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1 Proofs for Section 3
In this section, we prove the two theorems in Section 3.

Proof of Theorem [} If ® is restricted diagonally dominant with sparsity s and Cy > p, we have
forany I C Qand |I| < s—1,

B > pmaX{Z@”— + il > [P — @kj} + |Bi] VE#icQ\I.
jeI jel

Recall 8 = ®8. Suppose S is the index set of non-zero predictors. For any i € S,k € .S, of we fix
I =5\{i}, we have

1Bi] = |4 8; + Z ;85| > |Bi(Psi + Z &‘I%‘j)

jeI jer 7t
= |Bil(Psi + Z &((I)ij + Pp;) + Ori — Z &@kj — Py;)
jer ™ jer ™t
> =181 &(I)kj + @) = — w?f' O Bi®r; + Bi®ri)

jer 7t Bi jeI

= —sign(Bi) - B-

Similarly we have

1Bil = 1®iiBi + Y ©iiB5] = 1Bil(@is + Y &q)ij)

JeI jer 7t
= 1B:l(@si + ) %((I)ij — D) — i+ Y %(I)kj + P
jer jer 7
> 1810 &(I)kj + ®pi) = sign(B;) - B
jer 7t

Therefore, whatever value sign(/3;) s, it always holds that |3;] > |f3x|. Since this result is true for
anyi € S,k ¢ S, we have

min |3;| > max |Bx|.
i€s 5l k¢S B
To prove the sign consistency for non-zero coefficients, notice that for ¢ € S,

i > p(Y | 1Pij + Prjl + > [®ij — s ) /2> p > [@y5.

jel jel JeI



Thus,

. B
BiBi = it + > i;BiBi = B (Pii + > _ 2 Pij) > 0.
jerl jer 7t
On the other hand, if B is screening consistent, i.e., BZ| > Bk| and Bzﬁl > 0, we can construct
S = I'U{i} for any fixed ¢, k, I. Without loss of generality, we assume ®;; > 0. If we select 3 such
that 3; > 0, then the strong screening consistency implies 3; > Sy and 3; > —f). From 3; > [y
we have

D, 0; + Z ®;;8; > Z D65 + Prifi.

Jel jel

By rearranging terms and selecting 5 € B(s, p) as 5, = 1,5, = —p - sign(®;; — Pi;),7 € S we
have

Qi > — Z(@ij — ®p5)B; + i = pz |Pij — Prj| + [Pra-
Jjel jel

Following the same argument on Bz > —Bk with a choice of 3; = 1, 5; = —p-sign(P;;+Py;),j €
S we have

D, > pz |(I)ij + q>]~cj| + |q)ki|'
JeI
This concludes the proof. O
Proof of Theorem 2| Proof of Lemma 3 follows almost the same as the sufficiency part of Theorem
Notice that now the definition of 5 becomes
B=XT(xXT)y'xg+ XxT(XXxT) te.
If the condition holds, i.e., forany i € S, I = S\ {i} and k &€ S, we have
®;; > pmax { D10+ Brgl, >[04 — <I>kj|} + [P + 27 Y XT(XXT) || oo
Jjel Jjel

Defining n = X7 (X XT)~ ¢, we have forany i € S,

1Bi| = |®:iB; + Z D585 +nil > [Bil(Pii + Z &q)ij + 87 m)

el jer vt
Bj - Bi -
= [Bil(®i; + Z ﬁ(¢ij + Opy) + P+ B (i +w) — Z LBy — B — B i)
jer vt jer vt
B; . Bi
> *|5z\(z LBy + P+ ;) = — ‘»3| (Z Bi®rj + BiPri + k)
jer tojel

= —sign(B;) - B,

Similarly, we can prove |3;| > sign(5;) - Bk, and thus |3;| > |3

, which implies that
wp 0 > g Pl
The weak sign consistency is established since
~ B -~
BiBi = i3} + Y i;BiBi + mifi = B (®ii + Y iy + B ;) > 0,
jel jer ™
for any §; # 0.

The tightness of this theorem is given by the case when € = 0, for which the condition has already
been shown to be necessary and sufficient in Theorem T} [



2 Proofs for Section 4
In this section, we prove results from Section 4 that are not covered in the main article.

Proof of Corollary[I] Letting I C Q,|I| <s—1,wehaveforanyi # k€ Q\ I,

1 c c 1
B;— max{zm)”—l—@kj Z|<1>m ©k3}+®ik|21_c<2(s_1)25+23> = 5. >0,
JEL jeI

This completes the proof for the first case.

Now for the second case, notice that the sum of an entire row (except the diagonal term) can be
bounded by >° ., [®:;] < 23°.2, 7 < 2= Therefore, we have

(1—r)? (1—7)2

jerI jerl G#i

O

Proof of Theorem[3] First, from RDD to IC: Without loss of generality, we assume S = {1,2}.
Forany k € @ \ S, we have

sign(B1)(Pr1 — P12Pr2) + sign(B2)(—P12Pr1 + Pr2)
1— @2, :

The rh.s. becomes [Py + Ppa|(1 — P12)/(1 — ®2,) when sign(B1) = sign(fa) and [Py —
Do) (1 + P12)/(1 — ®2,) when sign(B1) = —sign(B2). In either case we have

‘[%1 Do) 05 gsign(Bs)| =

maX{|q)1k+q)2k|,|q)1k (I)2k} o

< .
1—r 1—r

‘[‘bkl <I>k2]<1>§,1ssign(6s) <

Second, from IC to RDD: Let I C @, |I| = 1 and ¢ # k € @ \ I. Without loss of generality, we
assume ¢ = 1, k = 2, and we construct S = {1,2}. Now for any j € I, using the same formula as
shown above, we have

sign(B1)(®j1 — P12Pj2) + sign(B2)(—P12Pj1 + ®j2)
1-— @%2 '

1-6> ’[‘I’n o] @5 gsign(Bs)| =

Using the same result on the r.h.s., i.e., it becomes | @1 +Ppa|(1—P12)/(1—P%,) when sign(B;) =
sign(Bz) and | @1 — Pra|(1+P12)/(1—®2,) when sign(B1) = —sign(B2), we have forany j € I
that

max {|(I’1j + 41, |P1j — ‘I’2j|} <(1-0)1+r).
As a result, we have

1+
Zmax{@u + (I)2j|, |(I)1j — @2j|} < (1 — 9)(1 +T) < (1 — 0)1 " (@11 — |(I)12>

JjeI

which implies

1 1—r

(0] >
H —01+r

ZmaX{‘I’Lj + @, |1 — ‘I’2j|} + [P12].
el
O

Proof of Theorem K we ]llSt need to check (@). We prove the absolute value of the first coordinate
of Cge, SCS 5 - sign(Bs) is less than one, and the rest just follow the same argument. From the



condition we know C' = X1 X /n is restricted diagonally dominant. Then equation (3) implies that
forany I C @ with |I| = s, we have forany k & I,

il
Now for any S C @ with |S| = s, we choose I = S and let o be the first row of Cge 5 =
X1.Xg/n, we have

o (X5 Xs/n) " sign(Bs)] < [lall2]lsign(Bs)llap".

Because p Y., |a;| < 1, we have

el S
PPy o <P leal)? <1,
i=1 i=1

which implies that

T (XT Xs/n) " sign(Bs)] < pant = V2 <1,
i

3 Proofs for Section 6 (SIS)

Proofs in Section 6 are divided into two parts. In this section, we provide the proofs related to SIS,
and leave those pertaining to HOLP to the next section. The proof requires the following proposition,

Proposition 1. Assume X; ~ X?(1),i = 1,2,--- ,n, where X%(1) is the chi-square distribution
with one degree of freedom. Then for any t > 0, we have
i Xi . t2n  tn
P&=120 >4 <9 _ o
( n [21) < 2exp M8 K 2¢K )

where K = || X2(1) — 1|y,. Alternatively, for any C' > 0, there exists some 0 < c3 < 1 < c4 such
that,

"X
P(Lﬁn1 Seg) <em M, (1)
and
"X
P(Z'L:ﬂﬂl > C4) S e—Cn

Proof. 1t is a direct application of Proposition 5.16 in [[1]. Notice that in the proof of Proposition
5.16 we have C = 2¢? and ¢ = ¢/2 for X%(1) — 1. O

Proof of Lemmall| For diagonal term we have for any i € {1,2,--- , p}

)

2k
O, — N, = Sk=1Tk
n

where x;,, k = 1,2,--- ,n’s are n iid standard normal random variables. Using Proposition |1} we
have for any ¢ > 0,
. t2n  tn
For the off-diagonal term, we have for any i # j,
Qi — Xy = Lot DT 2ij
n
= D (@i + 21)° _ > ket Tk _ 2 k=1 xik —
2n 2n 2n "
n n n 2
L @it w)? 2+25,)) - V(e ) (2= ()
2 n 2 n 2 n



Notice that z;; +xj ~ N(0,242%;;). Hence the three terms in the above equation can be bounded
using the same inequality before, i.e., for any ¢ > 0,

t?n t
P<|<D” — E”| Z (24—2”)15) é GEXP{ — min (862’ 22)}

Clearly, we have X;; < /3;;1/%;; < 1. Therefore, we have

. t*n tn

Proof of Lemma 2] The proof is essentially the same for proving the off diagonal terms of ® as in
Lemmall} The only difference is that E(®;;) = X;; while E(X¢) = 0. Note

D ket Tik€k /O _ D (@i + €x/0)? -~ Dkt Lo _ Dkt 1/0°
n 2n 2n 2n '
Using Proposition[I] we have

. t2n tn
P<|m/a| > t) < Gexp{ — min (7262}(7 66K> }

O

77¢/U=

Now we turn to the proof of Theorem 5]

Proof of Theorem 5] Taking union bound on the results from Lemma [I] and 2] we have for any

t>0,
. . tn  tn
P(Iirellélq)ii <1 —t) < 2pexp{ — min (862K’ M) },
P( max|®;;| >r+t) <6(p*—p)e min o _tn
x || > < —p)expy — o e ) (0
i | prmpesp 267K’ 6eK
and

p | | >ot) <6 . t2n tn
max |n;| > ot | < 6pex —min | ———,—— | ;.
o " P exp 722K’ 6eK

Thus, when p > 2 we have

12 t
P(minfbiigl—tor max |®;;| > r+tor max|m~|20t) S?erxp{—min( i i )}
ieQ i£] i€Q

72e2 K’ 6eK
In other words, for any § > 0, when n > K log(7p?/d), with probability at least 1 — &, we have
K1 2/8 Kl 2/5
min @y > 1— 6v/3ey) BIBTPO) o 0] < 1+ 6/2ey | TI08TPE/0)
i€Q n i£] n
and
Klog(7p2/8
max ;| < 6v/2ecry | L1820
1€Q n

A sufficient condition for @ to be restricted diagonally dominant is that
min ®;; > 2ps max |®;;| + 277 max ;.
i i#£j i

Plugging in the values and solving the inequality, we have (notice that 7p?/§ < 9p?/62) ® is RDD
as long as

1+2ps+20/7
1—2psr

)210g(3p/5>.

This completes the proof. O

n > 144K<



4 Proofs for Section 6 (HOLP)

In this section we prove Lemma 3] ] and Theorem [5] Several propositions and lemmas are needed
for establishing the whole theory. We list all prerequisite results without proofs but provide readers
references for complete proofs.

Let P € O(p) be a p x p orthogonal matrix from the orthogonal group O(p). Let H denote the
first n columns of P. Then H is in the Stiefel manifold [2]]. In general, the Stiefel manifold V/,
is the space whose points are n-frames in RP represented as the set of p X n matrices X such that
X' X = I,,. Mathematically, we can write

Vop={X€R . XTX =1,}.

There is a natural measure (dX) called Haar measure on the Stiefel manifold, invariant under both
right orthogonal and left orthogonal transformations. We standardize it to obtain a probability mea-
sure as [dX] = (dX)/V (n,p), where V (n, p) = 2"7x"P/2 /T, (1/2p).

Lemma 1. /2| Page 41-44] Supposed that a p X n random matrix Z has the density function of the
form

f2(2) = [B|7"?9(2771 2),

which is invariant under the right-orthogonal transformation of Z, where ¥ is a p X p positive
definite matrix. Then its orientation H, = Z(Z" Z)~'/? has the matrix angular central Gaussian
distribution (MACG) with a probability density function

MACG(E) = 2|} H s~ H,|7P/2.

In particular, if Z is a p X n matrix whose distribution is invariant under both the left- and right-
orthogonal transformations, then Hy, with Y = BZ for BBT = 3%, has the MACG(X) distribu-
tion.

When n = 1, the MACG distribution becomes the angular central Gaussian distribution, a descrip-
tion of the multivariate Gaussian distribution on the unit sphere [J3]].

Lemma 2. [2| Page 70, Decomposition of the Stiefel manifold] Let H be a p X n random matrix
on V,, ,, and write

H = (Hy H>),
with Hy being a p X q matrix where 0 < q < n. Then we can write
Hy = G(H,)Uy,

where G(Hy) is any matrix chosen so that (Hy G(Hy)) € O(p); as Hy runs over V,,_, ,, Uy runs
over V,,_q p—q and the relationship is one to one. The differential form [dH| for the normalized
invariant measure on 'V, ,, is decomposed as the product

[dH] = [dHl] [dUl]

of those [dH,| and [dU1] on V, , and V,,_q 4, respectively.
Lemma 3. [Lemma 4 in [4|][Let U be uniformly distributed on the Stiefel manifold V,, ,,. Then for

any C > 0, there exist ¢}, ch with 0 < ¢} <1 < ¢, such that
n
P(erUTel < c’l) < 2e7 9",
p
and

P(e?UUTel > cén) < 4e=C7,
p

Some of our proof requires concentration properties of a random Gaussian matrix and X’? random
variables. For a Wigner matrix, we have the following result.



Lemma 4. Assume Z is a n X p matrix with p > con for some cy > 1. Each entry of Z follows a
Gaussian distribution with mean zero and variance one and are independent. Then for any t > 0,
with probability at least 1 — 2 exp(—t2/2), we have

(1—cyt —t/D)?* < Amin(ZZ7 |p) < Mnax(ZZT Jp) < (1 + ¢yt +t/p)%.
For any C > 0, taking t = v/2C'n, we have with probability 1 — 2 exp(—Cn/2),
\/ﬁ \/ﬁ )2
CO\/ﬁ Co\/ﬁ ’

Proof. This is essentially Corollary 5.35 in [[1]. O

(1—c'— )2 < Amin(ZZ7 /p) < (L4 ¢t +

The conditional number of 3 is controled by «, which simulaneously controls the largest and the
smallest eigenvalues.

Proposition 2. Assume the conditional number of ¥ is k and ¥;; = 1 fori =1,2,--- | p, then we
have

)\mzn(z) > 5_1 and )\mam(z) < K.

Proof. Notice that p = tr(X) = >_%_, \;. Therefore, we have

p/Amaw > p"f_l and p//\mm(z) < Pk,
which completes the proof. O

Now we prove the main results for HOLP.

Proof of Lemma[3] Consider a transformed n x p random matrix Z = X% ~'/2, which, by defini-
tion, follows standard multivariate Gaussian. Consider its SVD decomposition,

Z=VDUT,
where V' € O(n), D is a diagonal matrix and U is a p x n random matrix belonging to the Stiefel
manifold V,, ,,. With such notion, we can rewrite the projection matrix as
XT(xxT)1x =x2uwrsv)'vuTsV? = HHT,
where H = X)l/zU(UTEU)fl/2 and H € V, ,_i. Therefore, the two quantities that we are
interested in are ®;; = eiTH H7e; (diagonal term) and o, = eZTH H Tej (off-diagonal term),
where €] is the p—dimensional unit vector with the i** coordinate being one. The proof is divided

into two parts, where in the first part we consider diagonal terms and the second part takes care of
off-diagonal terms.

Part I: First, we consider the diagonal term eiTH HTe,;. Recall the definition of H and
eTHH  ¢; = IS U(UTSU) U S %e;.
There always exists some orthogonal matrix () that rotates the vector Y 2e; to the direction of e,
ie,
SN2y = [|S20]|Qey.
Then we have
eTHH  ¢; = |97 ¢||?X QTUUTSU) 'UTQey = ||S2 0|2l TU(UTSU) ey,
where U = QT'U is uniformly distributed on V}, ,,, because U is uniformly distributed on V;, , (see
discussion in the beginning). Now the magnitude of ¢] H H e can be evaluated in two parts. For
the norm of the vector Zév, we have

/\min(z) < 6?261 = ||E%6)Z||2 < /\maw(z)a 3)



and for the remaining part,
i UUTEU) " Uer < Moo (UTSU) ) [Ter|* < Ain(2)~H[Uen |,
and ~ ~ R ~
FUUTSU) Uy > Mnin (UTSU) ™D || Uet |12 > Anan(B) M| Uey ||
Consequently, we have

Amaz (%)
T T max

e’ HH  e; < M
)\maac (E)

- >\min(2)
Therefore, following Proposition 3] for any C' > 0 we have

eFUU ey, el HH e; > eFUU  e;. 4)

P(eiTHHTei < 0’104/1_1n) < 2¢O,
p

and
P(elTHHTei > C/chlﬁ) <2
p

Denoting ¢/ ¢4 by ¢1 and ¢} 021 by c2, we obtain the equation in Lemma

Part II: Second, for off-diagonal terms, although the proof is almost identical to the proof of Lemma
5 in [S]], we still provide a complete version here due to the importance of this result.

The proof depends on the decomposition of Stiefel manifold. Without loss of generality, we prove
the bound only for e2 HH” e, then the other off-diagonal terms should follow exactly the same
argument. According to Lemma we can decompose H = (T, Hs) with Ty = G(Hz)H;, where
Hyisapx (n— 1) matrix, Hy isa (p — n + 1) x 1 vector and G(Hs) is a matrix such that
(G(Hs), Hs) € O(p). The invariant measure on the Stiefel manifold can be decomposed as

[H] = [H][Ho]

where [H,] and [H,| are Haar measures on Vi ,,_,11, V,,—1,, (Notice that ¢ = n — 1 in this decom-
position) respectively. As pointed out before, H has the M ACG(X) distribution, which possesses
a density as

p(H) o< [H'S™ H|P/2[dH].
Using the identity for matrix determinant
’é g‘ —|A|ID - CA~'B| = |D||A— BD"'C],

we have
P(Hy, Hy) o |HIS™ Hy|"P/2(TI S~y — TES ™ Hy(HI S~ Hy) P HI S =1y ) ~P/2

= |HIS ' Hy|P2(HT G(H)T (27! = S Hy(HI S Hy) Y HI S 1 G(Hy) Hy ) 7P/?

= |HIS ' Hy| P2 (HY G(Hy) TS~ V21 — Tu)2~Y2G(Hy) Hy) 7P/2,
where Ty = X7 V/2Hy(HI Y~ Hy)~'HI ¥.~1/2 is an orthogonal projection onto the linear space

spanned by the columns of ¥~/2H,. It is easy to verify the following result by using the definition
of G(HQ),

[2V2G(Hy)(G(Ho)TSG(Hy)) V2, S~ V2 Hy(HI S~ Hy) 712 € O(p),
and therefore we have
I —Ty =XY2G(Hy)(G(H2)'YG(Hy)) ' G(Hy) TR,
which simplifies the density function as
P(Hy, Hy) o< |Hy S~ Ho| P/?(H[ (G(H2)"SG(Hy)) ™ Hy) /2.

Now it becomes clear that H;|H, follows the Angular Central Gaussian distribution ACG(X'),
where

Y = G(Hy)"SG(H,).



Next, we relate the target quantity e? H H” e, to the distribution of H;. Notice that for any orthog-
onal matrix Q € O(n), we have

eTHH ey = eTHQQ"H ey = eTH'H T

Write H' = HQ = (17, H}), where T] = [Tll(l),Tl/(Z), e (p)] H) = [H;(i’j)]. If we choose
@ such that the first row of HJ, are all zero (this is possible as we can choose the first column of @
being the first row of H upon normalizing), i.e.,

e?H’ _ [Tll(l), 0,---,0] eQTH’ _ [Tl/(Q)’ H;(Zl)’ o H;(Qm—l)}

)

then immediately we have el HH ey = T H'H Tey = Tl/(l)Tl,(Q). This indicates that

THH e, Y T7OT® | T, = 0.

As shown at the beginning, H; follows ACG(X') conditional on Hy. Let Hy = (hy, ho, -, hp)T
and let 27" = (21,29, - - , Zp—nt1) ~ N(0,%), then we have

. |
hi (:) Ly )
Jad ol

Notice that Ty = G(H3)H7, a linear transformation on H;. Defining y = G(H> )z, we have

e % )

yi+o g
where y ~ N(0,G(H)Y'G(H)T) is a degenerate Gaussian distribution. This degenerate dis-
tribution contains an interesting form. Letting z ~ N(0,X), we know y can be expressed as

y = G(H)G(H)Tz. Write G(H2)T as [g1, g2] where g1 is a (p — n + 1) x 1 vector and g5 is
a(p—mn+1)x (p—1) matrix, then we have

T T
GHNG(HNT — (9191 9192>.
(H2)G(H) (ggm 93 92
We can also write HY = [0,_1,1,h2] where hs is a (n — 1) x (p — 1) matrix, and using the
orthogonality, i.e., [Hy G(Hz)|[H2 G(H>)]|T = I,,, we have
gl =1,9192=01p1 and g392 =T, 1~ hoh3.

Because hy is a set of orthogonal basis in the p — 1 dimensional space, g2 g» is therefore an or-
thogonal projection onto the space {ho}* and g2 go = AAT where A = gI'(gogd)~'/? is a
(p — 1) x (p — n) orientation matrix on {hy}*. Together, we have

1 0
Y=o 44a7)”
This relationship allows us to marginalize y; out with y following a degenerate Gaussian distribu-

tion.

We now turn to transform the condition ej TH, = 0 onto constraints on the distribution of T(i)

Letting t3 = el HHT ey, then e Hy = 0 is equivalent to T(l)2 = el HHTe; = 2, which implies
that

THHTe, Y 7OT® |72 Z ThpTe,.
Because the magnitude of e] T i HT ¢, has been obtained in Part I, we can now condition on the value
of elTH HT e to obtain the bound on Tl( ). From Tl(l)2 = t%, we obtain that,

L=ty =t7(y3 + 3 + -+ v3)- (6)



Notice this constraint is imposed on the norm of § = (y2, ys3,--- ,¥p) and is thus independent of
(y2/119lls- -+, yp/|l7ll)- Equation (€] also implies that

A=) +ys+-+yp) =ys +ys + - +yp (7
Therefore, combining (3) with (€), (7)) and integrating y; out, we have
; 11—ty
T1(1)|T1(1):t1 (i) —lya i:2337"'ap7
Bt
where (2,3, ,Yp) ~ N (0, AAT X9 AAT) with o5 being the covariance matrix of zz, - - - , zp.

To bound the numerator, we use the classical tail bound on the normal distribution as for any ¢ > 0,
- \/’Uar(yi) < \/)\maz(AATEZQAAT) < )\mam(z)l/2),

1
P(lyi| > toi) = P(|yi] > tAdaa(S)) < 2e71/2, (8)
For the denominator, letting Z ~ N (0, I,_1 ), we have

p—n

§=AATSY?: and §75=:T51%4 AT21/2~(d)Z)\ x2(1

where X?(1) are iid chi-square random variables and )\; are non-zero eigenvalues of matrix
Z%QAATZ%QQ. Here \;’s are naturally upper bounded by A4, (2). To give a lower bound, notice
that El/ 2AATE%2 and AY90 AT possess the same set of non-zero eigenvalues, thus

min A; > Apin(A822 A7) > Npin (2).

Therefore,
bTm x2(1 T PTm x2(1
Arnln(E) i=1 ‘ ( ) S JY S Amam(z) i=1 t ( ) .
p—n p—n p—n
p—n 2
The quantity pif(l) can be bounded by Pr0p051t10n Combining with Propos1t10n we have

for any C' > 0, there exists some c3 > 0 such that
P(QTﬂ/(p —n) < c3A5(2)> < e Cl—n),

Therefore, noticing that )\nﬁm( %)/ AL/2 X)) = k12, T1(2) can be bounded as

min

@, VI-8r3t o) _ C(pm) . o—t?/2
P(|T, ‘>ﬁ - nyTl =t ) <e +2e7H/2,
~o—n

Using the results from the diagonal term, we have
n
P(tl > Cok— ) <2 %" and P(t? < cml> < 2e ¢,
p p

Consequently, we have

<|el HH" ea| > cy@'t{) = P<T1(1)T1(2)| > C4/€t\{f ’Tl(l) = t1>

3t —an/p ) _
< P(TM? > epr T(1>:t>+P(T<2) e | )
> ( 1 2 p| 1 1 | 1 | ﬁm |

S 56707’7, + 267152/2’

c2(co—1) ]
Ves(eo—1)'

where ¢4 =

10



Proof of Lemma ] Notice that conditioning on X, for any fixed index i, e/ XT (X XT) e follows
a normal distribution with mean zero and variance o2 ||l X7 (X XT)~1||3. We can first bound the
variance and then apply the normal tail bound (8)) again to obtain an upper bound for the error term.

The variance term follows
2e] XT(XXT) 2 Xe; < 0% Apao (XXT) Vel HH ;.
The el H HT ¢; part can be bounded according to Lemma while the first part follows

Amaz (XXT)TH) = Amao (2827)71) < A5 (Z2Z27)0000(8) = A‘ (p=22%).

min min

Thus, using Lemma ] and 3] we have

o2l XT(XXT)~13 do%cr e

5 < m?, &)

with probability at least 1 — 4 exp(—Cn) if n > 8C/(co — 1)?. Now combining (9) and (8) we have
forany ¢ > 0,

20 /Kt f
P(JXT(XXT) el > 1'7 n f) < 47O 4 2e71/2,
*C

O

Proof of Theorem[6] The proof depends on Lemma [3|and ] and a careful choice of the value of ¢
in these two lemmas. We first take union bounds of the two lemmas to obtain

P(min [®] < Clli_lﬁ) < 2pe”C",
i€Q P

P(mjx |Pis] > cymf‘{f) < 5(p? _p)e—on F2(p? — p)e_tz/Q,
i#]

and

2 t
P<||XT(XXT)_1€||<>O = {T\F’f f) < dpe= O 4 2pe=t/2,

Notice that once we have

min |[®;;| > 2spmax |®;] + 27| XT(XXT) el oo, (10)
2 1)

then the proof is complete because ® — 2771 || X7 (X XT)~l¢||,, is already a restricted diagonally
dominant matrix. Let ¢t = v/Cn/v. The above equation then requires

n 264\/5/£spﬁ 20\ coCkt n

p v p (I—cgHrvp
_1  2csVCrksp 20v/caCk  n
= (k™ — — = - >0,
v (I—cy)v'p
which implies that
2c4V CK? 20/coCk?
> VTR ps + gvern Ci1k?ps + Cor’m7 o > 1, (11

c1 (1 —cyh)r

where C; = 20%@, Cy = 612( e 2 =Ty Therefore, the probability that (I0) does not hold is

1
<{ (TO) does not hold}> (p+5p2)e O 4 2p2e /v < (T4 —)p2e~Cn/V?,
n

11



where the second inequality is due to the fact that p > n and v > 1. Now for any ¢ > 0, (I0) holds
with probability at least 1 — § requires that

2
n> Vc(log(7+1/n) +210gp—10g(5>,

which is certainly satisfied if (notice that V8 < 3),
2
n > —-log —.
=7C %
Now pushing v to the limit as shown in (TI) gives the precise condition we need, i.e.
3p
6 b

2
! _ dcy 4co
where C' = max{—C% BTy }. O

n > 2C"k*(ps + 177 10)? log
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