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1 Proofs

1.1 Proof of Theorem 1]

Theorem 1 (largest eigenvalue growth rate).

Proof. Under assumption A2, we have

1 Pn 4
Ky > o E El(y})?] >* § E*[(y1)*] > pfl

= m SP%K;

Let us assume (1) p,, = n and (2) ¥} is a zero mean gaussian variable with E[(y1)?] = ¢p,,, while
yis1 = 0. In this model, A2 holds:

—ZE y™M)8) = 105.

For the largest eigenvalue we have 7' = /p,,, which attains the above rate and thereby proves that
no lower rate exists for all sequences. O

1.2 Proof of Theorem 2|

Theorem 2 (dispersion growth rate).

Proof. Under assumption A2, we have

Now assume we have gaussian data with

e fori < p,/2
"0 fori > p,/2.

There is a ¢ for which A2 is fulfilled:
1
- > R[] = —105 Z% = —c < K.

For the dispersion, we have

dn = Z 3= e 50 = 5

n

The above rate is attained and therefore no lower rate exists which bounds all sequences.

1.3 Proof of Theorem 3

Note that Theorem [3] makes use of Theorem [d] Let us first state some helpful properties of the
estimators appearing in A:

Lemma 1. \//aE(Sij), \//z;( Tij), >4 COV(SZJ,T ) and (S;; — Ti;)? are unbiased estimators of
Var(Sy;), Var(Ti;), >2,; Cov(Sij, T;;) and E[(Si; — T:5)%).

Proof. follows directly by calculation of the expectations. O

Theorem 3 (Consistency of Shrinkage).



The proof of consistency under the new assumptions is similar to the standard shrinkage proof in
[1]. An additional ingredient is the k-dependent limit behaviour from Theorem [] which allows us
to find bounds on specific terms which would otherwise not converge to zero in the limit.

Proof. in a first step, let us rewrite the relative error:

~N\ 2 ~ 2
(A A

For p — oo, we have

~ 2
lim m = lim (1 — A)
p—00 p—00 A*

— 1
— him [1- npp~? Zij Var(sz{j) ] npp~? Zij Var(S,gj)
- 2

p p i — Tij)?]

P00 — max(1,2k) Zij (S;j _ T’ij)Z — max(1,2k) Zij E[(S;J

Here, the factors which have been introduced make each expression bounded from above and below.
Let us now look at the convergences of these normalized estimators.

Bound on the Variance of the Dispersion The dispersion is
1 2 2
max pmax(1,2k) Z ij ” = pmax(l,Qk:) Z Sij o 2SlJTlJ + T”LJ
ij

Let us here only analyse the first term on the r.h.s. which has the highest variance, for the other terms
the proof is similar but easier:

2
1 p? 1
max max(1,2k) Z = mdx(l 2k) Z (TL Zyisyjt> = pmax(1,2k)n2 Z (p Zyisyit>
ij s st %
1 ’ 1 ’
2
max TL2 Z (p Z yzs) max(l 2k) 2 Z (p Z yisyit>
7

s, t#s %
ey

We show that the variance goes to zero by showing that both terms on the right-hand side have zero
variance in the limit. For the first term, we have:

P’ o) p*
Var pmax(1,2k)n2 Z 5 Z Yis < pmdx(Q 4k) Z Yi1
s 7

2

p* 1 2 '
= pmax(24k) 3 E p 2o | < pmax(2 k), Z Ti1
%

p4

- prnax(2,4k)n3 Kz = 0.

Therefore the first term in eq. (I) converges to it expectation. Let us now look at the second term:

2
1
Var max(l 28,2 Z (p Z%‘s%‘t)

s, t#s %

2 2
1 1
= max(2 4k)n4 Z Z Cov (p ; yisyit> P <p ; yisyit> . (2)

s,t#s s’ t'#s'



The covariance expression only depends on the cardinal of the intersection, which we denote by
({s,t} U{s’,#'})" and which can take the values of 0, 1 and 2. When this cardinality is zero,

({s,t}U{s,t'}" =

there is independence and the covariance is zero as well. For

({s,tyu{s )" =

we have 4n(n — 1)(n — 2) epxressions of the form

2 2 2 2
(; ; yisyit> ) (; ; yisyit> = Cov (; ; yilyi2> ) <117 ; yz1y13>

1 e ? 1 2 1 2
=E (p E; yilin) (p ZZ: yzl%d) -E <p zl: yilyi2> E (p zl: yllyM)

2 2 2
1 1 1
<max | E <p Z yilyi2> (p Z yilyi3> ,E2 (p Z yilyi2> ,

as both terms are positive. For the first term, we have

2 2
1 1 1
(p Zyﬂyn) (p Z yilyiS) = ot Z E [yiryinyjiyin] B [yioyio] B [y;sy;:s]

IR
[ZVEXIRV)

2
1 1
- h ¥ EbilEbalEi < 5 (13 VEbiR )
2%

2
A6 1—|—a 1+« _
1 ( ZJEQ Yo ) = e 4@(max(l,p4k 2))

For the second term, we have

: 1 1 (1 ) _
<p ;yzlyz2> = pr ;]E2 [yllyjl} = ? (p ;EQ [y31]> — EG) (max(:[’pélk 2))

Therefore, we have, combined with the prefactors,

2 2
4
p*dn(n —1)(n —2) 1
pmax(274k)n4 Cov Z YisYit ; 5 Z YisYit

dp* 1 4k—2 1
= me2’4}6)7”?(’) (max(1,p )) = EO(l) — 0,

and we have shown that for the terms with ({s, ¢} U {s’,#'})* = 1, the variance goes to zero.

For
{s, tyu{s, " =

we get 2n(n — 1) expressions of the form

2 2 2 2
(;;%dﬁ) a(;;?ﬁsﬂ“) = |Cov (;;y71y12> ,(;;yﬂym)

1
S 3 Z |Cov (Yi1Yieyir1Yir2, Yj1Y52Yi1Yj72)|
4,3,8,3"



In this summation, we decompose the set of integers into two disjoint subsets: {1,...,p}* = QUR,
where (@ is the set of distinct integers and R is the remainder:

=~ Z |Cov (Yi1Yieyin1Yir2, Yj1Ys2¥i1Yjr2)| + i4 Z |Cov (Yi1YieYir1Yir2, Yj1Ys2Y51Yj72) | -
i,3,8",5 €Q i3, .5 ER
For the sum over (), we obtain can bring this into a form which is zero as a consequence of A3’:
|Cov (yi1Yi2yir1Yir2, Yj1Y52Y571Y;2)]
= [E? [yayinyinyin] — E? [yaryinr] E? [yaoyira] | = E? [yinyinyjiyn]
= (Cov (yayi, yj1951) + E [yayin ) E[yjyinl)® = (Cov (yayin, ynyin))’ . 3)

Taking the prefactors into account, we get

4
p*2n(n—1) 1
pmax(2,4k) pd 4 Z |Cov (yi1yioyir1Yir2, Yj1Yj2yi1Y502)|
(3,5,3",5")€EQ
2
< 48L Z (Cov (yayir1, yj19;r1))

(6,5, .3 EQ @l

2
_ 0(1) Z (COV (yzlyéhf/]lyj/l)) Aj} 0.
p

(4,3,4",3")€Q
For the sum over R, we have

1
vy Z |Cov (Yi1Yieyir1Yir2, Yj1Y52Yi1Yj72)|

(i,3,,3")ER
< LS9 |Cov (4u, yprsaysayya) | + 41Cov (yiriayir e vy 02|
= 4 OV \¥Y;1Yi2, Yj1Yj2Y;51Y;2 OV \Yi1Yi2¥Yi'1Yi'2, Yi1Yi2¥Yj1Y;52
05’
< Z \/ yzlyzglE[@/ﬂy,zyﬂyﬂq]+4\/E (V29202022 ) E [y20hy3 02
4,7,3"
2
A661—|—a4 1
< %3 el VERA ] £ (L w pal) (L epa)
%,5,5" j
6(1 + aq)vVKa _
:%6 (max(l,pzlC 1)) 4)

Together with the prefactors, we obtain

onn—1) 1
pmax(2,4k) A i Z |Cov (yi1yiayir1Yir2, Yj1Yj2951Y;72)|
P P ijiriner

2

= pmax(1,4k—1)n20 (max(1,p**71)) — 0.

and we have shown that for the terms with ({s,t} U {s', ¢/ N# = 2, the variance goes to zero.

Bound on the variance of np=2 ", ; Var(S;;) Let us first rewrite the sample estimate:

2
n —— n 1 1
PV&I (Sz/‘j) = ]? m Z (yisyjs “n ;yis’yjs’>

S

1
TL — 1 Zyzsyjs - E Zyisyjsyis’yjs’

s,s’



2
n — 1 <Z ylnyjn - nS’L]) .

Let us now have a look at the second term. In the last paragraph, we have already shown that the

variance of
1 2
(L2 >.s
iJ

goes to zero, which just differs by a larger prefactor.

For the first term, we have

1
Var mzzy?ny?n :(LH Z Cov (%‘21?/;2‘17%‘2/12932"1)
ij n

n—1
) p 1,4",5,5"

n n
T (n-1)%pt Z Cov (yAyj1 vinyn) + (n—1)2ph Z Cov (yAayh, vin¥in) -
(4,4,5,0" ) €EQ (i,4',5,0' ) ER

We could do a proof without separating terms, but as we need the results later, we again decompose
the set of integers. If all integers are distinct, we obtain

n
m Z Cov (yi?ly]z'u %‘2'11/;2'/1)
(i,4,5,4)€Q

n
g SN

(4,7.5,5")€Q

ST RIS )

(i,i,5,5")€Q

n 1 9 * n
< m <p ZE[yzl]> < sz — 0.

i

For (i,7',7,7') € R we have

n 2.2 9 2
m z Cov (yilyjlayillyj/l)
(4,4.5,5)ER
6n
< m > Cov (yhwj vinyh) + Cov (vhyfi.uin)
,7,1’
(n— 1 (n—1)2p* Z \/E i) \/]E [y ] + \/IE [y vj1] \/]E [y51]
by
< n_l 4 Z \/]Eyzl y]l \/Ey7/1 yzl +\/Ey21 yjl \/Ey7/1
9,7,
12’/’}, 1 —+ 048 9 6’/’), -
E[ 2] < ——5 K20 1 - 0.
(n—1)2 g; [YE y]l *lyin] < n—1)%p 20 (max(1,p** 1))
)
O

1.4 Proof of Theorem 4]

We start by proving a lemma:
Lemma 2. Forp — oo,

e 1y BB =T\
A _>< Z”Var(S') ) ' ©



Proof. For this proof, we start by manipulating the analytic formula for A* in the eigenbasis:

AN = ZUVM( ) 2 COV( i )
Ei’j Var( 4 ) +>, {Var( “) +E2[X; — T“]}
< Z COV( iir )> ( Zz Var(T“) Z,L EQ [E” — ,I’“]> -
=|1- / L Nt ’
>, Var(s);) >, Var(s);) >, Var(sy;)
Now, in order to proof the lemma, we have to show that

>, Cov(SL;, Tr) B > Var(Ti)
plgrolc > Var(SZ’j) =0 and plggoz Var(Sij)

hold. We first show that
1
zi:Cov i T ZVar W) = ZJTL%:COV (Wi, yh) -

For the covariance expression, we have

E Cov (S, T E Cov(S};, T,
ij

=0.

png Z Z COV yzs7 y]t

1y st
:zTn Z Cov (%217 1132‘1) :
j

For the variance of the T;;, we have

> Var(Tyj) =) Var(Tig) = ) _ Var (nlp Zy?-t)
ij i i Jt
1
:anQ Z Var (Z yft>
it J

1 2
:p—n\/ar (Z yj1>

— Z Cov ymyﬂ)

pn
In the next step, we show that 3=, Var(SZ{j) > 1 >i; Cov (vh,vh):
1
Z Var(Sl{j) = Z Var <Z yityjt>
ij ij ¢
= Z ar (yilyjl)
ij

1
:E Z {E [yizlyjzﬂ - E? [yilyjl]}
iJ

1
= Z {COV (2/1217%2‘1) +E [%21} E [3/321] - E? [yill/jl}}

ij



1
ZE Z Cov (y71,y51) = pz Var(T;).
ij ij
Putting things together, we have
Zi Var (rf”) < 1 1

32 Cov (S5, Tha) .
lim =% ———— > = lim Z*———5 < lim — =0
poo > i Var(Sij) p—oo Y ij Var(Sl-j) p—oo p
and eq. (6) follows. O

With Lemma 2] we can now prove Theorem [}
Theorem 4 (Kolmogorov Limit behaviour).

Proof. In order to prove the statements, we have to find bounds for the variance term > ;,j var (SZ’ j)

and the eigenvalue dispersion > i E? [2i; — T3;]. The bounds on the dispersion are nearly directly
given by A4’, because of the fast convergence of the estimate of the average eigenvalue T;; —

p_l Zz Vi-
: . 1
pILIEOZ:Ez [Zis = Tii] = lim Ei:(% - zj:')/j)2 = © (max (p,p™")).

The variance term we analyse in the eigenbasis. For the lower bound, we distinguish two cases: for

k =1, we have
ZVar(ng) > ZVar(SZ{i)
i.7 i
1
= n Z {E [yiﬁ] — E? [%21]}

1 2,21 = PPl o
E;ﬁﬂg [yiJ— n p;%

= O (max (l,p%_l)) = 0O(p).

Y

For the case k < 1, we have

1
Zvar(sz/‘j) = Z {E [%213/]21] - E? [ynyjﬂ}
%] i,

LS (B B2 E ]~ B2 s}

v

> 1 (ZE [y%])Q o X
n(xee) 2

np
= 0(p) — O(max(1,p** 1)) = O(p).

Y

For the upper bound, we have

S var(sy) < - 57 {\Vari)Var(u) + B AT E [14] - B2 [yl )

.3

22; E[yz‘l]E[y;ﬁ]silﬁ(Hm) (;;E[yio = 0(p).

As the lower and the upper bound are identical, we have
pli_)n;oZVar(ng) = 0O(p).
iJ

Comparing with the dispersion, we we see that

IN

IA



e for k£ < 0.5 both terms grow at the same rate, therefore A* neither goes to zero nor goes to
1.

e for k > 0.5, the dispersion grows with rate ©(p?*), faster than the rate of the variance.
Hence A* goes to zero.

O

1.5 Proof of Theorem 3

Before we can prove Theorem [5] we have to obtain a rate on the convergence of the eigendecompo-
sition.
Lemma 3 (convergence of eigendecomposition).

Proof. We follow the same steps as in [2]]. Let us define

1 n
=W w= v,
v=1

1 . Vv 1 - V¢V
pj5:EV§::lu o /Bl]:ﬁuzz:lglgj

With these definitions, let us write down the sample covariance matrix in a basis where v is collinear
to the first basis vector:

l€2 + 2/€p1 + 511 bg N bp
bo Baz ... By

Sn - . . 5
by Bp2 - Bpp

where b; = kp; + (1;. Let us now rotate in the eigenbasis of the 3-submatrix:
K2 4 2Kp1 + B b

y4
b A .. 0
VS, VT = ; o )

o 0 ... A\

S, .,

where ZN)l = Kp; + Blj with
~ 1 - Vv 2 1 - cV U
Pi = Tsu E_lu jo Bij = I E—lfi &

where £ is the noise in the S-eigenbasis. Matrices like the one in eq. are called arrowhead
matrices, their characteristic equations have a simple form:

b2
J

FO) = (A= r* =2rp1 = Bu) = Y

Jj=2

o (®)

To solve the characteristic equation, we use the Marchenko-Pastur law which yields the density of
the eigenvalues \; of the submatrix:

1
fur(z) = Imze (b—2)(z —a), x € la,b],
with @ = (1 — y/c)? and with b = (1 + \/¢)?.
As the random variable b; has variance \; (12 +2#p; +811)/n, we introduce a new random variable
n; = ()\j(HZ + 2Kp1 + 611)/77,)_1/2bj. We obtain
P72
bj

A=A

j=2 7

P 2
2 p—1 1 A1

- = (K" + 26p1 + B11) - p—lZ)\—)\-
J=2 J



In the large n, p limit we have k> — 1, py = O(1/,/p) — 0 and By; — Var(811) = 1. The
fluctuations in the 77? average out — therefore, we have

P 52 1 b
i J_ 2 p—1 T
i Yy = P+ 0 | o)y

Plugging this into eq. (8) and solving for A\, we obtain

AMa)=a+c

For the eigenvectors of the arrowhead matrix, there is also a closed form expression: up to normal-
ization, the eigenvector corresponding to the eigenvalue ) is given by

by b
=1 r
M (’A—AQ’ ’A—A,,)

and the overlap is therefore

R _ (v,e1) 1
TVE TSR0
v =205 (A=)
In the large n, p limit this again turns into an integral,
1
lim R* = . :
Pyn,—>00 1+p/n fa fmp()z /(N — 7)2dx
whose evaluation finishes the proof. O

Before we start with the proof of the optimality of oc-Shrinkage, let us introduce some notation.
Let Y denote data in their eigenbasis and e; denote the sample eigenvectors, sorted by decreasing
eigenvalue. Based on the e;, we define a new orthonormal set of vectors v; such that:

v = e and <’U7;,6j> =0 if ] 7é Z,j 7& 1. (9)
For the rotated data set U = V'Y we then have
it = Yit (Vi, €3) + y1e(vis €1) i= yarr/ 1 — €7 + yuees, (10)

making the covariance matrix an arrowhead matrix [2]]. The ¢; quantify the error in the estimate of
the first eigendirection: if all €; are zero, the first eigendirection and the first sample eigendirection
coincide. We have the following lemma:

Lemma 4. In the limit, for the sum over the squared €;, we have

lim E g2 < Kgn™".
p—00
i>2

Proof. By definition, we have

lim Zsf = lim Z|<61,U¢>|2
p—o0 p—0o0

i>2 i>2

Using Theorem [3]-here the noise is even bounded by a constant— we have
2k—1 _ 1

< Jim <1 - np%lk)

p—00 np<F=* +p

k
. p

< P
< phféo <np2k_1 n pk>

10



O
Corollary 1. In the limit, for the sum over the absolute values of the ¢;,
: ) 1/2—k/2
plingc Z lei| </ Ken
i>2
holds.
Proof. Let us assume
Z 612 = Kﬁnfk.
i>2
Then, the sum over the absolute values of ¢; is maximized if €; = € holds. Then, we have
252 = p52 = Kgn_k Se= :I:\/K(;n_k/Q_l/2
i>2
= el < VKen!'/27H2,
i>2
O

For Theorems [5] and ?? we need to know under which circumstances we are allowed to exchange
maximization and summation:

Lemma 5. Let A1 hold and X1, ..., X, be a set of random variables, y; = E[X;], 0? := E[X?]
and E[X}] < oo, and let z;,, denote the nt" realization of the i*" random variable. Then,

. 1
plgr;o max — inm = mZaXE[Xi].
m

Proof. Let [iyq, = max; 1;. The probability for the maximum of the Lh.s being larger than the
r.h.s. plus € is

. 1
pli)n;oz P (n Zwim > miax]E[Xi] + e)
K3 m
= lim ZP leim—pi>max,ui—ui+e
p—00 7 n - 7
< lim P l (xim — ,ui) > €
p—o0 - n ooy

to show that this probability goes to zero, we use the following inequality:

Ply>oct = | T dyp(y)et < / " dyp(y)y* < Ely)

4
, 1 1
< ILH;OZZLE {nZ(xim_Mi)}
) 1 (1 3(n—1)
< i 37 { L =+ 2 )
K (1 3(n—1)
< lim. 711 {nQ max E [(zin — pa)'] + — max E? [(zin — ui)z]}

11



O

Now we are ready to prove that, asymptotically, our procedure obtains the optimal shrinkage strength
A%, on the estimated orthogonal complement:

Theorem 5 (consistency of oc-shrinkage).

Proof. The normalized mean squared error on the sample orthogonal complement is defined by

2
MSEgs()) : Z {Cse — (1= \)Sae — M5},
1,j2>2
- Z oc,iy oc ij)2 + >\2(S&:,ij - ToAc,ij)2 =+ 2)‘(056,2] - So’\c,ij)(sé\c,ij - Tc?b,ij)-
1,j>2

Minimization yields

1
=2 i22(Caeij = Soe.is) (S6eij = Toeis)
argm}%nMSE&()\) =2 I = EOC.
5Zi,j22(5&7ij - T@ij)2 o

We have to show that, in the limit, this is equal to

As the denominator is the same, we have to show that the numerator is identical in the limit. There-
fore, we prove the following equalities:

lim Ws & lim W, € 1im Ve @ lim V. € lim V. (11)

Equalities (1) and (4) state that, in the limit, it does not matter if the quantities are calculated on the
true or on the sample orthogonal complement. On the true orthogonal complement, we can prove
the desired equality.

Equality (1) is proven in Lemma [6] equality (2) in Lemma [7] By the consistency of Shrinkage,
equality (3) holds. Last, equality (4) is proven in Lemmag]

For Lemmas 6] [7]and [8] see Section[1.6} O

1.6 Additional lemmas (Lemma [6H3)

For the following lemmas, we use the rotated version of the data defined in eq. (I0), using the basis
from eq. ().
Lemma 6. Under the above assumptions,

lim W, = lim Wg.
p—00 p—00
Proof of Lemmal6] We have
1
Wae =Y ~(Cse,ij — So0,ij)(Sav,is — Toe,is)
1,j2>2
=p Z Cot,ijS6c,ij — Cor,ijToe,ij Sgc Jij + Soe,i5 L5015 (12)
1,522

Now we have to show that, in the limit, the four terms are equal to those in the true orthogonal
complement. Let us start with the first term in eq. (I2):

1 1 Ly TR
plgr;op Z Cst,ijSsc,ij = hm (pn) Z Elu;u;] Zuwu]S

i,§>2 ij>2

12



= pli_{r;o(pn)_l > E |:(sz+ yl&‘) (yjﬁ+ ylg-")}

i,j>2
(o) )
S

(2)
= hm pn Z Z{ yzy] YisYjs + E[yzy]}yzsy]s( €; ? 512 - 5?)

p=ree 1,j>2 s
(3)
+ E [yl] y%s 2 2

(4)
+ 2E [y yisyrs(1 — €7 )&

®)

+ CE [yiy1] yjsyrs + Elyayil yisyrs + E[yry1] visyss) \/(1 - 6?)\/(1 —&})eig;
©) 2 2

+ 2E [yiy;] yistns (1 — €7)4/ (1 — €5)e;

") ) )

+ 2E [y ] yioy/ (1 — €¥)eie;

®) , -

+ 2E [y19i] visyjs(1 — €7)y/ (1 — €5)g;
(9) 5 )

+ 2E [yl] Yisy1sy/ (1 — €5 )EiEj .

The first term is equal to Coc,;5Soc,i5, We therefore have to show that the terms (2)-(9) go to zero.
As the covariance matrix of the y; is diagonal, the terms (4), (7) and (8) are always zero. Let us start
with term (2):

lim (pn)~ Z ZE Yilj y,gng(e 5 75 sf)

p—0o0
,j22 s

= lim (pn) E 5 —25
Jim (p ; 7]
< lim 2(pn) E
< lim 2(p Z; [v7]

= lim 2p 'K¢n=F Ifl>aQXE [yf] E[yzz}

p—00

=0.

For term (3), we have

Jim (o)™t D0 D B [ut] yiel
i,j>2 s
< 1 —1 72, —2k 2 2
< pllg)lo(pn) Kgn™"E [Z/l] Zi‘hs
S

= lim (pn) ' Kgn ?*nE? [y}]

p—o0

= lim p 1K62E2 [21]

p—o0

=0.

13



Term (5) is

pllfrolofn S CE il yjsyrs + Elyiyil vt + E [y7] visyss) \/(1 - 83)\/(1 — €3)€iE;
,j>2 s
< plggo % Z ‘\/ 1—¢? \/ 1 —e%)eie; 25: (Elyiy;) vis + B [47] yisyjs)
Sphanc}opinze ZE yz yls + Z 515]‘ ZE yl YisYjs
1,5 >2
1
gplgjgog Ken™ E[yl]maXE[yz] +E [y] 128 Zyzs +E [yi] Z i€ Zyisyjs

i>2 1,§>2,5F1

o1 _ _
< Jim —§ Kon (Bl maxE [y7] +E [y7] Iglza;JE[y?]) +2E [y3] n 1”;#

612 Z YisYjs

S

< lim 2Ks E[27] m>aXIE[ }—FE[zl] max Z E[z; 2]

p—0o0
p =7 224
=0.

For the term (6), we have

lim (pn)~* Z ZZE [Yiv;] visyrs(1 — €7)y/ (1 — €2)e;

p—00 i3
pll)rgo 2p~1 ; les| |n ZE (7] visys
3 s

< lim 2p*1nl/2 max
p—00

n~1 g E zzszlg

< lim 2p~'nt/? max |E [zz] Elziz1]|
1=

p—o0

=0.
Finally, we have term (9)

lim (pn) =" | > > " 2E [47] isvney/ (1 — eD)eie]

p—00
,j>2 8

< lim 2p ' Kgn*/?E Ex Z les| |n

p—ro0
i>2

§ ZisZls
—1
n Zis”ls

= i 9 IK k/2 1/2]E Elz;
im 2p n E }I?Za;(‘ [zzz1]|

p—0o0

< lim 2p 1K, n*/%n 1/2]E Inax
p—00 i>2

=0.

Let us continue with the second term in eq. (T2):

pli)HOlOp ! Z COC lj TOC 'LJ - llm p -1 Z COC ZlTOC i1

i,j>2 i>2
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(yﬂ + ym)z] > (ykm + ylsek)2

. -2, -1
i e Yo

i>2 E>2 s
2, —1
= lim p~*n =1 Y B [(57(1 &) +yie}) Zz(yks +y1gsk+2yksy1q\/1—ezsk)

i>2 k>2 s

. -2 -1 2 2

~ lim {zmmzzyks
i>2 k>2 s

i>2 k22 s

The first term is equal to C. i S0¢,i5, we therefore have to show that the remainder goes to zero:

Jim 7Tty B [—yfel +uiel] YD (—@ﬁiﬁi + ULseq + 2yksyrsy/1 — 5i€k)

i>2 k>2 s

< lim p=*Kon™" max [E[y7] + E[y]| max

p—>00

Tty (—y%sKan*’“ + Y Ken ™" + 2upay1s Ken”“/z)

S

1 272, —2k 2 2 2 2
= lim p™*Kgn™*" max |Ely7] + Ely;]| max | -Ely;] + Ely]|

=0.

Let us now have a look at the third term in eq. (T2)):

lim 155 = lim 1n2EEquuu
p—)ocp oc,ij ~>oop 1sUys 1t gt

1,5 >2 ,j>2 s
= lim p~ In=? Z:gzt: (ym/l — & +y1951> (ym/l — 2 +y155j)
’LJ S

: <yit\/ 1—e?+ y1t€z‘> (yjt\/ 1- 6? + y1t€j>

. 1 (2)
= lim ptn Z:QZ; {yzsyjsyltyjt + Yisyssyinyje(ere; —ei —€7)
1,]22 S,

3)
+ yiieies

@)

+ 20iy1yistns (1 — €75

)

+ (2yity16Yjsy1s + 2915Y15Yir i) \/(1 - 53)\/(1 —e3)eie;

©)
+ dyiyjyisyis(1 — 7))y /(1 — e2)e;

(7) o o
+ 4yzty1ty15 (1 —&; )Eié‘j .

The first term is equal to S?

oc,ijs We therefore have to show that the terms (2)-(9) go to zero. Let us
start with term (2):

> Yisyiljsyiie;

2
< lim — E
p—00 PN -
1>2,7>2
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< pli)rgo W Z on Z YisYitYjsYjt
i>2 s,t,7>2

2
< lim —K n- max
=0 pn 6 5 %;2 YisYitYjsYjt

Zyzs + Z y’LSy’Lt

s, t#s

Z yzsyjer Z YisYitYjsYjt

5§22 8,t,52>2

1
6 2
max |- + 7E + - E + E
P00 nlt+k 7,>aZ P [yll] p [ 'Ll p jzz yd [yjl] p jzl yllyjl]

For term (3), we have

1 2 2.2
pi{go pn Z ZylsylthE

22,722 st
K2n 2
< 1
_plglolo o E yls‘*‘}t#?hsylt
. KZn72 1, n—1_ 4, 9
< Hen 1 n—-
,plggo » nE[yls]+ " Elyi | Elyi,]
K21 n
< lim =% |=E[z! :
o PR

=0.
Term (4) goes to zero as

lim Z Z 2(1 — €2)e7 - yisYiryrsyue

2
— 00 mn
P p 12>2,j>2 s,t

. 2K6’I’L_k
< plggo pT ; zt:yisyitylsylt
1> S,

. QKGTL_k
T Z n2 Zyzsyls T e Z YisYitY1sY1e
i22 s,t#s

IA

2K¢n " Lo aq, 1o
< lim ———— —Ely; —E“y;
< Jim — ; ~“Elyjh] + ——Eyiy]
2K6 1 2 9 n 2
< lim —= E|z5 27| + E<|zz
poo Z [zi1211] [2i21]

=0.

For term (5), we have

pllr& pn? D D e \/7\/7 (Yisy1eYjeyis + YisYjsyie)

1>2,7>2 s,t

D 2 (Yisyrelitvis + visyisyi)

s,t

. 1
< lim — E Ei€j
p—o0 PN -
1>2,5>2
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< plggo W Z ; Z 2ywy18) + Z (Yisy1eyityns + yzgsy%t)

i>2 s s,t#s

> laEil Y Quishivis) + D Wisyritsns + visyssyT)

2
pn? |~
1>2,5>2#14 s s,t#s

2K6n_k

< ph_>120 pT I?gzx zs:(Qywyls) + g%t(yisyltyityls + y?sy%t)

4Kgn' "
o D el D (asyle) + D Wisnelevs + YisYiaui)
P isoises | 5yts

. 2K,
< lim —Smax Z(Zzwzls) + Z (zisz102it 215 +Zi25Z%t>

s s,t#s

2K,

* st I1rl>aQX . Z(insz%stS) + Z (zisz12jt21s + Ziszjszig)
J>2#i| s 8,t#s
. 2K — 1,22 n—1_, 2 2
< 276 - , :
Jim 250 o o BL2a8) + P (82001 + EAIEL)

2K -1

+ = Pmax 3 |27 Blaiadz] + = (ElsaiElaz] + Ela Bl

For term (6), we have

. 1
lim |—5 > Y dyayyisyis (1 — ) /(1 — D),

— 00 T
PP S5 50 st
. 4
< lim — g |€j| E YitYjtYisYis
i>2,5>2 s;t

WE,
< lim L maxd D zazjeziss

T i>2 st

AIVEK, 1/2
< lim ————— Ken max E E n Bzl z21] + 7E[zzzj]E[zlzl]
T poo D i>2
i>2 s,t

=0.

Finally, for term (7), we have

2
Jim an >0 defei /12 iy

1>2,5>2 s,t
€j E YL Y1t
p—)oo p?’L2 J 1s J
j>2
3/2
- 4K / 1/2 N
1m max E Z Z5 E Z Z1tR
= proo 1s%js 1s<1t=<jt

s, t#s
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4n1/2
= lim max
p—o0 p j>2

=0.
Let us continue with the fourth and last term in eq. (12):

—1 § : -1 § :
lim p SO(‘ K¥ 0(' 4] — = lim b Sov nToc i
p—o0 p—o0

n—1
n”'Elyty;] + TE[yf]E[ylyj]

4,22 i>2
= Jim pTn ) Dl > D uis
P i>2 t k>2 s
2
ham pn7? ZZ (yﬂﬁ\/i+ yltsz) Z Z (yks 1-— 5k + y155k>
e 22 1 E>2 s
= Jim p- T Z Z (yzt ) +yied + 2ytty1t\/@5z>

b i>2 t

S (50D ket + 2o i e

k>2 s
= Jim p™n 7 D0 > {yztyke + Yhyis (eleh — & — €7)
b i,k>2 s,t

B 5 5

+ Y1tY1s€4 Ek:

(4)
+ Ayiyuyrsyis\/ 1 — e7ein/ 1 — eier

(5)
+ 201, yi.ei (1 — )

(6)

+ 4yztyksyls(1 —&; )m&k
(7)

+ 4y1tyksy155 \/E&k

The first term is equal to S, i;Toc,i5, We therefore have to show that the remaining terms (2)-(7) go
to zero. First note that the terms (3), (4) and (7) already appeared in the third term in eq. (@) For
term (2), we have

pli_{IOlop_Qn Z Zyztyks efer — i —en)

i,k>2 s,t
E ylfyk:G [

< lim 2p~2n~2 g
p—>00
i,k>2

< lim 2p~*n 2Ken Fmax |> Y " g2yl

— >2
pmree = >2 st
: -2, -2 —k 2,2 2,2
< Jim 2p~"n"Ken " max > D vhuks+ D vivis
- k>2 s s,t#s

n—1
< lim 2p~ 'K, m 4+ L TE[2E[y2
s lm 2Zp 61 E aX{n Ely; il o [y;] [yk:}}

p—o0

=0.
Term (5) is

Jim p=n=? | D 0D 2t el (1 - ef)

i,k>2 st
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< 2 -2 k
Jim 2p~*n " Kon” kZ»Zyuyks

. - 1 _ n—1
< lim 2p 1K6;? Z {n 'E[2323] + nE[z%]E[zi]}

pA)OO
k>2

=0.
and, finally, term (6) is

. -2 o o
Jimp=2n 7 0D Aufiyesyns(1 - €D)y/1 - efen

,k>2 s,t
Z YitYksY1s

s,t

< 2 -2
< plglolo P02 Y ek
i,k>2

1 -1
< lim 4p '/ K, n1/2 max ¢ n ! Z]E[zfzkzl] + E[22)E[z21]
n

T p—ooo k>2
Pi= i>2
=0.
As we have shown that all terms eq. (I2)) converge to the corresponding terms in the true orthogonal
complement, the same holds for W,. O

Lemma 7. Under the above assumptions,

lim W, = hm Voe-

p—0o0

Proof of Lemmal(7]

lim W, = pli{go Z oc a7 oc ij)(soc,ij - Toc,ij)

p—ro0
1 2
= plifglop E Coc Jij Soc ,ij Coc,ijToc,ij Soc,ij + Soc,ijToc,ij
,J
1 2
= plifglop E Soc ,ij Toc K7 Coc,ijToc,ij (Soc,ij - COC,ijSOCaij)
)
,J

(a) -1 2 2
pli{gop Z E oc,ij TOC lJ} E[Soc7ij]E[TOC7ij] ( [Soc z_]] E [SOCaij])

4,J

= lim p~! Z Cov(Soc,ijs Toc,ij) — Var(Soc.ij)

p—o0
4,J

= lim V..
p-}OO

As we see, for the lemma to hold we have to show that equality (a) holds. Convergence of the first
and third term to their expectations was already necessary for the consistency of analytic shrinkage.
It remains to be shown that the variance of the second and the fourth term goes to zero.

The variance of the second term in the limit is

plinolo Var -1 Z Coc ,ij iToc i | = pll>nolo ;Var (Z Coc iiloc zz)
4,
= plggo P ; Ooc,iicoc,jj Cov (Toc,ii7 Toc,jj)

4 2
= pli{rolo p Z Ooc zzCoc j] ( Z Yksr» —— np %: ylt)
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pli{go pi’fl Z]Zkl CO(‘ MOO(' 7 i Cov (yk7 Y )

:(L

and the variance of the fourth term in the limit is

I‘ValC',z—l—Va Coe.iiS
pggo T Z oc,ij O(‘j pggop r(z oc,ii oczz)

1,J

— lim — y . ; .
piglo p2 Zz: Coc,ucoc,]] Cov (Soc,uv SOC,j])

= pll>nolo ]7 Z C(oc zzcoc,]j Z Yis> — Z y]t

phg& ]ﬁ Z Coc zzcoc 37 i Cov (yz ’ yj)

)
=0.

Lemma 8. Under the above assumptions,

lim V,. = lim Vg.
p—)OO p—)OO

Proof of LemmalS] Let us now look at the sum over the Var(S}}), the estimated variance of the
covariance matrix in the basis defined above'

Z Var S// = Z Z (ulsu]s - %Zuit’ujt’>2
+

l>2]>2 z>2]>2 s
il > (S -y
= U - = Uit UjtUisUss |-
p(n . 1)77, 4 . 1S jS n J J
1>2,j>2 s s,t

Note that the second term was already analysed in the third term of eq. (I2)). We therefore only have
to analyse the first term:

2
PP XCERE T I o o] (VST NOM BRI

z>2 Jj>2 t 7,>2 J=>2 t
_ §:§:QM +M%mh—a+%a)
z>2 J>2 t

(wu—m+%M@¢?:%wﬁg
- Z Z {yltyjt + yztyjt(€ 6 - 6 - 52)

"iso >0 4

)
+ yneie]

(4)
+ 4yztyaty1t\/ giy/1 - e3e;

(5)
+ 21/%::1/;2@2(1 5?)

(6)
+ dyiyeyne(1 — Ef)ﬁgj

(7)

+ dyfyieei 1 — e2e;.

J
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For term (2), we have
= Plggc m 1>§>2 Z yltyjt - )
= pli—>nc}o m i225%2 (Z Yar + yjt)

ph—>Holo iiﬁﬁ 1k) fres (Z y”)

AKgn™*

= Jn, = maxEly]

=0.

SN

IN

Term (3) is

i oy 3 ke

z>2]>2 t

Z Yie

1(2 —2k
< lim 6
p—oo pn(n — 1)

Term (4) is

plgrolo pn( nfl Z Z4ynyﬁyltv Vl_g ©i

1>2]>2 t
YitYitYis
t

. 4
plgzo,m 2 el

122,522

< lim 25 Zyztylt Z }
p—oo pn(n — 1 { >0 75240
4K%n
< -
- pggo pn(n —1 {I?BQX Zy’tylt + m:‘i,X J;;Zzt:yuyﬁyu }
. 4K%n*k
< lim { maxE[yZ yl] +max Z |]E yzyﬂh” }

) 4%

=0.

For term (5), we have

P pn( 1) 2 2 el =)

1>2,j>2 t




QKG’R
<
Jm 2 ZEylyj

and for term (6)
lim 4 (1 —e7)4/1— 5 €
p;oo pnln — nln—1) l>;>2; yztyjtylt ) J
4
< lim —— € yfy Y1
P ey 2 2 v
AIVEK, Tll/2
o pn(n 1) Z ZitZjte1t
AIVEK, 1/2
Kon ZmaxE 222;21]

< lim max

< lim
p—oo p(n—1)

=0.

Finally, for term (7), we have
lim |[——— Ay} y e \/
pmree pn(n—l >2§3:>22t: "
<lm e 3 el | v
p—oo pn(n — 1) 55T - :

3
E ZitZjt

t

K3/2,1/2

With this, it is shown that the estimate of V' converges to the same value for the estimated and the
true orthogal complement. O
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2 Algorithm Listing

Input: data X, eigenvalues [, eigenvectors V'
Output aoc-shrinkage covariance matrix C'*°¢~ shr

Lr*=0,r=1

2: Aoiq = calc_lambda(X)

3: voiq = mean(l)

4: while TRUE

5: Xoe =V(,r+1:p)TX

6: loe =1(r+1:p)

7: Anew = calc_lambda(X,.)

8: Vnew = 15,7+ 1 :p)

9: AR = CalC—Delta—R(Xocz )\newa Vnews )\oldz Vold)
10: OR = calc,sigmaR(loc, Anews Vnews Aolds Vold)
11: op = calc_sigma_E(l,.)

12: ifAR—mAaR—mEoc)\?wwaE >0
13: r*=r*+1

14: r=r—+1

15: )\old = )\new

16: Vold = Vnew

17: else

18: BREAK

19: end

20: end

210 Ppeo =V (:,1:7%)TV (5,1 T*)

220 P =V (r* +1:p)TV(,r* +1:p)

23: COsh = ( old) S+ Aolduoldeye( )

24: return C~*" = PT SP, ., + PL.C*"P,.

3 Analytic formulas to conservatively estimate the oc-shrinkage
improvement

In order to evaluate the conservative estimate of the performance difference between standard shrink-
age and oc-shrinkage, we need variance estimates for numerator

V= ;zj: {Var(si;) - Cov(s5,5,735) }

and denominator
E:= = (8 —Ty)
Y
\J
in the analytic shrinkage formula, &é and 6%, and an estimate for correlation between these terms,
corr (VA EA> = Cov (VA EA) J66 5.

We first derive expressions only using the i.i.d. assumption, then simplify by assuming normality
and considering all expressions in the eigenbasis. The resulting formulas are quite long, but fast to
evaluate numerically.

3.1 Variance of V = o2 {\/fa\r(Sij) Cov (S”,T )}

The variance of V' is given by

Var(V) = Var 12{@(5 ) COV(S”,T )}

D =
2,]
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Var< = 1)n? Z {anﬂc i;xitxjtxisxjs}
1
=T {Z L })
i,
1 -1
= MV&I‘(Z { letib qu&xgtxzsx]s + — szs ]iﬁ})

,J
2 2,2
(n—1) 2(n — 1)2n2 E { COV( 115%1,551@19511)
i,5,k,1
+ COV E LitLjtLisLjs, E Trt' Tit' Tks' Tls!
t',s’
2(p—1) C 2,2
JJ ]S, ajkt’xls — 7n oV xitl‘jta Trt' L1t ThsTls
t’,s’ P t t',s

Ap-1) C
ov xltxjt, rrpris | — ov xlta:jtxlsa?]& i, | b

t', s’ t’,s’

Under the i.i.d. assumption, this expression simplifies:

§ 2 2,2
’I’L— 1 292 { COV( ’lejlﬂxk‘lxll)

0,4,k,0
1 2.2 2 9 2 2
+ 2 nCov(zj 25, o 27y) + 4n(n — 1)Cov (27,27,, Tr1 20 Trowi2)
+2n(n — 1) Cov (zi1Tj1%i2T )2, T1T11 Tk2T12)

+ 47?,(TL — 1)(ﬂ — 2)COV (.I‘ilﬂijlxizl‘jg, Z‘klxllxkgxlg) }

1
+ nsz{nCov(xflx?h xilx%) + 4n(n — 1)Cov (x?lm?h xilxlzz)
+2n(n —1) Cov ( lej27xk1w12)

+4n(n — 1)(n — 2)Cov (v}, 210;) |

2(p—1

— @Tp){n - Cov (z 121CU?1, zpy ;) + 2n(n — 1)Cov (z lefl,xklxllxkzxm) }
2(p—1)

_ Tﬁ{n - Cov (x?lxil, zilx%) + 2n(n — 1)Cov ( 11z?1,xk1x12) }

2
+ TQP{HCOV(:E%Z‘?M z2,xh) + 2n(n — 1)Cov (172211‘?1, Tp1T11 T2 Ti2)
+ 2n(n — 1)Cov (z zlel, T3 755) + 2n(n — 1) Cov (24121 Ti2T 2, T, T )

+4n(n — 1)(n — 2)Cov (zi12j1 2222, Ti 273 }

2,2 2 2
n°p® —np—2np +np+2n+2p+1 9 9 o9 o
2(n—1)2n2 Z{ > COV(mﬂlevxmmu)

.7,k
4n—1)(np—n—p—1)

2
- Cov (27,27, Tp1 @ Trotr2)
np

2(n—1
+ An—1) Cov (i1 21222 j2, Th1T11 Tk2T12)
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4(n—1)(n —2
+ %COV (x“lexﬁxj%Ikllexkgxlg) }
dn—1)(np—n—p—1)
- np? COV( 112331,%%1:5[22)
2(n—1)
- TCOV (225, 2 272)
4(n—1)(n —2
L A= D0 =2) 0 (22002, 0222)
np
4(n—1
+ QCOV (xuwjlxingz, 5”%155122)
np
8(n—1)(n—2
+ (n)p()Cov (xﬂl‘ﬂxingg, ajilx%) .

For the nine different covariance expressions, Appendix [3.4]contains evaluations under normality.

3.2 Variance of £ = 12”( i — Ti)?

For E, we have to calculate

Var (E) = Var | — Z i — Tij)
1 2 1
= Var onZ SN miswjamiaw — ];51-,7- SN wiswjenit + Féij ThsThsTitTit
%7 s,t

kst kil st

= Var an E { E LisljsTitljt — — § xzs jt}
n4 g {Cov (E TisTjsTitT i, g xmxjgos”:cjt> — *COV (g TisTjsTit Tt E x“ _]t)

i,7,k,l

+ Cov <Zx“ ﬂ,Zz,g ﬁ)}

Again, this expression simplifies under the i.i.d. assumption:

1
2 .2 2 2 2
_ = ot E nCov(x ﬂxﬂ,xklxll) + 4n(n — 1)Cov (27,27, Tr1 71 TroTi2)
i,7,k,l

+2n(n — 1) Cov (2121222 j2, Tk1T11 TR2T12)
+4n(n —1)(n — 2)Cov (x12j1Ti2% j2, Th1T11 TK3T13)

2
— g{nCOV(acflyc?l, r32%) + 2n(n — 1)Cov (x?lxil, T} T ThoTi2)
+ 2n(n — 1)Cov (9512195?17 Tixh) 4 2n(n — 1) Cov (241212222, T, 25
+4n(n — 1)(n — 2)Cov (zi12j12i22j2, T3, 273) }
1
+ F{nCov(xflx?h x3,23) + 4n(n — 1)Cov (x?lel, T31TT)

+2n(n —1) Cov ( zlx?Q,xklzw)

+4n(n — 1)(n — 2)Cov (x?lx?2, xile?,) }}
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Collecting terms, we obtain

np? —2pn +n
p n4 Z { 5 Cov(z z1$g1a$k1fﬂz1)

i,k p
_An(n—1)(p —

p
+ 2n(n — 1) Cov (2121 T2 j2, Tk1T11 TL2L12)

)COV( AT, TR T Trats)

+4n(n —1)(n — 2)Cov (i1 T1T:2% j2, Th1T11 TR3T13) }

R Y
MCO\’( T, Tha i)

L dnln —;zxn =) oy (42,22, 22,3

_ 4n(r;_l)Cov (zazj1Tinxj2, T3 47)

8n(n —1)(n —2
_ 8nl p)( )Cov (zirzj1@inwjo, Ty xls) -

The same nine covariance expressions show up. Now, only the calculation of the covariance remains.

3.3 Covariance between V and E

For the covariance, we obtain

COV(V, E) = Cov (p(ni T Z { —1 sztz szt%tzzsz]g + — me ]t}
pn2 Z { Zw”xﬂ"‘x”xﬂ - wa Jf}>

i,5,k,1
1
E xnxjt,g xkt,xls —;Cov E xit:cjtxisxjs,g T X1t Thos' Tl

t',s! t,s t' s’

2
2 2
+ —Cov E xitxjtxisxjs,g Tipr Ligr ——Cov E xltxjs,g Lt I

n
p t,s t',s’ t',s’

COV Zmlt‘r]t7zwkt'$lt/xk5$18

As before, this simplifies under the i.i.d. assumption:

- n—1n3 Z{

i,5,k,l

(p—1)

2 {n : COV( ?1%21axk1x11) +2n(n — 1)00"( zlx?pxilxlzz) }

{n - Cov (z325,, 23, 27)) + 2n(n — 1)Cov (27,27, e120 Trowi2) }

1
- E{HCOV(w?ﬁ?l, ziahy) + 4n(n — 1)Cov (%21%?17 ﬂfklffllfsziﬂzz)
+ 271(7’L — 1) Cov (.’ﬂilfﬂjlﬂfig.%jg, xklxllxwxlg)

+ 4n(n — 1)(n — Z)COV (’Iillel’ig’ljjg, .Tkll’llxkgl'lg) }
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2
+ n—p{nCov(xflzil, z3,x?) + 2n(n — 1)Cov (517?1I?17 ﬂimxuxkzmzz)
+ 2n(n — 1)Cov ( zlxil, zklxm) +2n(n—1) Cov (x“mﬂxlngg, :z:klxlg)

+ 4n(n — 1)(n — 2)Cov (zj12j12i0T 52, Tiy Ti3) }

1
B ﬂi]ﬂ{ncov( 3195]21;5”%15”11) + 4n(n — 1)Cov ( 12135?1»55%155122)

+ 2n(n — 1) Cov ( le%, lexlzz)
+dn(n — 1)(n — 2)Cov (v}, ot,08,) |.

Collecting terms, we obtain

2 2

np —2np—p“+n+2p—1

p2(n —1)nd Z { 2 Cov(z 11%17951@13311)
,J5k,l

2n—1)(np—n—2p+2
+ ( X pp & )COV( N T T TRoT12)

—2(n — 1)Cov (zi12j1Ti2T 2, Tk1T11 Tk2Ti2)

— 4(71 — 1)(n — 2)COV (J?ille.%‘ingg, xklxlll‘kgIlg)
2(n—=1)(np—n—2p+1)

> Cov (z527,, 23,775
2(n—1)
- TCOV( T TG, ThaThy)
4(n—1)(n—2)
— p—200V (-T?lx?mxilxl%’i)
4(n —1)

2,2
+ TCOV (xillexiijQa mmxlz)

8(n—1)(n—2
+ MCOV (zinzjiziotjo, 31 27s) -

Again, these are the same nine covariance expressions as for the variances.

3.4 Calculation of the appearing covariance expressions

In the variance and covariance formulas above, only nine different covariance expressions appear.
Assuming normality, calculations in the eigenbasis simplify considerably: under normality,

uncorrelatedness implies independence.

1. covariance expression

Z COV(yizlyjzlayzly?l) = ZE[yzzly%y/%llel] - E[yglyfl]E[yilyl%]
ijkl ijkl

S ES] — B [yf] = 32,1057 — 99} = 96 37,
43, i B IES] — EfIE[FIE ;] = 432, ;0 %15y} — vidv?

=48 Zi,j;ﬁi %%3-
0
= 9234 EWE]] - E2[yz]E2[y]] = 222#1 I2y2 — 2?2
=16 Zz_y z’yz

422’,]’767;,]6;61',]’E[yzz]E[yk]E[yj] ]E[yZ]IE[y%]EQ[yJQ}
= A0, it VWV Ve = WV Ve = B4 s ki WiV Ve

0
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i=j=k=1(casel)
i# j=k=1[/(case?2)

i=7%# k=1 (case3)
i=k+#j=1(case4)

i, k, g distinct, j = [ (case 5)

i, 7, k, [ distinct (case 6)



2. covariance expression

Z Cov(yAyi1, yrynyreyiz) = Elyi v ey Elykeyie] — Eyii v Elyryn | Elyeeyie)
ikl

The expression is zero when k£ = [ does not hold. Four cases remain:

> (Elyf] - E[yz]E[yiz])E[y?] =2 1y =3yt =123, 4 i=j=k=1(casel)
23, i+ EWFIE[YFE[yF] — ]E[y?]Ei[y?] =23, Vi3V — vy i A=k =1(case?2)
= =425 W
0 i, k, j distinct, k = [ (case 3)
0 1# 7 #k=1(case )

3. covariance expression

Z Cov (yayjyizyiz, ykrynyreyiz) = Elyayiyeyn|Elyieyieyreyie] —Elyinyii JE[yi2yi2) Elyr v JE[yrayie]
ijkl

The expression is zero if the indices are not paired. Three cases exist:
Byl - EYyf] =30, 9% — vl =830 i=j=Fk=l(casel)

=<0 i=j#k=1(case2)
2 Zi,j;éz‘ E? [yﬂEz[ygz] = QZi,j# %2’7]2‘ i==Fk+# j=1/(case 3)

4. covariance expression

Z Cov (yiryj1viayiz, Yy yrsyis) =Eyinyjvmyn|Elyiyso Elyrsyis] — Elya v JEyiey2]Elyr yn Elyrsys]
ijkl

= (E[yilyjlyklyll] - ]E[yﬂyﬂ]E[ymylﬂ)E[yizyj2]E[yk3yz3]

The expression is zero, if either ¢ = j or £ = [ do not hold, or the first expection separates.
Therefore, only the case ¢ = j = k = [ remains:

_Z E2 yz])EQ[yz] 2(372 _71 Vi _eryz
5. covariance expression

Z Cov (x?ﬁ?lv lemlzz) = E[ﬁlw?lxilﬁﬂ - E[ﬁlx?l]Ehzlx?ﬂ
ijkl

~ (El?o% o] - Bloha [Ele,] ) Elo)

_ )2 (Bl - BRI D ER;] = 21577 = 3v)m =127/ i ==k (case 1)
237, i (BHES] — E*[yP B[ DE[Y?] = 43, 1200 ¥ i=k#j(case?2)

6. covariance expression

Z Cov (%215”?2’ leﬁz) = E[xflx%x%lx?z] - E[ﬁﬁ?z]mxzﬁlzz]
ijkl

= E[ﬁlxil]mxizx?ﬂ - E[zfl]E[xfz]E[xil]E[:clzz]

_ E[z ;ll]E[ o] — E?[z 11}E2[ o] =822 v2 VJ i=k,j=1(casel)
2-3 Zz,g;ﬁl Vv i =k,j#1 (case?2)
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7. covariance expression

Z Cov (nglx?za xilxl%) = E[ﬁﬁ?zzilﬁﬂ - E[ﬁﬁ?z]mxilx%ﬂ
ikl

— (Bleha,] - Elwh|Ela, ) Ele Bl

=3 v

ijl
8. covariance expression

Y Cov (wnzjiminnjo, 13y 20) = Blonjizinn o, oiy 2] — Bleaz i) Elef, op)
ijkl
= Elzizjiag, Bz joap] — B [zazj|Elef, |Elr)]

The expression is only non-zero when ¢ = j holds. In addition, either £k =i = j orl = ¢ = j has to
hold.

_ ZlEQ[zﬂ [53]—82 Vi 1=j=k=1(casel)
a Zi,l;féiE[zﬂE[xz]E[ 7] = E3[a?|E[z7] = 6>, J#i vy i=j=k#1l(case?2)

9. covariance expression

Z Cov (121222, xilmfg) = Elrjn2j12:07 075, 75] — Elzi1717507 j2] B[, 275

ijkl
= (E[%lfﬂjlxzﬁ - E[%lfﬂjl]E[miﬁ)E[$i2$j2]E[x123]
The expression is only non-zero if ¢ = j = k holds:
= Z — E?[y7]) Ely;E[y7]
= Z 377 =) =2
ij
References

[1] Olivier Ledoit and Michael Wolf. A well-conditioned estimator for large-dimensional covariance matrices.
Journal of Multivariate Analysis, 88(2):365-411, 2004.

[2] Boaz Nadler. Finite sample approximation results for principal component analysis: A matrix perturbation
approach. The Annals of Statistics, 36(6):2791-2817, 2008.

29



	Proofs
	Proof of Theorem 1
	Proof of Theorem 2
	Proof of Theorem 3
	Proof of Theorem 4
	Proof of Theorem 5
	Additional lemmas (Lemma 6-8)

	Algorithm Listing
	Analytic formulas to conservatively estimate the oc-shrinkage improvement
	Variance of  = 1p i,j {  Var"0362Var (to1.5. Sij )to1.5. -  Cov "0362Cov  (to1.5. Sij, Tij )to1.5. } 
	Variance of   = 1p i,j ( Sij - Tij )2  
	Covariance between  and 
	Calculation of the appearing covariance expressions


