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Table 1: Table of Symbol and Notations

Si Subspace [

Xa Clean data matrix

Xo Irrelevant data

(Xa)—i A submatrix of X 4that excludes the column 3.

X f4 The selection of columns in X 4 that belongs to .5;.

by Robust counterpart of X7, X _;

4 Robust counterpart of X7, x;

PL, Symmetrized convex hull of (X A)(_l)i

Yem The submatrix of ¥ with row indices in set s and column indices in set 7).
(X)) The submatrix matrix of X 4 that excludes column in subspace [.
C1,C5,C3  Numerical constants

I lloo Infinity norm of a vector or matrix

I 12 2-norm of a vector

Il 1-norm of a vector

Lemma 1. Consider a matrix ¥ € RN*N and v € RN*1, If there exist a pair (¢,¢) and ¢ has a
support S C T, such that

sgn(Cs) + Ysn&y =0,
||Escr‘wT,77£17Hoo S 1;

(1
1€]lx = A,
||ZTC,77§77||00 <1,
where 1 is the set of indices of entry i such that |(X¢ — 7);| = ||2¢ — ¥/, then for all optimal
solution c* to the problem P (X, ), we have i = 0.
Proof.
lle* [l + AlIEe™ = lloo = [IEfln = AllEE = ]l
> (sgn(Cs), ¢ — ) + llcsenrlls + lleells + (E. g8, ¢ =€)
= (=D, €5 — o) + I eqrll + llezelly + (E.n&y, ¢ = 0) )

= [Iienrlls + llezelly + (Esenr.nbns Cienr) + (Xre nés c1e)
> (1= [Bsenmnénlloo) Icsenr |t + (1 = [[E7e néplloc)lleTe
> O(unless||chc|| = 0)
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where the notion X2, denotes the submatrix of 3 with same row and column indices in 7). The first
inequality holds from the convexity of objective function. The second inequality holds form the
property of dual norm. The last inequality holds from the fact that ||Xpe &, [|co < 1. Thus ¢* is not
the optimal solution unless c.. = 0. Note that ¢ is also the optimal solution. O

Before we start to prove our main theorem of the deterministic model, we first look at some proper-
ties of the robust inner product and how to decompose X and 7.

Lemma 2. Suppose S and 4 are robust counterparts of X*, X _; and X, x; respectively and among

D + D features, up to D1 are irrelevant. We can decompose S and ¥ into following form 5=
(X)L, (Xa)—i + X and 4 = (Xa)L,(za)i +7. We define 61 := |7 and 62 := ||%]|o If
H(-TA)ZHOO <€ and ||(XVA)_Z||OO < €9, then 52 < 2D1€%, 51 < 2D161€2.

Proof. Consider the robust inner product h(j) between jth column of X_; and z;. A is the set of
indices of k such that (X _;); and (x;) are true data.

h(G) =D (X i)ry(wi)k — > (X—i)kj(@i)k + > (X—i)kj(@i)k

keA k €truncated true features k €remaining irrelevant features
3)

Notice the first term is the inner product of the true data and we need to bound the last two terms.

For the wrongly truncated true data we have

| > (X—i)nj (@)l < D1 (max [ (X—s)x;]) (max|(2:)])-
k Etruncated true features

A easy observation is

| > (X—i)rj(@i)n] < > |(X =)k (i)kl

k Eremaining irrelevant features k Eremaining irrelevant features

< > [(X—i)rj (@)l 4)

k&truncated true features

< Dy (x| (X)) (max |(22)e]),

where the second inequality holds from the definition of the robust inner product.
So we can decompose 7 into two parts
~ T ~
¥ =(Xa)Zi(za)i +7,
where 7; = — Zketmncated true features (X—i)kj (xl)k + Zkeremaining irrelevant features(X—i)k’j (‘T’L)k Thus

1951 < 2D1(rl£1€3}|(X—i)kj|)(r£€a}|(xi)k‘) < 2Djer1€2

Similarly, we can decompose & = (X4)T;(X4)_; + 2. Consider the Robust inner project h(p, q)
between pth column and gth column of X. A is the set of index & such that X}, and X}, are true
data.

h(p,q) = (X _i)kp(X_i)kq — > (X ) kp(X i) kg

keA kEtruncated true features

+ > (X—i)kp (X —i)kg

k Eremaining irrelevant features

(&)



The first term corresponds to the true data.

We define
inq == Z (X—i)kp(X—i)kq + Z (X—i)kp(X—z‘)kq-

kEtruncated true features k €remaining irrelevant features

Similarly we can bound last two terms.

| > (X—i)rp(X—i)kq| < Dr(max |(X—s)ap|) (max |(X—i)xql).

k€truncated true features

| > (X—i)kp(X—i)kg| < > (X i) kp (X i) kg

k Eremaining irrelevant features k Etruncated true features (6)

< X_; X_; .
= Dl(%leaj‘(‘( z)kp|)(%1€ajf|( i)kal)
So we have
S 2
Spal < 2D1(max (X gl (max| (X)) < 20165
O
It makes sense that upper bounded of |¥, ,| and |7;| are proportional to D; and || X 4|« since D;
is the upper bound of the number of irrelevant features. It is easier to detect subspace with smaller
D;. || X 4lloo decide the incoherence of data, small || X 4]/ indicates the information spreads out.

Suppose the true data matrix is sparse, then it is hard to know which feature is irrelevant and which
one is the true.

1 Proof of Theorem 1

1.1 Construction of Dual Certificate

We consider the following oracle problem P(XAIL 1,91) to construct the dual certificate.

min [lefl1 + AllZge = Ailloo, 7

where 3} ; and 4; are robust counterparts of (X A)(_%T(X A)(_l)i and (X A)(_l)iT(z A); respectively.

The dual problem is
max(6,5) subjectto [lgls = A [Sritl < 1. ®)

Optimal solution pair (¢ ,é ) of the this oracle problem satisfies
sgn(és) + Bs.a&y = 0,
1£5e,7éall0 < 1, ©)
€]l = A,

where subscripts § and 7) denote the support of ¢ and f respectively, and 7) is the set of indices of entry
isuch that |[(X;;¢ — 41):| = |X11¢ — Yilloo- fwe set é = (0, ...,¢,...,0) and € = (0, ..., §, ..., 0), it
is easy to see we just need to verify the following condition for LemmdT}]

£ 3éalloo < 1. (10)

Recall that 2lu’ﬁ = (XA)(ZC)T(XA)ﬁ + ilcﬂf’. We define v := (XA)ﬁéﬁ. Thus the condition
becomes . ~ A
(X)) 70 + e 4alloe < 1. (11)



we establish the condition required for (IT]) to hold. The idea is to provide a upper bound of the left
hand side.

HXA) Y0 + S aéilloo < 1(Xa) 0] l00 + 151,785 10

< ol (X)) T 2o + 155 oI
< [vll2ll(Xa) IIUHQH 15 alloc lI€a 11 (12)
c v =~
= [[oll2l(X4) T =l + AllEie 4l o-
[[vll2

The term ||(X )T valb || is the incoherence that we defined before. Now we need to bound
[[]]2-

Bounding ||v||2

Before we bound ||v||2, we introduce the definition of polar set and circumradius.
Definition of Polar Set

The polar set K° of the set L € RP is defined as

K°={y€ RP: (x,y) <1forallz € K}.

Definition of circumradius

The circumradius of a convex body P, denoted by R(P), is defined as the radius of the smallest ball
containing P.

We exploit the optimal condition in[9]to bound [|v||2. Using the first two condition in[9] we know
IZéalls <1
which implies
1) G0+ Sraallso < 1.

The above condition implies

nTr -t 2
1X) Y 0]l < 1+ (121,060l

—1 =

and -

(XA)—i o

€ [P(—————)]
L4 121,484 oo
Using the definition of circumradius, we have
x0)Y
[vll2 < R([P(———=—5—)I°)
L+ 12058000

The following lemma extracted from [2] relates the circumradius to the inradius of its polar set.

Lemma 3. For a symmetric convex body P, i.e., P = —P, the following relationship between the
inradius of P and circumradius of its polar P° holds

r(P)R(P°) = 1.

Remind that polar of a polar set is the tightest convex envelope of original set, i.e., X = (K°)°.
Combining this property and Lemma [3] we have

Lt [Sraéalloe o L+ 1l Srallee _ L+ MBalloo

e < =G0y =Py T )




1.2 The upper bound of )

Replace ||v||2 in by its upper bound we have

1+ Bl S
—— T A B gl <1 13
Remind we define 5 = ||2||o and it is easy to see ||Xic 4]lco < d2, |15 ]lcc < J2. Thus a sufficient
condition of (I3) is
Pl)—
N ") —w

02w +1(PL;))

Replace - by its upper bound in Lemma [2] we get the upper bound of A in the theorem. If A is
small, we can tolerate more irrelevant features. However )\ can not be as small as 0, otherwise ¢ = 0
is the trivial solution of the primal problem. We discuss how to choose A to avoid this case in the
following section.

1.3 The lower bound A\

If )\ satisfies the following condition, the optimal solution of Robust Dantzig Selector can not be
Zero .

A> .
TQ(Pii) — 2D16% — 4T(Pii)D1€162

If ¢ = 0 is the optimal solution in the primal problem P(3;;, 4;), the optimal value is [|%;|o. Now
we choose a special non-zero c such that

llells + AllSeie = Ailloo < MAtlloo- (14)

Thus we can prove by contradiction. In particular, c is the optimal solution of the following problem
with clean data

mcin Ilefl1s.t. (XA)(_l)ic =(xA)—i (15)
The dual of this problem is
max(g, (z4);) s:(Xa) g0 <1 (16)

Since it is linear programming, the strong duality holds. We have (g, (z4);) < |/¢||2 using the
fact that ||(x.4);]|2 = 1. Now we apply Lemma 3] again and use the definition of circumradius, the
optimal value ||c||; of satisfies

1
T(Pli).

lefls < llgll2 <

We first look at the upper bound of LHS of (T4).
lell + AllEe0e = Al
=lell + MEDE((Xa) G = @a)i) + Srie = ke
=llelly + AllSrie = Al

<Jlelly + MEriclloo + AlFlloo a7
<llelh + MSralloollells + AllFlloo
~ 1
<14+ M2 1loo) ——=— + A|A ]| 0o,
<+ MEwllo) e + Al



where the second equality holds from the fact that c is feasible in problem (I5).

Now we derive the lower bound of RHS of (T4).

Mtlloo = MXA) O (@a)i + Ao
> M) S @a)illoo = Al (18)
> Mr(PLy) = Ao
Evhdere the last inequality holds from the geometric meaning of the inradius of a symmetric convex
ody.

Thus a sufficient condition for[14]is

8 1
14+ AZ0llee) ——=— + AMFilloo < A(P(L,) = AlF]loo,
(T4 X2 >r(P£Z.)+ [F1lloe < Ar(P(;) = Al

which implies
1/7"(Pl—i)
r(PLy) = 2/l — ﬁ”&,ll&

19)

Remind that we define 61 = |9/ and ||F]|co < 01, We get the lower bound of A
1
T‘Q(PZ_J — 52 — 27‘(Pl_1)(51 '

A >

replace d; and d, by corresponding upper bounds in Lemma 2] we get the theorem.

2 Proof of Theorem 2

In this section, we prove Theorem 2 in the fully random model. In this case, both the orientation of
the subspace and the distribution of the points are random. Before the proof, we need the following
Lemma of the upper bound on the spherical cap [1].

Lemma 4. Let v € RP be a random vector sampled from a unit sphere and 7 is a fixed vector. Then

we have )

6).

Pr(\xTz| > €||zl2) < 2exp(

2.1 Bounding J; and d,

Remind that
5. < AT .
1751 < 2D1 (max |(X—q)e;|) (max|(z:)])

1Xp,ql < 2D1(r]£1€ai(|(X—i)kp|)(rl?eaj<|(X—i)kq|)

Using Lemma[] with z = e; (e; is the vector with a 1 in the ith coordinate and 0’s elsewhere) and
union bound over dimension D , we have

2

<)

Pr(max |(Xa)i;j| =€) < 2D exp(

for a fixed j.

log(D)+81log N
D

In particular, we choose € = . Using the union bound again over all N? entires of

fl, then we have
< C1D1(log(D) + C2log(N))

61 D )




< C1D1(log(D) + Cylog(N))
— D .
with probability at least 1 — % respectively, where C; and C'y are some absolute constants.

P

2.2 Bounding the inradius

We need to bound the inradius r, the following lemma is extracted from [2]].

Lemma 5. For every p > 0, there exist a constant ¢(p) such that if (1 + p)d < N < dexp(d/2),
such that

L
c(p) [logp . , -
Pr{r(P',) < AR forall pairs  (1,3)} < ZN; exp(—d® N} %,
1=1
where p = % is the relative number of iid samples. There is a numerical value pg, such that for

all p > po, one can take c(p) = 1//8.

This Lemma is from the Theorem 2.8 in [2]]. We choose 8 = % In the fully random model, we have
N1:N2::Nl:pd+1

2.3 Incoherence bound

Notice v just depends on the data X (fz and x; corresponding to the subspace [, thus v and XXC) are

independent. Using the lemmafd] we have

610gN) < 2
D N3

v
for all true data point x4 € X\ X' .

2.4 The range of \

To make the upper bound of A meaningful, we need r; > wu;. Replace r; by its lower bound and wu;
by its upper bound we have

< De*(p)log(p)
12log N

and

1 11—k D

<AL ;
%cg(p)lo% _ (\/Ec(p) lo% + 1)01D1(logDD+CQ log N) 1 + K C’lDl(logD + 02 10gN)

_ 12dlog N
where Kk = / De2(p)logp”

2.5 The number of irrelevant features

We further simplify the lower bound of A.

If D, < D,D; < 8cld(lf)§gp()DD)fgflog ~y and d > 2¢(p)? log p, then we can choose
4d
c(p)?log p
. r(PL,)—w
Remind the upper bound of A < we set

b2 (w+r(PL;))’



d  r(PL)—w
c(p)?logp  Ga(uy+r(PL,))

Replace r by its lower bound and 41, d5 by the corresponding upper bounds, using the union bound,
we can get the number of irrelevant features we can tolerate is

12dlog N 9
\/ Dc2(p)logp CoDC(p) ].Og P

1_
D, =
12dlog N Cid(log(D) 4+ Cylog N
1+/W1(g() 2 log V)

with probability at least 1 — 4 — N exp(—/pd).
Thus

12dlog N )
c(p)Dlog p \/ Dc2(p)logp CoDc(p)?logp
(

1—
Dy = min{D, ,
1 = min{ 8C1d(log(D) + C2log N) " 1 | /ch%(f;l)c))glojgp Cyd(log(D) + Czlog N)

1— 12dlog N )
C(p)Dlogp De2(p) log p CoDc(p)*logp

~ "G oa(D) + Co g N) 1 [t Cdlos(D) + Czlog N)
(p)logp

(20)

. De(p)y/ 1082
Similarly D1 < D, Dy < 4\/501(10(;()1:))+éz o ™) and d < 2¢(p)? log p, then we choose
5\ 4d
c(p)?logp’

Using the union bound again, we have

Ie} 12d log N
DC(p) \/ 1% 1- \/ Dcz(p(;gl;ogp C()DC(p)2 logp }

D; = min ,
1 {4\501 (log(D) + Czlog N) 1 4+ /ch%ﬁ(;glolgp C1d(log(D) + C3log N)

with probability at least 1 — 4 — N exp(—/pd).
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Figure 1: We test LASSO-SSC with different lambda. Simulated with D = 200, d = 5, L = 3,
p = b5, and D; from 1 to 20. Notice that RelViolation=0.1 is pretty large and can be considered as

clustering failure.



Additional Numerical Experiment

We test LASSO-SSC with different A in Figure [I|to demonstrate that LASSO-SSC is not robust to
irrelevant features. The X-axis is the number of irrelevant features and the Y-axis is the Relviolation.
The ambient dimension D = 200, L = 3, d = 5, the relative sample density p = 5. The values of
irrelevant features are independently sampled from a uniform distribution in the region [—10, 10].
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