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Proof of Lemma 3

Using the expression of the quadricumulant of centered variables, we show for any functions

f1, fa € Hiand fo, fi € Ha.

(L@ f3,(Ki234)(fs @ f7)) = Cum(f1(X1),fo(X2), f3(X5),f2(X4))
=E((X1® X3, 1 @ f3)(fs ® fi, X5 ® X))
~(Ciz, 19 15)(Caa, f5© 1) —~(Cis, 1915 ){Cou, o8 f1) —(Cua, 10 Ji){Cos, o f3)

Then we apply this formula to the scalar product by using two orthonormal systems {c; } and { B j}
of H, and H respectively

E [<X1,X3><X2,X4>] = E<X1®X§,X3®XZ> = EZi,j<X1 ® X;,Ozi ®,6;><X3 ®XI,O¢Z' ® B]*>
=3 (i ® 87, (K12,34) (i @ B7)) + 3, (@i ® 85, C12)( @ B}, C3.4)
+ 32 (@i ®as, Cra)(Bi © B, Cau) + 3, (i @ B}, Cra){Bi @ af,Cajz)
=TrKi234+(C1,2,C34)+TrC13TrCa 4+ (C14,C32)
Proof of Lemma 4

We prove this lemma for k£ > 0 (the alternative case is similar):

| wr(t+ kyw(t) = Sawr(0)?] < S lw(t)| 2wt +p+1) = w(t +p)|.

Using successively the bounded and bounded variation properties we get:
| wr(t + Rw(t) — Y wr(t)?] < (sup [w(t)]) 523 S, Jw(t +p + 1) — w(t +p)| < CJk|
Riemann-Lebesgue Lemma

The following lemma is introduced to prove Theorem 6

Lemma 10. [Variant of the Riemann-Lebesgue Lemma] For v # 0(mod 1), and w Lebesgue inte-
grable 1/T %", ., w(k/T) exp(—2invk) 7 0
—00

Proof. Let us choose € arbitrary small. According to the Riemann-Lebesgue Lemma, for T > T}

\/Rw(t) exp(—2imvtT)dt| < €/2



Moreover, we can choose 7' > T such that the piece-wise constant function pr(t) =
w(k/T), k)T <t < (k+1)/T verifies [ |pr(t) — w(t)|dt < €/2 then

| or(t) = w(®) exp(-2imnT)at] < [ lpr(t) - w()] < /2
And thus, | [ pr(t) exp(—2invtT)dt| < e,
. 400 (k+1)/T . C . .
This proves that " w(k/T) f exp(—2imvtT)dt — 0 Which is equivalent to
+oo

1T Y w(k/T)(exp(—2invk) — exp(—2imv(k + 1)) = 0

k=—oc0

by dividing by (1 — exp(—2inv)) we get the result

1/TZ (k/T) exp(—2invk) — 0

Proof of Theorem 6

We assume that the population mean elements are used for centering (the case where empirical mean
elements are used instead is asymptotically equivalent):

T72E| " wr (k) X5 (k)" |* | Y wr(n)Xs(n)2"||* =

kEZ nez
> wr(k)wr(n)wr (K ywr(n)z KA [(Cla(k —n), Cra(K — 1)) ..
k,n,k’" ,n’'

+(C12(k—n"), C12(K' —n))+Tr(C11(k—k')) Tr(Co2(n—n'))+ Tr(IKK(n—k, k' —k,n’ —k))]

We focus on the first term of the sum: as T grows,
T2 s Wr(B)wr (n)wp (K wr (n') 2R =50 (Cy (k — n), Cra(K — 1))

is arbitrary close to (using lemma 4 and ), _, [k[|[C12(k)|lns < +00)
! 2
T2 Sk s pr wr(R)*wr (k)220 (C1(9), Cra(8)) | = )l | S12(2) |7

For the second term of the sum: as T grows

T=23 o wr(R)wr(n)wr (K Jwr (n)z ==K+ (C o (k — n'), Cra(K - n)))

Due to the bounded variation of w, it is arbitrary close to

T Ek,k’ wr (k) U’T(k/)2 +2k—2K <Ea C12(6)2~ 25/ C12(8")2~ > - 0

T—+oo
(the limit is computed using Lemma [T0).

For the third term of the sum: as T grows
T2 3 e wr (R)wr (n)wr (K wr (1) = F40 Te(Cru (k — K)) Tr(Caz(n —n'))

is arbitrary close to (using lemma 5 and Zk_ |k| Tr(Cyi(k)) < 4+00)

— 00

T2 Z wT(k’)2wT(n')2z+6_6/ Tr(C11(8) Tr(Ca2(8")) T_?HX) ||w||4 Tr(S11(2)) Tr(S22(2))
k5, k'8!

Finally the last term vanishes using the assumption ZZ%:_W ‘Tr [KCi212(k, 4, ])]| < +00. O



