A Mean-based IDS

Here we introduce an approximate form of IDS that is suitable for some problems with bandit
feedback, satisfies our regret bounds for such problems, and can sometimes facilitate design of more
efficient numerical methods. We will derive this policy by investigating the structure of the mutual
information g,(a) = I; (A*,Y;(a)), and considering a modified information measure.

Let pr, = P (Yi(a) € | Fi—1) denote the posterior predictive distribution at an action a, and let
Dra (-la*) = P(Yi(a) € -|Fi—1, A* = a*) denote the posterior predictive distribution conditional
on the event that a* is the optimal action. Crucial to our results is the following fact, which is
a consequence of standard properties of mutual information®. It shows, the mutual information
between A* and Y;(a) is the expected KL divergence between the posterior predictive distribution
P1,q and the predictive distribution conditioned on the identity of the optimal action p; ,(-|a*):

gu(@) = B [Dice (prala”) || pra)]- ™
Our analysis in the full version of this paper [26] provides theoretical guarantees for an algorithm that
replaces the Kullback-Leibler divergence in (7) with a simpler measure of divergence: the squared
divergence “in mean”. Define

2@ = B [Dup(raCla’)]|pea)’] . and Dup (PIIQ)i= E [RG)] - E_[R()).
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We introduce the policy 7!PSve = (w{DSME, miDSuE ) where m/PSME ¢ arg min
T€D(A)

B Formal statement of bounds on the minimal information ratio

In Section 4, we listed several bounds on the minimal information ratio, but only provided a formal
statement of the result on linear bandit problems. Here we provide a more complete description of
three other bounds. The proofs are given in Appendix D.

B.1 Worst case bound

The next proposition shows that ¥} is never larger than |.A|/2. That is, there is always an action
sampling distribution 7 such that A;(7)? < (|.A]/2)g:(7). In the next section, we will will show
that under different information structures the ratio between regret and information gain can be much
smaller, which leads to stronger theoretical guarantees.

Proposition 4. Foranyt € N, U} << |A|/2 almost surely.
Combining Proposition 4 with Proposition 2 shows that E [Regret (7'°5,T')] < /1| A|H (c)T.

B.2 Full information

Our focus in this paper is on problems with partial feedback. For such problems, what the decision
maker observes depends on the actions selected, which leads to a tension between exploration and
exploitation. Problems with full information arise as an extreme point of our formulation where the
outcome Y;(a) is perfectly revealed by observing Y;(a) for some @ # a; what is learned does not
depend on the selected action. The next proposition shows that under full information, the minimal
information ratio is bounded by 1/2.

Proposition 5. Suppose for each t € N there is a random variable Z; : Q0 — Z such that for each
a € A Yy(a) = (a,Z;). Thenforall t € N, U; < L almost surely.

Combining this result with Proposition 2 shows E [Regret (7', 7'P%)] < H(oq)T. Further, a

1
2
worst—case bound on the entropy of a; shows that E [Regret(T, 7'°%)] < /1 log(|A|)T. Dani

SFor details on the derivation of this fact when Y; (a) is a general random variable, see the appendix of [25].
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et al. [12] show this bound is order optimal, in the sense that for any time horizon 7' and num-
ber of actions |.A| there exists a prior distribution over p* under which inf, E [Regret(T,7)] >
cor/1og(|A|)T where c¢q is a numerical constant that does not depend on |A| or T. The bound here
improves upon this worst case bound since H (1) can be much smaller than log(|.4|) when the prior
distribution is informative.

B.3 Combinatorial action sets and “‘semi—bandit” feedback

To motivate the information structure studied here, consider a simple resource allocation problem.
There are d possible projects, but the decision—maker can allocate resources to at most m < d of
them at a time. At time ¢, project 7 € {1, ..,d} yields a random reward 6, ;, and the reward from
selecting a subset of projects a € A C {a’ C {0,1,...,d} : |a'| <m}ism™ >, , 0, Inthe
linear bandit formulation of this problem, upon choosing a subset of projects a the agent would only
observe the overall reward m " Ei@ 0: ;. It may be natural instead to assume that the outcome
of each selected project (6;,; : ¢ € a) is observed. This type of observation structure is sometimes
called “semi—bandit” feedback [3].

A naive application of Proposition 3 to address this problem would show ¥} < d/2. The next
proposition shows that since the entire parameter vector (6, ; : ¢ € a) is observed upon selecting
action a, we can provide an improved bound on the information ratio.

Proposition 6. Suppose A C {a C {0,1,...,d} : |a] < m}, and that there are random variables
(0r; -t €N,i€{1,...,d}) such that

Yi(a) = (0 :i €a) and R(Yt(a)):%Z@’i.

Assume that the random variables {0, ; : i € {1, ...,d}} are independent conditioned on F;_1 and
0, € [ 5, 3] almost surely for each (t,1). Then for all t € N, U} < ﬁ almost surely.

In this problem, there are as many as (i) actions, but because information-directed sampling ex-
ploits the structure relating actions to one another, its regret is only polynomial in m and d. In par-

ticular, combining Proposition 6 with Proposition 2 shows E [Regret(T, 7™P5)] < L/ 4H(on)T.

Since H(a;) < log|A| = O(mlog()) this also yields a bound of order \/ < log (£) 7. As
shown by Audibert et al. [3], the lower bound® for this problem is of order /-4 T, so our bound is

order optimal up to a y/log(-4) factor.

C Algorithms used in numerical experiments

C.1 Optimization

Algorithm 1 uses Proposition 1 to provide a procedure for choosing an action. For a problem
with |A| = K actions, the algorithm requires inputs A € Rf and g € Rf specifying re-
spectively the expected regret and information gain of each action. The distribution that mini-
mizes (5) is computed by looping over all pairs of actions (4,5) € A x A and finding the opti-
mal probability of playing ¢ instead of j. Finding this probability is particularly efficient because
the objective function is convex. Golden section search, for example, provides a very efficient

®In their formulation, the reward from selecting action a is > .. 0¢.i, which is m times larger than in our

i€a
formulation. The lower bound stated in their paper is therefore of order vVmdT'. They don’t provide a complete
proof of their result, but note that it follows from standard lower bounds in the bandit literature. In the proof
of Theorem 5 in that paper, they construct an example in which the decision maker plays m bandit games in

parallel, each with d/m actions. Using that example, and the standard bandit lower bound (see Theorem 3.5 of

Bubeck and Cesa-Bianchi [7]), the agent’s regret from each component must be at least 4/ %T, and hence her
overall expected regret is lower bounded by a term of order m/ %T = vmdT.
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Algorithm 1 chooseAction(A € RE, g € RE)

1: Initialize opt + oo

2: Calculate Optimal Sampling Distribution

3: forje{l,.,K—1}do

4 foric{i+1,.,K}do

5: g  argming o [¢'As + (1 — @)A1 /[¢'9: + (1 - ¢')g}]
6 objectiveValue « [gA; + (1 — q)A;1* / [qg: + (1 = q)g;]

7 if objectiveValue < opt then
8 (@, 5%, q") < (i,4,9)

9: opt < objectiveValue
10: end if

11: end for

12: end for

13:

14: Select Action:

15: Sample U ~ Uniform ([0, 1])
16: if U < ¢* then

17: Play ¢*

18: else

19: Play j*

20: end if

method for optimizing a convex function over [0,1]. In addition, in this case, any solution to
diq, [¢"A; + (1 — q)Aj]2 /1d'gi + (1 —¢')g;] = 01is given by the solution to a quadratic equation,
and therefore can be expressed in closed form.

C.2 Beta-Bernoulli

Here we will present an implementation of information-directed sampling for the Beta—Bernoulli
experiment described in Section 6. Consider a multi-armed bandit problem with binary rewards and
K independent arms denoted by A = {aq, ..., ax }. The mean reward X; of each arm a; is drawn
from a Beta prior distribution, and the mean of separate arms are modeled independently.

Because the Beta distribution is a conjugate prior for the Bernoulli distribution, the posterior distri-
bution of each X; is a Beta distribution. The parameters (3}, 32) of this distribution can be updated
easily. Let f;(x) and F;(x) denote respectively the PDF and CDF of the posterior distribution X;.
The posterior probability that A* = a; can be written as

1

[ @ ([ 5@ | do

0 J#
/1
0

P X < X} :/fi(x)IP (X, <2} Xi=z|da
0

J#i J#i

filz) | =
Fz(z)] F(z)dx

where F : x — H,Iil Fi(z).

Algorithm 2 uses this expression to compute the posterior probability «; that an action a; is optimal.
To compute the information gain g; of action j, we use Fact 22. Let M, ; := E[X;| X < X, V]
denote the expected value of X ; given that action 4 is optimal. Step 18 computes the information gain
g; of action a; as the expected Kullback Leibler divergence between a Bernoulli distribution with
mean M, ; and the posterior distribution at action j, which is Bernoulli with parameter 3 ]1 /(B Jl +5 JQ ).
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Algorithm 2 Beta-Bernoulli IDS

1: Initialize: Input posterior parameters:
(ﬁl c RK,B2 c RK)
fi(x) := Beta.pdf(x|8}, B2) fori € {1,.., K}
F;(z) := Beta.cdf(z|3}, 3?) fori € {1,.., K}
= K
Fa ) [Li=, Fi(x)
Qi(x) == [ yfily)dy fori e {1,.., K}
KL( p1||p2 = p1 log (,72) + (1 —p1)log (}ii

1
)
Calculate optimal action probabilities:
forie {1,..,K} do

Q — fol [1{:1((?)] F(z)dx
: end for

R A O ol

_
e

—_—
N —

: Calculate Information Gain

—_
w

14: for (i,j) € {1,..,K} x {1,..,K} do
15: if (¢ == j) then
16: Mz i L fo |:fo zz)):| F((E)dl’
17: else
() F(x
18: M+ &+ fo H,(m))FJ( aa))} Qj(w)dx
19: end if
20: end for
21:
22: Fill in problem data
23: p* E — M
24: fori € {1 ., K} do
25: A= p" — B ﬁ_m fori e {1,., K}
K
26: i > j=1 oKL ( J‘ﬂ‘HW)
27: end for
28:
29: chooseAction(A, g)

Finally, the algorithm computes the expected reward of the optimal action p* = E [max; X and
uses that to compute the expected regret of action j:

41
IRCENE

Practical implementations of this algorithm can approximate each definite integral by evaluating the
integrand at a discrete grid of points in {z!,...,2"} C [0,1]. The values of f;(z), F;(z), Q;(z)
and F(x) can be computed and stored for each value of z in this grid. In each period, the posterior
distribution of only a single action is updated, and hence these values need to be updated for only
one action each period.

A, =E [maXXj — XZ} =p
j

Steps 14-21 are the most computationally intensive part of the algorithm. The computational cost of
these steps scales as K ?n where K is the number of actions and n is the number of points used in
the discretization of [0,1].

C.3 Linear mean-based information-directed sampling

This section provides an implementation of mean-based information-directed sampling for the prob-
lem of linear optimization under bandit feedback. Consider a problem where the action set A is a fi-
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nite subset of RY, and whenever an action a is sampled, only the resulting reward Y;(a) = R(Y;(a))
is observed. There is an unknown parameter #* € R? such that for each a € A the expected reward
of ais a’6*.

In Subsection 6 we introduced the term

(@ = B[ Dk (uallar) 7o)’ ®)
where
2
Dt (pra(a’) || pra)” = ( E [RW]- E [R(yn)
y~pi,a(-la*) Y~Pt,a

= (E[R(Yy(a))|Fim1, A* = a*] = E[R(Y:(a))|Fi1])*.

We will show that for this problem, gMF(a) takes on a particularly simple form, and will present

an algorithm that leverages this. Write y; = E [0*|F;_1] and write uga*) =E[0*|Fi-1, A" = a*].
Define
Covy(X) =E [(X ~ E[X|Fi1]) (X — E[X|Fooa]) " o]

to be the posterior covariance of a random variable X :  — R, Then,

Die (pra(1a) [1p6a)* = o™ (1" = el = )" ) a

and therefore
90" (a) = " Lia

where
a* a” A
L= E [ug ) ut][u,(f ) wi]t = Cov, (;é )) . 9)

a*r~oy
is exactly th i i ix of (4%)
y the posterior covariance matrix of p,” .

Algorithm 3 presents a simulation based procedure that computes gi¥(a) and A4 (a) and selects an
action according to the distribution w%DSME. This algorithm requires the ability to generate a large
number of samples, denoted by M € N in the algorithm, from the posterior distribution of 8*, which
is denoted by P(+) in the algorithm. The actions set A = {aq,...,ax} is represented by a matrix
A € REXd where the ith row of A is the action feature vector a; € R?. The algorithm directly
approximates the matrix L; that appears in equation (9). It does this by sampling parameters from
the posterior distribution of 8*, and, for each action a, tracking the number of times a was optimal
and the sample average of parameters under which a was optimal. From these samples, it can also
compute an estimated vector R € R¥ of the mean reward from each action and an estimate p* € R
of the expected reward from the optimal action A*.

D Proofs

D.1 Proof of Proposition 1

Proof. First, we show the function ¥ : 7 (WTA)2 /7T g is convex on {m € RE|rTg > 0}. As
shown in Chapter 3 of Boyd and Vandenberghe [5], f : (x,y) — 2%/y is convex over {(x,y) €
R? : y > 0}. The function h : 7 — (77 A, 77g) € R? is affine. Since convexity is preserved under
composition with an affine function, the function ¥ = g o h is convex.

We now consider the second claim. Let ¥* € R denote the optimal objective value for the mini-
mization problem (6). Define the function

p(m) = (xTA) — 0" (x7g)

and consider minimizing p(7) over all probability vectors m € {v € RE : vTe = 1,v > 0}. Since
U* is the minimal value of (6), for any feasible 7, p(7) > 0, but for 7* minimizing (6), p(7*) = 0.
Therefore the set of minimizers of p(-) is the same as the set of minimizers of (6). We will now
show that there is a minimizer of p(7) with at most two nonzero components.
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Algorithm 3 Linear Information-Directed Sampling

[OJ00 O Y O Y Gy Gy Uy G G GG
N 729 X DINRRN 220

[NSINNST (ST (S I (SR S I \S]

PRINREL D

Initialize: Input A € RX*4 M € N and posterior distribution P(6).
fori e {1,..,K} do

s« 0eR?

n;+—0eR
end for

Perform Monte Carlo:
form e {1,..,M} do
Sample 6 ~ P(-)
I + argmax;{(Af);}
ny+=1
s =9

: end for

: Calculate Problem Data From Monte Carlo Totals
A ﬁ Zfil s

i R+ Ap e RE

:forie{1,..,K}do

D 50/,
Q; nl/M

: end for
) . T
L 0 (D — ) (@ — ) e R
* K i
Cpt e S ailaf @] e R
:forie{1,..,K}do

gi<—aiTLa1;€R
A+ p*—alpeR

: end for

: chooseAction(A, g)
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Fix a minimizer 7* of p(-). Differentiating of p(7) with respect to 7 at m = 7* yields

a—ﬁp(w*) = 2(ATrY)A-Tyg
= 2L*A —U%g

where L* AT7* is the expected instantaneous regret of the sampling distribution 7*. Let d* =
min; 5 p( *) denote the smallest partial derivative of p at 7*. It must be the case that any ¢ with

>0 satlsﬁes d* = % p(m*), as otherwise transferring probability from action a; could lead to
strictly lower cost. This shows that for each ¢ with 75 > 0,

—d* n 2L
P P+

9i = A;. (10)

Let 71, ..,%,, be the indices such that wfk > 0 and g;; > gi, > ... > gi,, .- Then we can choose a
B € [0,1] so that

m
k=1

By equation (10), this implies as well that > ;" | 7 A;, = BA;, + (1 — )A,,,, and hence that the

sampling distribution that plays a;, with probability 5 and a;,, otherwise has the same instantaneous
expected regret and the same expected information gain as 7*. That is, starting with a general
sampling distribution 7* that maximizes p(7), we showed there is a sampling distribution with
support over at most two actions attains the same objective value and hence that also maximizes

p(m). O

D.2  Proof of Proposition 2

The following fact expresses the mutual information between A* and Y;(a) as the as the expected
reduction in entropy due to observing Y;(a).

Fact 1. (Lemma 5.5.6 of Gray [16])
I (A" Yi(a)) = E[H(ay) — H(ow41)[Ar = a, Fy1]

We now prove Proposition 2,

Proof. By definition, if U, () < A, then A, (m;) < v/A\/g; (7). Therefore,

T T "
E [Regret(T, )] = IEZ Ay(m) < \f)\EZ \/m (g) VAT

T
]Eth (7¢) (2 VAH (a1)T.

Inequality (a) follows from Holder’s inequality. To show inequality (b), note that if actions are
selected according to a policy © = (71, 2, ...), then

Mﬂ

EY g (m) =E) E[H(ay — H(ay1)|Fra] = E H(ows1)) = H(ar)—H(ary1) < H(aw),
t=1

t:l
where the first equality relies on Fact 1 and the tower property of conditional expectation and the

final inequality follows from the non-negativity of entropy. O

D.3 Proof of bounds on the information ratio
Here we leverage the tools of a very recent analysis of Thompson sampling [25] to provide bounds

on the information ratio of IDS. Since U} = min, ¥;(7) < U, (71®), the bounds on (7>) provided
by Russo and Van Roy [25] immediately yield bounds on the minimal information ratio.
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D.3.1 Proof of Proposition 4

Proof. Proposition 3 of Russo and Van Roy [25], shows
w (%) <
’ 2
almost surely for any ¢ € N. Note that the term I'; in that paper is exactly ¥, (7 >)2. The result then
follows since

U 2 min Wy (r) < (1),

TED(A)
O
D.3.2 Proof of Proposition 5
Proof. See Proposition 4 in [25], which shows W (75) < 1/2. O
D.3.3 Proof of Proposition 3
Proof. See Proposition 5 of Russo and Van Roy [25], which shows ¥, (71%) < d/2. O

D.3.4 Proof of Proposition 6

Proposition 6 of Russo and Van Roy [25], shows
d
U, (rF8) <
t(ﬂ-t ) — 2m2

almost surely for any ¢ € N. Note that the term I'; in that paper is exactly ¥, (7" $)2. The result then
follows since

s« Def .
\I/t = Wénpl&) \I/t(ﬂ') S lpt(ﬂ';rs).
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