A Supplementary Material

This text is the Supplementary Material of the paper “Approximate inference in latent Gaussian-Markov
models from continuous time observations” by B. Cseke, M. Opper and G. Sanguinetti (Neural Information
Processing Systems 2013).

A.1 Variational formulation using expectation constraints

In this section we formulate an expectation constraints based approximate inference scheme [Heskes et al.,
2005] for our model. It turns out that, when only discrete time observation are present, the inference results
in an expectation propagation type algorithm whereas when only continuous type observations are present
it collapses to the variational approach. These two approaches can be combined into a joint inference
scheme.

A.1.1 Discrete time observations

In the case of only discrete time observations no time discretisation is needed for the formal manipulation
of the distributions. The propagation algorithm we arrive to can be viewed as an EP on a latent Gaussian
model where the (partial) matrix inversion for computing marginal means and variances is replaced by
solving the forward-backward differential equations.

In the following we present an expectation constrained free energy optimisation that leads to the EP algo-
rithm. Here we use the concept of the variational formulation by free energies [e.g. Yedidia et al., 2000].
In a similar spirit as in Heskes et al. [2005], instead of approximating

Pz} {yt }i) o< po({@i}) x HP (yi'|@e,)

with an OU process we define the free energy as function of a family of approximate marglnals Q =
{go({+}), {d}s (xt;) }iy {qh(e,) }i} constrained by expectation constraints. The densities g will be as-
signed to the factors corresponding to the likelihood terms, go will assigned to the factor po. With some
abuse in notation the family Q can be viewed as representing an approximation ¢ having the form
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Note that in the graphical model formalism the densities g}, correspond to the densities defined over the
variables of the separator sets in graphical models [Lauritzen, 1996]. The expectation constraints are de-
fined over the function f(z) = (2, —z2%/2) and ensure that the corresponding marginals of the members
of Q are consistent up to second moments, i.e., their marginal means and covariances are equal. Given
the above assumptions, one can define an approximation of the D{g||p] divergence called free energy that
reads as

F(Q) = — (logpo({z+})),, — Z <logp(y§l|wt)>qz_i
+logao({@ed)g, + 2 [(loadi(@n)) , = (logain(ar) | (16)

qq ds
and specify the expectation constraints

<‘f(wti)>q0 = <'f(mt1)>q;ls and <.f(wt )>q7d = <.f(a:tl)>q:iS forallt; € Ty.

The stationary equations of the corresponding Lagrangian
L) = F(Q)+37 R >ds — (F @)+ AL @)y — (@) gl] a7

result in go({x+}) po({wt}) X exp(Z)\ (), () o p(ydlas,) x exp(AL - f(x¢,)) and

qhs(@e,) o< exp([A) + AL] - f(wy,)). The differential w.r.t. the Lagrange multipliers A) and A lead
to the above mentioned expectation constraints. Since the expectation constraints are deﬁned over the

sufficient statistics f(z) and the optimal ¢, belongs to the exponential (Gaussian) family defined by f,
we can rewrite these constraints into canonical forms. These read as

)\tdl. + )\21. = Collapse(qo(x¢,); f) and Afi + /\21. = Collapse(qy(x:,); f).



Here Collapse(g(z); f) denotes the (unique) moment matching canonical parameters, in other words the
Kullback-Leibler projection Collapse(q(z); f) = argming D[g(2z)||exp(€ - f(z) —log Z(8))]. From the
moment matching constraints one can introduce the fixed point iteration

A2, = Collapse(qi (@, ); f) — AL, (18)
AL = Collapse(qo (1, ); F) — AL, (19)

which corresponds to a (parallel) EP algorithm in a latent Gaussian model where the latent Gaussian is
given by an OU process. It can be shown that the free energy in (16) is finite, details are given in Sec-
tion A.2. The collapse operation Collapse(g’(x,); f) is computed by moment matching—computing
the corresponding canonical parameters—while Collapse(qo(x+,); f) is computed by using the moment
parameters of the marginals resulting from the forward-backward equations in Section B.1, with )\?i =
(hg , in). Readers familiar with the EP presented in Opper and Winther [2000] or [Minka, 2001] can
identify the multipliers ’\(t)i as the canonical parameters of the so called term approximations whereas the
)\ffis correspond to the canonical parameters of the so called cavity distributions. Equations (18) and (19)
correspond to the updates of the term approximation and the cavity distribution through moment matching.
The free energy approach presented above starts from the variational formulation D[g||p] where instead
of single specially chosen Gaussian ¢, a family of approximate marginals Q is introduced. The EP style
iterative moment matching minimizations in the D [p||-] sense corresponding to Collapse(-; f), arise from
the satisfaction of moment matching constraints.

Clearly, any method that computes the marginal means and covariances of ¢ at the time-point in Ty suffices
to keep the iteration running, and thus, when possible, one should solve the differential equations between
observation points analytically. We can also opt for the alternative generic approach of computing the
covariance matrix corresponding to the variables {x, }+,c7, and opt for the equivalent Gaussian process
(OU covariance function) expectation propagation in Opper and Winther [2000] or Minka [2001]. In
the latter case the marginal means and variances for ¢ ¢ T, can be computed by using the conditional
independencies in the model and computing the predictive distributions.

A.1.2 Continuous time observations

In this section we extend the approach to the case when only continuous tine observations are present. The
task is to approximate a posterior distribution having the form
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In order to simplify notation, we will omit the dependence of V' on y;. In an similar fashion as in the
previous section we introduce a family of marginals @ = {go({Z+}), ¢es({®+}), ¢c({x+})} and define the
free energy as

F(Q) = — (logpo({z+})) 4, + </0 dtV(tywt)> + (log o({®:})) 4, + (logge({ze})),, — (l0g ges ({®:})), .

c

(20)
The moment matching constraints will be defined as
(F(@0))y, = (F(@e)),,, and  (f(z¢)), = (f(@s)),, forallte][0,1].
which imply using Lagrange multiplier terms of the form
1 1
QM) = [deul - (F(@),, ~ (F@),)+ [ deui-[(F@)),, —(F@), ) @D
0 0

In order to carry out the computations and show that the above quantities exist, we discretise the time
domain by using the time-points 7' = {tg = 0,%1,...,tx_1,tx = 1} with the lags At} = t41 — tx and
represent the process {@: }+ by the matrix = [z, . . ., %+, |. By using this discretisation, we approximate
all integrals using the corresponding Euler discretisation and,, view po () as a multivariate Gaussian. We
use the indexing 7" to highlight the discretisation. We define the Lagrangian as

L(Qr,Mr) =F(Qr) + C(Qr, Mr). (22)



The stationary conditions (22) corresponding to the differentiation w.r.t qg, q.s and q., result in

a0(®) o po(@) x exp {Z Atipsd, - f(mtk)} , @3)
k
qC(w) X exp {Z Atk[_v(tk7 wtk) + I"’gk : f(wtk)]} ) (24)
k
Ges () o< exp {Z At[p?, + pg, ] - f(wtk)} ~ (25)
k

Due to the factorisation of ¢.s and g. and the Gaussian nature of g.s (¢, ), the stationary conditions corre-
sponding to the moment constraints can be rewritten as

Aty [,L?k + py, | = Collapse(qo (e, ]; f) and Atk[u?k + pg, | = Collapse(qe(@:,,); f) forall, ty € T. (26)

Taking the limit At; — 0 is not feasible at this point because the marginals of both ¢.s and g, collapse into

delta distributions. However, we can observe that Collapse(qo(;, ); f) should always be finite and well

defined. We use the alias g, = Collapse(qo (¢, ; f) and we eliminate pf, from the formulae above. In an

similar spirit as in Section A.1.1, we use the moment matching constraint to define the fixed point iteration
new ]‘

(5" = i, + 5~ [Collapse(ae(e, ): f) = oo, @7

where, due to eliminating pf, , we have g, (¢, ) oc exp{—At[V (tx, ¢, ) + pf, - F(@e, )]+ e, - f(2e,)}-

The At;, — 0 limit is presented in Section 2.2.3 of the paper and by using u! = (h¢, Q¢), it results in the
updates

[Re]" = =0m, (V(E,21)) 4y () + 20V (V (5, ®1)) g () T and [Q]™ = O, (V(L, 1))

q0(xt)

(28)
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where the marginal moments of go({x;}) are computed by using the Kalman-Bucy algorithm (Section B.1).

A.1.3 The joint approximation scheme

Now that we have derived the approximation scheme for both discrete and continuous time obser-
vations, we can show that they can be easily combined to obtain a joint approximation. With-
out loss of generality, we can assume that 7; C 7. By defining the joint family as Q =

{QO (CL‘), {QQ(wtl)}u {q[izs (wti)}i) QC(m>QCS ((L‘), qc(w)} and the free energy as

F(Q) =~ {logpo()), — > (logp(yi}[z))  + < /0 1dtV(t,act)> (29)

c

(log ao() ,, + D [(logas(wr,)) , — (logdis(w:)) 1+ (oga(@)),, — (o ges(®)),,
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we can construct the Lagrangian by using the multiplier terms from (17) and the Euler discretisation of
(21). The fixed point iteration follows (18), (19) and (28) where qq is defined by

new 1 L c 1 c
[q0({x+})] o po({xt}) X exp { Z[a:z; hi — §:ctTlintl] + / dt[:ctTht — imtTtht}} (30)
2 0
We use the forward-backward equations (Section B) to compute the marginals of gg. As a result we have an
algorithm behaves like a EP/variational hybrid: the parameters corresponding to the discrete time observa-
tions follow an EP style update (18) and (19), while the ones corresponding to the continuous observations

are updated in a variational fashion according to (28).

A.2 The computation of the free energy

In the following we show that the free energy exist when Aty — 0.



A.2.1 Continuous time observations

The expression of the free energy in (20) after discretisation is
F(Qr) = —(logpo(x)),,, + Z Aty (V(tk, @1y,)),, + (loggo()),, + (logge(x)), — (0gges(x)),
by substituting (23), (24) and (25) into F(Qr) we find that

F(Qr) = —log Zo({m4, }) — log Ze({p5, }) + log Zes({p,, + 15, })

where Zy, Z. and Z ., stand for the corresponding normalisation constants. By using the Legendre duality
we can write

—log Zo({pt, }) = Dlgo(@)||po (= ZAtkMtk' (@4,

and by using the expansion in (11) in Section 2.2.3 of the paper, we find that

—log Zc({llsz}) + log ZCS({N?k + Ngk}) = Z Aty <V(tk’ wtk) + N?k : f(wtk)>
k
Since gy corresponds to an OU process (see Section B.3 for its parametric form), we can take the limit
At), — 0 and obtain

2 °

F(Q) =Dlgo({z:})llpo({a:})] +/O dt (V(t,2¢)) 4,

:% /Oldt <[(At — Al + (e — )] By H[(Ar — A + (e — cg)]>

q0

+Dlpoeo)lao(@o)] + [ dt (V.20

where A and cf represent the parameters corresponding to qo. Computing D[go({x:})||po({:})] when
qo and pg are parameterised OU processes can be done as in [e.g. Archambeau et al., 2007].

A.2.2 Discrete time observations

We use the notation

QZ(mti) = le (yz |2, ) x exp()\g - f(x,)),
o) = e exp(N + A fla,))
ds

and by using the Legendre duality as above, we can rewrite (16) as

F(Q) = Dlgo({z:})lpo({:})] ZAO — > llog Z; — log Z4],

i

which is a finite, computable quantity. The joint free energy follows from combining the discrete and
continuous free energies according to (29), that is,

F(Q) =D[po(o)||go(z0)] + % /0 dt <[(At — AD)x: + (er — )] B, (A — ANz + (e — C?)]>

1
+/ dt (V (t, x)) ZAO = [log Zi — log Z4s).
0

i

q0

Note that after convergence we have ¢ (x:) = qo(z:).

B Computations related to the Kalman-Bucy forward-backward algorithm

This section contains the computations that complement the material presented in Section 2.1. For reasons
of simplicity, in Sections B.2 and B.3 we focus on the continuos time case, the computations related to the
additional discrete time terms follow naturally.



B.1 The Kalman-Bucy forward-backward equations

By using the Euler discretisation and first order expansions as in [e.g. Sdrkkd, 2006] one can show that the
forward and backward filtering equations satisfy

SV = AV S VAT £ B VIRQEVTY, mlt = (1 VIQL) {4 VR,
D onf® = Al 4 e+ VIR - Qim{®], VIV = (T4 VIl VY,

VI AV VAT - B VITQIVIY, ml = (L4 VIR QE) Tl VIR,
%mb =Am + ¢ — thw[ RS — QSm? ], VP = (I + Vv QL)y v,

We solve the equations for m/® and V /% in a forward fashion using the initial conditions N (xo; Mo, Vo),
whereas the equations for m/™ and V/* are solved in a backwards with the initial, or more specifically, the
end conditions given by the a non-informative Gaussian. By combining the forward and backward solutions
we obtain the posterior marginal density p(z;|{y{ }i, {y5}) o< N(zi;m{", V") x N(zy;me, Vw).
Note that the backward equations are often replaced by the so called smoothlng equations [e.g. Sarkka,
2006]. Thsese combine the backward equations and the latter computation of the marginals into a pair of
differential equations for the mean and the covariance respectively. In some cases one is better off with

computing directly the inverse of V;f “ or V;*, these also follow similar quadratic or linear differential
equations as the ones above.

B.2 The variational approach to the Kalman-Bucy problem

In this section we present the computations of D{g({x:})||p({z:}[{yf})] for the probabilistic model cor-
responding to the Kalman-Bucy problem defined by the equations

day = (Asze + ¢)dt + BY/2dW,, and dy, = Hyx.dt + Ry/2dW,.

We relate its optimum’s marginals to the marginals computed by the Kalman-Bucy algorithm. Let us
discretise (again) by using the Euler scheme and write

p(x|y®) <N (0; M0, Vo)) l_IN(ﬂetk+1 @y, + (A @y, + 1y ) At, Aty By,)
k

X H N(y§k+1 ) ytck + HtkmtkAtk, Athtk)
k
and assume that we approximate this density by a ¢(a) which is the discretisation

q(x) o< N(xo;mo, Vo)) HN(wtk+1§mtk + (Agkmtk + Cgk)Atkv Athtk)
k

of an approximating dx; = (Afxz; + cf)dt + Bt1 / Qth, say, with same initial conditions. After some
algebra, one can show that

Dlq(@)|[p(x|y)] Zm< (e, — AL )@o, + (er = )] By [(Au, — AL s, + (er, — €,)])

QZAM[A%’“ Htkwtk]TRtﬁ[Aﬁi’“Htkwtk]>( )
LI

Clearly, due to the ), log(27 At R;, ) terms, the limit At;, — 0 does not exist but since these are not
dependent on the variational parameters, one can still define the free energy

q(@t,,)

d
+ 5 ; log(2w Atk Ry,.).

2
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Due to the Gaussian nature of the problem, the Kalman-Bucy algorithm provides the marginal means and
variances of the optimal g corresponding to a quadratic loss function. As we show in Section B.3 below,
the Kalman-Bucy algorithm can also be used to compute the A} and ¢] parameters of the optimal ¢g. The
case with additional discrete observations follows naturally.

q(xt)

F(g) =1 / it (I(Ac = AD: + (er — )] B [(Ac — Ao + (e0 — €f)])



B.3 The moment matching OU to a Kalman-Bucy solution

Suppose now that we have computed, by Kalman-Bucy smoothing, the marginals of a process ¢. Since
both the prior and observation processes are linear, the posterior process will also be of OU type; however,
Kalman-Bucy smoothing only computes marginals of the process, and it may be expedient to compute the
SDE formulation of the process. To do that, one needs the drift coefficients A;, ¢; and the diffusion matrix
B;. In order to compute these parameters, we resort to a variational computation.

We consider the (discretised) KL divergence between a posterior process ¢(«) arising from a Kalman-Bucy
problem and an OU process p(x) with parameters A;, ¢; and By

Dg(@)||p(x)] =const. + (log g(x)),
1 _
+350 <[Awt — (Aszt + e) AL[ALB:] [Azs — (Asze + ) Al]T + log det(AtBt)>
+ q
To find the optimal A}, c¢; and B} we need to compute the expectations needed in the above expression.
Let us denote the forward filtering distribution at time ¢ by N (z; mtf v, Vt'f ) while the backward filtering
att+At is represented by N (s a¢; mYY A4, V", ); these distributions are known as they are the outcome
of the Kalman-Bucy forward-backward filtering. The joint posterior of (&, €+1a+) can then be written as
q(@, Torn) <N (ze;ml™, VI )N (yf ae; ye + Hiwi At, AtR;)
X N(zesae; (I + AAt)x; + ¢ At, AtB) N (@op ar; met ar, Vi)
This density can be rewritten in a conditional form
q(:Et, mi+At) O(N(:L't_i,_At; Utrct + ’UtAt, AtZt)N(:L't, Tht7 ‘A/:g)

where the first order approximations of the quantities above are given by
Ayt
At

e =mi¥ + AtV/UH] (AtH . V/"H] + R) ™|
Ay
At
Vi=Vv/Y - av/HT (AtH, VU HE + R) T TH VY

~ V'Y - AtVIHTR ' H VY
U = (I +AtBi[Vi{a] ™) 7 (I + AtAy)

~ I+ At(A, — B[V )
vy = (I + AtBt[thfAt]il)il(Ct + Bt[VtiwAtrlmlt)i)At)
¢+ B[V miYar — AtBVY A 7 (e + Bi[ VA miEar)

Zt ~ Bt — AtBt [‘/tz,wAt]_lBt.

— Htmtw]

~m{" + AtV HI R - Hm]"]

k¢

Using the parameterisation from above, the minimisers of the KL divergence are given by

A = $[<Awtm?> — (Azy) (wt>T][<$t$zT> — (@) <wt>T}71
1

*~xU-D
=A;— B[V Gh
* 1 *
c; = E <$t+At - $t> - At <wt>
1 *
~ E(U —I)(xt) — Af (@) + ve
~c: + Bt[‘/'tz—wm]ilmlgim .
* 1 * * * *
B; = + ([A@: — (A=, + &) Af[ Az, — (Aja +¢)) A ")

We remark that when adding the discrete time observations, the form of (31), (32) and (33) does not
change, we only have to make sure that the backward filtering for computing m?* and V,** does include
these terms.



C The inference algorithm

Until convergence do

(1) Update {(h{, Q¢ )} and {(h§, Qf)} according to
(1.1) Update (h{,, Qf,) by
(1.1.1) compute the cavity means and variances

m," = (I - Q! Vi,) " (my, — Vi,h{) and V' =V, (I-Q! Vi)™

(1.1.2) compute mean 17, and covariance V;, of the tilted distribution ¢f(;,) o
p(yi [, )N (e, ; mt\t, Vt'\t) either by exact or numerical methods (see EP related ref-
erences for details)

(1.1.3) compute [h{ ]"** and [Q{ ] from

R I T VA O
QL =) - v
(1.2) Update h{ and Qf by
[Ri]" = =0m, (V(E20)) (g vi) + 20V V(6 20)) ar(my v,y 0
[QU1"" = Ov, (V(t, ) 5 (my 1)
(2) Update m; and V; by
(2.1) solve forward starting at (g, Vo)

d w w w w c w w w — w w c
SV = AV VIYAT £ B - VIV mil = (T VIYQL) T (ml + VIR,

dt
d w w w c (& w w w - w
it = Al + e+ VI [hg - Qimi"], VIV = I+ V/"QL) TV

(2.2) solve backwards starting, say, at (0, 100V1f “)

d w w w w (& w w w — w w
SV = AV VAT - Be+ VIV, mi = T+ VERQL) T (mY + Vi hY),

dt
d w w w (& (& w w w — w
e = Amy” e = VIR - Qimi], VY = (T+VIMQE) TV

(2.3) compute m; and V; from

Vi = VI VP and me = V[V Il + [V T m ]

The above equations are given for illustrative purposes only, one should always avoid inversion, try to
stabilise computations by reorganising them and, when necessary, performing matrix inversions through

matrix factorisations.

The sequential forward-backward scheduling follows by iteratively solving the forward and backward equa-
tions with Qf and h¢ computed according to (1.2) and the update steps (1.1) for Q¢ and h{ performed at
the jump times ¢;.



