Supplementary materials for A Differential Equation
Jor Modeling Nesterov’s Accelerated Gradient Method:
Theory and Insights

Weijie Su Stephen Boyd
Department of Statistics Department of Electrical Engineering
Stanford University Stanford University
Stanford, CA 94305 Stanford, CA 94305
wjsul@stanford.edu boyd@stanford.edu

Emmanuel J. Candes
Departments of Statistics and of Mathematics
Stanford University
Stanford, CA 94305

candes@stanford.edu

1 Proof of Theorem 2.1]

The proof is divided into two parts, namely, existence and uniqueness.

1.1 Existence

In this section we aim to prove
Lemma 1.1. For any f € Foo(R™) and any xy € R™, ODE (L2) with initial conditions X (0) =
x0, X (0) = 0 has at least one solution X in C*(0,00) N C*[0,00). Recall C*(0,00) is the set of

functions, taking values in R™, defined on [0,00) and twice continuously differentiable on (0, c0).
Similarly C1[0, 00) is the set of continuously differentiable functions from [0, o) to R™.

To begin with, for any § > 0 consider the smoothed ODE

. 3 )
X+E£@BX+VﬂXﬁw (1)

with X (0) = 20, X (0) = 0. Denoting by Z = X, then (TJ) is equivalent to

d(X\ 7z
dt <Z> B <maf’<a,t>ZVf(X)>'

As functions of (X, Z), both (Z and —3Z/max(d,t) — Vf(X)) are Lipschitz continuous with
constant at most max (1, L) + 3/4. Hence by standard ODE theory (1) has a unique global solution
in C2]0, 00), which is denoted by X;s. Note that X is also well defined at ¢ = 0. Next, introduce
Ms(t) to be the supremum of || X (u)]||/u over u € (0,t]. We remark that Ms(t) is finite because
[ X5(u)||/u = (]| Xs(u) — Xs5(0)|)/u = || X5(0)|| + o(1) for u = o(1). We given an upper bound
for My(t) in the following lemma.

Lemma 1.2. For§ < \/6/L one has

[V f (o)l
M;(0) < ﬁ-



The proof of Lemmal[l.2]relies on a simple lemma.
Lemma 1.3. For any u > 0, the following inequality holds

1
IVf(Xs(u) = Vf(zo)ll < iLMé(U)UQ
Proof of Lemma By Lipschitz continuity,

IV (X5 () =V f(20)]| < L] Xs(u a:0||—H/ Xs5(v de</ de <2LM5()

O

Proof of Lemma For 0 < t < 6, the smoothed ODE reads

3.
7X§ + Vf(X(S) = 07

%
5+6

which yields

X5e/? = — / Vf(Xs(u))e®/Pdu = —V f (o) / e?/0 du— / (VS (X5(u) =V f(20))e**/ *du.

0 0 0
Hence, by Lemmal[T.3]

Xs(t 1 K 1 f1
” 5( )H < 7673t/6||Vf(1'0)||/ eBu/édu_’_iefSt/&/ 7LM6(u)u2e?)u/6du

t Tt o t o 2
LM;(5)6>
< 191G + 2O
Taking the supremum of || X5(¢)||/t over 0 < ¢ < § and rearranging the inequality give the desired
result. =

Next, we give an upper bound for Mjs(t) with t > 6.
Lemma 1.4. Ford < \/6/L and 6 <t < \/12/L, one has

(5 — L8%/6)[|V f (o)
M) < 30 L0 - L)

Proof of Lemma When ¢ > ¢ the smoothed ODE reads
. 3.
X5+ EXé +Vf(Xs) =0,
which is equivalent to

dt3 X5(t)

T —3Vf(Xs(t)).

By integration,

BX5(t) = — /5 W3V F(Xy () dut 63 X (8) = — / W3V f (o) du— /5 W (V (X5 (1)) —V f (o)) dut-5° X (8).

5
Therefore by Lemmas [[3]and [[.2] we have

1Xs (o)l _ t*
t - 4

54 1X5(9)]
5

&t L[t 5
V5ol + 55 | g EMs(uyutdu + G
IV (Xo)l
1—L§%/6°
where the last expression is an increasing function of ¢. So for any 6 < ¢’ < t, it follows that

IIXs @I [V f(zo)|l
t 1T

< FIVF o)l + LM +

< IV F o)l + T LM (2 +



which also holds for ¢ < . Taking the supremum over ¢’ € (0,t) gives

V(X
M;(t) < iHVf(xo)“ * %LM‘;“)R " 1_f£520/)g

The desired result follows from rearranging the inequality. O

Lemma 1.5. Consider the set of continuous functions F = {X; : [0,4/6/L] — R"|§ =
V3/L/2™,m =0,1,...} is uniformly bounded and equicontinuous.

Proof of Lemmall[.3] By Lemmas[[.2] and [L4] for any ¢ € [0,/6/L],d € (0,/3/L) the gradient
is uniformly bounded by

I%60)) < VETEMs(VTE) < V/aTEma {ISHE - SIVLEOL Y — 5 /BT ).

Thus it immediately implies that F is equicontinuous. To establish the uniform boundedness, note
that

1 Xs (@O < [ Xs(0)] +/O 15 (w)l|du < [|zo| + 30/ f (zo) | /L.

Now it is ready to give

Proof of Lemmal[l 1l By the Arzeld—Ascoli theorem and Lemma F contains a sequence con-
verge uniformly on [0, 1/6/L]. Denote by {X5,, }ien the convergent sequence and X the limit.

Above, 8,,, = +/3/L/2™ decreases as i increases. We will prove that X satisfies (I.2) and the
initial conditions X (0) = a9, X (0) = 0.

Fix an arbitrary tg € (0,1/6/L). Since HX(;l (to)|| is bounded, we can pick a subsequence of
X S (to) which converges to a limit denoted by X tzg . Without loss of generality, assume the sub-
sequence is the original sequence. Denote by X the local solution to (I2) with X (o) = X (to)
and X (to) = X{. On the other hand, recall X, is the solution to (L2) with X (to) = X5, (to)
and X (o) = X(;Mi (to) when 6,,, < to. Since both X;,, (to) and Xgm (to) go to X (t) and XP,
respectively, there exits ¢y > 0 such that

sup 1Xs,,, () = X(#)] =0
te(to—eo,to+eo)

as ¢ — oo. However, by definition we have

sup 1Xs,,, () — X(8)]| = 0.
te(to—eo,to+eo)

Therefore X and X have to be identical on (to — €0, to + €0)- So X satisfies (L2) at to. Since tg is

arbitrary, we conclude that X is a solution to (I.2) on (0,4/6/L). By extension, X canbea global
solution to (L2) on (0, co). It only leaves to verify the initial conditions to complete the proof.

The first condition X (0) = = is a direct consequence of X S, (0) = xp. To check the second one,
pick a small £ > 0 and note that

X () — X(0 Xs (t)— Xs. (0 .
1XO) =Xl _ 0 1X6,, () = X5, O _ lim || X5, (&)] < limsuptM;s, (¢) < 5t/6/L]|V f(x0)],
1—00 v ; K

t i—00 t i—00

where &; € (0, 1) is by the mean value theorem. The desired result follows from taking ¢ — 0. [



1.2 Uniqueness

In this section we prove the uniqueness of the solution to (1.2).

Lemma 1.6. For any initial point z:y € R™, ODE (L2) with initial conditions X (0) = x0, X (0) = 0
has at most one local solution near t = 0.

Suppose on the contrary there are two solutions, namely, X and Y defined on (0, a) for some v > 0.

Define M (t) to be the supremum of || X (u) — Y (u)|| over u € [0,t), where t is between € and ov.
To proceed, we need a simple auxiliary lemma.

Lemma 1.7. Foranyt € (0, «) one has

IVF(X(1) = VY ()] < LtM(t).
Proof of Lemmal[l 7l By Lipschitz continuity of the gradient, one has

IVFCX () = VAV @) < LX) - Y0 = L] / X(w) = ¥ (u)du+ X(0) = Y (0)|
< L/ 1% (u) — ¥ (u)|[du < LEVI(2).
O
Proof of Lemma Similar to the proof of Lemmal[l.4] one has
(X)) - Y (1) = - /Ot u? (VX (u) = V(Y (u)))du.
Applying Lemma [[.7] gives
BIX (1) - V()| < / L N )t < %LtE’M(t),

which reads [ X(t) =Y (t)| < Lt*M(t t)/5. Thus for any t' < ¢ it is true that HX( N — ( )|| <
Lt2M (t)/5. Taking the supremum of | X (#) — Y (#')|| over ' € (0,t) gives M(t) < Lt>M (t)/5.
Therefore M(t) = 0 for t < min(a,+/5/L), which is equivalent to saying X = Y on
[0,min(c, 4/5/L)). With the same initial value X (0) = Y (0) = z( and the same gradient, we

conclude that X and Y are identical on (0, min(«, 1/5/L)), a contradiction. O
Proof of Theorem 2.1l Lemma [[1] together with Lemma [[.6] completes the proof of Theorem 2.1
O
2 Proof of Theorem 4.2]
Proof of Theorem The derivative of & reads
dE(t) ) . (2r — 3)2 2 . 42 o Art
aelt) _ X)— f* X, V(X 7<X X —z*, X X+ X— *>
g~ SR =+ EX V) + T3t g gt Ty gt AT
2r — 3)t? 2r — 3)2 2r —3)t ,
= 32(7(x) )~ B w0y + B e B .

2
By convexity and strong convexity of f, the second term of the RHS of (@) meets

(2r — 3)td|| X — x*|?

2r — 3)t2 - 2r — 3)t2 o p(2r = 3)t? .
CroA x vy = B () -y B e
Since r > 4, substituting the above into @) yields
dE(t) s (2r —3)t? 2(2r — 3)ut? — (2r — 3)? )
< _ 7 X) — *\ X — *
< [t S (F(x) = ) . 1X - a2 +
2(2r — 3)ut? — (2r — 3)? 5 (2r =3)td|| X —a*|?
— X —a* .
= 8 X =P+ 5 dt

dt



Hence if t > t' £ /(2r — 3)/(21), we obtain
dE(t) _ @r=3)td|X —a*|?

3
dt — 8 dt ®)
For ¢t > t/, integrating (@) over (¢',t) gives
8 . 2r — 3 2r —3 2r—3 (7
() < 8 + T X )~ P = TG = T )
t/

2r 2r—3

IN

HAX @) = f7)

(2r = 3)(r — 1)*|lwo — |2
Sut’

£y + 22X () - 2 < E) +
(2r = 3)(r ~ 12w — =°|*

8ut

)

IN
Qo]

(') + <EM)+

4)

where the second last inequality follows from Theorem Il We can make use of £(¢') to bound
E(t") in @). Indeed we have

(2r — 3)2 2t

£ = (e - ) + B ey () )
<oy -+ EE I ey s 2k - 2
= _43)%/ 21"1— X - 27«1— 37 2
< (r— DYEW) + 1K) 2 < (1 a2+ TR0 2
which combined with @) yields
0 < (= )y — oot + DD gl IE,

It completes the proof for ¢ > +/(2r — 3)/(2u) by noting f(X (t)) — f* < E(t)/t3, whereas for
t < /(2r — 3)/(2p) by Theorem Tl we have

fx(e)-p < C= Wz = I (= VYRV = 8)/@0 Crilan — ot Crilao — ']
2t2 2072 t3\/ﬁ t3\/ﬁ

O

3 Proof of Theorem

Proof of Theorem .3l In parallel to the proof of Theorem .1 we propose an energy function de-
fined as

r—2)%s
el = 2D ) (- D) - o
where z;, = (k+ 7 — Dy /(r — 1) — kzy/(r — 1). Suppose we have
A= =D ) — 1) < £ - 1), ©

r—1
Then it immediately yields the desired results by summing over (3). To be specific, by recursively
applying (@) we see

E(k) +

k . 2
(ke 2= oy < £0) = 20D () Do,
which is_ equivalent to

k—1 .
R R R B e SR
i=1



Noting that the LHS of (6)) is lower bounded by 2s(k + r — 2)2(f(xx) — f*)/(r — 1) gives the first
desired inequality. With £(k) > 0, the second one is obtained via taking the limit & — oo in (@) and
replacing (r —3)(i +r—1)+1by (r —3)(i +r —1).

To complete, we aims to establish (@) in the rest of the proof. For s < 1 /L it is well-known in
proximal gradient literature, for example [[1], that

Iy = sGa(w)) < f(@) + Caly)" (v~ 2) = 3 1Cs )] ™

for any x and y. Note that y;_1 — sGs(yg_1) actually coincides with 2. Summing of (k—1)/(k+
r—2) x @) withz = xzp_1,y = yr—1 and (r — 1)/(k + 7 —2) x @) with z = z*,y = yi_1 gives

k—1 r—1
f(@e) < mf(fﬂkfl) + mf
r—1 r(k+r—2 k-1 N s 9
+k;7+r—2Gs(yk_l) (77“—1 Yr—1 — T_liﬂk—1*$)*§||Gs(yk—1)||
_ k-1 r—1 * (T_I)Q %12 * 12
B k+r—2f(xk_1)+k+r—2f +25(k+r—2)2 (”Zk_l I = e =27l )’

where we use zx_1 — s(k + 7 — 2)Gs(yg—1)/(r — 1) = z;. Rearranging the above inequality with
multiplying by 2s(k + r — 2)2/(r — 1) gives the desired (3).

O

4 Proof of Theorem

Remark 4.1. Indeed the linear convergence of X** remains for generalized ODE (1) with r > 3.
Only minor modifications in proof such as replacing u® with u" in the definition of 1(t) in Lemma
E 1l are required to get analogous convergence rate for the speed restarting version of (.1).

Lemma 4.1. The speed restarting time T’ obeys
4

T(xo, f) > 5\7@

Proof. Denote by M (t) the supremum of || X (u)]|/u over u € (0,¢] and

I(t) & / W (VF(X (1) — ¥ f (o)) du.

By the proof of Lemma it is guaranteed that M defined above is finite. M is useful in that it
gives a bound on the gradient of f:

t t ; 2
IVS(X@) = V)| £ LIXO —aoll = L] [ X <2 [ WJE@N g, o MO
0 0 u ®)
By (), it is easy to see that I can also be bounded via M:
i * LM (u)u® LM ()t
10l < [ V) - Vil < [ EEIC g, < BEIE )
0 0
To fully facilitate these bounds, we need to bound M as

= 41— L12/12)

forany ¢t < \/12/L.

To this end, note that indeed ODE (L.2)) is equivalent to d(t3X (t))/dt = —t3V f(X (t)), which by
integration leads to

.e 4 b 4
t°X (1) = = Vf(zo) —/0 w (VX (w)) = Vf(zo))du = ==V f(wo) —I(t). (D



Dividing (1)) by t* and applying (), we obtain
; 2
IXOU VI o)l | O [V (o) | LM0)E
t 4 4 4 12

Note that the RHS of the above is monotonically increasing in ¢. Hence by taking the supremum of
the LHS over (0, t] we obtain

< IIVfixo)ll L LM

M =

which gives the desired (I0) by rearranging the inequality for ¢ < \/12/L.

Having established (IQ), we proceed to lower bound 7' via studying (X (¢), X (¢)). Dividing (I1)) by
t3, one has an expression for X, which reads

t
() =~V wo) - 5 [ w (VA (W) - fao))du (12)
0
Differentiating the above, we also obtain an expression for X:
t
X(0) = ~VIX0) + 390 + 7 [ w(OFX@) = Voot ()

Using the two expressions for X and X we will show that d|| X ||?/dt = 2(X(t), X(t)) > 0 for
0 <t < 4/(5v/L). To this end, noting that (I2) and ([3) yield

1

(X0, X(0)) =( = [V (w0) = 1), ~ VAX(0)+ 5V f(xo) + 51(0)

> 1V (20), VAX(0) = SISl = 1INV X+ 19 £@o)l) = S 11()?

> LIV o)l = LIV Ao IV F(X(0) - Vi o)l - 21V £ o)l

5 2 245
_ %(Hv FX(8) = V(o) + §Wf<xo>||) - %
3 T 3 2
N » LM L2M(t)*t°
= IV @l - ===V f(wo)ll - =

where we use (9) and (8). To complete the proof, applying (I0) in the above inequality yields

. 1 Lt? Lt
(X (), X(®) = (E T 1201 - Li2/12)  256(1 — Li2/12)?

IV F (o) = 0

for t < min{+/12/L,4/(5v/L)} = 4/(5v/L), where the positiveness follows from the fact that

1 Lt? B L3t
16 12(1 — Lt2/12)  256(1 — Lt2/12)2

>0
for0 <t <4/(5VL). O
Next we give a lemma which claims that the objective function decays by a constant through each

speed restarting.

Lemma 4.2. There is a universal constant C' > 0 such that

L2M(t)*t5

48



Proof. By (1), @) and (IQ) in Lemma[1] for ¢ < 1/12/L one has

1K) + L0 (o)l = iy < PEOE o LIVl

12 ~ 48(1 — Lt2/12)’
which gives

t LIV f (xo)|[£* ' t L|V £ (o) [£°
< - = ARV L . O el A SUPA| L 14
for t < \/12/L. By Lemma 1] d||X||?/dt > 0 for 0 < t < 4/(5v/L) because T > 4/(5v/L).
Hence for 0 < t < 4/(5v/L) it yields that

df (X 3, < 1d, - 3.« 3 L|V 3\2
P — - 1217 < 2P < =2 (FIV o)l ) < —etl Vel

where ¢ > 0 is an absolute constant and the second last inequality follows from (I4). Therefore we
have

4 ST )
=) =10 < [ —eulV ) P

= LIV o)l <~ (o) - £,

where the last step follows from the p—strong convexity of f. Above ¢’ > 0 is an absolute constant.
Thus we have

Fx(

1 () - 1= (1= 2 e - 1.

Last, recall that f(X (t)) decreases on (4/(5v/L), T'), which finishes the proof by noting

Fm) - 1 < 1 (2 ) - £ < (1= 22 ) - 1)

O

To establish the linear convergence, we also need to ensure that 7" can not be too large. To this end,
we give the following lemma.

Lemma 4.3. The speed restarting time 'T" satisfies

4 C'L
T< exp —.

5VL iz
Proof. For4/(5v/L) <t < T, we have
df (X (1))

3 . 3 .
< SIXOIP < - HIX @/ VDI
which implies

T
FX(T)) = f(o) < F(X(T)) = f(X(4/(5VL))) < —/4

5V L

84/ VD) og L

2% (/)P

ﬂ

Hence we get an upper bound for 7" which reads

4 (f(:ro) — f(X(T))

4 fwo) = f*
<5 Gikwevoe) * i ™ Grwevor)  ©




Plugging t = 4/(5v/L) in ([4) gives
IX(4/(5VL))| =

Cc

VL

for some universal constant ¢ > 0. Substituting (I6) in (I3) yields

IVf (o)l

o (LD =FYy L 4

T <
3c2(|V f (xo)|?

~ 5VL

It readily gives the proof of Theorem[3.2]by combining Lemmas[4.2] and &3]

Proof of Theorem[5.2] According to Lemma by time t there are at least n*

< ex .
=5V P

(16)

L5t\/fe*C'L/ /4] restartings for X**. By Lemma and monotonically decreasing of f before

restarting, we have

n*

FX™(@) = (@) < F(XT(Q_T0) = f(a*)

< (1= DY ) - 56
<..

where ¢; = exp(Cp/L) and o = 5Cue~C"#/T /(4L).
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