Appendix

A Proof of Theorem 1

This theorem can be understood as the extension of Proposition 2 in [9]. We follow the proof policy
of that paper: Define Q(y|z) as

Q(ylz) := log(P(y|x)/P(0]x)),

foranyy = (y1,...,Yyp) € VP given x where 0 indicates a zero vector (The number of zeros vary
appropriately in the context below). For any y, also denote ¥ := (Y1, -, Ys—1,0, Ys1,-- -, Yp)-

Now, consider the following general form for Q(y|x):

Qle) =Y 96.Gt, (yer,2) + ..+ (12)
t1€V
Z Yty "'ytk-GtL,...,tk(ytu"'aytkvx)v
t1,...,tk €V

since the joint distribution on Y given X has factors of size k at most. It can then be seen that

exp(Q(ylz) — Q(¥s|z)) = Pylz)/P(¥s|x)
_ P(ys|y17 s Ys—15Ys+1y -0y ypa‘r>
P(0|y17 ooy Ys—15Ys+1y - 7yp>$) ’

where the first equality follows from the definition of @), and the second equality follows from some
algebra. Now, consider simplifications of both sides of (13). Given the form of Q(y|z) in (12), we
have

13)

Qylz) — Q1 |z) = (14
Y1 (Gl(yl,x) + Zthlt(ylaytax) +.ot
t=2

Z ytz ~~-yth1,t2 ..... tk(y1a~~7ytk»1’)>~

to,...,tk€{2,....,p}

Also, given the exponential family form of the node-conditional distribution specified in the theorem,

lo P(yi|y17"'7ys—17y8+17"'7yp7x) _ (15)

P(Olyh oy Ys—15Ys+1y - 7yp7x) B
ES(yV\Sa z)(Bs(ys) — Bs(0)) + (Cs(ys) — Cs(0)).
Setting y; = 0 for all t # s in (13), and using the expressions for the left and right hand sides in
(14) and (15), we obtain,

ysGs(ysa iE)
= E(0,2)(Bs(ys) — Bs(0)) + (Cs(ys) — C5(0)).
Setting v, = O for all r & {s,t},

YsGs(Ys, ) + ystGat (ys, Y1, )
- Es(anta 0; x)(Bs(ys) - Bs(o)) + (Cs(ys) - OS(O))

Combining these two equations yields

YsytGst (Ys, Y, )
= (Es(0,14,0,2) — E4(0,)) (B (ys) — Bs(0)). (16)

Similarly, from the same reasoning for node ¢, we have

YeGe(ye, ) + yYsyeGse (s, e, )
= Et(O’ymva)(Bt(yt) - Bt(o)) + (Ct(yt) - Ct<0))7
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and at the same time,

Ysyt Gt (Ys, Yt, )
= (E:(0,y5,0,2) — E¢(0,2))(Bi(y:) — B(0)). (17)
Therefore, from (16) and (17), we obtain
E:(0,y5,0,2) — Ev(0,z)
_ E;(0,y:,0,2) — E,(0,x)
Bi(y) — B (0)
Since (18) should hold for all possible combinations of ys, y; and z, for any fixed y; # 0,
E(0,ys,0,2) — E (0, )
= Os¢(x)(Bs(ys) — Bs(0)) (19)
where 6, (-) is a function on z. Plugging (19) back into (17),

(Bs(ys) — Bs(0)). (18)

ysthst(ySa Yt 117)
= 01(2)(Bs(ys) — Bs(0))(Bi(ye) — B(0)).

More generally, by considering non-zero triplets, and setting y,, = 0 for all ¢ {s, ¢, u}, we obtain,

YsGs(Ys, ©) + Ysy:Gse (s, Y2, T)

+ Ys¥uGsu(Yss Yu> ©) + YsYeyuGstu(Ys, Yts Yu, T)
=FE5(0,9:,0,y4,0,2)(Bs(ys) — Bs(0))

+ (Cs(ys) - Cs(o)),

so that by a similar reasoning we can obtain

ysytqustu(y37 Yts Yu, CL’) =
Ostu(x)(Bs(ys) — Bs(0))(Bi(yt) — B(0))(Bu(yu) — Bu(0)).

More generally, we can show that

Ytqg - - ythtl,..‘,tk (ytlv‘ cey ytk-,755) =
9t1 ,,,,, 23 (‘T)(Btl (yt1) - Bt1 (0)) ce (Btk (ytg) - Btk (0))

Thus, the k-th order factors in the joint distribution as specified in (12) are tensor products of
(Bs(ys) — Bs(0)), thus proving the statement of the theorem.

B Proof of Theorem 3

B.1 Conditions

A key quantity in the analysis is the Fisher Information matrix, Q* = VQE(O*; zZ ), the Hessian
of the node-conditional log-likelihood where the reference node s should be understood implicitly.
We use S = {(s,t) : t € N(s)} to denote the true neighborhood of node s, and S¢ to denote its
complement. Similarly, we also use 7" to denote non-zero element of %, and T for its complement.
Q% indicates d,, x d, sub-matrix indexed by S where d,, is the maximum node degree. (7. can
be defined in a similar way, and so on. Our conditions mirror those in [10]:

Condition 1 (Dependency condition). There exists a constant ppi, > 0 such that
min{Amin(Q%5): Amin (Q%57)} > Pmin so that the sub-matrix of Fisher Information matrix cor-
responding to true neighborhood has bounded eigenvalues. Moreover, there exists a constant

Pmax < 00 such that )\max(ﬁ[[YV\s; X)Vs; X]T]) < pmax-

These condition can be understood as ensuring that variables do not become overly dependent. We
will also need an incoherence or irrepresentable condition on the Fisher information matrix as in
[13].

Condition 2 (Incoherence condition). There exists a constant « > 0, such that
max { maxese [|Qfs(Qss) 1, maxpere |Q57(Q7r) 71} <1 - a.
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This condition, standard in high-dimensional analyses, can be understood as ensuring that irrelevant
variables do not exert an overly strong effect on the true neighboring variables.

For notational simplicity, let Y’ be the random vector including all random variables Y as well as
covariates X, and G” = (V" , E") be the graph corresponding to the combined variables X and
Y. By Theorem 1 and the the node-conditional distributions specified in (10), the joint distribution
P(X,Y) and the node-conditional distributions should have the form:

P(Y';0) exp{ Z 0B ( Z 0y B, (Y, Z Cy( )}, (20)

sev! (s,t)eE"" sev”

PV [V 10) = exp {BS<Y;> Oy Dsm)} @

where ) = 05 + 3=,y s Ost Be(Y/).
The following two conditions are on the log-partitions of (20) and (21):

Condition 3. The log-partition function A(-) of the joint distribution of P(X,Y") (20) satisfies:
For all s € V U V', (i) there exist constants ,,, , such that the first and the second moment
satisfy E[Y/] < &, and E[Y/?] < k,,, respectively. Additionally, we have a constant r;, for which

MaX,;|y|<1 9 8229 ({9* + u, 6% }) < Ky, and (ii) for scalar variable 7, we define a function which

is slightly different from 5):

As(n:0) = log/ exp {nBs(Y,!)2+ D 0B(Y)+ D 04 Bi(Y, + ) O
y'p

sev” (s,t)eE" seV”
(22)

where v is an underlying measure with respect to which the density is taken. Then, there exists a

24 .0*
constant y, such that max,.|,|<1 6‘4577(72’9)@) < Kp.

Condition 4. For all s € V, the log-partition function D(-) of the node-wise conditional dis-
tribution (21) satisfies: there exist functions x1(n,p) and k2(n,p) (that depend on the expo-
nential family) such that, for all feasible pairs of 6 and X, |D"(a)] < k1(n,p) where a €
[b, b+ 42 (n, p) max{logn,log p}| for b := 65+ (6 5, Xy s). Additionally, | D" (b)| < r3(n, p)
for all feasible pairs of § and X. Note that x1(n, p),k2(n, p) and ks(n, p) are functions that might
be dependent on n and p, which affect our main theorem below.

Conditions 3 and 4 are the key technical components enabling us to generalize the analyses in
[11, 12, 13] to the general GLM case.

Armed with the conditions above, we can show that the random vectors Y given X following the
conditional graphical model distribution in (10) are suitably well-behaved (the proof can be trivially
extended from [10]):

Proposition 1. Suppose Y is a random vector with the distribution specified in (10). Further, we
assume that the node-conditional distribution of X,, has the exponential family form (6). Then, for
d < min{2k,/3, kn + Ky}, and some constant ¢ > 0,

1< A\ 2
— (%) 2 (z) _ 2
P(n E BS(YS ) 25) SeXp( cn6 ( E B Xu >6) Sexp( cnd )

i=1

Furthermore, For any positive constant 9, and some constant ¢ > 0,
P(|BS(YS)| > (5logn) <en™°, and P(|Bu(Xu)| > §logn) <en 0.
This proposition plays a key role in the proof of sparsistency result below.
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B.2 Proof of Theorem 3

Since two regularizers in the optimization problem (11) separately concern two distinct sets of pa-
rameters, the subgradient optimality condition from the convex objective can be written as

0
VU0:2) + | Ao 2| =0, (23)
Ay ZY

where Z7 is a subgradient vector corresponding to the parameter 6%; if 551- # 0, then the corre-

sponding element in 77 has sign(fs; ), and its absolute value is smaller than 1 otherwise. 7Y is
defined in a similar way. In the high-dimensional regime with p, ¢ > n, the objective function is not
necessarily strictly convex, as a result, it might be the case that there are multiple optimal solutions
satisfying (23). Nonetheless, we can complete the proof simply by using the primal-dual witness
techniques used in the several past works [13, 25]; We only need to show the strict dual feasibility
holds with high probability, for the optimal parameters solving the optimization problem with the
knowledge of unknown support set.

In order to show the dual feasibility holds, i.e., | Z%||os < 1 and || Z¥||o < 1 with high probability,
we rewrite a subgradient condition (23) into a form easier to analyze:

- 0 wr R}
V(0" 2)(0 - 6") + [N Z”| = |WI| + | R, (24)
Ay 2V Wy Ry

where W™ represented as the vector form in the right-hand side is defined as fve(é; Z), and
similarly R" is the remainder after the coordinate-wise application of the mean value theorems;

R} = [V2((0"; 2) — Vzé(é(j); Z)};‘F(@ — 6"), for some 8" on the line between 6 and 8%, and
with [-]7 being the j-th row of a matrix.

In the sequel, we provide three lemmas that control the right-hand side of (24):

Lemma 1. Suppose that we set A\, ,, and Ay ,, to satisfy:

8(2 — 1 8(2 — 1
Az > M\/m(n,p)m %, Ay > 82-a) k1(n,p)ky4 8P 4nd
« n n

4(2 — ) ’

max{/\w,n; /\y,n} < K1 (Tl,p)lﬂlg (nap)’i4 )

2
for some constant ky < min{2k, /3, 2Ky, + Ky }. Suppose also that n > Srp (logp + log q). Then,

Ky
given the mutual incoherence parameter o € (0, 1], and p' := max{n,p + q},

2 —« " a 2—«
P( W2 <

o < mHW;Hw < Z) >1—c1p' 7% — exp(—con) — exp(—czn). (25)

Lemma 2. Suppose that \/d;+d max{\/dx)\w,n, \/dy)\y,n} < W and
[W"||oo < 2. Then, we have

~ ~ 9 B
P<|05 —0%|l2 + (|01 — 07F|l2 < . max { \/dg Az n, \/dy)\y,n}> >1—c1p 72,
min
for some constant c¢; > 0.
max {d, A2 ,.d 22, } 2

Lemma 3. If min{kmm,)\:’n? < 1296 pmax 3 (n,p) log p’ ﬁ’ \% dy + dy rnax{ v dx)\m,na

2

min )\n
\/dy)\y’n} S m, and ||Wn||oo S 1 then we have

[ R" [ 0‘ /=2
P < >1-—
(Inin{)\m, Ayt ~ 42-a)) ~ e

for some constant c¢; > 0.
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Armed with these lemmas, the proof of Theorem 3 is straightforward: Consider the choice of regu-
larization parameters

8(2 — 1 8(2 — 1
Agn = 7( @) K1(n,p)ran/ oedq ,and Ay, = 7( @) Kk1(n,p)ky ng.
n o

(&% n

2
4 16nh log p/, the conditions of Lemma 1 are satisfied, hence

Then for n > max {W’ 2lh
) ) K
(25) holds with high probability. Moreover, given (25) holds, with a sufficiently large sample size

n>L (%)4 (dy + dy)?k1(n, p)rs(n,p)?(logp + log ) (log p’)? for some constant L’ > 0, the
conditions of Lemma 2 and 3 are also satisfied, and therefore, the resulting statements in Lemma 2
and 3 also hold with high probability.

Strict dual feasibility. By some algebra, we obtain
Az e = Q;CT(Q}T)_l[_WZICL + Rt — AonZ7) + Wie — Rpe
AynZge = Qses(Q5s) T [-W§ + Ris — Ay Z8] + Wg. — Rie.
Therefore, by Holder’s inequality and the fact that HZ‘Z loo <1,

HZ@/C”OO < ‘”ngs(Qgs)_lmoo[HWS”OO n HRSuoo +1} n HWScHoo 4 HRS“
Ay,n Ayn Ay,n Ayn

oo

IWylleo IR
<(l-a)+2-a)|—L—+
kvl
Wy [l IR a o o
<(1- 2 [ y o }<1— T Y
A )] b wemi ey s v won I A Sl 2
Similarly, we have
7 W2 [l oo | R™ || oo a  «
1Z5lle < (1 =0+ @) [ 4 o] < (1o + G4 § =1 <
x,m z,ny \y,n

Correct sign recovery. To guarantee that the support of 6 is not strictly within the true support .S, it
suffices to show that max {[[0s — 0%]|oc, |67 — O]l } < %22, From Lemma 2, we have

max {[|0s — 05l . 107 — 07 ]loc } < |05 — 512 + |07 — 072

< p5 maX{\/@Am,nv \/@Ay,n} < Qm%
as long as 0, > 1 max {\/dyAs s \/dyAy,n }, Which completes the proof.

B.3 Proof of Lemma 1

For the proof, we first define two events that would be useful even in the proofs of the remaining
lemmas:

&= [max {|B,(v{)], |Bu(X()]} < 41ogp| and

& = [max {iéBs(y;(i)y’ iéBU(X‘(‘i))Q} < M]

s, u
Then, by Proposition 1, the probabilities with which each event occurs are at least

Pl <cainlp+qp ™ <ecap?
2

. K
Pl&3] < eXP(—ﬁ” +log(p + q)) < exp(—can),
h

K

as long as n > 8? log(p + q).
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Now, for a fixed t € V'\s, we define V}@ for notational convenience so that

Wy = ZB ) = B D (0 + Y 0,BUX) + Y 0B.%) i;vﬁ).

uev’ teVi\s

Conditioned on the events £; and &5, by the definition of the moment generating function and stan-
dard Chernoff bound technique, we obtain

2
(i) LL < o’ P2y
P|: Z |V | | 51362:| 2€Xp ( (2 _ a)2 32%1(7747]7)1%4 ’

=1

as long as 59— ’\yT < k1(n,p)ka(n,p)ky for large enough n (For details, see the proof of Lemma
2 in [10]). By a union bound over V'\ s, we obtain

2 ni2

a Ay @
PlIW™| s g, 6] <2 EAL 1 )
W5 lle > 5= 61,60 exp< <2a>232m<n,p)ﬁ4+°gp)

log P

@ , we obtain

Therefore, provided that A, ,, > k1(n,p)ka

« /\y’

PlIW; s > 5 | 61,62 < exp(—cjn).

By a very similar process for a set V', we have
a A

Pl[Wioo > o2

fora Ay, > 8(2 @) VE1(n, p)Ka log 1. Finally, we have the resulting statement in the lemma by

utilizing the fact that P(Aj0or Ay) < P(fl) + P(&5) + P(A1]&1, &) + P(A2l€1, &2).

|£17£2i| < eXp( an>7

B.4 Proof of Lemma 2

In order to establish the error bound ||6s — 0%]|2 + |67 — %]|2 < B for some radius B, we can
extend the results in the several previous works (e.g. [26, 13]) and prove that it suffices to show
F(ur,ug) > 0forall up := Op — 07 and ug := Og — 0% s.t. |lup||2 + ||us|l2 = B where

F(ur,ug) := (07 + ur, 05 + us; Z) — (07, 05; Z)
+ Aan (107 + urlly = 167[1) + Ayn (105 + usll — 05]1).

Note again that T is the true support set of 8% and .S is that of 8Y. Note also that for @iy := @T - 07
and g = Og — 0%, F(ir,4s) < 0and F(0,0) = 0. Below we show that F'(up, ug) is strictly
positive on the boundary of the ball with radius B = M max {V/dy Ay 5, \/dyAy,n } where M > 0
is a parameter that we will choose later in this proof.

Some algebra yields

F(ur,ug) > (max{fA$n,\/7Ayn}) {—fM—&— *M2—2M} (26)

where ¢* is the minimum eigenvalue of V2£(07.+vur, 0 +vug; Z) for some v € [0, 1]. Moreover,
by the similar reasoning as in the case of Lemma 3 of [10], we can find the lower bound of ¢*:

q* Z Pmin — 4pmaxM V d’I‘ + dy max { \/@Am,na \/@)\y,n}/’{fﬁ (n;p) logp',

conditioned on &;. From (26), we obtain
Fur,us) = (\Vad)*{ - 7M+ Prin g2 — 20},
as long as \/d, + dy max {/dy A 0, \/dyAyn} < 8Pmax]\4£;l(i;lb,p) T

9

Finally, we set M = o SO that F'(ur, ug) is strictly positive, and hence we can conclude that

dw x,m; \/@Ay,n}7
provided that / dI + dy max {\/@Aw,n, \/@A%n} < m.

165 — 0%l2 + |67 — 05| <
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B.5 Proof of Lemma 3
Again from the similar reasoning as in the proof of Lemma 4 of [10], we have

n ro) * ) * 3 % 2
|RY'| < 4k3(n, p) pmax 1og P 01,5 — 0755 < 4ks(n, p) pmax log ' (05 — 052 + |07 — 07 ]12)
forallt € V\s{1,...,p — 1} U V'. Therefore, if Lemma 2 holds, then

324pmax"{3 (na p) logpl

2
Prmin

R || < max {dg A} ., dy A2 .}

z,n’

which is equivalent with

1B oo _ 324pmaxns(n,p)logp’ max{d:Ai . dyAjn} @
min{Ay n, Aynt — . min{ Ay n, Ayn} T 42— a)

by the assumption of the lemma.

16



