumptions[S_1|and[S:2} Then under @) we have, for any x € X, that

Ri(z) = /Ot<uivx>d7—/0t<ui,xi>d7§ h(z) —h

— 5
ng
where h := inf,c x h(x).



Theorem[S2l Let y§ = fot uS dr. By linearity,

t
o [ () dr = (Jy s ) = (5.2
Assume for now that n° € C*. If h is proper, then
t c h* (v h h* (€ h
[y = U021 KO0 EH) _ 160D 1t o

0 ng ng ng ng

by the Fenchel-Young inequality. By Theorem|[I} 2* is essentially Fréchet differentiable with Fréchet
gradient Dh*(y). Furthermore, yf is differentiable. Thus, applying the chain rule and using that
z§ = Dh*(yf) = argmax ¢ v ((z, yf) — h(z)) = argmax ¢ x ((z,y§) — h(z)) we obtain

d h*(yg) _ ni{DR*(g), grye) — R (i) n° (1)

dt  ng (nf)?
_ o (i Jy s, ) dn)) e
g (g2
C C ";IC C C * C
= (@, ug) + w«xtayt) —h (yt))
C C ntc C
= (x7,u;) + —=h(x
< t t> (ntc)g ( t)

Now 7f < 0 by assumption, and hence

Now y§ = 0, and hence h*(y§) = sup,cx —h(z) = —h, and so

* () C t
R () (gjt) < / (xS, us)dr — %
un 0 un

Plugging this into (@), collecting terms and rearranging yields (3).

Now suppose that 7€ is only piecewise continuous. Then there exists a sequence (7%)$2; of positive
nonincreasing C'* functions such that n®* — 7° pointwise a.e.. Let 27" := Dh*(ny"'Uf). Note
that Dh* is continuous by Theorem EI and thus z}"" — z¢ pointwise. By Assumption we
have that |(u¢,x%%)| < M for all 7,7 and thus fot (us, x&% dr — fot (uS, z¢) dr by Dominated
Convergence.

S.2.2 Online Optimization in Continuous Time on Compact Metric Spaces

One can also obtain bounds on the regret in continuous time by using similar arguments as in
Section[3] While we do not make use of them in the main part of this article, these bounds may be of
independent interest.

We consider the setting of Section Specifically, let (S, d) be a compact metric space, and let ;1 € P,
the set of Borel measures on S. Denote by B(s,r) = {s’ € S : d(s,s’) < r} the open ball of radius
r centered at s. For p > 1 consider X = LP(S,u)and X = {z € X : z > 0 ae., ||z|1 = 1},
the set of probability measures on S that are absolutely continuous w.r.t. p and whose Radon-
Nikodym densities are p-integrable. Denote by D := sup, . ¢ d(s, s') the diameter of S and by
B(s,9§) C X the set of elements of X’ with support contained in B(s, 9§). We need the following
continuous-time variant of Assumption [T}



Assumption S.3. The reward process u¢ has modulus of continuity x on S, uniformly in t. That is,
there exists x € Z such that |u(s) — uf(s")| < x(d(s,s")) forall s,s" € S forall t.

Theorem S.3 (Continuous-Time Regret Bound on Metric Spaces). Let (S,d) be compact, and
suppose that Assumption holds. Let h be a regularizer function on X, and let n° be non-
decreasing and locally piecewise continuous. Suppose further that ¥¢ : [0,00) — (0,00) is a
non-negative function and that the reward process u° satisfies Assumptions[S.1)and Then, under
the process (@),

c Supg infw B(s,9¢ h(l‘) c ﬁ
Ry < €8 PRI T () — = (7)
U Mt
Theorem Similar to the proof of Theorem 3] O

Proposition S.1. Suppose that Assumption 2| holds with constants ¢y > 0 and Cy < oo. Under the
Assumptions of Theorem with essentially strongly convex regularizer hg the f-divergence of an
w-potential ¢, we have the following regret bound:
R§ _ min(Cy ()2, p(5))

t - tng

Foleg " (95)79) + x(9%) ®)
Proposition Similar to the proof of Proposition I} O

S.2.3 Consistency of Dual Averaging

It is quite intuitive to see that Dual Averaging would recover the greedy algorithm as the regularizer i
“approaches a constant”. In this section, we make this intuition precise.

Definition S.1 (Consistency of a Sequence of Regularizers). A sequence (h1, ha,...) of regularizers
on X is consistent if there exists C € R such that h;(x) — C asi — oo forallz € X.

Fors € S, A C S, letd(s,A) = infycad(s,s"). For§ > 0, let By := {s € S:d(s,S*) < ¢}.
Moreover, let v| 4 denote the restriction of v € P(S) to A.

Proposition S.2. Suppose Assumption 2| holds and that (h;);>1 is a sequence of regularizers that
is consistent. Fix t and let U* := maxscg Ui(s) and S* == {s € §: Uy(s) = U*}. Fori > 1
let vy ; := Dh;(Uy) Then, for any § > 0, we have that xy ;| (pz)e — O|(Bz)e (strongly) as i — oo.
Equivalently, [g. x}(s)ds — 1 asi — oc.

Proposition [S.2] shows that if the sequence of regularizers is consistent, the optimizers, in the limit,
collapse to distributions supported on the set of maximizers of U, (as illustrated numerically in
Example[S.2]in section [S.5]of the supplementary material). If the maximizer of U, is unique, we can
say the following:

Corollary S.1. In the setting of Proposition[S.2] suppose that U, admits a unique maximizer s; € S.
Then x; weakly converges to the Dirac measure on sy as i — oo. We write x3 ; — 0s:.

S.3 Computing the Dual Averaging Optimizer

In this section we discuss some aspects concerning the computation of the optimizer in the Dual
Averaging update in the setting of online optimization on compact metric spaces with uniformly
continuous rewards. The results of this section are used for generating the Hannan-consistent
strategies in the repeated game in the Example in the paper as well as the examples in Section[S.4]
and for performing the numerical benchmarks of the algorithms in Appendix [S.3]

As pointed out in Section [3.2] it can be shown that for f-Divergences of w-potentials, the Fréchet
differential Dh* in this case has a simple expression in terms of the dual problem, and the problem of

computing x;+1 = Dh*(n: 23:1 u,) reduces to computing a scalar dual variable v;. In particular,
one can show the following:

Proposition S.3 (Krichenel [2015). Let ¢ be an w-potential with associated f-Divergence hg on X.
Then

Dhy(§) = o(§ +v7)+ 9
where (- ) denotes the positive part of (- ), and v* satisfies [ (& +v*) 1 du(s) = 1.



By Proposition [S.3| the Fréchet derivative Dhj at § = ntUt is entirely determined by the dual

variable v*, the unique v such that f(v) = 1, where fw) = [g6m(Ui(s) + v*))4 du(s). Since f
is increasing by assumption on ¢, v* can be determmed using a simple blsectlon method. To guide
the search for v} for ¢ > 0 we can make use of the following result:

Proposition S.4. Suppose ¢ is convex and let v{ the optimal dual variable determining Dh (1:Uy).
Then

L ) O R Ly, i k275 Y (10)
MNt+1 Mt+1 Nt+1

where v§ = 1y "¢~ (1). Moreover, for n; = nt=" this interval has length ~ (1 + )M
Proposition[S4} Since Uy = 0, we have v§ = Lp—t (1). Moreover, by definition we have

/m Unls) + 7)), duls /asmH(Um()wM)) dpu(s) =

If ¢ is convex, then so is ¢( - )+ as z — z, is convex and nondecreasing. Therefore
L= [ o(m(Us) +7) + (s = m)Uslo) = 7 + vy + st (5))_dus)
s
!
< [ o(m(its)+ 1)), + o(m(Uuts) + 7)) ((msr — Vi)
s
= MeV{ M1V + 77t+1ut+1(8))du(8)
«\)/ * *
<1+ /S ¢<77t(Ut(3) + v ))_,_ (nt+1Vt+1 — MV t 77t+1M>dM(S)

and hence, since ¢’ > 0, we must have that n, 17, | — n:vf + m:41 M > 0. Rearranging yields the
lower bound on v, ;. The other inequality is proven in a similar fashion by reversing the roles of
tandt + 1. Finally, to show that the interval has length ~ (1 + )M independent of ¢, note that

=1+ =14 ’8 ,and so = 77”r1tM BM. O

MNt+1

Having determined v, we then have an explicit form of the distribution over S from which to sample
s¢+1. For this, a variety of established methods can be used, from simple rejection sampling in
low dimensions (employed in our simulations) to MCMC methods (e.g. slice sampling) in higher
dimensions. In cetain special cases, sampling from x; may be done very efficiently. For example, if
the losses are affine, the domain S is a hyperrectangle, and the potential is a generalized Exponential
Potential, then s, can be obtained by sampling from n independent truncated exponential random
variables. The main computational challenge is then to compute the integral in f. Off-the-shelf
numerical integration schemes work well if n is small, but are typically not applicable in higher
dimensions. Instead, one has to resort to other methods, such as Monte Carlo methods or sparse grids.

S.4 Additional Examples of Learning Nash Equilibria in Continuous Games

S.4.1 A Game With Unique Mixed Strategy Equilibrium

Consider the zero-sum game G, between two players playing on the unit interval S; = [0, 1] with
payoff function given by

(14 s1)(1+s%)(1 —sts?)

1.2y _
u(s’,s%) = (1+ sts?)?

Y

Since |Dgiu| < 8 forany s~ € [0, 1] the payoff function is Lipschitz. It can be shown that V' = 4 /T
and that this game has no pure and a unique mixed Nash equilibrium, with equ111br1um density
x(s) = - f (1 T the same for both players (Glicksberg and Gross, |1953)). Note that z* is unbounded

and that ' € LP(S;,A) for any 1 < p < 2. This unboundedness is the reason for the slow
convergence of the empirical distributions to z* near zero that we can observe in Figure
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Figure 1: Normalized histograms of the empirical distributions of play for G5 (200 bins)

S.4.2 A Game on a Non-Convex Domain

One of the most interesting features of the Dual Averaging algorithms discussed in Section [3]is that
they are applicable also in case of non-convex domains. We may therefore utilize them as a tool to
compute approximate Nash equilibria in continuous zero-sum games on non-convex domains. In
particular, consider a game G3 in which each S; = [0,2]? \ [0.4, 1]2 is an L-shaped subset of R?. It
is easy to see that the Lebesgue measure on this set is Q-regular with Q) = 2, ¢cg = 7 and Cy = 7.

We define the metric d on S; between any two points a,b € S; as the length (in the Euclidean
distance) of the shortest path between a and b that is entirely contained in .S;. The payoff function u
is given as u(s', s?) = d(s', s?) — 15d(s",0), which can be interpreted as a “hide and seek” game
in which player 1 would like to get as far away from player 2 as possible, while at the same time
having a preference for being near the origin. Player 2 instead wants to be as close to player 1 as
possible. Intuitively, this game will not admit a pure Nash equilibrium. Given the geometry of
the problem, computing a mixed Nash equilibrium (whose existence follows from a Theorem by
Glicksberg| (1950)) poses a challenge.

Instead, having both players play Entropy Dual Averaging on L?(S;, \), we observe in Figure that
they indeed incur sublinear regret, and that the empirical distributions of play do converge. Figure[3]
shows Kernel Density Estimates (KDE) of £} and #7 after ¢ = 7500 iterations.

10°
S 107}
3
— R/t player1
— R/t player 2
1072 - - -
10° 10! 10 103 104

t
Figure 2: Time-Average Regrets (log-log scale) for Generalized Hedge in G3

S.5 Numerical Results and Comparison With Other Methods

In this section, we review some algorithms for online convex optimization over subsets of R" that
have been proposed in the literature, and compare them with our Dual Averaging method for online
optimization on compact metric spaces with uniformly continuous rewards from Section[3] Such
algorithms are often formulated in terms of loss functions (., but clearly these algorithms apply just
as well by setting ¢/, = —u., as long as the set .S is convex and the rewards are concave and satisfy
the additional assumptions made by the algorithms. Table [I|summarizes the regret bounds of each
method, with the corresponding assumptions on the feasible set and the loss functions.

The bound on Dual Averaging in Table [T is obtained by assuming the regularizer to be the f-
divergence associated to an w-potential and making an assumption on the asymptotic growth rate of
the function fy as follows:
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Figure 3: Kernel Density Estimates of £} (left) and 7 (right) in G3 for t = 7500

Corollary S.2. Suppose that fs(x) < Cypz'*" for some k > 0 and Cy, < co. Suppose further the re-
wards are a-Hélder continuous, i.e. x(r) = Cy r®, and that hy is uniformly essentially strongly con-

vex with modulus ~(r) = %7"2. Then the learning rate 1, = nt=° withn = ﬁ (;Jﬁg cﬁiﬁﬁ() )1/2
o 0

and B = ﬁ yields the following bound:

R gk — b
7 < (2MCY™F 4 o)t T ET (12)
for any 9 < ro, where C' = figg fgfﬁ
Algorithm Assumptions Parameters Bound on R, /t
¢ convex _ 1 D? 2\—1/2 _ G2;—1
GP/OGD [Vl <G =7 (5 + G2 = Gt
l; H-strongly convex 1 G2 1+logt
IVl2 <G It = i 20t
{; a-exp-concave . 1 , _1 1+4log t
EWOO {; a-exp-concave =« g%(lﬂ)
S Q-regular with ¢y, Cy
. u; a-Holder-continuous Tl 5 g 5Q ay— ol
DA with h, t sl < M ne=nt >Ta® (2MCY™2 + Cu9™)t™ =Fnw
fo(z) < Calteve >1

Table 1: Regret bounds of different online optimization algorithms

S.5.1 Optimizing Sequences of Convex Functions over Convex Sets

Zinkevich| (2003) formalized the online convex optimization problem, in which the feasible set
S and the loss functions are assumed to be convex. He proposed a Greedy Projection method
(GP), summarized in Algorithm I] which we will also refer to as Online Gradient Descent (OGD).
Theorem 1 in (Zinkevich| 2003) shows that when ||V {|| is uniformly bounded, the regret of GP
with learning rates 1; = 1/v/t grows as O(v/t). Hazan et al. (2007) show that it is possible to
obtain logarithmic regret under additional assumptions on the loss functions. In particular, if the

losses are H-strongly convex then GP with learning rates n; = ﬁ has regret R; < QMI; (14 logt).
They also propose methods for uniformly exp-concave losses, that is, when there exists o > 0 such
that exp(—a/;) is concave for all t. These methods, Exponentially Weighted Online Optimization
(EWOO) and Follow The Approximate Leader (FTAL), are summarized in Algorithm|2| and E| (their
Online Newton Step (ONS) algorithm is very similar to FTAL and and therefore omitted). The
respective regret bounds are given in Theorems 4 and 7 in (Hazan et al.| 2007)) and are summarized
in Table[Il



Algorithm 1 Greedy Projection method (GP) ak.a. Algorithm 2 Exponentially Weighted Online Opti-
Online Gradient Descent (OGD), with input sequence mization method (EWOO), with input sequence (¢:)

(¢¢) and learning rates (1) and learning rate «.
1: fort € Ndo 1: fort € Ndo .
2: Let §t+1 = St — 77t+1V€t(st) 2: Let Lt = ET:l ET
. . 5. - —aLi(s)
3:  Update: z441 = 0s,,,, where 3 Letdpii(s) = jseiaLtzsu(ds)
Spp1 = argmin||s — §;4 1| 4:  Update: x4, = 5, ,, where
seS

St41 = Es~it+1 [3]

Algorithm 3 Follow The Approximate Leader Algorithm 4 Dual Averaging (DA) with input se-

(FTAL) with input sequence (¢;) and parameter [3. quence (u¢), learning rates (7)), and regularizer h.
1: fort € Ndo 1: fort € Ndo
2: Letg, =V, (s;) 2:  LetU; = 22:1 Ur
3: LetA; = Zizl g-(g-)T and 3:  Update
- t
Ser = (AT (X721 9+ (90) s = 507) (1) = DR ()

and define ||s|| 4, = (s, Azs).

4:  Update: x411 =6 where = argmax <77tUt7 x> — h(x)

St410

St+1 = argmin ||s — 5141 4,
seS

Example S.1 (Convex Quadratics on a Hypercube). As a first example, we consider quadratic reward
Sunctions of the form u(s) = —%(s — 110)TQ¢(s — pt) — ci, where Qy is p.d. symmetric, and
¢t > 0. The domain is S = {||s]|co < 0.5} with Dg = \/n, and the rewards are generated randomly,
L-Lipschitz with L = 5 and uniformly bounded by ||u;||oo < 3.75 and ||u;||4 < 1.6. Figure[d|shows
the time-average regrets R/t in dimensions n = 2 and n = 3 for time horizons of T = 10* and
T = 4 - 103, respectively. Displayed are the empirical means over N = 2500 runs of the algorithm
(solid), the associated theoretical b()undsﬂ (dashed), and the regions between the associated 10% and
90% quantiles (shaded).

Not surprisingly, those algorithms that exploit the strong convexity of the problem (OGD, FTAL,
EWOO) achieve better asymptotic rates than GP (which requires only convexity) or DA (which makes
no convexity assumptions at all). Still, the regret of DA is not significantly higher than that of GP and
OGD, and is competitive with FTAL over the simulation horizon. We note that the theoretical regret
bounds for both DA instances are much closer to the actual regret of the algorithm.

log time-avg. cumulative regret, n=2 log time-avg. cumulative regret, n=3
T r T - T r
10° b _gED { W F~~L_
ET--ol — FTAL N Tteell
10° F --..._::__. —_ EWOO 3 10° F i S~
SItsol — DA, Exp - el e
10155:-_‘_ -.:::\ —— DA, 1.5-Norm | 1015.;;5;;:: ____ ~-.___- ~~-__.
- TTESszzsiia. T
s SEIDEe~— L T
10° — i e R
—~.-_~__.__
10"
10”
10°
\ L . . . \
10° 10 10° 10° 10* 10° 10! 107 10°

. Az . . . t .
Figure 4: Time-average regret of different online learning algorithms

Table |2| shows the decay rates (which correspond to the slopes in the log-log plots) of empirical
means and theoretical bounds in Figure[|at the end of the simulation horizon. There is a relatively
good match between bounds and simulations. Except for FTAL and EWOQO, all algorithmns exhibit a

'For easier readability we omitted the bound on FTAL, which in this example is much higher than the others.



decay that is faster than that of the associated bounaﬁ When making this comparison, one must
keep in mind that all these bounds are worst-case in nature, and that it is not entirely clear what
characterizes a worst-case sequence of reward functions (see Example[S.2|for a partial remedy).

n=2 n=3

Algorithm simulation  theory | simulation  theory

GP -0.564 -0.497 -0.515 -0.495 Potential | simulation _ theory
OGD -0.920 -0.900 -0.892 -0.888 ExpPot -0.557 -0.446
FTAL -0.780 -0.900 -0.705 -0.888 1.01-Norm -0.546 -0.495
EWOO -0.809 -0.900 -0.676 -0.888 1.05-Norm -0.477 -0.476
DA, Exp -0.519 -0.446 -0.481 -0.439 1.5-Norm -0.307 -0.333
DA, 1.5-Norm -0.452 -0.333 -0.396 -0.286 1.75-Norm -0.279 -0.286

Table 2: Rates in Figure Table 3: Rates in Figure

Example S.2 (Alternating Affine Losses on a Hypercube). In this example we consider a situation
in which the greedy algorithm mentioned in Section ail and offer a simulation that illustrates the
result of Proposition[S.2] We consider a sequence of affine reward functions on S = {||s| s < 0.5} in
R?, alternating in such a way that any maximizer s} of Uy is in fact a minimizer of Uy, 1. Specifically,
we choose ui(s) = —(at, s) — ct, where

ao = [L/2,0], co=0L/4, a;=[—1)"L,0], ¢ =L/2

fort > 1. It is easy to see that in this case the greedy algorithm incurs time-average regret
R¢/t =L+ o(1).

Figure [3| shows regrets for the greedy algorithm and DA with Exponential and different p-Norm
potentials. Besides the obvious failure of the greedy algorithm, we observe that for p-Norm potentials
performance decreases as p \, 1, which can be explained by Proposition[S.2} Nevertheless, DA
guarantees sublinear regret for any p > 1 (with theoretical asymptotic rate approaching t—/% as
p — 1), though at the cost of much higher constants in the bound as p ~ 1. Table 3] shows that
empirical and theoretical rates in this instance (which is intuitively hard) are very close, providing
further support for the theoretical analysis of DA. Finally, Figure [6|for each potential shows the
negative entropy D, (xt||\) of 1. From this we observe that the minimizers x*[p| are indeed more
and more concentrated around their mode as p “\ 1.

time-avg. cumulative regret, alternating affine losses
< =2 == T Negative Entropy of x;

______ ~—— - ~- 10°
L Tt R el Teel TTeell
"""" e P P Te.l 10t
e =<
10° 107 g
107 g
0t — E);E N 101N 0+ S
— Greedy ~ — 1.05-Norm — Lro-Norm  — L.Ol-Norm
— Exp — L01-Norm — 1,05—N‘orm — 1;001-Norm ‘ 10
w02l 1.75-Norm — 1.001-Norm 1 10° 10! 10° 10° 10*
10° 10" 107 10° 10* t
. . t . . .
Figure 5: Failure of the Greedy Policy Figure 6: Negative entropy of

2For EWOO this discrepancy is likely due to numerical inaccuracies at the very small regrets for large ,
while for FTAL the simulation may not have reached the asymptotic regime yet.

3In fact, any deterministic policy will incur linear regret in a nontrivial adversarial setting.



S.6 Proofs

Proof of Theorem 1]

Theorem[I]l Essential Fréchet differentiability, the characterization @) of the Fréchet gradient in
and [(i1)| follow from Theorem[S.1] Lemma|S.T] and the definition of uniform essential strong convexity.
To prove (@), let &,& € X* and let z; = Df*(§;) = argmax ¢ x (&, x) — f(x). Then, by first-
order optimality, (z — &;,x — x;) > 0, Vz € 0f(x;), Vo € X. In particular,

(z1 = &1, w2 —21) 20

(22 = &2,01 —22) 2 0
forall z; € 0f(x;), % = 1,2. Summing these inequalities we find that
(61— &2, 1 — ®2) > (21 — 22,71 — T2)

By uniform strong convexity, we further have that f(z) > f(x;) + (x — 24, z;) + (|| — x;||) for
all x € X. In particular,

f(@1) = fw2) + (21 — 22, 22) +7([l21 — 22]])
f(@2) = fz1) + (w2 — 21, 21) + 7 ([lw2 — 21]])
and summing these inequalities yields
(21 = 22, w1 — w2) > 29(|Joy — 22)

On the other hand, (§1 — &2, 21 — x2) < ||&1 — &2f|«||z1 — 22| by definition of the dual norm, so

- 1
F([ler — 22f) < 5\\51 — &l
1

using the definition of . If 74 is strictly increasing it admits a (strictly increasing) inverse 7~ .
Applying 7! to both sides then yields (6). O

Proof of Theorem 2]

Theorem[2l We consider the continuous-time reward and learning rate processes u© and ¢ given by
ug := upy and n°(t) := 1|4)y1, respectively, where [r] := inf{n € Z : n > r} and [r] = sup{n €
Z:n <r}forallr € Rand a Vb = min(a,b). In doing so we follow the ideas of the analysis
of [Kwon and Mertikopoulos| (2014) (our problem is, however, different as our reward vectors are
infinite-dimensional). With this
k—1 k—1
x, = Dh* <77k—1 Zu]> = Dh* (nc(k - 1)/ ul d7> =7 4
j=1 0
and thus, for j > land ¢ € (j — 1, j), we have
[(ug, 27) — (uy, x;)
by definition of the dual norm. Therefore
(g, 25) — (ug, 25)] < llugll DR () = DR (y5 )Nl < gl 371 (95 = w5-all</2) (14
where the second inequality follows from Theoremm From the definition of y;, we have

t
G- 1) / uS dr
j—1

= [(uj, 2§ — )] < [lujll«llaf — 254 || (13)

= nj-1llull«(t =5+ 1)

*

lyi —vi-1ll« =

and therefore

k k ko pj
| sanyr =Yt < 3 [ usia) — )l ar
0 j=1 j=1 Jj—1
k j -
(-t +1)
<Sohule [ (B ) or
y j—1
j=1 J
i n
~— j—1
<> il A (B )
j=1
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where the last equality follows since 71

Finally, we note that

is non-decreasing (a consequence of - being sublinear).

k k k
S () = Yz SR WO
j=1 j=1 j=1
k k k
<|[ wmydr - [ s atiar| + / us,a)dr — 3 (ug, ;)
0 0 =
The bound (B)) then follows from Theorem [S.2]and the above. O

Proof of Corollary 2]

Corollary[2] Ttis easy to show that 7~ (L2 ||uyl[.) < (2C)~Y/* 77;/'; s |27 TF (||| < M for

all j, then Ry(z) < % + (2C) "Ry R nT/ " In particular, if n; = 7¢=”, then (T0)
follows from the bound "% _, (j — )79/ < fo v B/ dy = ﬁtk% O

Proof of Theorem

Theorem[3] The space X = LP(.S) is uniformly convex (Clarkson 1936) and thus reflexive (Milman,
1938). Its dual is X* = L9(S, p) for ¢ = ;27 and (z, = Jqu( w(ds) for x € X and

(
& € X* Fixt < co. Then for any s € S and all z € B(s, )
t

CEEIN )Ut<s’>x<s’> ) = [ Y (el du(s)

B(s,9:) =1

> Z / —(00)a(s') diu(s') = Uy(s) — tx(9)

B(s,9¢)
and therefore

t
R: = sup U(s E Up, Ty )
s€S T=1

t
<sup inf (U, z)+tx() Z Ur, Tr)
seS xeB(s,9¢) —1

=sup inf Ry(z)+tx (%)
seS xzeB(s,0¢)

and thus (7) follows from (3)) in Theorem [S.2} O
Proof of Proposition ]
Proposition([l] By convexity of f, we have that h(z) = ) > fol [y 22 s 2dp(s)) = fe(1) =0 for

all z € X, and thus h = 0. Furthermore, choosing x as the umform Radon leodym density w.r.t.
on B(s, ), i.e

1p(s,9,)(s")
W(B(s,V:))

0= [ putatuas) = [ . o mra ) e

1
< win(@o(0)% 1(5) fo 577
( Mo\ uB0)
where we used the assumption of ry-local QQ-regularity and the fact that J; < rq. It is easy to see that
fs is increasing on [1, 00). Indeed, fj(x) = ¢~"(x), and ¢~ ' () is increasing by assumption with
¢~ 1(1) > 0. Moreover, since (S) = 1 by assumption, we have that z(B(s,9;)) < 1 for any s, so

h(z) < min(Co(9:)%, u(S)) fo(co ' (9:)~%)
Plugging this into the general bound (TT)) of Theorem [3]yields (I3). O

x(s') =

we have that

11



Proof of Corollary 3]
Corollary[3] Plugging ¥(r) = 2r, fg(x) = xlogz and x(r) = Cor® into (I3) we find that

L

Q M2
TSy 08l 90%) Gl T e

=1

Letting 17, = n+/logt t—” we have that

t t t -
mel Sn\/logtzt_ﬂ Sn\/loth/ “Pdz = ny/logt / 2 Pdz = 77 log
T=1 T=1 T=1

and therefore

R+ Co th-1 —14-Q ’171\42 _
Ot 0 1 9 C9¢ + —/logt t"
b o vioge B0 V) Cadi T Vo

Choosing 8 = 1/2 and ¥, = 9= (log t) 3wt~ % this becomes, after dropping a 1/ log ¢ term,

1
Re ( Co <1og( JlomQ/) 4 Q) +C’a19+277M2> gt
t con 2 t

as ¥y < rq since y/logt/t < 9~ 1r&. Then choosing n = ﬁ\/COQ log(cg t9—Q/e) + % gives

200
Rt 2Cy 1 Q logt
oM 1 9=Q/) ) 4 Cad )4 22
t < \/ O 8(co )+ 2a +Ca t
O
Proof of Theorem[d]
For the proof of Theorem 4] we will make use of a few intermediate results.
Proposition S.5. Suppose Assumption[2|holds. Then
Ri = sup Ri(z) = sup Ry(x) = sup Up(s) = 31 (ur, ) (15)

reX zEP ses

Denote by 14 the indicator function of the set A, i.e. 14(s) =1if s € Aand 14(s) =0if s € A.
We will also make use of the following Lemma:

Lemma S.2. Let (S, d) be a compact metric space and let y be an ro-locally Q-regular measure on

S. Forp > 1let XP := {x € LP(S,p) : > 0 a.s., |z||s = 1}. Suppose further that f : S — Ris
continuous. Then

sup f(s sup/f )dxz(s) = sup /f dz(s Vp € [0,o00] (16)

seS z€P TEAXP

LemmalS2l The first equality follows directly by observing that Borel measures measures include
measures with finite support. Clearly sup,cp [ f(s) dz(s) > sup,ey» [ f(s) dz(s) since X7 C
P forall p € [1,00]. Since LP C L9 forall ¢ > p 1t sufﬁces to show the reverse 1nequa11ty holds for
p = oo. Since S is compact and f is continuous, there exists a maximizer s* of f on S. Let ¢ > 0.
By continuity, there exists 6 > 0 such that |f(s) — f(s’)| < e whenever d(s, s’) < d. Moreover,
by local Q-regularity of 1 we have that u(B(s*,6)) > 0. Now let z(s) = m 1p(5+,5)(5).
Clearly x € X*°, and

71 71 ) —€ s) = f(s*)—¢
/S S dals) = sy /B OO0 2 s /B 6D 9@ = 16
Now let € N\, 0. O

12



Proposition[S-3] Recall that

t t

Ro(w) = > (ur2) — 3 g, 27) = /SUt(s) dx(s) = 3 (ur, a7)

T=1 T=1 T=1

Clearly Uy is continuous (in fact, with modulus of continuity ¢ x(r)) on S for any ¢ < co. The
equivalence of the suprema then follows from a direct application of Lemma|[S.2] O

TheoremH Since S is compact there exist 5%, s® € S such that d(s%, s*) = Ds. Let 2% = §,0 and
2% = 8, where 0, denotes the Dirac measure on S at s. Let w : R — R be any function with
modulus of continuity y such that ||w(d( -, s%))||; < M. Define v : S — R by v(s) = w(d(s, s)).
Using the triangle inequality it is easy to see that v also has modulus of continuity . Now observe
that

(v, 2% — xb) = v(s?) — v(s?) = w(d(s*, %)) = w(Dg)

Let V1, ..., V5 a sequence of i.i.d. Rademacher random variables, i.e. P(V; = +1) = P(V; = —1) =
%, and consider the (random) sequence of reward vectors (u,):_; with u; = V;v. By Proposition|S.5
we have that Ry = sup,cp R:(z), and thus

E[R:] :E[sup zt:<uT,x> —i:(ur,xﬁ} EE{ max Zt}uﬂxﬁ —E[zt:(uﬂxﬁ}

a _pb
w€P =1 vefzt }T:I =1

_ E[ max Zt:mv,@] —E[TZEVTWM]

ze{z,xb} o

Observe that the second expectation is zero for any sequence of (z,)._, with =, measurable with
respect to o(V4, ..., Vr_1), i.e. any online algorithm. Noting that max(a,b) = % (a +b) + 1|a — b|
we thus have that

t t

1 a b 1 a b
E[R:] > 2]E|:21VT<U,I’ +x )} + QE[ ZIVT@,I —z°) }
t
w(Ds) { } w(Ds)
_ W)l IS | > Vi
2 Tzzl T 2V2

where the last step follows from an application of Khintchine’s inequality (Haagerup,|1981)). [
Proof of Proposition 2]

Lemma S.3. Let C € Rand 0 < 8 < 1. The function v : [0,00) given by v(r) = Cr® is Holder
continuous with modulus of continuity x(r) = |C|°rP.

Lemma[S3l Noting that | + y|® < |z|? 4 |y|® for any z,y € R we find with x = Cr; — Cry and
y = Cry forany r1,r5 > 0 that |C|r? — |C|rS < |C|?|ry — r5|P. Exchanging the roles of r1 and ry
then yields |C’rf - C’rg| <|C1P|ry — relP. O
Proposition[2] With s, s® as in the proof of Theorem choose

w(r) = min(C’(l/o‘ , M|d( -, sb)a||(;1) re

Then clearly ||w(d( -, s%))||; < M by construction. Moreover, w has modulus of continuity (r) <
Cqr® by Lemma The result follows from observing that ||d( -, s*)*||, < || D¢, = Dg. O

13



Proof of Proposition|[S.2]

Proposition|[S.2] Fix t < oo and let § > 0. Consider z € X with € := fB e T x(s)u(ds) > 0

and define the function x : R* — R* as w(u) = supyg Bxye Ut(s). Clearly, k is decreasing,
k(u) < U* for u > 0 by definition of S*, and continuous (by continuity of U;). We then have that

Ui(s) < U* — k(d(s,8*)) forall s € S. Let 0 < §' < X_l(%) such that p(B3,) > 0. Such a ¢’
always exists by Q-regularity of p. Consider
€

"f(S) = x(s)lgg (S) + mlB;/ (S)

Clearly, z € X. Furthermore,

(ﬂ:meMﬂWMM—M@—Lm%@MMWM+mw
ST PO = [ i) = (1) ~ (o)

( (BY)*®
> enu(U* = tx(8")) — en(U” = k(8)) — (hil3) — hi(a))
> ene(r(0) — tx(9)) — (hi(Z) — hi(x))

> SO (3) — hy(a)

2t
Now h;(Z) — h;(x) — 0 as i — oo by consistency of (h;);>o. Hence there existsj < oo such that
(*) > 0 and thus = # = forall i > j. Since € was arbitrary, this shows that f xf(s) pu(ds) — 0
as ¢ — oo. O
Proof of Corollary [S.1]

Corollary@ Let f : S — R be continuous and bounded, say |f(s)| < M forall s € S. Let € > 0.
Since S is compact, f is uniformly continuous, i.e. 3§ > 0 such that |f( ) = f(s")] < €/2forall

s € B;. By Corollarynthere exists j < oo such that 2 ((Bj)¢) < ;57 forall i > j. Hence

/v M(MM$<dé/aﬂ$M@H4M' 21 (s)u(ds) < e
5 (Bj3)e
forall¢ > j. O

Proof of Proposition 3]

Proposition S.6. Suppose G has value V and consider a sequence of plays (s})i>1, (s?)i>1 and
suppose that player 1 has sublinear realized regret. Then
t
1
liminfg u(st,s2) >V (17)

9 -
t—o0 T
T=1

Proposition[S.6] This proof uses similar arguments as Theorem 7.2 in [Cesa-Bianchi and Lugosi
(2006), with modifications to accommodate our more general setting of functions on metric spaces.

Since player 1 has sublinear (realized) regret, by (I8) it suffices to show that
t

1
sup qu( L2y > V.

stesS: =1
Now clearly sup,icg, f(s') = sup,iep, f s, f(s)dx'(s) for any f measurable, thus we may equiv-
alently show that sup,icp, + 320, [s, u(st, s2) dz'(s') > V. Observe that, for all 2" € P,
1 ¢ 1 ¢
IS [ st s2yd /A— 52) da’ (s")
2, 2
1
:/ S Z / u(st, s) désg(s)) dx'(s')
= a(xt, 2?)
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where 22(B) := 1 S°Y _ 15(s2) for any Borel set B C Ss. Since &2 € P, we thus have that

sup a(x',#?) > inf sup a(z',2?) =V

ztePy z2€Py x' €Py

O

Proposition[3] Using the fact that the payoff of player 2 is the negative of player 1, we have from
Proposition[S.6|and the fact that the game has a value that

t
. . 1 1 2
hmlnf; E —u(s;,s2) > -V

9
t—o00 T
T=1

and thus
1
lim sup — u(sk,s2) <V
Imsup 5 z::l (s7,57) <
Combining this with yields that lim;_, o + Zj—:l u(sl, s2) =V. O
Proof of Theorem

In the proof of the theorem we will use the following Lemma:

Lemma S.4. The functions g1(x*) := sup,cp, u(z',z?) and gz(x') = inf,2ep, u(zt, 2?) are
continuous with respect to the weak topology.

LemmalS4 Tt suffices to show that g; ' ((—o0,a)) and g~ ((b, 00)) are open, since the sets of the
form (—o0, a) and (b, 0o) form a subbase for the topology of R. Observe first that « is continuous.
Indeed, by Assumption 3] we have for any s,t € Sy x S5 that

fu(s', %) — u(t', )] < Ju(s, 8%) — u(s', )] + Ju(s', ) — u(t', 2)]
< X2(da (5%, 2)) + X (da (s, 1)

and so for any € > 0 there exists § > 0 such that |u(s?, s?) — u(t!,#?)| < e whenever (d; x
dz)(s,t) < 6. Since u is continuous on the compact set S; X Sz it is bounded, i.e. there exists
M < oo such that |u(st, s?)| < M forall s € S. This implies that @i(x!, 2?) is 2M -Lipschitz w.r.t
the Lévy-Prokhorov metric on P; X Pa, hence in particular (jointly) continuous w.r.t. the weak
(product) topology. Let mo : P; X Py — Py denote the canonical projection onto Ps, which by
definition of the product topology is continuous. Together with the continuity of « this implies
that g; ' ((b, 00)) = ma 0 @~ ((b,00)) is open. Furthermore, note that @(z',z?) < a, Va' € P,
whenever g, () < a, and hence for any 2> € Ps, the set (2!, %) € g; *((—00,a)) is open. That is,
there exists an open cover of P; x {z?}. Now P; is compact in the weak topology, which means

we can find a finite subcover {Ui ) };L;zl such that ﬂ?fl U, i » D Py x {x2}. Taking the union over all

2? € g~'((—o0, a)) we have that g~ ((—00,a)) = U,2¢4-1((_n0.a)) N3 U7, which is an open
set. This shows that g; is continuous. The argument for showing continuity of g, is essentially the

same. ]

Theorem[3 Note that both P; are metrizable and compact in the weak topology (as each S; is
compact), and hence P; x Py by Tychonoff’s theorem. Therefore it suffices to show that with
probability 1, the weak limit of any weakly converging subsequence of (#:)$2, is a Nash equilibrium.
Let (24, 22)g2, be such weakly convergent subsequence, and (2!, 2%) € Py x P, its weak limit. We
will show that whenever a given realization of plays (s; ), (s7) has sublinear regret for both players,

(2%, 22) is a Nash Equilibrium, i.e.,

sup w(z',2?) =V = inf a(z',z?). (18)
zleP; z2€P;
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Let g1 (22) = sup,iep, t(z',2?) and gy(2') := inf,2ep, u(x!,2?), which by Lemma [S.4] are
continuous w.r.t. the weak topology. Hence, using that 2%, — 2% for i = 1,2, (T8) is equivalent to

lim sup @(z',23) =V, (19a)
f—oo0 xlePy
lim inf a(@p,2?) =V. (19b)

0—00 x2€P2
We first show ([9a). By assumption, the game has value V, ie. it holds that
inf,2ep, sSupgiep, U(z',2?) =V and thus, in particular, that

liminf sup a(z',#2) > V. (20)

f—oo zlePy

Now, suppose that for a realization (sl), (s2), the regret of the second player is sublinear, i.e.

t n
1
limsupt< sup g /u(sl,sz)dxl(sl)fg u(si,sf)) <0.
S1

t—o0 zl€Py =1 =1
Then by Proposition L limy o0 + S u(sl,s2) =V, and we have

t
1
V > limsup sup — g / u(st, s2) da'(s)
1751

t=oo xePy VT

¢
1
= limsup sup / = Z u(sy,s2) dz'(st)
t—o0 x1€P1JS, 3 =1
= limsup sup a(z',z?)
t—oo x1E€P;
> limsup sup a(z',#3).
0—oc0 x1EP1
Combining the last inequality with (20) proves (19a). The argument for (I9D)) is essentially the same,
modulo some sign changes.

This proves that for any realization with sublinear regret for both players, all weak limit points of
the sequence (2}, 27) lie in the set of Nash equilibria. But by definition of Hannan consistency, this
happens with probability 1.

O

Proof of Theorem [6]

Theorem|B To start, note that for any p > 1 the space X as a closed subset of LP (S, 11) is a complete
metric space, hence Polish and thus there exists a Borel isomorphism between X and the Lebesgue
measure on the unit interval. Consequently, to randomize its plays according to a sequence of
probability measures in X, it suffices that player ¢ has access to a sequence of i.i.d. random variables
drawn from the uniform distribution on [0, 1]. Denote this sequence by Z¢ = (Z4, Z,...).

The key observation is that if player —¢ plays a non-oblivious strategy, then the partial rewards will
not be some a priori fixed sequence of reward functions, but will depend on the hlstory of play. Indeed,
since @i(-) = YL, ui( -, s7%) and since 577 is itself some function of past plays s, ..., 8L 4, the
partial reward functions %} are measurable w.r.t. the o field generated by (Zi,...,Z}). Note that this
implicitly assumes that any randomization performed by player —i is 1ndependent of that of player .
Let E} [X ]:=E[X | Z{,..., Z}_,] denote the conditional expectation of X given the past plays of
player 1. Then

t t
Zui(si,s;i) - Z]EZT [u' (st s; Z sup EX [ui(s',57°) — wi(sh, 7))
T=1 T=1

7'157—

=3 sup B[ 1)

i
=1 UYr

= sup ZE’ ~i i ”(s;)] [@3))

IR —
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where the last step uses the fact that 57 ~ @ := Dh} (n:—1 Sh_l @), which depends on the
sequence {s}}5_1 only through the sequence {ii})}7_{ of observed partial loss functions.
From Proposition [S.5] we have that

¢

Ry= sup sup Zu )= (af,al) = sup sup ZE‘ [al(s") —at(sh)] (22)

s°€S8; Ay, uf 11 =1 steS; af,...af T

Now let W! = @i (st) — (@i, x!) and observe that W is a martingale. Indeed,

EW:! | Wi ... . W =EW!|Z],....Z7 " |=0 as.

Moreover, since by assumption u; is continuous on the compact set S; X S, we have that u; is
bounded and therefore |W: — W:_,| < M for some M < co. Noting that W* = 0 it follows from

the Azuma-Hoeffding inequality that, for every € > 0, P(W! < ¢) > 1 — exp(—ﬁ) and thus

P(3_, Wi < M\/2tlog(t/e)) >1—€¢ Ve>0

Now ZT Wi = ZT Lak(sh) — Z’;:l(uT7 x%), and hence, using (22) and 1), we have for all
t < oo that

t
sup<Zul oo Z“l o, Ti> 7?+M 21%@/6)

sESt

log(t/<)
t

Now R/t — 0 by assumption, and — 0 for any € > 0, which proves Hannan consistency.

O
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