Supplementary material

Before, we present the proofs of the results stated in this paper, it will be useful to specify standard
quantities and operations used in this paper.

| Notation | Description |

1, a X a identity matrix

1, a-dimensional vector of all ones

0.xb a X b zero matrix

P(-) Probability of an event

E[] Expectation of a random quantity

S®a a-times Kronecker product of any matrix S with itself

A(S) The set of all eigenvalues of a symmetric matrix .S

Ai(S) it" largest eigenvalue of a symmetric matrix S

A n x n™~! flattened matrix of any n X n X ... X n tensor A
Proof of Lemma

We begin with computing the expected quantities. Observe that
W)y =EWal = D El(An)inyin (An) iz i)
i2yeyign =1
For i # j, the two terms in the expectation are independent, and hence

n
—~T

Wh)ij = Z (An)iig. i (An)jin. iy = (-Z:L-An )ijs

n

while for i = j, (4,)2 = (An)iiy.ip- and Wa)ii = Y (An)iis..i,,- So W, and

o im
i2yeerim=1

—~ T ——T
ApA, differ only at the diagonal entries, which implies P,, = W,, — A, A,, is diagonal with

n n
Puii= Y, (Aitsin — (Al i = D Buwnyo i, — Birwy o,
izyeerim=1 izyeyim=1

using (I). In above summation, we can group nodes in same partition as the terms in the summation
are same for these. Define S,, = Z!'Z,,, whose diagonal entries represent cluster sizes. Then

k
(Pn)ii = Z (S")J'zjz s (Sn)jmjm (Bl/fijzmjm - Biijz-ujm)
j27 -7j7n=1
k,mfl
= > (sEtm Iy (Bwil - Biiz) : ®)

Thus, we see that all diagonal entries of P,, are not distinct, rather, there are only & distinct terms
and (Py,)i; = (Pr);;, whenever ¢; = 1;. Similarly, we compute (D,,);; as

km—l

(Dn)ii= Y. (S;‘?“”‘”)uéwil(l + ((Sn)wewe = DBya + Y (Sn)jjéjl)» ©)
=1 J#Yi

which reveals that (D,,);; = (D,),;;, whenever ¢); = 1;. Hence, we can define ﬁn, 75n € RFxk
such that (D,,);; = (Dn)y;w; and (Pr)i = (Pn)y,w,» and it is easy to see that D,, Z,, = Z,,D,, and
PnZy, = Z,Py. With these terms, we characterize the eigenvalues and eigenvectors of L,,.

Let U € R*** be orthonormal eigenvector matrix of the matrix D;, Y 2(0n +P.)Dn 12 e,

D;Y2(C, + Po)D; V12U = Uy,
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with A; being diagonal with entries being eigenvalues of the stated matrix. Then, for p,, = Sy, Y2y ,

—~ ~T
LnZn,Un = ,Drftl/Q(-An-An + Pn)Dlgl/zZn,un
=D, 2(2,BS3" VBT z} + P.)D, ' ? 2,8, /*U
= D;1/2Zn1§5;?<m—1>§Tsl/225—1/2U + 2,8, D, AP, DU
= 7,8 1?D\?(C, + P,)D; /U
= Z,S;VPUN = Zyppin Ay

Thus, columns of Z,, 11, are k eigenvectors of L,,, with corresponding eigenvalues being the diagonal
entries in A;. It is also easy to see that columns of Z,u,, are orthonormal. We note here that

—~ T
for computing A,,.A,, , we have used some properties of Kronecker products such as (X7)®! =
(X®HT and (X®H)(XPH) = (X X1)%L

We now focus on the remaining (n — k) eigenvalues of £,,. From its definition, one can see L,, is
symmetric positive semi-definite. Hence, its n eigenvectors form an orthonormal basis. Let Y &€
R™*("=k) be such that columns of Y are remaining orthonormal eigenvectors, i.e., £,Y = Y A, for
some diagonal matrix of eigenvalues Ay € R(n=k)x(n—k) Now, since L = S{l/2U has rank-k,
hence k columns of Z,, i, span the range space of Z,,. So columns of ¥ must span the null space of
ZT. Thus, ZI'Y = 0 and

YAy = L,Y =D;Y*(2,B52" VBT zI + P,\D;'/?Y = D;'P,Y.

Thus, columns of Y are eigenvectors of D, P, and the eigenvalues in Ay are a subset of the

diagonal entries of D, 1 P,,, which are Eg:;“ ,©=1,...,n, which also same as Epngzl i=1,...,k.
Though we know that columns of Z,, 11,, are orthonormal eigenvectors of £,,, we still need to ensure
that they are the leading eigenvectors, i.e., the eigenvalues in A; are strictly greater than the ones in
As. Tt is sufficient to satisfy

Ak (D_l/Q(C +P,)D 1/2) > max (7371)”,
1<i<k (Dy,) 4
where Ay () denotes k‘" largest eigenvalue, which is in fact smallest eigenvalue in this case. Now we

can consider the matrix on the left as the matrix Dj, v QC’nﬁ; 1/2 perturbed by the matrix 25; p,.
Then by Weyl’s inequality [21]], we can say

max ‘/\ SU2(Cp + Pa)Dy V) — N (D20, D5 V2 ‘</\1 ~1P,)
1<i<k

and hence,

)\ (D—l/Q(C +P ) 1/2) > )\ ( 1/20 D—1/2) _ 1123<Xk Egn;n

Thus it is enough to satisfy Ak( 1 26’ D Y 2) > 2max; EZ"%” to ensure that Z, u,, contain

n)ii

leading eigenvectors of £,,. Now,

~ max (P, )i k -1
(Pn)ii _ 1<i<n 1 n
njii o 1SiS <— > njn - - i =
BBy, = D, =D, & e i =g
25 m=

where we use (8] along with the fact that (By — Efl) € [0, 1] for all 4, . On the other hand,

7) 1 T
)\k( ~1/2c, D 1/2) — min Z "Cuy > — min y Cny = /\kicn).
veRk yTD,y — D, vert yly D,

)\k (Cn) 2nm_1
Dy D,
eigenvectors of £,,. The last part in Lemma[d]follows from the structure of Z,,. Since, i, is rank-F;,
it has k& distinct rows, and one can see that Z,, u,, contains the k distinct rows of j.,, each unique row

being a representative of a partition.

Thus, J,, = > 0 is a sufficient condition for columns of Z,, ii,, to be leading



Proof of Lemma

For a particular n, define 8 = 1?,%”1 , ﬂ {(Dn) Dy)ii[l — 8,1+ f]} and

Iy = ﬂ {I(Wn)ij — Wh)isl < n"z logn}. Now,

m+1
P (Ln _£n||F > 47’LQDHIO,§.H>
—= P ({”Ln _['nH%‘ > (w> }mrl ﬂr2> +P ( FlﬂFQ )

< (43— el > (2= b ar A, ) e+ pary

IN

" 14n 2" logn . .
Pl U {|(Ln)z‘j—(£n)u np}ﬂflﬂfz + P (I'7) + P (I'9)
1,7=1 =n

> P <{|(Ln)m‘ = (La)ijl > Zm;logn} ﬂﬂﬂm) + P (I'7) +P(I'3)

1,j=1 =n

Defining L, = D /2 W, Dy /%, we have [(Ln)ij— (Ln)i] < |(Ln)ij = (Ln)isl+(Ln)ig = (Ln)is),
and hence,

4n 2 logn ~ 2T logn
e Y (A Ay oy

i,5=1 =n

+ip<{<in)m—wn>ij| W}ﬂm)w(ri)w(r;). (10)

3,j=1 =n

IN

Dealing with the second summation in (IEI) is easy as, on ',

~ 1
|(Ln)ij — (Ln)ig| = ml(”’n)iy — (Wn)jl

n"T logn < n"r logn
B (Dn)”(Dn)]] N Qn

1 1-26,1+2
Thus, the second term in (I0) is zero. Now, if '3 = ﬂ { IS [ B, 1+ 2f] },
iic1 LV (Dn)ii(Dn)jj — /(Dn)ii(Dn)jj

then we claim that 'y C I's for 8 < % This is obvious because for any case in I'y, we can write

1 c 1 |: 1 1 ]
V(Dn)ii(Dn)j; — /(Dn)ii(Dn)j; L1 +81=8]"
where

1 1
1—L>1—5>1—25, and 7*1+L<1+25

1 + 1+4 1+ 1-3 I3
for 8 < 5. Thus, the claim. Note that the condistion 3 < 5 1s not restrictive as it always holds for
m > 2, and eventually holds for m = 2. Therefore, on I'; C I's

(Ln)ij = (Zn)isl = [(Wa)sgl

nn

< ! 2[3 < 207 logn
(Dn)ii(Dn) D,

’ﬂ’L’L

)
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using the fact |(W,,)i;] = (A, AT);; < ™1 as the quantity is a summation of ™! binary terms.
Thus, we see that the first summation in (I0) is also zero.

To compute an upper bound for P(I'{), we observe

12,0 0yim =1

+ Z Z ((An)iig...im (An)jis...imy — (An)iig...i, (An)jig‘..im)

J#i i, im =1

In each summation, all the terms are not independent since for any is ... %,,, all its permutations
give the same random variable. However, we can avoid such repetitions by summing only over
12 < ... < iy, where for all i5 . . . i,,, there can be at most (m — 1)! of the same quantity. Hence,

|(Dn)ii = (Dn)ii| < (m —1)! Z ((An)ii. i, — (An)iis. i)

125 Zigp

+m =D 1 D (At (An)jiaie = (At iy (An)jis. i)

§#i [i2< .. <im

where { (A )iiy..i,, Yia<...<i,, and foreach j # ¢ {(An)iiy...i,, (An)jis...is, Fin<...<i,, fOrm indepen-

dent sequences of (":ﬁf) random variables, where each random variable lies in [0, 1]. Further,

the quantities involving .4,, are exactly expected values of the terms beside them. Thus,

P(|(Dn)ii — (Py)iil > B(Dn)is)
<P S A (A — El(An)ity i, (An)sia ]| > m

J=1 |i2<...<im,

(m—1)ln"s"

< Z P Z (An)iig..im (An)jin.i, — E[(ARn)iis..im (An)jis. i ]| >

Jj=1 12<...<im

‘We can upper bound each of the above probabilities using Hoeffding’s inequality to get

2 (Dy)%(logn)? )

(5m) (Gm = st

m—1

P(|(Dn)ii — (Pn)isl > B(Dn)is) < 2nexp (

D 2
< 2n172(10g n) ( (m,—f)l!nm )

since D,, < (D,,); and (":ﬁﬁ) < n™=1 With this result, we have
- 2-2(1 Do, 2
PTS) < 3 P((Du)ii — (Du)al > BDL)w) < 2205 (i)

i=1

We proceed in a similar way to bound P(T'$) as

P(Is) < > P(I(Wa)ij — Wa)il > n"T logn)

ij=1
n n —
= Z P Z (An)iig..im (An)jin.im — E[(AR)iig.im (An)jis.im)| >n 2 logn
ij=1 i2yenim=1
n m—1
n-z logn
< Z P Z (An)iis..im (An)jin.i — EL(AR)iig.in (An)jis..im]| > W
i,j=1 i2<.<im :
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Now, by Hoeffding’s inequality,

m—1 2
P(TS) < 2n”exp (— 2__n"7 (logn) )

—2
() (=12
_og_logn _ Dy, )?
S 2712 2((7"71)!)2 S 2n2 2(log n)((m71>th) -
since D,, < n™. Putting these bounds in (I0), we have for any n

m

+1
" (IILn ~Lallr > P 10gn> < ap?=200m) ()

—n

2
if 3 < 3. Now, if there exists IV such that (- B ) > 25 forall n > N, then
LY 1N Pt -1} SV SRS
n n||F Qn > n o0,
n=1 n=N+1

and hence, by Borel-Cantelli lemma,

4an+llogn .
P (3 1En— Lalle > B o) =0,

4 m+1 1
n_ 2 ogn
=7 o,

which implies || L, — L, ||F as.

Proof of Lemma

We begin by observing that §,, defined in Lemma is a lower bound on the eigen-gap A\, (L)) —
Ak+1(Ly). By Weyl’s inequality,

1 3/2
max [Ai(Ln) — A\i(La)| < | Ln — Lallz < | Ln — Lallp = O ((Og”)> as.

1§’L§TL nnz;l

.. . . 3/2 .. .
under the condition on D,, stated in Lemma Thus if (105,,7,)1 = 0(dy,) (condition in Lemma H}
n_ 2
then

max |Ai(Ln) — Mi(Ln)] = 0(8n) = 0(Ak(Ln) — Aes1(Ln)) as.

1<i<n

Define an interval Z,, = [%()\k(ﬁn) + Aer1(Ln)), 1], then

min{|A(L,) NZ, — Z5|} = min{|A\(L,) NZ; — L,|} > %,

where the above minimum is the minimum absolute difference between any two elements taken from
either sets. From above, we see that this quantity decays much slowly than the difference between
the eigenvalues of L,, and £,,. Thus, eventually we can argue

ML) N} = INLn) NTY| = k as.

Hence, by the modified version of Davis-Kahan theorem [6, Theorem 2.1], we have that there exists
orthonormal matrix O,, € R*** such that

2|| L, — Ly||F
5(/\k(£n) - )‘k+1(£n))
m41
< 4\L,, — Lo < 16n =2 logn s,
- 5n N 6n2n

Here, O,, can be computed as follows. Let uX' Z1' X, € R¥*F has the singular value decomposition

as pI' ZT' X, = UXVT, then one can show [6] that O,, = UVT.
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Proof of Lemma

This proof is stated for completeness, but it can be found as part of 6, Theorem 3.1]. Let C' € R™**

contain the k centroids in its rows, i.e., CT = [¢T'...cT]. Observe that one can write C' from the
objective of k-means algorithm as

C = argmin|| X,, — C'||%,
C/
where the minimum is taken over all n x k& matrices with no more than & distinct rows. Since,
Zntin Oy, also has k distinct rows, hence || X, — C||r < || X5, — ZnponOn||F. Thus,
1C = ZnpnOnllr < | X5 — ZnpinOnllF + | Xn — Cllr < 2| X5 — ZnpnOnllF
One the other hand, we can write the number of misclustered nodes as
|Mn‘ = Z 1< 2§n Z ||Cz - lenOnH%
ieM, i€EM,
from the definition of M,,. An upper bound can be found by summing over all: = 1,...,n. So,
|Mn‘ S 2§n”c - Zn/f['nOn”QF S 8§TL||XTL - Zn,unOnHQF

Proof of Corollary 2|
We begin by computing the eigenvalues of C),. Observe that S,, = 7 I, and hence
C. = 31/2§S®(m—1)§T51/2 _ ﬁééT
n n n n km )

where B can be written, after rearranging the columns, as

B=qlpl;m-1 + (p — q)[[k kakm—l].

Thus, we can write

nm
= kim
From above one can easily see that the leading eigenvector of C), is 1; with eigenvalue

nmq(p _ q) nm(p _ q)2

m—1 + km ’

while all the other eigenvalues, whose eigenvectors are orthogonal to 1y, are

Cn (km_1q21k1£+2q(p—q)1k1£+ (p—q)sz) .

2
M(Cy) = n™q? +

m 2
n-\p—4gq
M(Cn) = o = w(Cp) = T
Moreover D,, = D,, € [¢>n™,n™], which shows that second condition in Theorem [1|is satisfied
beyond some N. Also,
_ Ae(Cr) — 201 > Z: (p—q)* —2n""" 1 < Qk‘m)
= = .

J— 2 —_— —
D, > e (r—q) p

On

1

1
Whenever, k < (’n(pfiq)z) ™ wehave §,, > (e—a)® - ¢, Thus, if k = O(nﬁ(log n)~ 1) =o(nm),

2km
then J,, > 0 eventually holds. Finally, for all m > 2,

logn)™ - &N -
o <o (W) <o (M) =oton”e
n

satisfying the last condition in Theorem Hence, we can use the bound on |M,,| to get

M, = O <k<1°g”>2”"”1> :O(’WW> :O(W> as.

4 1
pP—q m—2 m—3
(4k277)L q4n2m n n 2m

|M,,| n~1/4 , :
For m = 2, =0 , which eventually vanishes a.s., whereas for m > 3, |M,,| =
n logn
1
0| ——=———] a.s. proving consistency of the method in this case.
n™=3(logn)™
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Proof of Corollary 3]

Note here that C,,, S,, € R?*2 with (S,,)11 = s and (S, )22 = n— s. In matching problem, s = \/n,
but we will keep the proof general. Now,
yTChy . y"BST" BTy _ yTBSEm—VpTy

o = min — > s min o
yeRF Y'Y  yeRk yT'Sny yERk Yy

since we have s < (n — s). Observing than ﬁij > q for all ¢, j, we can write the numerator as

gm—1 2 gm—1
yTESS?(m_l)BTy = Z (S®(m 1) (Z Bzﬂh) > qz(yTy> Z (S®(m 1))”»
j=1 j=1
where the summation equals n™~1. Thus, X2(Cr) > ¢q 2sn™~1. So to ensure §,, > 0, we need to
satisfy s > 2 Dn
2 D

Now, using @D, we can write
Dy, = (Du)11 = s"p(1+ (s — )p+ (n—s)q) +v = s"p(L —p+n) + 7,
andD,, = (Dp)22 = s"q(1+ (n—s—1)g+sq) +v=s"q(1 —q+n)+7,

2711,—1

wheren =ng+s(p—q) and =Y (ST V);q(1—q+ng).
J=2
Observe that both v, 77 > 0. Using the relation “+b < max{%+ d} which holds when all quantities
are positive, we can write

Dn ¢ na {SPOPW ’Y} <max{pmax{11§1},1},
(I=gq+mn) q l1—q

D,
D, 3
Since, p > g, i.e., (1 —p) < (1 — q), we have D < B Hence, for s > —13),
z, q q
nm*1 D, nm1 3p .p D
6y = 5—2 - 22 ) > = >0
(q Dn> ~ D, (q ¢ q> g

since D,, < n™, thereby satisfying first condition of Theorem |1} Also, it is easy to see that D, >
¢*>n™ which implies second condition holds eventually. Further, since (logn)%/2 = o(n™z") =
0(6”717”7_1) for all m > 4, we can use bound in Theoremto claim

(log )2+ (log n)?
| M| =0 (W =0 (o= ) as
q27l2

showing that the approach is consistent for all m > 4 when the size of the strongly connected
component is at least 2—5.

Above is true in the matching problem as s = y/n. Here, we can say eventually

nmfl q25 q2

> >
On 2 D, 2 ~— 2nl/?

Hence, for all m > 3,
m—2 m—1

(logn)®? =o(n™= ) = o(6yn 7 ).
We cannot satisfy the above condition for m = 2, and hence, we cannot conclude anything for
m = 2. However, for m > 3, all conditions of Theorem[I] are satisfied and we can claim

2, m+2 2
|M,| =0 <(longl) . ) =0 ((1:5”2 ) as.,
4-_n m

4n

| M|
n

which directly implies that for m = 3,
|M,| — 0a.s.
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